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Abstract

In this paper, we experimentally demonstrate how discrete resonances can be used to image
acoustic sources and mechanical changes in thin plates with different boundary shapes. The pro-
posed method uses coupled numerical and experimental data processing, and it only requires the
knowledge of the sample geometry (and not its elastic properties). If a limited number of measure-
ment points is available in experiments, the free modes of the plates are not orthogonal from the
receivers’ point of view, and this induces an artificial coupling in the post-processing of the experi-
mental signals. However, we show that this effect can be corrected using numerical simulations and
a mathematical transformation of the antenna geometry. After this correction, imaging of active
sources is performed using coherent summation of the elastic field over the natural frequencies of
the plates, leading to an unique localization of the sources. Imaging mechanical changes in the
two plates, instead, is addressed using incoherent summation over the modes, leading to symmetry
problems for the plates. This work experimentally illustrates the spatial resolution, perspectives
and limitations in the use of eigenmodes to produce images in complex elastic systems of arbitrary

shape and materials.
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I. INTRODUCTION

Imaging using mechanical waves is a widely used tool not restricted to technological
problems. It can be found for example in nature with spiders or bats, which use ultrasounds
or elastic waves to scan and image their environment [1, 2]. To be more specific, wave imaging
relies on the ability to discern any point in space by recording and processing vibration
data. In fluids, if the bulk density p and sound celerity ¢ are known, wave diffraction theory
can predict in any point and at any time the acoustic wave field inside the medium from
measurements at the boundaries [3]. This theory has led to the development of advanced
array imaging techniques, used in different fields of research, from wave physics applications
[4-7] and medical imaging [8, 9] to seismology [10-12].

In general, a large set of experimental data must be taken into account for the construction
of an image. Using matrices to represent and analyze spatiotemporal acoustic data has the
advantage of simplifying complex operations like space filtering, beam-forming and wave
polarization analysis [13, 14]. In addition, this type of formalism bridges the gap between
an analytical formulation and experimental data manipulation, especially with the use of
synchronized source/sensor arrays, where the backpropagation operators in space and time
can be treated as simple matrix multiplications [3, 15-17]. Usually, diffraction theory for
imaging is adopted when the elastic wavelengths are much smaller than the domain to image.
In addition, with the use of multi-element arrays, the received waves can be separated based
on their arrival direction. This means that the far-field plane waves arriving at the detectors
are orthogonal from the receiver array point of view. This limit helps to remove potential
unwanted wave reflections and conversions from boundaries, which strongly affect the quality
of an image [5].

In the low frequency limit, when the wavelengths are of the same order of magnitude as
the domain to be probed, the waves do not propagate and form a so-called standing wave,
with discrete resonance effects over frequency. Imaging a medium using its resonant modes
is also a wide field of research in itself. Modal Analysis (MA) techniques (also known as
System Identification) are used in civil [18], mechanical [19] and acrospace [20] engineering.
They are deployed on systems and structures that present complex geometries and boundary

conditions, i.e. situations where classical diffraction theory cannot be simply applied [21].

One of the main advantages of MA is that the resonant modes are extended in space.
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This means that the entire structure is affected by the vibration, with node and antinode
locations that are frequency dependent. Moreover, from an energetic point of view, the
lowest frequency modes of a structure gather most of the mechanical energy that the sys-
tem receives. This restriction in the propagation of energy as a function of frequency for
eigenmode may be used to determine the presence of potential defects in a structure, which
are very sensitive to the level of vibrational energy[22-27]. However, previous research has
shown that among the observable available with MA, the curvature of modal shapes (i.e., the
spatial derivative of the modal displacement), and not the resonance frequencies, is the most
effective tool for imaging[25, 26, 28], even for a simple one-dimensional structure[21, 26].
This is a strong limitation for the use of modal methods, which consequently require signif-

icant instrumentation and mainly surface imaging capabilities.

In the present paper, we propose an experimental realization of modal elastic imaging in
an arbitrary elastic system, which draws on both MA and wave diffraction paradigms. The
methodology relies on the simultaneous manipulation of multiple discrete modes (eigen-
modes), which are present in a highly reverberating system, to image the presence of an
active source inside the medium. Similar to the case of traditional elastic imaging methods,
one needs to determine the Green’s functions for the system to make quantitative compar-
isons between a model and experimental data. However, in the low frequency regime, there
is in general no analytical solution for the Green’s function. This is especially true for thin
elastic plates with free boundaries, like the one used in the present work. Here, we over-
come this limitation with the use of numerical simulations to obtain the eigenfrequencies
and eigenmodes of the finite sample. This well-known procedure has yet to be used in this
manner for source imaging in elastic systems. The natural frequencies and modal shapes
are determined numerically, from a data-driven procedure only requiring knowledge of the
sample geometry, enabling to determine the exact elastic properties for the sample under
consideration. Subsequently, the numerically calculated modes are combined using a Green’s
function modal expansion to obtain a semi-analytical propagation model, which can be used
to image the system. In addition, from the experimental realization, we highlight the need
to exploit the exact receiver positions on the plate surface in the imaging procedure. This
requirement is due to the fact that normal modes for the plate are not orthogonal from the

receiver point of view, and this leads to post-processing cross-talk between modes and errors
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in the image reconstruction. In this paper, we therefore propose and apply a novel and gen-
eral mathematical method to address this limitation of non-orthogonality. By appropriately
combining vibration data and numerical modeling, two imaging problems are addressed: the
imaging of an active source and the imaging of a small defect in a reverberating environ-
ment. To assess the role of symmetries in the imaging procedures, the experimental setup
includes two different thin aluminum plates of different shapes (rectangular and irregular
pentagonal). For the source localization problem, a practical situation is chosen where the
time emission of the source is unknown, which creates the need to perform another step of
phase-locking in the reverberated (coda) part of the transmitted signal. On the other hand,
the mass monitoring problem is based on an incoherent summation in space over the eigen-
modes, which leads to symmetry issues in the resulting images. These symmetry-related

errors are driven by the sample geometry only.

The paper is organized as follows. First, we describe the samples and the procedure for
acquiring the vibration data. Second, we describe the construction of the digital counterpart
of the sample, and the details of the signal processing algorithm. This step holds on synthetic
data for illustration purposes of the core of the imaging problem. Third, the experimental
source localization images are presented for both samples and compared to the synthetic
data. Finally, results and perspectives for defect-like imaging with monitoring techniques

using discrete resonant modes are discussed.

II. MATERIALS AND METHODS

A. Experimental set-up

The first sample used in this study is a thin aluminum plate of 3 mm thickness with
irregular and non-parallel edges (Fig 1). The particular shape given to the plate guaran-
tees the absence of degenerate modes (i.e. modes with the same resonance frequency but
with different modal shapes). Since this study aims to exploit modal imaging concepts, we
consider the response at the lowest frequency of the plate. In this frequency regime, the
only admitted mode within the plate is the out-of-plane, antisymmetric, dispersive Ay Lamb

mode. For a 3 mm plate, we can determine the wave velocity of this mode from the formula:

4
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W oD
Cp - WQh_;; (1)

s where Dy = h3E/(12(1 — v?)) is the flexural rigidity, and E, v, p and h are the Young’s
o modulus, Poisson’s ratio, bulk density and thickness, respectively. The wavelength is of the
10 order of A\ = 50 ¢m at 100 Hz, which roughly corresponds to typical plate lateral dimensions
01 (see fig. 1-a), meaning that the 10 lowest modes of this plate should be located around 100
102 Hz.

