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NORM ESTIMATES FOR 7-PSEUDODIFFERENTIAL
OPERATORS IN WIENER AMALGAM AND MODULATION
SPACES

ELENA CORDERO, LORENZA D’ELIA, AND S. IVAN TRAPASSO

ABSTRACT. We study continuity properties on modulation spaces for T-pseudo—
differential operators Op.(a) with symbols ¢ in Wiener amalgam spaces. We
obtain boundedness results for 7 € (0,1) whereas, in the end-points 7 = 0 and
7 = 1, the corresponding operators are in general unbounded. Furthermore, for
7 € (0,1), we exhibit a function of 7 which is an upper bound for the operator
norm. The continuity properties of Op,.(a), for any 7 € [0, 1], with symbols a in
modulation spaces are well known. Here we find an upper bound for the operator
norm which does not depend on the parameter 7 € [0, 1], as expected.

Key ingredients are uniform continuity estimates for 7-Wigner distributions.
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1. INTRODUCTION

Pseudodifferential operators are mathematical tools used extensively in the the-
ory of partial differential equations, engineering and quantum mechanics. Since
their first appearance in the works by Kohn, Nirenberg [20] and Hérmander [19],
they have been widely studied in the framework of classical analysis by plenty of
authors, with privileged symbol classes being the so-called Hormander class [19].
In this context, we also refer to the textbooks [23, 26, 28, 33].

Starting from the end of the 90’s and during the last 20 years they have been
considered in the context of time-frequency analysis. Many outcomes have been
obtained, showing in particular that operators with rough symbols (functions not
even differentiable or tempered distributions) may be bounded on L*(R¢). The
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2 ELENA CORDERO, LORENZA D’ELIA, AND S. IVAN TRAPASSO

contributions are so many that we are not able to cite them all. See, for instance,
2,5, 8, 10, 16, 17, 18, 21, 22, 25, 27, 29, 30, 31, 32].

Assume 7 € [0,1], a € S'(R*), then the T-pseudodifferential operator Op, (a)
with symbol a can be defined by

(1) Ope(a)f(a) = [ [ k(1= rjat r &) ) e, f € SR,

If 7 = 0, the corresponding operator Op,(a) is called the Kohn-Niremberg operator
and can be rewritten as

) Op()f(e) = [ alwOf) e, f e S@,

R
For 7 =1/2, Op; j5(a) (proposed by Weyl in [34]) is called Weyl operator and takes
the form

3  Opp@r) = [ a(x*y,g)f<y>e2“<x—y>fdyd§, f € SRY.

R2d 2

In this paper we continue the study of boundedness properties of pseudodifferen-
tial operators using tools from time-frequency analysis. The main ingredients are
the time-frequency representations related to the definition of 7-pseudodifferential
operators. For 7 € [0,1], the (cross-)7-Wigner distribution (7-WD) of signals
f,g € L*(R?) is defined by

(4)  Wi(f,9)(x,€) = / e f(w+Tt)g(w — (L —T)t)dt,  (x,€) € R*.

R4
For f = g, W, f := W,(f, f) is called the 7-Wigner distribution of f. Note that
W f is a quadratic time-frequency representation which is a generalization of the
well known Wigner distribution, recaptured in the case 7 = 1/2:

t t .
Wl/?(fa g)(xv 5) = W(f, g)(J}? g) = / f(]}' + 5)9(1‘ _ 5) e—27r2t§ dt.
Rd
For 7 =0, Wy(f,¢g) is named (cross-)Rihaczek distribution

(5) Wolf.9)(@.€) = R(f. g)(w,€) = e f(2)5(€);
and for 7 = 1, Wi(f, g) is the (cross-)conjugate Rihaczek distribution

(6) Wi(f. 9)(x.€) = R*(f,9)(x,€) = R(g, f)(w,€) = ™ g(x) f(£).
Given a symbol a € S'(R??), the 7-pseudodifferential operator Op, (a) in (1) can
be defined weakly as a duality between the symbol a and the —-WD W, (g, f) as
follows
(Op.(a)f,g) = (@, Wr(9, ), f.g9€ SR
Inspired by the work of Boulkhemair [5], we continue his investigation considering
symbols in the new framework of Wiener amalgam spaces. Such spaces can be
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viewed as LI(LP)-norm of a time-frequency representation: the short-time Fourier
transform (STFT) V,f of a signal f € &'(RY) with respect to a window function
g € S(RY), defined by

(7) Vof(2) = (f,m(2)g) = FITg](§) = » f(t)g(t — @) e dt,

for z = (x,€) € R? x RY. For simplicity, we recall their definition in the un-
weighted case, referring to the next section for a more general definition and related
properties. A tempered distribution f € &'(R?) is in the Wiener amalgam space
W (FLP, L) (R?), 1 < p,q < oo, if

a/p 1/q
| fllwFre,Loymaey == (/Rd (/Rd Vo f (2,8 df) daz) < .

Roughly speaking, a distribution f is in the space W (FLP, L9)(R%) if locally it
behaves like a function in FLP(RY) and globally decays as a function in LI(R?).
Such spaces capture the different behaviour of functions/distributions on local and
global levels. For instance, it can be shown that the delta distribution ¢ is in
W (FL>®, LY)(RY): its Fourier transform F§ = 1 belongs to L>*°(R¢) and the com-
pact support guarantees whatever decay at infinity.

Modulation spaces are closely related to such Wiener spaces. Indeed the modu-
lation space MP4(R%) can be defined by

MPIRY = F'W(FLP, LY)(RY),

where F~! is the inverse Fourier transform.

Sufficient and necessary conditions for boundedness properties of pseudodiffer-
ential operators with symbols in modulation spaces and acting on the same spaces
have been found in many papers, cf. [6, 7, 31, 32] and the bibliography therein.
Here such conditions do not depend on the parameter 7 € [0, 1], see Section 5 for
details in this framework.

In our context we continue to study boundedness properties on modulation spaces
but the symbols are in the Wiener ones. Here the continuity properties do depend
on the parameter 7.

