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LINEAR PERTURBATIONS OF THE WIGNER DISTRIBUTION
AND THE COHEN CLASS

ELENA CORDERO AND S. IVAN TRAPASSO

ABSTRACT. The Wigner distribution is a milestone of Time-frequency Analysis.
In order to cope with its drawbacks while preserving the desirable features that
made it so popular, several kind of modifications have been proposed. This contri-
butions fits into this perspective. We introduce a family of phase-space representa-
tions of Wigner type associated with invertible matrices and explore their general
properties. As main result, we provide a characterization for the Cohen’s class
[8, 9]. This feature suggests to interpret this family of representations as linear
perturbations of the Wigner distribution. We show which of its properties survive
under linear perturbations and which ones are truly distinctive of its central role.

This is an Accepted Manuscript of an article published by World Scientific Publishing
in Analysis and Applications on 26 April 2019, available at:
https://www.worldscientific.com/doi/abs/10.1142/50219530519500052.

1. INTRODUCTION

One of the major problems in Signal Analysis is the search for the best possible
description of signals’ features in terms of their pattern in time or frequency do-
main. It turns out that looking separately at these aspects is like taking front-view
and side-view pictures of an object. Indeed, due to the ubiquitous presence of the
uncertainty principle, the more accurate is the account on time evolution, the less
can be said about the spectral one. This unavoidable issue can be effectively ap-
proached by jointly using both variables in order to get a faithful portrait of the
signal’s properties. This is in fact the paradigm of Time-frequency analysis, whose
success is proven by the vast literature which has been developing from theoretical
and applied problems, see [9, 27, 29] and the references therein.

2010 Mathematics Subject Classification. 42A38,42B35,46F10,46F12,81S30.
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2 ELENA CORDERO AND S. IVAN TRAPASSO

A relevant instrument for both purposes is the Wigner transform, which is defined
for any f,g € L*(R?) as

W(f,g)(r,w) = /Rd e Ve f <x + %y) g (a: — %y) dy, (z,w) € R*.

Even if its appearance is not much revealing, the central role of this representation
follows from the large number of desirable properties it satisfies. For a complete
account we refer to the textbooks [21, 27, 37]. Properties of the Wigner transform
are also found in [24, 31]. On the other hand, again due to the multi-faceted conse-
quences of the uncertainty principle, there is a theoretical inviolable edge surround-
ing the ideal time-frequency distribution: one needs to acknowledge that certain
properties, though looking very natural, are mutually incompatible. For instance,
in view of the physical interpretation of a phase-space distribution as signal’s en-
ergy density in time-frequency space, the lack of positivity of the Wigner transform
and results like Hudson’s Theorem (cf. [32, 33]) raise serious concerns about the
reasonable interpretation of its output.

In order to fix this issue while retaining the good properties, smoothing the Wigner
representation by means of convolution with a suitable temperate distribution o €
S’(R??) seemed a good compromise: the time-frequency transformations of the form

Q(f.9)=W(f,9)*0o, fgeSRY,

are said to belong to the Cohen’s class, cf. [8, 9, 10, 27, 34]. There is plenty of
results relating the properties of Q) f to suitable conditions on the Cohen’s kernel
o, but one still has to deal with compatibility conditions (see the discussion in [34,
Sec. 2.5]). Within the Cohen’s class, the so-called 7-Wigner distributions deserve a
special mention. Mimicking the definition of Weyl transform, one can introduce a

family of time-frequency representations, depending on the parameter 7 € [0, 1], as
follows: for any f,g € L*(RY):

1) Wolf.g)(w) = / 2 (o ry)gle — (A= Ny)dy,  (v.w) € R,

Rd

We recapture the Wigner transform for 7 = 1/2. These distributions have been
investigated in several aspects, cf. for example [7, 6, 11, 19, 34]. They are members
of the Cohen’s class, with a chirp-like kernel given by (cf. [6, Proposition 5.6)):

d
(2) o, (z,w) = 2—d627ri27_2—_1x~w’ (z,w) €eR* 71€[0,1]\ {1} :
|27 — 1] 2
It comes not as a surprise that several properties of the Wigner distribution still hold
true in this context. We could meaningfully rephrase this statement by interpreting
7 as a perturbation parameter and saying that these properties are stable under
perturbations.
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This observation effectively represents the spirit of this contribution. Inspired
by the 7-Wigner transforms and by the perturbative approach, we are first lead to
introduce bilinear distributions of Wigner type associated with matrices, such as

(3)
Ba(f,g) (z,w) = /d e P f (Anx + A1ay) g (Anz + Any)dy,  (z,w) € R*,
R

A Ap
where A = ( Agy Ay
write Baf.