103

ws  The experiment consist in recording at different random locations on the sample the
10s temporal evolution of the wave field generated by various independent active sources. The
106 main purpose of this first experiment is to image the source location, from the analysis of
w7 the highly reverberated time signal at the receiver locations. The plate is thus instrumented
108 with 3 piezoelectric disks (ABT-441-RC9, 4.2 kHz central frequency) with a diameter of
100 27 mm and a thickness of 0.5 mm, which act as the sources. The piezoelectric disks are
uo independently driven with a 2 second chirp signal, with a frequency content ranging from
1 20 Hz to 900 Hz. This signal is generated by an arbitrary signal generator (Agilent 33500
12 B), and amplified with an high impedance output tension amplifier (FLC Electonics A400).
us After propagating in the plate, the vibration response is measured using a Doppler laser
us vibrometer (Polytech OFV-500 decoder and OFV-505 sensor-head) at 16 different plate
us locations. The recorded signal is then cross-correlated with the source signal, to provide
ue & 0.5 s highly reverberated impulse response. For each source, the obtained data-set can
u7 be represented by a matrix K, (t), indexing time at sampling rate intervals and space r =
us 1,2,..16 from receiver locations in two dimensions. A schematic of the experiment is shown
o in Fig. 1-a. Two sources are located on the edges of the plate and one in the center. The
120 receivers are randomly distributed over the plate. A typical example of the 16 recorded
21 signals and their corresponding frequency spectra for a single source are shown in Fig. 1

122 b-c.

123 From Fig. 1 panel b-1, one can see that as soon as the signal is emitted, reflected waves
12+ appear that mask any potential coherent propagation. From (fig. 1 panel ¢), the Fourier

125 transforms highlight separated peaks, corresponding to the first resonant modes of the plate.
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FIG. 1. Irregular plate geometry with its instrumentation. a) For each of the three sources, 16
signals are recorded at the blue location points with a Doppler laser vibrometer, b) with a 300 ms
of a strongly reverberated signal (coda). c) In the frequency domain, the signals show clear and
isolated resonance peaks. The average of the spectra over the 16 measurement points is represented

by the black line.

B. Modal shape determination

The proposed approach exploits knowledge of the modes of vibration to construct a semi-
analytical propagating model for the studied sample. There is in the literature a large set of
methods able to compute normal modes and associated frequencies for systems with simple
geometries [12, 29-31]. Usually, these methods are based on Hamilton’s principle of least ac-
tion, according to which a dynamic system tends to minimize its internal mechanical energy.
This minimization principle leads to an eigenvalue problem, with the resonance frequencies
as eigenvalues and the normal vibration mode shapes as eigenvector solution of the problem
[30]. For the considered plate geometry with Neumann boundary conditions (free edges),
analytical models run the risk of non-exhaustively predicting the eigenmodes [19]. A possi-
ble solution is to use finite element modeling (FEM) and eigenvalue analysis to obtain the
eigenmodes and corresponding eigenfrequencies. The input mechanical parameters (Young’s
modulus and Poisson’s ratio) can then be adjusted to find the best match between the mea-
sured and numerically predicted resonance frequencies. This procedure is also know under

the name of Resonant Ultrasound Spectroscopy (RUS)[30, 32, 33].

For the source localization procedure to be successful, the numerically calculated and
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12 experimentally derived normal modes should coincide. A way to guarantee this similarity is
3 to perform a systematic spatial projection of numerical modes on the measured ones. This
14 can additionally improve the RUS methodology by simultaneously optimizing the agreement
us between experimental and numerical data for both the resonant frequencies and modal
us shapes. To do this, we consider the array response matrix of the three sources s in the

7 frequency domain K® (w), projected over the receivers array on the modal shape ¢, :

B (w) = 54 | S K (@) prn (2)

w  K® (w) is a matrix, indexed by the frequencies and the receiver index. This is a table
1o which gathers the measured frequency x space signals. The product K7(S)(w)¢b,,n is therefore
150 a matrix indexed by (frequency x mode number).

151 The starting guess for the mechanical parameter values are £ = 69 G Pa for the Young’s
152 modulus, v = 0.33 for the Poisson ration, and p = 2700 kg.m =2 for the density , which are
153 the typical aluminum elastic properties. Then, for different Young’s modulus and Poisson’s
154 Tatio values around the starting point, we compute the eigenfrequencies and eigenmodes of

155 the system, and consider the minimization function :

g=2, |wz_wn|/wn (3)

56 with w? the angular frequency with the maximum amplitude response of the array pro-
157 jected on the eigenmode ¢,.,, and w, the numerical eigenfrequency of this same mode com-
158 puted from FEM. In this manner, we include the spatial response of the modes in the

150 inversion procedure. Once the minima of g in Eq.3 are found, the results of the projection

a

10 defined in Eq.2 are depicted in Fig. 2 for optimized mechanical parameters. This figure

a1 illustrates the post-processing mode separation over space, with the projection of the exper-

o

12 imental data on the numerical eigenmodes. With 16 receivers, the first 13 modes present a

o

163 maximal projection value B,(f = w/27) at the corresponding eigenfrequency f, = w, /2.

o

14 Final values are £ = 69.6 G Pa for the Young’s modulus and v = 0.345 for the Poisson ratio.
16s Note that an error in the determination of the geometry of the sample could be translated
166 iN an uncertainty in the estimated mechanical parameters.

17 The normalized vibration profiles of the first 16 eigenmodes are shown in Fig 3. The sharp

168 corners used for the design of the plate create a clear separation between modes. From the

7
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FIG. 2. Frequency response of the normalized modal projection. The red circle represents the
eigenfrequency values computed with FEM. The gray-scale represents the continuous response

over frequency for each mode, projected (eq.2) on the FEM eigenmodes.

1.0 modal fields, the maximum displacement zones appear to be located at the edges of the

o plate, whilst the nodes of vibrations are principally located in the center of the sample.

172 C. Modal Green’s function expansion and source localization principle

3 The spatiotemporal evolution of the wave field inside the plate is derived using a universal
s Green’s function expansion method, which only requires knowledge of the normal modal
s shapes and the associated eigenfrequencies. We start from the expression of the Green’s

s function in the time domain (for ¢t > 0)[34-37]:

Gij(t) = Sndind),; cos(wnt) (4)

w7 where 7, j denote the location of two points in the continuous sample domain €2, n desig-
s nates the modal index, w,, the angular eigenfrequency and ¢;,, the n-th eigenmode amplitude
o at the point 7. The symbol ." designates the transpose conjugate, and ¢;, are the standing
180 modes, thus represented by real functions. However, Eq.4 is valid for complex function shape
181 t00, as soon as they satisfy the wave equation. The time Fourier transform of the Green'’s

182 function, computed from ¢ = 0 to infinity can be expressed as follows :

dij(w) = Engbmgb;rzj X 5((*; - wn) (5>

8
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FIG. 3. The 16 first modal shapes of the aluminum plate obtained with FEM.

183 where §(w — w,) is the continuous delta function. From this expression, we can express

184 the broadband Green’s function, with a continuous integration over frequency:

o0
Gi= [ Gilwld = oud), (6)
0
185 where we have used Einstein’s convention for summation over repeated indices. The

186 upper limit of the continuous sum is determined by the number of modes considered in the

187 imaging problem. With current notations, one should verify:

¢in¢;j = 0;; (7)
¢j’1,z¢l7ll - 5nn’

s where 0;; is the discrete delta function. The first equation indicates that the finite sample
189 Tesponse to a source is unique and only depends on its geometrical location. The second
100 equation illustrates the spatial orthogonality of the modal shape functions. To separate the

101 experimental data from theoretical data, the quantity Gy, denotes the data set K, (w), which

9
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FIG. 4. Synthetic source reconstruction for two different location (1-2) and using 3, 6, 10 and 14

modes respectively.

is the Green’s function over frequency, between a source located in an unknown position ”7”,
and a set of receivers located in "r”. Because for an arbitrary set of receiving points "r”,
equations 7 are not satisfied, we present in the following a general method to integrate the
geometry of the receiver array. The imaging process then translates the receiving matrix

K, (w) to a single, and frequency accumulated image of the source on the plate surface.

Using these concepts, and the modal responses shown in Fig. 3, we first evaluate the
effect of the number of modes on the source reconstruction. From equation 6, the source
image is obtained by multiplying the modal amplitude vector at the source location ¢;,,
with the modal response matrix at any point location of the sample (and not only the ”7”
receivers’ points) gb;j. Results are shown in Fig. 4. As expected, increasing the number of
modes increases the resolution of the source reconstruction. In addition, the location of the

sources also affects the sharpness of the focus.