For 1 < ry,ry < 0o, we introduce the function

1
(8) O[(7'177'2)(T) = )
1 1
Td<’"/1+r2) (1-— T)d(”+’"’2)
Observe that the function o, ,)(7) is unbounded on (0,1). Indeed, for (ry,r2) &

{(1,00), (00, 1)},

7€ (0,1).

Tli{é{r O‘(hmz)(T) = Tl_iglf O‘(m,rz)(T) = +00.
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For (ry,72) = (1,00) we have lim, ,1- a(1,00)(7) = +00 whereas, for (ri,r) =
(00,1), lim; o+ 0(ce,1)(7) = +00. An unweighted version of our main result, cf.
Theorem 4.3 below, can be read as follows:

Theorem 1.1. Suppose that 1 < p,q,r1,1r5 < 00 satisfy
q Spla maX{Tl,T%T/l,Té} Sp

Let a be a symbol in W(FLP, L) (R??). For v € (0,1), every T-pseudodifferential
operator Op, (a) is a bounded operator on M"™2(R%). Moreover, there exists a
constant C' > 0 independent of T such that

) 10p-(a)fllarrrs < Cap oy (DllallwEe Lol fllagrir2, 7€ (0,1).
Hence we have found an upper bound for the operator norm:

| Op, (@)l Basrir2y < Cagry ) (T)a|lw(Frr,La)-

The unboundedness of the function ., ,,)(7) in the end-points suggests that the
boundedness results above fail in the case of Kohn-Nirenberg operators Op,(a) and
of operators with right symbol Op,(a) (also called anti-Kohn-Nirenberg operators).
Indeed, we exhibit precise counterexamples in Proposition 4.4 below.

The paper is organized as follows. Section 2 is focused on the preliminary defini-
tions and properties of 7-Wigner distributions and the involved function spaces. In
Section 3, we study the continuity properties of W,(f,g) in the Wiener amalgam
spaces, obtaining uniform estimates with respect to the parameter 7. Section 4 is
devoted to the proof of the main theorem: Theorem 4.3. We also treat the cases
7 =0 and 7 = 1, showing examples of unbounded operators. Section 5 provides
some useful remarks on the continuity results of Op, (a) with symbol in modulation
spaces.

Notation. We define the scalar product on R? by 2y = z - y. The Schwartz
class is denoted by S(R?) and its dual, the space of tempered distributions, by
S’(R%). The brackets (-,-) stand for the inner product on L?*(R?) or for duality
pairing between a tempered distribution in &’ and a function in S (for convention
it is antilinear in the second argument).

We write f < g to indicate f(z) < Cg(zx) for every x and some constant C', and
similarly for 2. The notation f =< ¢ stands for f < g and f 2 g. We use a
normalized Fourier transform

Fi©) = [ e de

The translation operator T, of a function f on R? is defined as T, f(t) = f(t—x) and
the modulation operator M f(t) = €™ f(t). For z = (z, &), we denote the so-called
time-frequency shift acting on a function or distribution as 7 (2)f(t) = M1, f(t).
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The reflection operator is defined as Zf(x) = f(—=x). For 1 < p < oo, the conjugate
exponent p’ of p is the one that satisfies 1/p+ 1/p’ = 1.

2. TIME-FREQUENCY REPRESENTATIONS AND FUNCTION SPACES
Denote by J the canonical symplectic matrix in R?¢:
(10) J= ( _Oj;jd ézz ) € Sp(2d,R),
where the symplectic group Sp(2d, R) is defined by
Sp(d,R) = {M € GL(2d,R) : M"JM = J}.
In the sequel we shall heavily use the following symplectic matrix

(11) A, = <_( Vi <1_TT)1/2]dXd) . T€(0,1).

) 2 gva Odsxd

The main properties of A, are detailed below. Their proof is attained by easy
computations.
Lemma 2.1. For any 7 € (0,1), the matriz A, in (11) enjoys the following
properties:
(i) Ar € Sp(d,R); in particular, Ay/m = J.
(ii) Al = A, At =—A,.
(i) A1+ A, = AT A = Lhgyoq — B, where

(12) B — ( =laxa  Odxa ) ‘

1
Odxa  +laxd

() VJT(l=7)(A, + A1) =/T(1—-7)B, A, = J.

2.1. 7-Wigner Distributions and their Short-Time Fourier Transforms.

We list now some useful features enjoyed by the 7-WD which we will use later (cf.
[3, 9]).

Proposition 2.2. For 7 € (0,1], f,g, fi, g € L*(RY), i = 1,2, we have

(Z) Wl—T(f7 g) - W’T(Q’/\f)'
(ii) Wrf(x,&) = Wi_.f(&, —z). Equivalently

W, f(z) = Wi, f(J2),

where J is the canonical symplectic matriz in (10).
(11i) Moyal’s Formula for 7-WD:

(13) <W7(f17g1)7WT(f27g2)> = <f17f2><glag2>'
(iv) Covariance property for the T-WD:

(14)  Wen(w)f, m(w)g)(2) = TuWr(f. 9)(2) = Wr(f.9)(z —w), w,ze€R*.
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To study continuity properties of the 7-WD on modulation and Wiener spaces,
we need to compute its Short-time Fourier transform (STFEFT). Recall that the
STFT of a signal f € &'(R?) with respect a fixed window function g € S(R?) is
defined in (7). Important properties of STFT we shall use are as follows.

Proposition 2.1. For f, fi,g,g;: € L*(RY), i = 1,2, we have:
(i) Orthogonality relations for the STFT:

(15) (Vo J1, Voo f2) r2meay = (f1, f2) 12(re) (91, 92) 2 ey

(i) STFT of time-frequency shifts:

(16) VMwTug(MwTuf)(x7 é) = 62”2'(&)‘%76”)‘/9.](.(1‘7 5)7 U, T, 57 w € Rd-
(iii) For go, 9,7 € S(R?) such that (v,g) # 0, f € §'(RY),

(17) Voo f (2, €)] < I >|(!Vf\ Ve r)(2,6),  (2,€) € R*.
(iv) Fundamental identity of time-frequency analysis:

(18) Vof(z,8) = e ™=V, f(€,—), (2,€) € R*™.