Representations of this type have already been investigated, see e.g. [1, 4, 36], and
indeed we limit ourselves to collect and occasionally prove a few results of general
interest. Rather, the core of this work lies in the relation with the Cohen’s class, as

expressed by the following result.

) is a 2d x 2d invertible matrix. For f = g, we simply

Theorem 1.1. Let A € R?¥*% pe an invertible matriz. The distribution B belongs
to the Cohen’s class if and only if A has the following special form:

I M+ (1/2)I
o A== (7 )

where I is the d x d identity matriz and M € R, Furthermore, in this case we
have

(5) BA]\/I(f?Q):W(f7g)*9M7
where the Cohen’s kernel 0y € S'(R??) is given by
(6) On = Foxar, with xar(€,n) = 2™ HE,

i.e., the symplectic Fourier transform (cf. (10) below) of the chirp-like function x ;.

We say that A = A, is a Cohen-type matrix associated with M € R%*9,
If M is invertible, then the kernel 0, can be computed explicitly as

1 2mix- M~ tw

(7) ‘9M (.T,W) = |det—]\4|e s
(cf. Theorem 4.9 below). Therefore, we are able to completely characterize a subfam-
ily of the Cohen’s class, in fact a very special one: its members can be meaningfully
designed as linear perturbations of the Wigner distribution, their Cohen’s kernel
being non-trivial chirp-like functions parametrized by M. In particular, choosing
M = (r—1/2)1, with 7 € [0,1] \ {1/2}, we recapture the 7-kernels in (2).

These results are completely new in the necessity part, whereas the sufficiency
conditions widely extend the assumptions in [1, Theorem 1.6.5]. Indeed, the proof
given here is quite different and allows to drop many restrictive hypotheses.
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In order to concretely unravel the effect of the perturbation matrix, in Lemma
4.1 below we compute explicitly Ba,, ¢, with ¢, (t) = e*’”@/)‘, A>0.

The remaining parts of the paper are devoted to a thorough study of these phase-
space transforms, always pointing at the comparison with the Wigner distribution.
In particular, we show that most of its beautiful properties are preserved - rather,
they are stable under linear perturbations, see Proposition 4.3. On the other hand,
the exceptional role of the Wigner and 7-Wigner distributions stands out from the
other representations (cf. Sec. 4.1.1).

We then study the properties of the kernels ), in the framework of modulation
and Wiener amalgam spaces (cf. Section 2 below). In line with intuition, we shall
show that linear perturbations are time-frequency representations sharing the same
smoothness and decay as the Wigner transform. Namely,

Theorem 1.2. According to the notation of Theorem 1.1, if M € R%? is invertible,
then
Oy € MV>* (R*) NW (FL', L>) (R*).
Furthermore, let f € S (Rd) be a signal. Then, for 1 < p,q < 0o, we have
Wfe MPI(R™) < Ba,, f € MP1 (R*).

The condition 6y, € W(F L', L*) is quite natural, since it implies the boundedness
of Fourier multipliers on modulation spaces and the corresponding applications to
PDE’s (see the pioneering works [2, 3]).

If M is not invertible, then the statements of the previous result are not valid in
general. Indeed, as simple example, consider M = 04, then the chirp-like function
reduces to xp; = 1 and the related Cohen’s kernel is given by 0y, = Foxym = 9.
Now, we have § € M1 (R*) \ W (FL', L*) (R*?), cf. [14, page 14].