The central problem of imaging the source lies in the fact that from an experimental
point of view, equation 7 is not satisfied when using a small subset of measurement points
in the continuous 2 domain. However, it is still possible to construct an image of the source
using the composition of Green’s function within a set of virtual sources and receiver points

T

10
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Gij = GiTGTj
= ¢in¢j¢r¢rn’ qb;'j
— iVl (®)

20 The matrix V quantifies the ability of any subsequent set of points r inside the {2 domain
210 to independently identify each mode. If the implicit summation over r is performed on the
on full domain 2, the Green’s function composition is indeed equivalent to equation 6, and we

212 must verify that:

Vnn’ = 5nn’ (9>

213 The projection error due to the limited number of receivers can be corrected. Indeed, with
214 & finite number of modes and receivers, we can determine a new 1, basis, constructed as lin-
215 ear combination of the modal shapes ¢,,. This new basis must be orthonormal from the point
216 of view of the receivers. The construction operation corresponds to the qr-decomposition,
217 which establishes that any rectangular matrix can be decomposed into the product of an

218 orthogonal matrix Q and an upper triangular matrix R:

:zr = QnmRmr (10)

20 where R matches the receivers to the new basis {¢,,}, constructed as linear combination
20 of the modal basis {¢,}. Q matches the new basis {1,,} to the modal basis {¢,}. If R is
2z invertible, the qr-decomposition is unique.

22 The expression of the Green’s function G, in the new frame basis is noted G (6m) and

223 can be expressed as:

tiny = G B, (11)

24 Using the correspondence between the {¢,} and {#,,} basis, and back-projecting the

25 wave field into each pixel of the image, we can write a potential Green function G’~ij as:

Gij = Gir ern%LQinn’ (bn’j (12)

11



O©CO~NOOOTA~AWNPE

26 We can prove that this expression is the Green’s function reconstruction, from the source
227 1 to each pixel j, using only r points in the domain €2. It is valid if the inverse of the matrix
28 R exists. This means that R needs to be (but this is not a sufficient condition) a square

20 matrix (i.e. same number of receivers and modes) :

Gij = Gu R Qo i®ly; = dindl; = G (13)
20 Thus, the imaging principle relies here on the inversion of the matrix R. G, is a measured
an quantity, meaning the signal originating from a source and recorded at the receiver locations
22 7, and Q and ¢ are obtained from the QR-decomposition and the FEM model. It is possible
233 to validate the approach with synthetic signals. Here, we limit the example to a single source
21 location, detected with 14 receivers, randomly located over the sample, as shown on fig. 5-a.
235 We first compute the direct, non-corrected, Green’s function composition that we applied to
236 the 14 laser measurement point array, following eq. 8. Results are shown in fig.5 b-1 for the
237 matrix V,,,» and b-2 for the reconstructed field. The presence of non-zero values on the off-

238 diagonal elements of the V,,,, matrix in fig.5 b-1 quantifies the cross-talk between the normal

w

230 modes due to the limited number of receivers. This leads to spatial errors in the source

o imaging process. On the other hand, if we apply the qr-decomposition and backproject

2

I

21 it using the modified basis (Eq. 12), cross-talk between modes is eliminated and source

=

202 Teconstruction is considerably improved (Fig. 5 c¢-1 and c-2). Here, signal reconstruction is

23 performed using only a number of receivers equal to the number of modes (N = 14).

24 ITI. RESULTS
25  A. Phase locking

as  Application of the proposed method to real data requires incorporating the effect of
27 time into the modeling. This step is necessary to make a quantitative transition from the
2 measured matrix K,(¢) and the broadband source model G;;. At time ¢ = 0, when the
29 initial pulse is transmitted by the piezoelectric disks, each frequency making up the signal,
0 a8 a starting point, acquires the phase of the modal shapes at the source location. For
251 stationary modes, this original phase is equal to 0 or 7. If this phase information is lost, i.e.

252 we no longer know when the pulse was emitted, the resulting sum in equation 6 leads to an

12



O©CO~NOOOTA~AWNPE

2!

a1

3

254

255

256

257

258

259

260

261

1) b-2)

eigen mode

T80 0112
03 eigen mode

02 1) c-2)

IT
Il
I

0 0.2 04
x (m)

plate

eigen mode

®  receivers |
1 1T
23456

®  source

7851011211
eigen mode

FIG. 5. Principle of source reconstruction with synthetic data. a) Specimen geometry with virtual
receivers and source location. b) Using direct Green’s function composition leads to a distortion
of the matrix V,,,y (Eq. 9) (b-1) and errors in the reconstructed signal (b-2). c) Using the array
correction, each virtual mode is independent (c-1) and returns an exact image of the source, for

the considered modes combination (c-2).

incoherent summation of the modes and to the loss of spatial resolution. A general method
for the inversion of the time origin of an active source is presented in [16]. We propose here
a simpler solution to this problem, exploiting the fact that the space-time Fourier transform
of the receiver array is real, according to Eq. 5.

K, (t) is the matrix of receiver data, which records the temporal coda (reverb) signal from
a single source in the plate, transmitted at time ¢ = 0s but recorded starting at an unknown
time ty > 0s. For each resonant mode, we consider the delayed-time Fourier transform of

the spatial projection, computed from time ¢t = t; over a time window 7"

ﬁ’n(w, to—7) =

T
exp (iw(ty — 7'))/ K, (t) ¢ exp (iwt)dt (14)
0
Since F,(w,ty — 7) should be real for all n, we look for the minimum of the function:

‘%{Fn(wn,to —7)}‘

> —
Fo(wp, to — T)‘

(15)

1
B, (1) = N

13
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%2 where & indicates the imaginary part operator. This procedure is graphically illustrated
23 in Fig. 6. In panel a), the signal emitted from source 2 to receiver 5 is shown. From this
24 signal, we apply a Hanning time window in the late part of the coda, starting at t, = 20
265 ms, shown in panel b). For eight of the modes with the best signal to noise ratio, the
26 function F,(w,ty — 7) is computed and depicted in panel ¢). For 7 = 20 ms, all modes
267 are synchronized, which corresponds to the delay 7 = ¢y. The sum over the modes hy,(7) is
268 presented in sub panel ¢). Thus, even if ¢, (i.e. the temporal origin of the signal) is unknown,
29 it is possible to trace back the origin of the signal using the spatiotemporal analysis of the
20 coda. This is used as a ”phase locking” method on the data through the F, function. Once
on 7 is found, the Green function is estimated as the coherent sum of the delayed Fourier

22 transform of the receiver matrix K, (¢):

Gir = /000 K, (w) exp (—iwt)dw (16)

23 With ¢ the source location (unknown) and r the receiver locations. Rather than using
a2 short and impulsive source signals, we use here the stability of the Fourier transform com-
s puted over a large window to measure each of the modal amplitudes. This measurement
a6 stability may be disrupted when noise becomes prominent in the reverberated signal. From
oar7 our experimental data, we can analyze the first 200 ms of reverberated signal only, before

s the measurement is dominated by uncorrelated noise.