For 7 € (0,1), the 7-Wigner distribution can be rephrased as a STFT, the key
ingredient is the operator A, below.

Definition 2.2. For 7 € (0,1), we define the operator A, by

(19) AT:f(t)r—>If(1_Tt).

T

Then (cf. [3, Lemma 6.2]):
Lemma 2.3. For 7 € (0, ) frg € L*(RY), we have

@) W00 = e VS (T te) 06 R

The proof of the following lemma is a matter of computation.

Lemma 2.4. Fort € (0,1), z = (21, 22) € R*!, the operators A, and w(z) commute
as follows

(21) m(2) A, = A <—1 _ Tzl, — 22) ,
T

(22) Amz):w(— ! zl,—l_ng) A,
T

1—71

In the next lemmas we calculate the STFT of W, (g, f), generalizing [14, Lemma
4.3.1].
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Lemma 2.5. Consider 7 € (0,1). Let o1,02 € S(RY), f,g € S(RY) and set
¢, = WT((')Ola 902) Then;

(23)

Vo, Wr(g, [)(2,¢) = 67%”2@‘/@19(21—74&, Z2+(1—T)C1)V<p2f(21 + (1 —7)¢2, 22 — 7C1)

where z = (21, 23), ¢ = (¢1, () € R

Proof. Using the covariance property (14) and the representation of the 7-Wigner
distribution as a STFT in (20),

Vo Wi (g 1)(2,0) = (Welg, ), M Welipn, )
= (We(g, ), MW (r(2)in, m())
_ % /R Vi (1 i . %5) e ImECRY, () (1 i 2, %g) dde
N\
e IR e L e BN P

To shorten notation, we write

Using formula (16), the orthogonality relations (15) and the commutation relations
between m and A, in Lemma 2.4, we compute

We(g, f)(2, )
= CT/R Vet —(1=n)c)A- T (T¢, —(1 = 7)) VA n ()0, (2) 01 (2, §)dd§

= e (m(7Co, —(1 = 7)) g, m(21, 22) 1) (M (7Ca, —(1 — 7)) Ar f, Ar(21, 22)02)

= ¢, e 2T g (2 — 7oy 20 + (1 — T)()epr)
X (A f,m(=7Co, (1 = 7)C) Arm(21, 22)02)
= ¢ T2 (g (2 — 7o, 20 + (1= 7)) n)

X (A f, A (1 = 7)o, —7Ci) (21, 22)02)
— ¢ mITRG Al G (9,m(21 — 7Co, 22 + (1 = 7)C1)ep1)
X (f,m(z1 + (1= 7)C2, 22 — 7C1)p2)
= e ROV, (21 — 7 2+ (1= 7))V f (21 + (1 = 7)o, 22 — 7C1).

The claim is proved. a
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Formula (23) can be equivalently written as
(24)

Vo, We(g, £)(2,0) = €722V, g(z + /7(1 — T) ALV, f (2 + /7(1 = 7) ALQ),

where A, is a symplectic matrix defined in (11).
The previous lemma does not cover the case 7 = 0 and 7 = 1, which are treated
below.

Lemma 2.6 (STFT of the Rihaczek distribution). Let o1, s € S(R?), f,g € S(RY)
and set ®g = Wo(p1,p2). Then,

(25) Va,Wol(g, f)(2,¢) = 672mz2<2vap19(217 22+ 1)V, f (21 + G, 22),
where z = (21, 22), ¢ = (1, (o) € R?.

Proof. We use the definition in (5) and formula (16) in the following computations:

Va,Wolg, f)(z,¢) = (Wolg, f), McTWo(p1, p2))

— /Zd 6—27ria:£g(x)f(g)6—2m‘(1’(1+€<2)e?m‘(z—m)(f—zz)901 (ZE _ 21)@(5 . 22) dl"df
R

_ 627riz122 /d 6727ria:(22+C1)g(x>(p1<x _ Zl) dr ) f<€>€f27ri§(zl+C2)@(£ _ ZQ) d£
R R

_ 62wiz122vwlg(zl7 29 + gl)V@f(ZQ, _(21 + CQ))
_ ezmzmvmg(zl’ 20 + Cl)vwf(zl + (o, 22)6*27riz2(m+42)
= 3_2””2@\/@19(21, 22+ Q)Vi /(21 4 G2, 22),

as desired. O

Corollary 2.7 (STFET of the conjugate-Rihaczek distribution). Let o1, s € S(RY),
f,g € S(RY) and set &, = Wi (1, ¢2). Then,

(26) Vo, Wi(g, f)(2,¢) = 67%”242‘/@19(21 — (o, Zz)me(Zl, 29 — (1),

where z = (21, 22), ¢ = (1, (o) € R?.
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Proof. Using the connection between the Rihaczek and the conjugate-Rihaczek
distribution in (6) and the result of Lemma 2.6 we can write

Vo, Wi(g, f)(2, Q) = (Wilg, [), M{T.Wi(p1, 2))
= (Wo(f, 9), McTWo (2, 1))
= (Wo(f,9), M_cT:Wo(p2, 1))
= Vi (pa.e) Wo (f5 9) (2, —C)
= e2m=2eV, f(21,20 — )V 9(21 — G 22)

= e 72V, g2 — G, 22) Voo f (21, 22 — C1).
The proof is completed. a

Remark 2.3. (i) Heuristically, formulae (25) and (26) can be inferred by putting
T =0 and T = 1 respectively in the expression (23).

(ii) The STFT of a multilinear version of the Rihaczek distribution was computed
in [2, Lemma 3.3, ¢f. formula (3.3). However, there is a flaw in the phase fac-
tor of that formula. Indeed, the exponential ™o (wit+um) shoyld be replaced by
e i s the linear case m = 1 in (25) shows.