An intriguing aspect that has been taken into account concerns the role of in-
terferences. The emergence of unwanted artefacts is a well-known drawback of any
quadratic representation and poses a serious problem for practical purposes. In order
to circumvent these effects as much as possible, a number of alternative distributi-
ons and damping solutions have been proposed, cf. [9, 29, 30] for a comprehensive
discussion. Unfortunately, linear perturbations of the Wigner distribution do not
result in an effective damping of interference effects. A simple toy model inspired by
the discussions in [4, 6] shows that the effect of perturbation consists of distortion
and relocation of cross terms. In fact, this is not surprising given that the effective
damping of interferences is somewhat related to the global decay of the Cohen’s
kernel, while 0y, € L>®°(R??). We suggest that convolution with suitable decaying
distributions may provide an improvement, but the concrete risk is to loose other
desirable properties.

To conclude, we characterize boundedness of B4,, on Lebesgue, modulation and
Wiener amalgam spaces. By extending known results for the Wigner distribution,
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we show that the continuity on these functional spaces is indeed a stable property
under perturbation.

The paper is organized as follows. In Section 2 we collect basic results of Time-
frequency Analysis, essentially to fix the notation. In particular, we review the
fundamental properties of modulation and Wiener amalgam spaces, but also of bi-
linear coordinate transformations and partial Fourier transform. In Section 3 we
introduce distributions of Wigner type associated with invertible matrices in full
generality and prove their relevant properties. In Section 4 we specialize to the Co-
hen’s class and completely characterize the most important time-frequency features
of the distributions arising as linear perturbations of the Wigner transform.

2. PRELIMINARIES

Notation. We define t> =t - ¢, for t € R?, and 2y = z -y is the scalar product on
R?. The Schwartz class is denoted by S(R?), the space of temperate distributions
by &'(R9). The brackets ( f,g) denote the extension to &'(R?) x S(R?) of the inner

product (f,g) = [ f(t)g(t)dt on LQ(Rd) - the latter being conjugate-linear in the
second entry. The conjugate exponent p’ of p € [1,00] is defined by 1/p+ 1/p' = 1.
The Fourier transform of a function f on R? is normalized as

Fflw)= /Rd e 2 £ () du, w € R

For any z,w € R?, the modulation M,, and translation T} operators are defined
as

Muf(t) =™ f(t),  Tof(t)=f(t—x).

Their composition 7(z,w) = M,T, is called a time-frequency shift.
Given a complex-valued function f on R? the involution f* is defined as

Pt = FD, teRr
Recall that the short-time Fourier transform (STFT) of a signal f € S'(R?) with
respect to the window function g € S(R?) is defined as

8) Vyf(zx,w) = (f,n(z,w)g) = F(fT.g)(w / fly ) ~2mige g

It is not difficult to derive the fundamental identity of time-frequency analysis [27,
pag. 40]:

©) Vf (@,w) = €TV f (w, —a)

In the following sections we will thoroughly work with invertible matrices, namely
elements of the group

GL (2d,R) = {M € R*"**| det M # 0} .
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We employ the following symbol to denote the transpose of an inverse matrix:
M#* =M =M™, MeGL(2d,R).

Let J denote the canonical symplectic matrix in R??, namely

o 04 I
J— ( o ) € Sp (24, R)

where the symplectic group Sp (2d, R) is defined by
Sp(2d,R) = {M € GL(2d,R) : M"JM = J}.

Observe that, for 2z = (z1,20) € R*, we have Jz = J (21, 2) = (22, —21), J 12 =
J (21, 2) = (= 22,21) = —Jz, and J? = —hgx04.

The symplectic Fourier transform F, of a function F' on the phase space R?? is
defined as

(10) F.F(x,w)=FF(J(zr,w)) = FF(w, —x).

Remark that this is an involution, i.e., F,(F,F) = F.
Recall that the tensor product of two functions f, g : R¢ — C is defined as

fog:R*=C: (r,y) = f@g(r,y)=f(x)g(y).
It is easy to prove that the tensor product ® is a bilinear mapping from L? (]Rd) X
L? (Rd) into L? (RQd). Furthermore, it maps & (Rd) x S (Rd) into S (RQd). The
tensor product of two temperate distributions is also well defined by the following
construction: f,g € & (Rd) is the distribution f ® g € &’ (R2d) acting on any
P € S (R*) as
(f®g,2) =(f,{9,Pz)),

meaning that g acts on the section ®, (y) and then f acts on (g, ®,) € S (R?). In
particular, it is the unique distribution such that

(f®79,01®p2) = (f,d1)(9,02), Yo1,02€S (Rd) .