279 B. Experimental source localization

0  In order to experimentally determine the source location in the considered plate, the real
2s1 part of the Fourier transform after the phase correction is summed over the eigenfrequencies
252 according to Eq.6 and the resulting vector is back-propagated according to Eq. 12. The
283 theoretical reconstruction model for three examples of source location on the considered plate
2sa is displayed Fig. 7-a, experimental results are shown in Fig. 7-b, and the reconstruction
285 without correction in Fig. 7-c. The images in Fig. 7-b show that the reconstruction
26 18 effective in determining the location close to the expected theoretical image (Fig.7-a),
2s7 although the resolution is in some cases limited. In Fig.7, we only use a reduced number of
28 modes with the highest signal to noise ratio in the reconstruction and adapt the array size

20 t0 keep the possibility to compute the inverse matrix R™! in equation 12. The reduction of

14
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FIG. 6. Phase locking method. a) Time signal emitted from source 2 and recorded at location
5. The considered time window for the analysis starts at time t9 = 20 ms, highlighted with the
black vertical line. b) Hanning time window considered for the analysis (blue signal) of length
T = 160 ms in the late coda part of the total transmitted signal (gray signal). ¢) Imaginary part
contribution of the Fourier transform for 8 modes with the highest signal to noise ratio. d) At

T = to = 20 ms, all the modes are in sync, which corresponds to a minimum for the function Ay, (7)

200 the number of useful modes is due to the imperfection of the source, which does not provide
201 a perfectly flat response in the considered frequency range. In addition, if the source is
22 located on a vibration node of the plate, this mode cannot be excited. These are limiting
203 factors in the efficiency of the method. In the present work, we use the modal amplitude
204 directly estimated in the late coda part of the signal, without further post-processing and
205 we only consider modes with the highest signal to noise ratio. A more accurate approach

206 would need to invert location and modal normalization at the same time.

207 C. Application to regular geometry

2 To evaluate the influence of specimen geometry, we produce the same data-set as previ-
200 ously on a 3 mm thick rectangular aluminum plate. Both plates have the same thickness
00 and approximately the same lateral dimensions. For the determination of the modal shapes,
;0 we adopt here a semi-analytical method, the zyz algorithm [30]. The resulting first 16

s2 eigenmodes and eigenfrequencies calculated using this method are shown in Fig. 8.

15
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FIG. 8. The 16 first modal shape of the rectangular aluminum plate

s Fig. 9 illustrates graphically the results of source localization in three examples for this
s plate geometry. There is good agreement between the model and the data. In this experi-
s ment, only 9 modes are correctly detected and therefore used in the source reconstruction.
36 The number of points used is also reduced to 9, in order to use equation 12.

307
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a) model

b) reconstruction
-

a.u.

FIG. 9. Sources localization results in the rectangular plate. a) expected image, built from direct
Green’s function modal expansion. The black dots represents the used receivers for the imaging,
and the title specify the number of modes used for the reconstruction. b) reconstruction with the

data. The images are normalized by the maximum of their absolute value.

s IV, DEFECT LOCALIZATION

0 The second experiment presented in this work illustrates the feasibility of using the modal
s10 imaging method for the detection of inhomogeneities in the tested samples. This is realized
su by placing a small point mass on the surface of the plates and acquiring the same data set as
a2 previously (3 sources, 16 receiver points). The test is performed with both the rectangular
a3 and the irregularly shaped plates. Experimentally, a simple perturbation of the dynamic
s response of the plate is obtained by adding a small mass at its surface. The added mass
s1s consists of small cubic permanent magnets. The estimated added mass is around 5g for
a6 both plates, which is large enough to be detected but small enough not to change the

3

=

7 system overall response. It is possible to use perturbation theories to model this small
us change in the structure [20, 38]. As a first approximation, we assume here that a change of
210 mass does not affect the eigenmodes shapes {¢,,} but only the eigenfrequencies f,, [27]. This
30 assumption leads to considerable simplifications by neglecting the details of the mechanical

21 interaction of the mass with the plate. Consequently, the mass location can be deduced

N

222 from the sensitivity of the modes to its addition [39].

23 We first compare the data set obtained on the pentagonal plate with and without the
224 added mass. The signature of the added mass on the signals is shown in Fig. 10. From

»s the frequency analysis of the data (Fig.10 a-b), the addition of mass induces a shift of the

17



O©CO~NOOOTA~AWNPE

D ref
1 mass
0.8
{

. 06
3
<

0.4

0.2

200 400 600 100 150 200 250
frequency (Hz) frequency (Hz)

) )

0.05

-0.05

-0.1

0 10 20 30 40 50 210 215 220 225
time (ms) time (ms)

FIG. 10. Signal signatures due to the addition of localized mass. a) The amplitudes and the
resonant frequencies are affected by the add of mass. b) (zoom in panel a) The mass decreases the
initial resonant frequencies. ¢) In the time domain, the shift of the resonances are translated into a

cumulative phase shift in the coda signal. d) same as ¢) with a zoom in the 30-60 ms time window.

26 Tesonant curves to lower frequencies and a modulation of the peak amplitudes. In the time
27 domain (Fig.10 c-d), we observe the typical cumulative time shift of the coda [40], induced
28 here by the changes of the resonant frequencies. From this complex signature, we choose to
29 Tetain only the frequency shift of the modes as the main localization parameter and propose

130 the following simplified imaging function :

8fu
fa

s Where i indicates the pixel of the image to be constructed, f,, the n* resonance frequency

s for the unperturbed plate, and df, the variation of a resonance frequency between the
a3 reference and perturbed states.

s Results of this imaging procedure are shown in Fig. 11 for both rectangular (a) and
s irregular (b) plates. Since perturbation theory is applied on a mode at a time, it is not
136 possible to perform coherent summations over frequencies as in the previous source local-
337 ization problem. Thus, localizing a change in a structure from the analysis of individual
138 Tesonances results in symmetry problems during the data post-processing. For a rectangu-

330 lar shaped structure, the incoherent summation over the modes of the wavefield shown in
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FIG. 11. Mass localization results for a) the rectangular plate with an add mass of 7.2g and b) for
the pentagonal plate with an add of mass of 3.6g. the mass is a small magnet depicted with the

red circle in panels a-b. The images are normalized by the maximum of their absolute value.

;0 equation 17 leads to four symmetric source images. The irregular pentagonal plate, instead,
s demonstrates greater uniqueness in the potential location of the mass.

2 In Fig. 11, the edges of the plates show the largest incoherent cumulative amplitudes of
a3 vibration. The use of sharp corners for the two plates helps to split the different resonant
s modes across frequencies, but also induces nonuniform localization of the vibration energy
us for the resonant modes. Plates with smooth edges provides a more uniform spatial spread of
1s the energy, and thus modal overlapping over frequency [41, 42], which may add complexity
.7 to the modal decomposition technique. The resulting image, built from equation 17, does
s not take into account the spatial inhomogeneity of the coherent sum over the modes. This
.9 18 also a factor preventing access to the mass of the added object, as it should be inverted
350 jointly with its location.

351

2 V. CONCLUSIONS

i3 In this paper, we have presented the experimental realization of a source and defect-like
ss4 elastic imaging procedure, using discrete normal modes of plates with arbitrary geometries.
35 The imaging methodologies are based on data-driven procedures, which couple numerical
36 simulations with experimental data.

7 The first experiment, i.e. source localization, uses a modal Green’s function expansion
38 and composition. Sources are shown to be reliably imaged using a coherent sum over the

350 discrete resonant modes supported by the plates, with a mathematical correction for the
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se0 Treceiver array geometry. With the limited number of modes and receivers used in both

31 plates, the resolution of the images are limited but could be applied to any kind of geometry.

w2 The second imaging problem, i.e. mass localization, is handled with an incoherent sum-
363 ation over the same modes, and can lead to symmetry problems due to the plate geometries
364 in the formation of the final images. The incoherent summation of the modes induces four
35 symmetric mass images in the rectangular cavity, and a single one in the irregular pen-
w6 tagonal cavity. For both cavities, the modal intensity is not homogeneous and creates an

w7 over-representation of the plate edges in the images.

s 1f the vibration amplitude is large enough, the interaction of the mass with the plate
30 can generate harmonics in a nonlinear regime. These harmonics can be used for imaging,
s by treating the defect as an auxiliary source. However, the defect must have an impedance
sn comparable to the plate to be treated as an auxiliary source of nonlinear harmonics in the
a2 low frequency regime. Another important aspect it that the plate is an anharmonic cavity,
i3 meaning that normal modes are not necessarily multiples of fundamental frequencies. The
s+ harmonics due to the presence of a defect can alternatively be evanescent, remaining in the
s defect area, or strongly amplified, if one of the generated harmonics falls on a fundamental
s mode of the plate. In future, the coherent source imaging technique could be used in
;7 reversed mode, using few sources and adapting an array geometry to focus a high level of
ss energy anywhere inside a medium, even at depth, without the need to physically access the