2.2. Generalized Gaussian Functions. In order to compute the norm of W, in
Wiener amalgam spaces, generalized Gaussian functions will play a crucial role.
Given a, b, c > 0, the generalized Gaussian function is defined as

(27) Fabe(,€) = 7™ TR (5 6) € R,
In the sequel, we will employ the STFT of a generalized Gaussian function, com-

puted in [6, Proposition 2.2]:

Proposition 2.4. For ®(z,£) = e ™) 5 = (21, 2), ¢ = (G, &) € R, we
obtain

a1 +e e +(at Db +c?]e3+(b+1)¢F+ (a+1)¢E —2¢(21 Ca+22¢1)

V@fa,b,c(za C) = C(a’ b, c)e i (a+1)(b+1)+c2

_ 2mi _ cC1t(a+1)zo
(28) « g atl [21C1+(021 (a+1)¢2) (a+1)(b+1>+cz} ’

with C(a,b,c) = [(a+1)(b+1) + |72

—7t?

The 7-Wigner distribution of the Gaussian function ¢(t) = e is in turn a

generalized Gaussian function, as showed in the next lemma.

Lemma 2.8. Consider ¢1(t) = ¢5(t) = ¢(t) = e ™, t € R%, and 7 € [0,1]. Then

1
WTQO(ZL',f) = (27_2 — 27 + 1)d/26

21

1 9 _ 1 . _ 271
T 2 1% o T T 27118 e 27272T+1’557
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for all (z,&) € R*,
Proof. Using the definition of the 7-WDin (4),

wa(x,f)_/ e 2mibtg=m(wtTt)? o —m(z—(1-7)t)? gy

Rd
o ift 92 2_ 2 _
:/ e 27rz§t6 2mx e w[(272=27+1)¢*4-2(27 l)wt]dt
Rd

27—1

27—1
_ 2 — L= \2..2 . _ 2_ LT 1 N2
e 2mae 47 ( %27'2727'+1) T / 6_27”'86 (V2712 —-274+1t+ %272727+1z) dt.
Rd

We perform the following change of variables

27 —1
272 — 21 + 1t + T T =1,
212 — 27+ 1

so that, naming ¢(7) = 272 — 27 + 1 > 0,

ar-1)” —omig——= 271
1 —7|2— 22 2mi€ i .
Wrp(w,€) = € ( <) ) e Velr) 62 o(m ¢ eiﬂyzdy

C(T)% Rd
1 27—1 1
_ 1 ; e—7r@:c2627m%£1’€—7rm§2’
c(r)2
as desired. O

2.3. Weights and Function Spaces. In time-frequency analysis, weight func-
tions play an important role, since they describe the growth and the decay of a
signal f on the time-frequency plane R?¢. For a complete survey on weights, we
refer to [15]. A weight function is a positive, locally integrable function on R??. In
the sequel, we will need the following types of weight functions.

Definition 2.5. Let v and m be positive functions on R??.
(1) A weight v is called submultiplicative if
v(z1 + 22) < v(21)v(22), V21, 29 € R*,

(ii) Let v be a submultiplicative weight, a positive function m on R*® is called a
v-moderate weight, if there exists a constant C' > 0, such that

m(z1 + z9) < Cv(z1)m(29), Yz, 2o € R2.

Let M, (R??) be the space of all v-moderate weights. An important feature of
submultiplicative weights is that they have at most an exponential growth, cf. [15,
Lemma 4.2]):
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Lemma 2.9. If v is submultiplicative and even weight, then there exist constants
C,a > 0 such that

v(z) < Celel, Vr € R*.
From now on, we assume that v is a continuous, positive, even, submultiplicative
weight, i.e., v(0) = 1, v(2) = v(—2) and v(2; + 29) < v(z1)v(22), for all 21, 2o € R,
In what follows, we will use weight 1/v, which is a v-moderate weight:

o(@) = vz +y—y) < vz + y)oly) v(y)wf,;).

v(z +y) =
Weight functions occur in the definition of general modulation spaces and Wiener
amalgam spaces, where they offer a good device to measure a joint time-frequency
concentration of a function or distribution. The definition of these function spaces
relies on imposing a suitable norm on the short-time Fourier transform, defined in
(7). For their basic properties we refer to [11, 12, 13] and the textbooks [9, 14].
Given a non-zero window g € S(R?), a v-moderate weight function m on R*,
1 < p,q < 0o, the modulation space MP;%(R?) consists of all tempered distributions
f € §'(R?) such that V,f € LP4(R?*?) (weighted mixed-norm spaces). The norm
on MP4(R?) is defined by

qa/p 1/a
I lags = Vo g = ( L ([ s pmis.er ) d5>

(obvious modifications for p = oo or ¢ = 00). If p = ¢, we write MP (R?) instead
of MPP(RY), and if m(z) = 1 on R?*! then we write MP?(R?) and MP(R?) for
MPA(RY) and MPP(RY).

The space MP4(R%) is a Banach space whose definition is independent of the
choice of the window ¢, in the sense that different non-zero window functions yield
equivalent norms. The modulation space M°!(R??) is also called the Sjostrand’s
class [24]. We recall the inclusion properties of modulation spaces. Suppose my, moy
weight functions with my < my. Then, for 1 < p1,p2,q1,¢ < 00, with p; < po,

q1 S q2,
(29) S(RY) € My (RY) € MPz=(RY) C S'(RY).

Note that for any p, ¢ € [1,00] and any m € M, (R?*?), the inner product (-,-) on

S(R?) x S(R?) extends to a continuous sesquilinear map MP?(R%) x Mf;f; (RY) — C.
Given even weigh functions u, w on R?, the Wiener amalgam space W (FLP, L4 )(R?)

consist of all distributions f € &'(R¢) such that

1/q

q/p
I fllw(Fre.2e)®ay == (/Rd (/Rd Vo f(x,§)[Puf(§) df) wq(l")dﬂf) <00
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where if p = 0o or ¢ = 00, then we use the supremum norm.
The Wiener amalgam spaces W (FLP, L% )(R?) are the image of modulation spaces
MP4(R?) under the Fourier transform

(30) F(Mg,)(RY) = W(FLE, L) (RY).

Indeed, using Parseval identity in (7) and the fundamental identity (18), we can
write [V, (2,€)] = [V (€, —2)| = |F(f Te3) (—2)| and (recall u(x) = u(—z))

1/q
g, = (17 Tedligun(@ €)= hwineny

Hence Wiener amalgam spaces are Banach spaces and their definition is indepen-
dent of the choice of g.