In conclusion, recall that the complex conjugate f € S’ (Rd) of a temperate
distribution f € &’ (Rd) is defined by

(F.0)={f.8), ¢eS R,

2.1. Function spaces. Recall that C;(IR?) denotes the class of continuous functions
on R? vanishing at infinity.

We say that a non-negative continuous function on v : R? — (0, +00) is a weight
function if the following properties are satisfied: v (0) = 1, v is even in each coor-
dinate: v (£zy,...,%24) = v (21,...,29¢) and v is submultiplicative: v (w + z) <
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v(w)v (z), for any w, z € R??. Weights of particular relevance are those of polyno-
mial type, namely

(11) vs(2) = (2)" = (1+ ]2]2)5 : z € R* s>0.

Notice that, for s > 0, the weight function v, is equivalent to the submultiplicative
weight (14 |- |)°, that is, there exist C,Cy > 0 such that

Crug(z) < (14 12])° < Covg(2), 2 € R¥.

A weight function m on R?? is called v-moderate if m(z; + z5) < Cv(z1)m(2y) for all
21, 20 € R??. We write M, to denote class of v-moderate weights.

Modulation spaces. Given a non-zero window g € S(R?), a v-moderate weight
function m on R?? and 1 < p, ¢ < oo, the modulation space MP:4(R?) consists of all
tempered distributions f € §'(R?Y) such that V, f € L24(R??) (weighted mixed-norm
space). The norm on MP1 is

a/p
7 lasze = 1V e = ( [ ([ wsepmte.opa) dw)

If p = q, we write M? instead of MPP, and if m(z) = 1 on R?*? then we write MP?
and M? for MP:? and MP?. In particular, M? = L%

Then MP4(RY) is a Banach space whose definition is independent of the choice
of the window g. Moreover, we recall that the class of admissible windows can be
extended to M} (cf. [28, Thm. 11.3.7]).

For m € M,,, modulation spaces enjoy the following inclusion properties:

1/q

S(RY) € MPH(RT) € MP22(RY) C S'(RY), p1 <po, @1 < o

Note the connection M' = S, the Feichtinger algebra, with dual space M> = S}.
Hence, properties stated for unweighted modulation spaces can be equally formu-
lated by considering the Banach Gelfand triple (Sp,L?,5)) in place of the standard
Schwartz triple (§’, L?,8'), cf. [16].

Wiener amalgam spaces. Fix g € S(RY) \ {0}. Given weight functions u,w on
R?, the Wiener amalgam space W (FLP, L4 )(R?) can be concretely designed as the
space of distributions f € &'(R¢) such that

a/p 1/q
Pzt = ( L ([ wrteapee i) uﬂ(m)dx) <o
R R

(obvious modifications for p = oo or ¢ = o). Using the fundamental identity of
time-frequency analysis (9), we can write |V, f(z,w)| = |V f(w, —z)| = | F(f TL9)(—2)|
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and (recall u(x) = u(—x))

1/q
Iz, = ([ 1F Tilgur@) do) = Wlwirrzany

Hence the Wiener amalgam spaces under our consideration are simply the image
under the Fourier transform of modulation spaces

(12) F(MPL Y =W (FLP, LY).

uQRQw
This should not come as a surprise, since it is exactly how modulation spaces have
been originally introduced by Feichtinger, i.e., as special Wiener amalgams on the
Fourier transform side, cf. [22] and the references therein for details.
From now on we tacitly assume the results formulated for L2-functions hold with
equality almost everywhere.

2.2. Bilinear coordinate transformations. Let us now define the bilinear coor-
dinate transformation we are going to use in the sequel.

Definition 2.1. The bilinear coordinate transformation €y, associated with a ma-
triz M € R?*24 js defined as

s -r (%)), aver

where F is a function F : R* — C. In particular, if M = My My, with
My Mo

M;; € R4 4 5 =1,2, we write
TuF (xz,y) = F (Mux + Mgy, Moz + May) .

The composition of two such coordinate transformations associated with M, N €
R24%2d vields T);Tn = Ty If the invertibility of M is assumed, it is easy to prove
the following result.