79 targeted point. We will address this method in future work.
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Source and defect localization in thin elastic plates of arbitrary

geometry using eigenmodes
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Abstract

In this paper, we experimentally demonstrate how discrete resonances can be used to image
acoustic sources and mechanical changes in thin plates with different boundary shapes. The pro-
posed method uses coupled numerical and experimental data processing, and it only requires the
knowledge of the sample geometry (and not its elastic properties). If a limited number of measure-
ment points is available in experiments, the free modes of the plates are not orthogonal from the
receivers’ point of view, and this induces an artificial coupling in the post-processing of the experi-
mental signals. However, we show that this effect can be corrected using numerical simulations and
a mathematical transformation of the antenna geometry. After this correction, imaging of active
sources is performed using coherent summation of the elastic field over the natural frequencies of
the plates, leading to an unique localization of the sources. Imaging mechanical changes in the
two plates, instead, is addressed using incoherent summation over the modes, leading to symmetry
problems for the plates. This work experimentally illustrates the spatial resolution, perspectives
and limitations in the use of eigenmodes to produce images in complex elastic systems of arbitrary

shape and materials.

*

martin.lott@polito.it



O©CO~NOOOTA~AWNPE

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

I. INTRODUCTION

Imaging using mechanical waves is a widely used tool not restricted to technological
problems. It can be found for example in nature with spiders or bats, which use ultrasounds
or elastic waves to scan and image their environment [1, 2]. To be more specific, wave imaging
relies on the ability to discern any point in space by recording and processing vibration
data. In fluids, if the bulk density p and sound celerity ¢ are known, wave diffraction theory
can predict in any point and at any time the acoustic wave field inside the medium from
measurements at the boundaries [3]. This theory has led to the development of advanced
array imaging techniques, used in different fields of research, from wave physics applications
[4-7] and medical imaging [8, 9] to seismology [10-12].

In general, a large set of experimental data must be taken into account for the construction
of an image. Using matrices to represent and analyze spatiotemporal acoustic data has the
advantage of simplifying complex operations like space filtering, beam-forming and wave
polarization analysis [13, 14]. In addition, this type of formalism bridges the gap between
an analytical formulation and experimental data manipulation, especially with the use of
synchronized source/sensor arrays, where the backpropagation operators in space and time
can be treated as simple matrix multiplications [3, 15-17]. Usually, diffraction theory for
imaging is adopted when the elastic wavelengths are much smaller than the domain to image.
In addition, with the use of multi-element arrays, the received waves can be separated based
on their arrival direction. This means that the far-field plane waves arriving at the detectors
are orthogonal from the receiver array point of view. This limit helps to remove potential
unwanted wave reflections and conversions from boundaries, which strongly affect the quality
of an image [5].

In the low frequency limit, when the wavelengths are of the same order of magnitude as
the domain to be probed, the waves do not propagate and form a so-called standing wave,
with discrete resonance effects over frequency. Imaging a medium using its resonant modes
is also a wide field of research in itself. Modal Analysis (MA) techniques (also known as
System Identification) are used in civil [18], mechanical [19] and acrospace [20] engineering.
They are deployed on systems and structures that present complex geometries and boundary

conditions, i.e. situations where classical diffraction theory cannot be simply applied [21].

One of the main advantages of MA is that the resonant modes are extended in space.



O©CO~NOOOTA~AWNPE

38

39

40

a1

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

This means that the entire structure is affected by the vibration, with node and antinode
locations that are frequency dependent. Moreover, from an energetic point of view, the
lowest frequency modes of a structure gather most of the mechanical energy that the sys-
tem receives. This restriction in the propagation of energy as a function of frequency for
eigenmode may be used to determine the presence of potential defects in a structure, which
are very sensitive to the level of vibrational energy[22-27]. However, previous research has
shown that among the observable available with MA, the curvature of modal shapes (i.e., the
spatial derivative of the modal displacement), and not the resonance frequencies, is the most
effective tool for imaging[25, 26, 28], even for a simple one-dimensional structure[21, 26].
This is a strong limitation for the use of modal methods, which consequently require signif-

icant instrumentation and mainly surface imaging capabilities.

In the present paper, we propose an experimental realization of modal elastic imaging in
an arbitrary elastic system, which draws on both MA and wave diffraction paradigms. The
methodology relies on the simultaneous manipulation of multiple discrete modes (eigen-
modes), which are present in a highly reverberating system, to image the presence of an
active source inside the medium. Similar to the case of traditional elastic imaging methods,
one needs to determine the Green’s functions for the system to make quantitative compar-
isons between a model and experimental data. However, in the low frequency regime, there
is in general no analytical solution for the Green’s function. This is especially true for thin
elastic plates with free boundaries, like the one used in the present work. Here, we over-
come this limitation with the use of numerical simulations to obtain the eigenfrequencies
and eigenmodes of the finite sample. This well-known procedure has yet to be used in this
manner for source imaging in elastic systems. The natural frequencies and modal shapes
are determined numerically, from a data-driven procedure only requiring knowledge of the
sample geometry, enabling to determine the exact elastic properties for the sample under
consideration. Subsequently, the numerically calculated modes are combined using a Green’s
function modal expansion to obtain a semi-analytical propagation model, which can be used
to image the system. In addition, from the experimental realization, we highlight the need
to exploit the exact receiver positions on the plate surface in the imaging procedure. This
requirement is due to the fact that normal modes for the plate are not orthogonal from the

receiver point of view, and this leads to post-processing cross-talk between modes and errors
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in the image reconstruction. In this paper, we therefore propose and apply a novel and gen-
eral mathematical method to address this limitation of non-orthogonality. By appropriately
combining vibration data and numerical modeling, two imaging problems are addressed: the
imaging of an active source and the imaging of a small defect in a reverberating environ-
ment. To assess the role of symmetries in the imaging procedures, the experimental setup
includes two different thin aluminum plates of different shapes (rectangular and irregular
pentagonal). For the source localization problem, a practical situation is chosen where the
time emission of the source is unknown, which creates the need to perform another step of
phase-locking in the reverberated (coda) part of the transmitted signal. On the other hand,
the mass monitoring problem is based on an incoherent summation in space over the eigen-
modes, which leads to symmetry issues in the resulting images. These symmetry-related

errors are driven by the sample geometry only.

The paper is organized as follows. First, we describe the samples and the procedure for
acquiring the vibration data. Second, we describe the construction of the digital counterpart
of the sample, and the details of the signal processing algorithm. This step holds on synthetic
data for illustration purposes of the core of the imaging problem. Third, the experimental
source localization images are presented for both samples and compared to the synthetic
data. Finally, results and perspectives for defect-like imaging with monitoring techniques

using discrete resonant modes are discussed.

II. MATERIALS AND METHODS

A. Experimental set-up

The first sample used in this study is a thin aluminum plate of 3 mm thickness with
irregular and non-parallel edges (Fig 1). The particular shape given to the plate guaran-
tees the absence of degenerate modes (i.e. modes with the same resonance frequency but
with different modal shapes). Since this study aims to exploit modal imaging concepts, we
consider the response at the lowest frequency of the plate. In this frequency regime, the
only admitted mode within the plate is the out-of-plane, antisymmetric, dispersive Ay Lamb

mode. For a 3 mm plate, we can determine the wave velocity of this mode from the formula:

4
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W oD
Cp - WQh_;; (1)

s where Dy = h3E/(12(1 — v?)) is the flexural rigidity, and E, v, p and h are the Young’s
o modulus, Poisson’s ratio, bulk density and thickness, respectively. The wavelength is of the
10 order of A\ = 50 ¢m at 100 Hz, which roughly corresponds to typical plate lateral dimensions
01 (see fig. 1-a), meaning that the 10 lowest modes of this plate should be located around 100
102 Hz.