Modulation and Wiener amalgam space norms of signals are weighted mixed-norm
spaces of their short-time Fourier transforms. Hence their properties are based
on those of the spaces LP4. Let us recall the convolution product of mixed-norm
spaces [1]:

Lemma 2.10. For 1 < p;,q;,7,8 < 00, i = 1,2, m € M,(R*), F € Lrra(R*),

G € LP2%2(R?), we have FxG € L7¥(R*), with 1/p1+1/ps = 1+1/r, 1/q1+1/q, =
1+1/s and

(31) 1F % Gl < |1F|| raon |G| e

We say that a measurable function f on R* is in the space L3°(L¢,,)(R*), with
m weight function on R??, if

(32) /]

ez = s, [ 11 QIm(Q)dc < oo

Z€R2d

When working on the STFT of 7-WD, we will use the following Young-type in-
equality:

Lemma 2.11. If m € M,(R*), f € Li,,(RY) and g € LX(L{,,)(RY), then
f*xge Lgo(Lém)(RA‘d), with

1+ glleewr,) < Ifllzs,, gl

1®v ¢,m
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Proof. Using the definition of L3°(L¢,,)-norm in (32),

T f *allisag,y = s, [ 17 <ol OmQ)ac

z€R2d

= sup/ f(y,n)g(z—y,é—n)dydn‘m(é)d(
2eR2d JR2d | JR4d

< swp /de /RM </ 1y, mlgl(z —y, ¢ — n)d?7> (Q)dyd¢

= swp [ 1) gl = 5 D m(Odyc.

ZeRQd

N

By Young’s inequality (31),
r=sw [ 11 llol = vl dy

z€R2d JR

< [ 1Yl sup gl = .Yy

z€R4
= llgllzeecer ) ILF Nl

as claimed. |

1®v

A particular case of Lemma 2.10 gives:

Lemma 2.12. Suppose m € M,(R*), f € Li,, (R*) and g € L3, (R*). Then
f*xge L1®m(R4d), with

1S glle2

1®m

< [ f1lzy

1®v

lgllzz

1®m
3. BOUNDEDNESS PROPERTIES OF 7-WIGNER DISTRIBUTIONS

This section is devoted to investigate the continuity properties of 7-Wigner dis-
tributions in the realm of Wiener and modulation spaces. For a submultiplicative
weight v, we set

(33) vs(2) = v(J2),
where J denotes the canonical symplectic matrix (10).

Lemma 3.1. Assume that m € M,(R*), 1 < p;,py, < oo, f € MPLP2(RY),
e M* (]Rd). Then for every T € (0,1), the 7-Wigner distribution W(g, f) is

1/m

in W(]-"Ll/v , L) (R | with

(34) W= (g, llwrr:

L) S Cagup) (T llagre2 gl ot

l/m

where the function oy, p,)(T) is defined in (8) and C > 0 is independent of 7.
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Proof. We compute the STFT of W, (g, f) with respect to the window function
P, € S(R*) defined in Lemma 2.5. Using that lemma and the properties of the

matrix A, in Lemma 2.1, by performing the change of variables y/7(1 — 7).A,( = n,
we deduce
1

VoWt Pl O e
= [ Vagle + VAT = ALV (4 /7= DA

1 1
- — V. A AV, ————dn.
(1 — 7] /RM| 9z + A MV f (2 + n)|v(l5’7n) n
Since m is a v-moderate weight, we can find a positive constant C', independent of
T, such that

v(+\/T 1—7'BA7-C &

1 m(z+n)
35 <C
%) WBon) = e+ A A’
so that
Ve -
[ Vo Wola DI, O 75
1 m(z +n)
<(C—Fw—-— _ dn.
— C[T(I_T)]d /RQd |V‘Plg(2+A1 TATn)HVSOQf(Z+n)|m(Z+A1_7-AT’I7) n
Consequently,
W= (g, )HWJTL%/U L)
= s Vig(z 4+ /71— 1) ALV, f (2 + 7)A-C)
s, [ Wasle VA= DALV 4 /7 4 mBATC “
1 m(z +1n)
<Ci—i— _ d
< Oy 20, L, Wostet A AV )
1 1
<(—F—— P1,P2 — —rAre ! .p}
< Crrma IV Pl s Ve + A A
11
¢ L (=Yl
Tl =n\ T A My
The claim is proved. |

The previous estimate is not uniform with respect to 7, in the sense that the
W(FL; Juy? , L>°)-norm of the 7-WD has been calculated by using a window func-
tion @, depending on 7. The next goal is to find an upper bound of this norm

independent of 7. We will need the following result.
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Lemma 3.2. Consider ®(z,€) = e ™+ (2,6) € R, and &, = W,(p, ),
where o(t) = e ™, t € R Then, for vy in (33), there exists a constant C' > 0
such that

(36) HV<1>(I)THL}®UJ <C, Vvrelol].
Consequently,
(37) HCDTHM%@vJ <C, Vvrelol].

Proof. Using Lemma 2.8 and formula (28), with z = (21, 22),( = ({1, () € R*, we
compute

Voo |(2.0) 1 (27% — 21 + 1)%/2
i) z =
TR (272 — 27 + 1)%/2 (272 — 27 + 5)4/2
3 —2742 27
m<zl+22>+m<<l+<z> 25 e (1€a o2
272 —2745
X e 272 -27+1
1 _ 3(21+22)+(27 —27+2)(C1+C2)+(2 47)(2162+22¢1)
2722745

- (272 — 27 + 5)d/2

Observing that

1 1 92 d/2
ma; ==
(272 — 27 + 5)d/2 ~ 7€(0, 1) (272 — 27 + 5)4/2 9 ’

by Lemma 2.9, we have,

9\ 4/2
Vaeliy,,, < (3)
3G er? 2 ) (D@4 (16t aady)
X/ / 2722745 vy (CQ)dCidCadzdzy
R2d R2d