Lemma 2.1. (1) If M € GL(2d,R), the transformation Ty; is a topological
isomorphism on L? (R*) with inverse T, = Tpy-1 and adjoint T =
|det M|~ Ty

(i1) If M € GL (2d,R), the transformation Ty is a topological isomorphism on
S (]de), hence uniquely extends to an isomorphism on S’ (de).

Two coordinate transformations deserve special notation: one is given by the flip
operator, denoted as follows: for any F € L? (R2d),

Flea)=SiF o) =Fua.  T=( 9 @) ecLeir).
d d
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while the other one is the reflection operator:
IF (z,y) =F_F (z,y) = F (—x,—y) .

Sometimes we will also write Z = —I € GL (2d,R), in line with a common harmless
practice.

The following commutation relations between coordinate transformations and
time-frequency shifts are easily derived.

Lemma 2.2. Let A € GL (2d,R). For any f € L* (R?), z,w € R%:
TAT,f = Tr-1,%af, TAMf = M7, % Af,
hence
Tum (z,w) f =7 (A2, ATw) Taf.
2.3. Partial Fourier transforms. In the sequel we shall work with partial Fourier
transforms. Let us recall their definition and main properties.

Definition 2.2. Given F € L? (R%iy)

Fourier transforms defined as follows:

FiF (€)= F) () = / eI (1 y) dt,

R4

>, the symbols Fi and Fy denote the partial

BF@m:Em:/e%Mmmma
Rd

where ™ denotes the Fourier transform on L? (Rd) whereas

F(y) = Fry),  Fy(r)=F(zy)

are the sections of F at fired v € R? and y € R? respectively. Without further
assumptions, the integral representations given above are to be intended in a formal
sense.

Fubini’s theorem assures that F, € L* (R%) for a.e. # € R* and F, € L? (RZ) for

a.e. y € R thus F F and F,F are indeed well defined. The Fourier transform F
of F'(x,y) is therefore related to the partial Fourier transforms as

F=FF=FF.

We state the following result only for F5, since it is the transform of our interest
hereinafter. Similar claims for F; can be proved following the same pattern with
suitable modifications. The proof is a matter of computation.

Lemma 2.3. (i) The partial Fourier transform Fs is an isometric (hence topolog-
ical) isomorphism on L* (R*?). In particular,

]:2*F (xay) = ]:2_1F (C(],y) = J:QF (l’, _y) = g12]:2-F (xuy)7
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where Ty = (é _O])

(ii) The partial Fourier transform Fs is a topological isomorphism on S (]RQd), hence
it uniquely extends to an isomorphism on S’ (de).

Interactions among partial Fourier transforms and coordinate transformations or
time-frequency shifts are derived in the following lemmas.
Lemma 2.4. Let A € GL(2d,R) and F € L* (R*). Then

(i) FiF (€,w) = FoF (w, &) = FoF (€,w).

—_~—

(W F1EAF (573/) = Fo &gk (y,f) = F%pF (572/); where

7 Az An
B=AI = .
( Az An >

Lemma 2.5. For any F € L? (]RQd), (r,3), (p,0) € R¥ we have
FoTi o F (2,w) = Mo —Tiro)FoF (v,w) = e ™ FF (x — r,w),

FoM o F (2,w) = M,0)T 0,0y F2F (z,w0) = TPy F (2,0 — o).
Hence ,
./—"2 (M(p,U)T(T’S)F) (.I', w) = 62masM(p’_s)T(r’g).F2F ($, w) .

3. DISTRIBUTIONS OF WIGNER TYPE ASSOCIATED WITH INVERTIBLE MATRICES

We introduce here the main ingredients of this study. Our presentation is nearly
identical to the one provided in [1], which is indeed richer than ours on general
aspects. Anyway, we decided to develop here all the needed material in order to
uniform the notation once for all and also to provide new results or shorter proofs
whenever possible.

A Ap
Az Agy
time-frequency distribution of Wigner type for f and g associated with A (in short:
matriz- Wigner distribution, MWD) is defined as

(13) Ba(f.9) (z,w) = FTa(f®7) (z,w),
that is, formula (3). When g = f, we simply write Baf for Ba(f, f).