103

ws  The experiment consist in recording at different random locations on the sample the
10s temporal evolution of the wave field generated by various independent active sources. The
106 main purpose of this first experiment is to image the source location, from the analysis of
w7 the highly reverberated time signal at the receiver locations. The plate is thus instrumented
108 with 3 piezoelectric disks (ABT-441-RC9, 4.2 kHz central frequency) with a diameter of
100 27 mm and a thickness of 0.5 mm, which act as the sources. The piezoelectric disks are
uo independently driven with a 2 second chirp signal, with a frequency content ranging from
1 20 Hz to 900 Hz. This signal is generated by an arbitrary signal generator (Agilent 33500
12 B), and amplified with an high impedance output tension amplifier (FLC Electonics A400).
us After propagating in the plate, the vibration response is measured using a Doppler laser
us vibrometer (Polytech OFV-500 decoder and OFV-505 sensor-head) at 16 different plate
us locations. The recorded signal is then cross-correlated with the source signal, to provide
ue & 0.5 s highly reverberated impulse response. For each source, the obtained data-set can
u7 be represented by a matrix K, (t), indexing time at sampling rate intervals and space r =
us 1,2,..16 from receiver locations in two dimensions. A schematic of the experiment is shown
o in Fig. 1-a. Two sources are located on the edges of the plate and one in the center. The
120 receivers are randomly distributed over the plate. A typical example of the 16 recorded
21 signals and their corresponding frequency spectra for a single source are shown in Fig. 1

122 b-c.

123 From Fig. 1 panel b-1, one can see that as soon as the signal is emitted, reflected waves
12+ appear that mask any potential coherent propagation. From (fig. 1 panel ¢), the Fourier

125 transforms highlight separated peaks, corresponding to the first resonant modes of the plate.
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FIG. 1. Irregular plate geometry with its instrumentation. a) For each of the three sources, 16
signals are recorded at the blue location points with a Doppler laser vibrometer, b) with a 300 ms
of a strongly reverberated signal (coda). c) In the frequency domain, the signals show clear and
isolated resonance peaks. The average of the spectra over the 16 measurement points is represented

by the black line.

B. Modal shape determination

The proposed approach exploits knowledge of the modes of vibration to construct a semi-
analytical propagating model for the studied sample. There is in the literature a large set of
methods able to compute normal modes and associated frequencies for systems with simple
geometries [12, 29-31]. Usually, these methods are based on Hamilton’s principle of least ac-
tion, according to which a dynamic system tends to minimize its internal mechanical energy.
This minimization principle leads to an eigenvalue problem, with the resonance frequencies
as eigenvalues and the normal vibration mode shapes as eigenvector solution of the problem
[30]. For the considered plate geometry with Neumann boundary conditions (free edges),
analytical models run the risk of non-exhaustively predicting the eigenmodes [19]. A possi-
ble solution is to use finite element modeling (FEM) and eigenvalue analysis to obtain the
eigenmodes and corresponding eigenfrequencies. The input mechanical parameters (Young’s
modulus and Poisson’s ratio) can then be adjusted to find the best match between the mea-
sured and numerically predicted resonance frequencies. This procedure is also know under

the name of Resonant Ultrasound Spectroscopy (RUS)[30, 32, 33].

For the source localization procedure to be successful, the numerically calculated and
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12 experimentally derived normal modes should coincide. A way to guarantee this similarity is
3 to perform a systematic spatial projection of numerical modes on the measured ones. This
14 can additionally improve the RUS methodology by simultaneously optimizing the agreement
us between experimental and numerical data for both the resonant frequencies and modal
us shapes. To do this, we consider the array response matrix of the three sources s in the

7 frequency domain K® (w), projected over the receivers array on the modal shape ¢, :

B (w) = 54 | S K (@) prn (2)

w  K® (w) is a matrix, indexed by the frequencies and the receiver index. This is a table
1o which gathers the measured frequency x space signals. The product K7(S)(w)¢b,,n is therefore
150 a matrix indexed by (frequency x mode number).

151 The starting guess for the mechanical parameter values are £ = 69 G Pa for the Young’s
152 modulus, v = 0.33 for the Poisson ration, and p = 2700 kg.m =2 for the density , which are
153 the typical aluminum elastic properties. Then, for different Young’s modulus and Poisson’s
154 Tatio values around the starting point, we compute the eigenfrequencies and eigenmodes of

155 the system, and consider the minimization function :

g=2, |wz_wn|/wn (3)

56 with w? the angular frequency with the maximum amplitude response of the array pro-
157 jected on the eigenmode ¢,.,, and w, the numerical eigenfrequency of this same mode com-
158 puted from FEM. In this manner, we include the spatial response of the modes in the

150 inversion procedure. Once the minima of g in Eq.3 are found, the results of the projection

a

10 defined in Eq.2 are depicted in Fig. 2 for optimized mechanical parameters. This figure

a1 illustrates the post-processing mode separation over space, with the projection of the exper-

o

12 imental data on the numerical eigenmodes. With 16 receivers, the first 13 modes present a

o

163 maximal projection value B,(f = w/27) at the corresponding eigenfrequency f, = w, /2.

o

14 Final values are £ = 69.6 G Pa for the Young’s modulus and v = 0.345 for the Poisson ratio.
16s Note that an error in the determination of the geometry of the sample could be translated
166 iN an uncertainty in the estimated mechanical parameters.

17 The normalized vibration profiles of the first 16 eigenmodes are shown in Fig 3. The sharp

168 corners used for the design of the plate create a clear separation between modes. From the

7
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FIG. 2. Frequency response of the normalized modal projection. The red circle represents the
eigenfrequency values computed with FEM. The gray-scale represents the continuous response

over frequency for each mode, projected (eq.2) on the FEM eigenmodes.

1.0 modal fields, the maximum displacement zones appear to be located at the edges of the

o plate, whilst the nodes of vibrations are principally located in the center of the sample.

172 C. Modal Green’s function expansion and source localization principle

3 The spatiotemporal evolution of the wave field inside the plate is derived using a universal
s Green’s function expansion method, which only requires knowledge of the normal modal
s shapes and the associated eigenfrequencies. We start from the expression of the Green’s

s function in the time domain (for ¢t > 0)[34-37]:

Gij(t) = Sndind),; cos(wnt) (4)

w7 where 7, j denote the location of two points in the continuous sample domain €2, n desig-
s nates the modal index, w,, the angular eigenfrequency and ¢;,, the n-th eigenmode amplitude
o at the point 7. The symbol ." designates the transpose conjugate, and ¢;, are the standing
180 modes, thus represented by real functions. However, Eq.4 is valid for complex function shape
181 t00, as soon as they satisfy the wave equation. The time Fourier transform of the Green'’s

182 function, computed from ¢ = 0 to infinity can be expressed as follows :

dij(w) = Engbmgb;rzj X 5((*; - wn) (5>

8
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FIG. 3. The 16 first modal shapes of the aluminum plate obtained with FEM.

183 where §(w — w,) is the continuous delta function. From this expression, we can express

184 the broadband Green’s function, with a continuous integration over frequency:

o0
Gi= [ Gilwld = oud), (6)
0
185 where we have used Einstein’s convention for summation over repeated indices. The

186 upper limit of the continuous sum is determined by the number of modes considered in the

187 imaging problem. With current notations, one should verify:

¢in¢;j = 0;; (7)
¢j’1,z¢l7ll - 5nn’

s where 0;; is the discrete delta function. The first equation indicates that the finite sample
189 Tesponse to a source is unique and only depends on its geometrical location. The second
100 equation illustrates the spatial orthogonality of the modal shape functions. To separate the

101 experimental data from theoretical data, the quantity Gy, denotes the data set K, (w), which

9
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FIG. 4. Synthetic source reconstruction for two different location (1-2) and using 3, 6, 10 and 14

modes respectively.

is the Green’s function over frequency, between a source located in an unknown position ”7”,
and a set of receivers located in "r”. Because for an arbitrary set of receiving points "r”,
equations 7 are not satisfied, we present in the following a general method to integrate the
geometry of the receiver array. The imaging process then translates the receiving matrix

K, (w) to a single, and frequency accumulated image of the source on the plate surface.