_ 3(21+22)+(27 —27+2)(<1+52)+(2 47)(2162+29¢1) ‘JC‘
<C 27 2 ts e de dCodzydzs
R2d

3(21 +z2)
C "2rZ 2745 [1 le dZQ,
RQd

where

222 42) (463 +(2-47) (21 G +2261)

I ;:/ e 222745 elde,de,.
R2d
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The integral I; can be computed as follows

BN e R 2105 S P ot LI L LT DR
-[1 — e 2722745 6a| C|d<1d<2
R2d

. (272 27 42)(¢F+¢) +(2-47) (2162 +22¢1)
< e
R2d

272245 ea(\Cll+IC2|)dCIdC2

B (272 —2742)¢H(2—47)20¢y B (272 —2742)¢3+(2—47)21Cy
= e 272-2745 @“Kl‘dcl e 272-27+5 @“K?‘d@ .
R4 R4

We calculate the integral with respect to the variable (; (the other integral is
analogous):

(1727')2,% (1727)223

(@r2—27+2)¢3+(2-4m)29¢1 (2r® —2r 42 G+ 240220+ 5 5o~ 5P o7y
e T 272—2745 e”\(ﬂdg‘l — e 272—27+45 €a|C1|dC1
R4 R4

(1727)2z§
— eﬂ' (272 —27+42)(272—27+5)

1—271
/272 RN S — 2
(Vars-2r42¢, 2722742 #2)

X 6_ 2722745 eaKl‘dCl
Rd

(1-27)%23 (@72 =2742)¢) +(1-27)25)?
— ¢ (2r2—2rf2)(2r2—27r15) e | (2r2—2r45)(2r2—2r12) 6“‘41'dC1-
Rd

N J/

=T
In I3 we perform the following change of variables

(272 — 27 + 2)¢1 + (1 — 27) 20 = 1,

so that,
2
1 a
I — 1 e " (2T2_27+5)(272—27+2)627—2—27——}-2'"17(1727)22%
ST (2r2 =27 +2)d Jo "
a|l1—27| 2
< Clerariall / e~ gaCrlml gy,
R4
where
1 2 _ 1 1
= = > Cy= min =

doa) (272 —2r +2) 3 relod] (272 — 27 1 5)(2r2 — 27 +2) 10
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C
Using limy,;; |- o0 e~ e meaC2lml = . for every € > 0 there exists R > 0 such that

—wgrﬁ aCa2|m | s
e T2 le <'e, for all || with || > R. Hence

a|l1—27|
I3 < CfBQTLQT”' 2/ e TR My,
R4

all1—27|

_— 2 2

CerTQ—QT‘f‘?'ZQ‘ (/‘ o021 ea01|nl|d771 / o~ TC2ni eaC1n1|dnl)
{meR:|m|<R} {m1ER%:|n1 |>R}

J all—27| 29| c Cor? Cy o _ all-27] 12|

a9 ao_1al” — Y, 5 <~ |z
< 0162T2—2T+2 20 o 1R/ e ™ 2’71d771 +€/ e "3 ’hdnl = (e2r2—27+2'72 ~ 00,
R R4

where C' is a constant independent of 7. In conclusion, the integral I; can be
majorized as

- (1—27’)223 a‘l—Q’T‘ (1—27)22% a|1—27'|
I < QCBW (272 —27+42)(272—27+5) T2 242 |22‘67T (272 —27+42)(272—-27+5) T2 242 |21 .

Thus, there exists a constant M; > 0 independent of 7 such that

322 (1-27)%22 N a|l1—27| ™
Vo®, |l < M / e T3 2r 45 ¢ Rr2-ar2)(2r2—27+5) T 2r2—2r+2 A
1®’UJ -
R4

323 (1-27)223 a|l-27|
% / e "2 —2r 15 o (2r2—2742)(2r2—2745) | 2r2—27+2 ‘Z2|d22
Rd

323 (1—27)%¢ L ali-27] ]
=2M, / e "artoarth e’ (@re-2ri2)(2ri—2r i) tartari2 g,
Rd

The integral with respect the variable z; is computed analogously to the one for (;
above. The estimate (37) follows by

1D llars,,, = IVa®rllzy,, <C,

as desired. O

Proposition 3.1. Under the assumptions of Lemma 3.1, there exists a constant
C > 0 independent of T such that

(38)  NWrlg, Dlwzry, 1) < Cup) (DI fllazzz2llgll | pros 7€ (0,1),

1 )
/vy 1/m
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Proof. Changing window in the computation of the STFT as in (17), using Lemmas
2.11, 3.2 and Moyal’s formula (13), we have

1
[VaW: (g, f) Ly, )_WHW@TWT( D+ |Va®- )
1
< el Ve, Welg, f Vod,| 11
Tl V2 Wrle Dllezay,,, Ve lit,
< Oy o) (T )HfHMPmHgH e
1/m
This completes the proof. a

Repeating the pattern of Lemma 3.1 and Proposition 3.1 in the Wiener amalgam
space W(-F[q/u , L*)(R?*¥), we can state the following.

Proposition 3.2. Let m € M,(R*), f € M;(R?) and g € M7, (R?). For

€ (0,1), ther-WD W_.(g, f) is in W(]—'Ll/v , L2)(R?) | with the uniform estimate
(39) W, DllwFre, 12 < C||f||M3n||g||M12/m7

1/vy
where the positive constant C' is independent of .

Proof. First Step. We use Lemma 2.5, Young’s Inequality L' + L' C L' and the
change of variables B,n — n, to compute

W= (g, f)HW(}'Ll/v 12)

= (/ / Vog(z + /711 = 1) AL P Voo f (2 + /7(1 = 7) AL dCdz)
R2d JR2d

(J¢)

; 5 _ 2 5 o m*(z+n) z)
<Ot ([ [ Weste = BPIVias e+ P g

1 1 2
o ([t (Vasal L B
1
S NVt P Vgl

S 1112z, 19l a2

l/m.

1
2

Second Step. Consider now ® € S(R??). Then the same pattern as in the proof
of Proposition 3.1, with Lemma 2.11 replaced by Lemma 2.12, gives the uniform
estimate (39). O

The previous issue can be rephrased in terms of modulation spaces as follows
(cf. (30)).
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Corollary 3.3. For 7 € (0,1), m € M, (R*), f € M2(R%), g € Mf/m(]Rd), the
7-WD belongs to M?, . (R*) with

1/'UJ®1

IW:(g. Dlasz,, ., < ClFllsgllgllae,

1/’UJ®1

with C' > 0 independent of T.

4. MAIN RESULT

This section is devoted to the proof of Theorem 4.3. We will start with two pre-
liminary results about 7-pseudodifferential operators acting on modulation spaces
and having symbols in W(FLy,, ,L®)(R*) and W(FL? , , L*)(R*®), respectively.
Then, by means of complex interpolation between Wiener amalgam spaces, we shall
reach our goal.

Proposition 4.1. Suppose that m € M,(R?*?) and consider a symbol function
a € W(FL>, L) (R?). Then for every T € (0,1), the T-pseudodifferential operator

vy

Op, (a) is bounded on MP»P2(R?), for every 1 < pi, py < 0o, with
(40) 10p,(a) fllpzrwe < Capy o) (T)lallwzres o) l|.f1 422 72

(C > 0 does not depend on 7).

Proof. For every f € MPrP2(R?) and g € Mf}r’:/? (RY), we can write

[(Op(a)f, 9)| = [{a, Wr(g, /)] < [[Vaal

Observing that

Li(L‘;‘},C)“VCPWT(g?f)HLgO(Ll )

1/vy,¢

W= (g, f)HW(fL}/vJ,Loo) = |VaWe(g, f)ll oot

1/UJ»<)

and using Proposition 3.1, we conclude the proof. a

Proposition 4.2. Let m € M,(R*), a € W(FL2 ,
the operator Op, (a) is bounded on M? with

(41) 10p.(a) fllaz, < Cllaliwrez, )l f ez,

where the constant C' > 0 is independent of T.

L*)(R*?) and 7 € (0,1). Then

Proof. The proof is similar to the one of Proposition 4.1, where Proposition 3.1 is
replaced by 3.2. a

Propositions 4.1 and 4.2 are the main ingredients in the proof of Theorem 4.3,
which generalizes [10, Theorem 3.1] in the case of 7-pseudodifferential operators.
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Theorem 4.3. Suppose that 1 < p,q,r1,10 < 00 satisfy

(42) q<p
and
(43) max{ry, re, 7y, 75} < p.

Letm € M,(R*)) anda € W(FL? , L7)(R*) . Fort € (0,1), every T-pseudodifferential
operator Op_(a) is a bounded operator on M""2(RY). Moreover, there exists a con-
stant C' > 0 independent of T such that

(44)  10p(a)fllagpr < Cagyrm(Dllallwzry, ool fllagrr=, 7€ (0,1),

Proof. The key tool is the complex interpolation between Wiener amalgam and
modulation spaces. We regard Op, as the bilinear map (a, f) — Op,(a)f. Proposi-
tion 4.1 and Proposition 4.2 give the continuity of the 7-pseudodifferential operator
Op, on the following function spaces

W(FLY, L) (RX) x M (RY) — ME(RY),
W(FL?,, L) (R*) x MA(RY) - M2 (RY),

vy

for 1 < py,pe < oo. Using the complex interpolation between Wiener amalgam
and modulation spaces [12], for 6 € [0,1], we have

(W (FL®, LY, W(FL? | L*)]y = W(FLP , L),

Ch Ch A
with 2 < p < oo, and [MPP2 M2 ]y = M2 with

1 1—-6 60 1—-6 1
(45) — = +o=
(& b1 2 b1 b

and

46 _ = -+»— — .+._
(46) To D2 2 D2 D

so that ri,75 < p. Similarly, we obtain r},r, < p, and thus the relation (43).
Due to inclusion relations for Wiener amalgam spaces, we relax the assumptions
on symbols, so that the symbol a may belong to W (FL? | L9)(R*), with ¢ < ¢/,
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which gives (42). Finally, the norm is provided by
1-0

| Op, ||B(W(fL§jJ,Lq)xMZ;}”,MI,}“) <[ Op, | B(W (FLgS, ,LY) x MEI"2 MELP2)

x || Op, H%(W(ng_,,B)xMEn,M%)

<C !
= T 1 T 1
Td(pe)(l p—1+p—2)<1 _ )d(l 9)(1 p_1*p_2>
1
<C T 1 T 1y’
A0 ) (1 ()
since 1 — # < 1. This concludes the proof. a

We finally consider the end-points 7 = 0 and 7 = 1, for which the boundedness
results stated above do not hold in general. We remark that the modulation space
M?(R?) is simply the Lebesgue space L?(R?). The following example generalizes a
1-dimensional example exhibited by Boulkhemair in [5].

Proposition 4.4. There exists a symbol a € W (FL>®, L')(R??) such that the cor-
responding Kohn-Nirenberg Opy(a) and anti-Kohn-Nirenberg Op,(a) operators are
not bounded on L*(R?).

Proof. Consider the symbol function

(47) a(xl, <oy, 517 e ,fd) = 1:1—1/2 Ce 136?1/2)((071] (.Tl) Cen X(O,l} (Zlfd)eiﬂg,

with €2 = & + .-+ + 2. An easy computation shows that a € L'(R*?) =
W(L', LY)(R?*Y) c W(FL>®, L')(R?*!). Let us show that the Kohn-Niremberg
Opy(a) is unbounded on L?(R%). Consider the Gaussian function f(t) = ™ €
L*(RY), then Opy(a)f ¢ L?(R?). Indeed, by a tensor product argument, we reduce
to compute the following one-dimensional integral:

2

2mizé , —1/2 —m&2 72 _ 1 -1/2 -5
e i x oy (x)eT ™ e dE = —=ax Ex oy (v)e T2,
/R (0,1] V2 (0,1]
whose result is a function that does not belong to L*(R).
To prove that the anti-Kohn-Nirenberg operator Op,(a), where a is defined in
(47), is unbounded on L?(R?), it is sufficient to observe that its adjoint operator is
the Kohn-Niremberg one: (Op,(a))* = Opy(a), as detailed below:

(Opy(a)f,g9) = (a,R*(g, f)) = (a,R(f,9)) = (R(f,9),a) = (f,Opy(a)g).