Using these concepts, and the modal responses shown in Fig. 3, we first evaluate the
effect of the number of modes on the source reconstruction. From equation 6, the source
image is obtained by multiplying the modal amplitude vector at the source location ¢;,,
with the modal response matrix at any point location of the sample (and not only the ”7”
receivers’ points) gb;j. Results are shown in Fig. 4. As expected, increasing the number of
modes increases the resolution of the source reconstruction. In addition, the location of the

sources also affects the sharpness of the focus.

The central problem of imaging the source lies in the fact that from an experimental
point of view, equation 7 is not satisfied when using a small subset of measurement points
in the continuous 2 domain. However, it is still possible to construct an image of the source
using the composition of Green’s function within a set of virtual sources and receiver points

T

10
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Gij = GiTGTj
= ¢in¢j¢r¢rn’ qb;'j
— iVl (®)

20 The matrix V quantifies the ability of any subsequent set of points r inside the {2 domain
210 to independently identify each mode. If the implicit summation over r is performed on the
on full domain 2, the Green’s function composition is indeed equivalent to equation 6, and we

212 must verify that:

Vnn’ = 5nn’ (9>

213 The projection error due to the limited number of receivers can be corrected. Indeed, with
214 & finite number of modes and receivers, we can determine a new 1, basis, constructed as lin-
215 ear combination of the modal shapes ¢,,. This new basis must be orthonormal from the point
216 of view of the receivers. The construction operation corresponds to the qr-decomposition,
217 which establishes that any rectangular matrix can be decomposed into the product of an

218 orthogonal matrix Q and an upper triangular matrix R:

:zr = QnmRmr (10)

20 where R matches the receivers to the new basis {¢,,}, constructed as linear combination
20 of the modal basis {¢,}. Q matches the new basis {1,,} to the modal basis {¢,}. If R is
2z invertible, the qr-decomposition is unique.

22 The expression of the Green’s function G, in the new frame basis is noted G (6m) and

223 can be expressed as:

tiny = G B, (11)

24 Using the correspondence between the {¢,} and {#,,} basis, and back-projecting the

25 wave field into each pixel of the image, we can write a potential Green function G’~ij as:

Gij = Gir ern%LQinn’ (bn’j (12)

11
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26 We can prove that this expression is the Green’s function reconstruction, from the source
227 1 to each pixel j, using only r points in the domain €2. It is valid if the inverse of the matrix
28 R exists. This means that R needs to be (but this is not a sufficient condition) a square

20 matrix (i.e. same number of receivers and modes) :

Gij = Gu R Qo i®ly; = dindl; = G (13)
20 Thus, the imaging principle relies here on the inversion of the matrix R. G, is a measured
an quantity, meaning the signal originating from a source and recorded at the receiver locations
22 7, and Q and ¢ are obtained from the QR-decomposition and the FEM model. It is possible
233 to validate the approach with synthetic signals. Here, we limit the example to a single source
21 location, detected with 14 receivers, randomly located over the sample, as shown on fig. 5-a.
235 We first compute the direct, non-corrected, Green’s function composition that we applied to
236 the 14 laser measurement point array, following eq. 8. Results are shown in fig.5 b-1 for the
237 matrix V,,,» and b-2 for the reconstructed field. The presence of non-zero values on the off-

238 diagonal elements of the V,,,, matrix in fig.5 b-1 quantifies the cross-talk between the normal

w

230 modes due to the limited number of receivers. This leads to spatial errors in the source

o imaging process. On the other hand, if we apply the qr-decomposition and backproject

2

I

21 it using the modified basis (Eq. 12), cross-talk between modes is eliminated and source

=

202 Teconstruction is considerably improved (Fig. 5 c¢-1 and c-2). Here, signal reconstruction is

23 performed using only a number of receivers equal to the number of modes (N = 14).

24 ITI. RESULTS
25  A. Phase locking

as  Application of the proposed method to real data requires incorporating the effect of
27 time into the modeling. This step is necessary to make a quantitative transition from the
2 measured matrix K,(¢) and the broadband source model G;;. At time ¢ = 0, when the
29 initial pulse is transmitted by the piezoelectric disks, each frequency making up the signal,
0 a8 a starting point, acquires the phase of the modal shapes at the source location. For
251 stationary modes, this original phase is equal to 0 or 7. If this phase information is lost, i.e.

252 we no longer know when the pulse was emitted, the resulting sum in equation 6 leads to an

12
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FIG. 5. Principle of source reconstruction with synthetic data. a) Specimen geometry with virtual
receivers and source location. b) Using direct Green’s function composition leads to a distortion
of the matrix V,,,y (Eq. 9) (b-1) and errors in the reconstructed signal (b-2). c) Using the array
correction, each virtual mode is independent (c-1) and returns an exact image of the source, for

the considered modes combination (c-2).

incoherent summation of the modes and to the loss of spatial resolution. A general method
for the inversion of the time origin of an active source is presented in [16]. We propose here
a simpler solution to this problem, exploiting the fact that the space-time Fourier transform
of the receiver array is real, according to Eq. 5.

K, (t) is the matrix of receiver data, which records the temporal coda (reverb) signal from
a single source in the plate, transmitted at time ¢ = 0s but recorded starting at an unknown
time ty > 0s. For each resonant mode, we consider the delayed-time Fourier transform of

the spatial projection, computed from time ¢t = t; over a time window 7"

ﬁ’n(w, to—7) =

T
exp (iw(ty — 7'))/ K, (t) ¢ exp (iwt)dt (14)
0
Since F,(w,ty — 7) should be real for all n, we look for the minimum of the function:

‘%{Fn(wn,to —7)}‘

> —
Fo(wp, to — T)‘

(15)

1
B, (1) = N

13
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%2 where & indicates the imaginary part operator. This procedure is graphically illustrated
23 in Fig. 6. In panel a), the signal emitted from source 2 to receiver 5 is shown. From this
24 signal, we apply a Hanning time window in the late part of the coda, starting at t, = 20
265 ms, shown in panel b). For eight of the modes with the best signal to noise ratio, the
26 function F,(w,ty — 7) is computed and depicted in panel ¢). For 7 = 20 ms, all modes
267 are synchronized, which corresponds to the delay 7 = ¢y. The sum over the modes hy,(7) is
268 presented in sub panel ¢). Thus, even if ¢, (i.e. the temporal origin of the signal) is unknown,
29 it is possible to trace back the origin of the signal using the spatiotemporal analysis of the
20 coda. This is used as a ”phase locking” method on the data through the F, function. Once
on 7 is found, the Green function is estimated as the coherent sum of the delayed Fourier

22 transform of the receiver matrix K, (¢):

Gir = /000 K, (w) exp (—iwt)dw (16)

23 With ¢ the source location (unknown) and r the receiver locations. Rather than using
a2 short and impulsive source signals, we use here the stability of the Fourier transform com-
s puted over a large window to measure each of the modal amplitudes. This measurement
a6 stability may be disrupted when noise becomes prominent in the reverberated signal. From
oar7 our experimental data, we can analyze the first 200 ms of reverberated signal only, before

s the measurement is dominated by uncorrelated noise.