This proves our claim. a
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5. REMARKS ON BOUNDEDNESS RESULTS FOR SYMBOLS IN MODULATION
SPACES

We address this section to study the boundedness results for 7-pseudodifferential
operators with symbols in weighted modulation spaces. Recall (cf. [19] and [31,
Remark 1.5]) that for every choice 71,7 € [0,1], ay,as € S'(R?),

(48) Op,, (a1) = Op,,(a2) & (&1, &) = e > 084 (¢, 6).
For t > 0 define Hy(x,§) = e*™#¢ and observe that

1 —27i+
(49) FH(G.G) = e 2migiCa
So, for 71 # 13, by (49),

627ri(72—7'1)\1! ” a1($,§),

1

(5()) a2(x7 é) |7_1 _ 7-2|d
where W(x,&) = x€. Toft in [31, Proposition 1.2 (5)] proved that the mapping
a+— Tpa = €™® xq is a homeomorphism on MP4(R??), 1 < p,q < co. This implies
that results for Weyl operators with symbols in modulation spaces are still true for
any T-operator. The main goal of this section is to show uniform estimates for 7-
operators with symbol in weighted modulation spaces. Following the pattern of the
previous section, we first compute the norm of the 7-WD in weighted modulation
spaces.

The next Proposition extends the sufficient conditions of [6, Theorem 1.1] in the
case of T-Wigner distributions.

Proposition 5.1. Assume that p1,ps,q1,q2,p,q € [0,1] satisfy
(5]') Pi, qi S q, 1= 1727

and

1 1 1 1 1 1 1 1
(52) — =>4, =>4
br P2 P g @i 92 P (g
Consider m € M,, f € MP»1(RY) and g € M) (R?). Then, for any T € [0,1],

W.(g,f) € Mfguw (R24). Furthermore, there exists a constant C' > 0, independent

of T € [0,1], such that

W= (g, llarg,, < Cllflagraliglamze, Y7 € [0,1].

1®1/vJ -

Proof. We separate the proof in three cases: 7 € (0,1), 7 =0 and 7 = 1.
Case 7 € (0,1). Assume p < ¢ < oo. Making the change of variables z +
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V7(1 —7)A.¢ =y and using item (iv) of Lemma 2.1, the integral with respect the
variable z becomes

IW=(g, )llars

1®1/’UJ

< RM( RM |Vorg(z +/7(1 — T)AZC)|P‘V¢2f(z +4/7(1 — T>AT<)|pdz) »

<R“( Vsl = SOV ()Ipvp&Qdy)gdc)é

<o( [ ([ Wasts= st san) gdc>;

q 1

1
vi(JC)

o[ (g Wty (0)) ic)
R2d m
= @Vl (Vi o) [

La/p?

where Z is the reflection operator. The rest goes exactly as in the proof of Theorem
3.1 in [6], obtaining the estimate

”W (g f)HMPq Jo, S Hf||M£}*“”f||Mf/2g2-

Using Lemma 3.2, there exists a positive constant C' independent of 7 € (0, 1) such
that

1

P, S WH%T (9, ) * Vo | Lra

181/vy

IW=(g, F)llarge < Cfllgzrnllgllaz2.

concluding the proof for 7 € (0,1), p < g < 0.
Assume p = q = co. We have

dg) ’

1
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IWeg. Dllwzs,,, = 599 Viuglz 4 VAT DALV d (= + V70— A

o, o070
= s sup Vool = SOV ) 7

< C sup s Vool = I Vo )

~ € sup Ve f (22 s [V = JO 15 ).

= OV, flmllz N1Vl
1, g llare
< ||f||Mf/1v’q1 gl pp2oe2,
for every 1 < p;,¢; < oo. The conclusion follows again by Lemma 3.2 and Young’s

inequality.
Assume p > q. Using the inclusion relations for modulation spaces, we majorize

W29, Dllsgs,. < IWelo Dllaazs, < ClFlaggrosllgllagzae,

1®1/vy 1®1/v

forevery 1 < p;,q; <q,i=1,2.
Case 7 = 0. In this case, we obtain at once a uniform estimate. Indeed, using
Lemma 2.6,

IWolg: llarg,,,
q/p 1 1/q
= (/Rd (/Rd Vi 9(z1, 22 + Q)P [V, f (21 + G, Z2)|pd21d22) deld@)
a/p 1/q
= (/Rd< - Vior9(z1 — Co, 22 4 ) [P |Vipo f (21, ZQ)PﬁledZQ) dCld@)

<[ [ Waste = 50PWastp ) Q/pdg) v
= CIN (Vg (1)) % (Va0 e

Then we proceed as in Case 7 € (0,1).
Case 7 = 1. The proof is analogous to the one of Case 7 = 0. We are done. a

The boundedness results for 7-WDs transfer to 7-pseudodifferential operators as
follows.
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Theorem 5.1. Let 1 < py,p2,q1, G2, p < o0 be indices such that
(53) P Phy @1, Gy <

and

25

(54)

1

1 1

1 1 1

1 1
/ Z_/+ 17 / Z_/ /
P1 Do p q Q1 4 p q

Let m € M,(R??). For every 7 € [0,1], the T-pseudodifferential operator Op. (a),
with symbol a € My, (R*?), is a bounded operator from MEST (R?) to ME>®(R?),
with

| O (@) llagzzes < Cllallasgy, 1flagzyor

1Quv,

and C' > 0 is independent of T.

1/m

Proof. If f € MPv@(RY) and g € Mpé’qé(Rd), then W.(g, f) € Mf/’qll (R%), by
®

Proposition 5.1, provided that (53) and (54) hold. Thereby there exists a positive
constant C' such that for any 7 € [0, 1],

{Op,(a) f, 9)| = [{a, W=(g, )|

< Clallgg,, I lagen ol g
as desired. O
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