279 B. Experimental source localization

0  In order to experimentally determine the source location in the considered plate, the real
2s1 part of the Fourier transform after the phase correction is summed over the eigenfrequencies
252 according to Eq.6 and the resulting vector is back-propagated according to Eq. 12. The
283 theoretical reconstruction model for three examples of source location on the considered plate
2sa is displayed Fig. 7-a, experimental results are shown in Fig. 7-b, and the reconstruction
285 without correction in Fig. 7-c. The images in Fig. 7-b show that the reconstruction
26 18 effective in determining the location close to the expected theoretical image (Fig.7-a),
2s7 although the resolution is in some cases limited. In Fig.7, we only use a reduced number of
28 modes with the highest signal to noise ratio in the reconstruction and adapt the array size

20 t0 keep the possibility to compute the inverse matrix R™! in equation 12. The reduction of

14
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FIG. 6. Phase locking method. a) Time signal emitted from source 2 and recorded at location
5. The considered time window for the analysis starts at time t9 = 20 ms, highlighted with the
black vertical line. b) Hanning time window considered for the analysis (blue signal) of length
T = 160 ms in the late coda part of the total transmitted signal (gray signal). ¢) Imaginary part
contribution of the Fourier transform for 8 modes with the highest signal to noise ratio. d) At

T = to = 20 ms, all the modes are in sync, which corresponds to a minimum for the function Ay, (7)

200 the number of useful modes is due to the imperfection of the source, which does not provide
201 a perfectly flat response in the considered frequency range. In addition, if the source is
22 located on a vibration node of the plate, this mode cannot be excited. These are limiting
203 factors in the efficiency of the method. In the present work, we use the modal amplitude
204 directly estimated in the late coda part of the signal, without further post-processing and
205 we only consider modes with the highest signal to noise ratio. A more accurate approach

206 would need to invert location and modal normalization at the same time.

207 C. Application to regular geometry

2 To evaluate the influence of specimen geometry, we produce the same data-set as previ-
200 ously on a 3 mm thick rectangular aluminum plate. Both plates have the same thickness
00 and approximately the same lateral dimensions. For the determination of the modal shapes,
;0 we adopt here a semi-analytical method, the zyz algorithm [30]. The resulting first 16

s2 eigenmodes and eigenfrequencies calculated using this method are shown in Fig. 8.

15
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s Fig. 9 illustrates graphically the results of source localization in three examples for this
s plate geometry. There is good agreement between the model and the data. In this experi-
s ment, only 9 modes are correctly detected and therefore used in the source reconstruction.
36 The number of points used is also reduced to 9, in order to use equation 12.

307

16
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a) model

b) reconstruction
-

a.u.

FIG. 9. Sources localization results in the rectangular plate. a) expected image, built from direct
Green’s function modal expansion. The black dots represents the used receivers for the imaging,
and the title specify the number of modes used for the reconstruction. b) reconstruction with the

data. The images are normalized by the maximum of their absolute value.

s IV, DEFECT LOCALIZATION

0 The second experiment presented in this work illustrates the feasibility of using the modal
s10 imaging method for the detection of inhomogeneities in the tested samples. This is realized
su by placing a small point mass on the surface of the plates and acquiring the same data set as
a2 previously (3 sources, 16 receiver points). The test is performed with both the rectangular
a3 and the irregularly shaped plates. Experimentally, a simple perturbation of the dynamic
s response of the plate is obtained by adding a small mass at its surface. The added mass
s1s consists of small cubic permanent magnets. The estimated added mass is around 5g for
a6 both plates, which is large enough to be detected but small enough not to change the

3

=

7 system overall response. It is possible to use perturbation theories to model this small
us change in the structure [20, 38]. As a first approximation, we assume here that a change of
210 mass does not affect the eigenmodes shapes {¢,,} but only the eigenfrequencies f,, [27]. This
30 assumption leads to considerable simplifications by neglecting the details of the mechanical

21 interaction of the mass with the plate. Consequently, the mass location can be deduced

N

222 from the sensitivity of the modes to its addition [39].

23 We first compare the data set obtained on the pentagonal plate with and without the
224 added mass. The signature of the added mass on the signals is shown in Fig. 10. From

»s the frequency analysis of the data (Fig.10 a-b), the addition of mass induces a shift of the

17
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FIG. 10. Signal signatures due to the addition of localized mass. a) The amplitudes and the
resonant frequencies are affected by the add of mass. b) (zoom in panel a) The mass decreases the
initial resonant frequencies. ¢) In the time domain, the shift of the resonances are translated into a

cumulative phase shift in the coda signal. d) same as ¢) with a zoom in the 30-60 ms time window.

26 Tesonant curves to lower frequencies and a modulation of the peak amplitudes. In the time
27 domain (Fig.10 c-d), we observe the typical cumulative time shift of the coda [40], induced
28 here by the changes of the resonant frequencies. From this complex signature, we choose to
29 Tetain only the frequency shift of the modes as the main localization parameter and propose

130 the following simplified imaging function :

8fu
fa

s Where i indicates the pixel of the image to be constructed, f,, the n* resonance frequency

s for the unperturbed plate, and df, the variation of a resonance frequency between the
a3 reference and perturbed states.

s Results of this imaging procedure are shown in Fig. 11 for both rectangular (a) and
s irregular (b) plates. Since perturbation theory is applied on a mode at a time, it is not
136 possible to perform coherent summations over frequencies as in the previous source local-
337 ization problem. Thus, localizing a change in a structure from the analysis of individual
138 Tesonances results in symmetry problems during the data post-processing. For a rectangu-

330 lar shaped structure, the incoherent summation over the modes of the wavefield shown in

18
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FIG. 11. Mass localization results for a) the rectangular plate with an add mass of 7.2g and b) for
the pentagonal plate with an add of mass of 3.6g. the mass is a small magnet depicted with the

red circle in panels a-b. The images are normalized by the maximum of their absolute value.

;0 equation 17 leads to four symmetric source images. The irregular pentagonal plate, instead,
s demonstrates greater uniqueness in the potential location of the mass.

2 In Fig. 11, the edges of the plates show the largest incoherent cumulative amplitudes of
a3 vibration. The use of sharp corners for the two plates helps to split the different resonant
s modes across frequencies, but also induces nonuniform localization of the vibration energy
us for the resonant modes. Plates with smooth edges provides a more uniform spatial spread of
1s the energy, and thus modal overlapping over frequency [41, 42], which may add complexity
.7 to the modal decomposition technique. The resulting image, built from equation 17, does
s not take into account the spatial inhomogeneity of the coherent sum over the modes. This
.9 18 also a factor preventing access to the mass of the added object, as it should be inverted
350 jointly with its location.

351

2 V. CONCLUSIONS

i3 In this paper, we have presented the experimental realization of a source and defect-like
ss4 elastic imaging procedure, using discrete normal modes of plates with arbitrary geometries.
35 The imaging methodologies are based on data-driven procedures, which couple numerical
36 simulations with experimental data.

7 The first experiment, i.e. source localization, uses a modal Green’s function expansion
38 and composition. Sources are shown to be reliably imaged using a coherent sum over the

350 discrete resonant modes supported by the plates, with a mathematical correction for the
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se0 Treceiver array geometry. With the limited number of modes and receivers used in both

31 plates, the resolution of the images are limited but could be applied to any kind of geometry.

w2 The second imaging problem, i.e. mass localization, is handled with an incoherent sum-
363 ation over the same modes, and can lead to symmetry problems due to the plate geometries
364 in the formation of the final images. The incoherent summation of the modes induces four
35 symmetric mass images in the rectangular cavity, and a single one in the irregular pen-
w6 tagonal cavity. For both cavities, the modal intensity is not homogeneous and creates an

w7 over-representation of the plate edges in the images.

s 1f the vibration amplitude is large enough, the interaction of the mass with the plate
30 can generate harmonics in a nonlinear regime. These harmonics can be used for imaging,
s by treating the defect as an auxiliary source. However, the defect must have an impedance
sn comparable to the plate to be treated as an auxiliary source of nonlinear harmonics in the
a2 low frequency regime. Another important aspect it that the plate is an anharmonic cavity,
i3 meaning that normal modes are not necessarily multiples of fundamental frequencies. The
s+ harmonics due to the presence of a defect can alternatively be evanescent, remaining in the
s defect area, or strongly amplified, if one of the generated harmonics falls on a fundamental
s mode of the plate. In future, the coherent source imaging technique could be used in
;7 reversed mode, using few sources and adapting an array geometry to focus a high level of
ss energy anywhere inside a medium, even at depth, without the need to physically access the

79 targeted point. We will address this method in future work.
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