Definition 3.1. Let f,g € L* (R?) and A = € GL(2d,R). The

This class of time-frequency representations includes some of the most relevant
distributions in time-frequency analysis, such as the the short-time Fourier trans-
form:

(14)

Vi (o) = [ 08 ()= ldy = Bagy (o9) ). asr=( O 7).

Rd
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and the 7-Wigner distribution: for any 7 € [0, 1],

(15)
Welf.9) ) = [ 0 (@ my) g o= (= 790y = Ba, (£.9) (@),
where
I Tl
(16) AT:(I —(1—7)1)'

In particular, this parametric family of distributions includes
e the Wigner(-Ville) distribution, corresponding to 7 = 1/2:
—2miw Y Y
(1) W(o)w) = [ emp (a0 ) g (o= D)dy=Ba, (f.9) (o).
R

e the Rihaczek distribution, corresponding to 7 = 0:

(18)
R(7.9) (@) = [ 0 (0) 3= gldy = 7 (2) 71) = Bay (£.9) (0.,
R
e the conjugate-Rihaczek distribution, corresponding to 7 = 1.
Even the cross-ambiguity distribution is a MWD:

19) Amb(.9) () = [ e 0f (3 5) 0 (=3 )y = By (£.0) ().

ir 1
AAmb = ( 2 ) .
i1

From Definition 3.1 and Lemmas 2.1, and 2.3, we can immediately infer boundedness
properties of B4 (f,g) in the context of the fundamental triple S (Rd) C L? (Rd) C

S’ (Rd), as detailed below.

Proposition 3.2. Assume A € GL (2d,R). Then,

(i) If f,g € L*(RY), then Ba(f,g) € L*(R*?) and the mapping Ba : L*(R?) x
L*(RY) — L*(R*!) is continuous. Furthermore, span {Ba(f,g)| f,g € L*(R?)}
is a dense subset of L*(R??).

(i) If f,g € S(R*), then Ba(f,g) € S(RY) and the mapping B : S(RY) x
S(R?Y) — S(R?*?) is continuous.

(iii) If f,g € S'(R?), then Ba(f,g) € S'(R*)) and the mapping B, : S'(R?) x
S'(RY) — S'(R??) is continuous.

Elementary properties of B4 (f, g) are the following.

Proposition 3.3 (Interchanging f and g). Let A € GL (2d,R) and f,g € L* (R?).
Then

where

Ba (g’f) (w7w) = Be <f7 g) (x,w),
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o=iz= (o) (A ) (o 5= (o i)
In particular, B4 f is a real-valued function if and only if A = C', namely
Ay = Ag, Ay = —Ag.
Proof. This is an easy computation:
Tal9®f) =T (f29),

Ba(g, f) = FT,(f®7) = R% (f®g) =B (f,9),
as desired. O

The following is a generalization of the fundamental identity of time-frequency
analysis for the STFT, cf. (9).

Proposition 3.4 (Fundamental-like identity of time-frequency analysis). Let A €
GL (2d,R) and f,g € L* (R?). Then

Ba <f7g> (wi) = |detA|_1 Be (f> g) (—w,x),

OzIzA#f:<é _0]>(A‘1)T(? é)

Proof. First of all, notice that f ® § = f ® ¢* = F(f ® ¢*), where ¢* (t) = g (—1).
Then, an easy computation shows that

1
= m&f@# (H), VHeL*(R"),

where A# = (A=), Therefore,
B, (f, g) = |det A FoFTax (f @ ¢*) = |det Al LF, T as (f © g7),
where we used F = F ) and Fi = Z,. Notice now that
Tar (f®9") =Tga0 (f®7),

where

TaF (H)

I 0

where 7, = ( 0 1

). In conclusion, Lemma 2.4 gives

Fi1% 4% = Fo%p ax 1,
hence the claimed result:
B (£.9) (2,0) = [det A LByt (£.0) (2,0) = [det Al By, e (£,9) (~0,2).
O
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Proposition 3.5 (Fourier transform of a MWD). Let A € GL (2d,R) and f,g €
L2 (RY). Then,

(20) FBa(f,9) (& n) =DBas(f,9) 0,),

where
[ An A 0 I\ [ —An An
AJ_(Azl A22)(—I O)_(_AQQ Azl)'
Proof. Since By (f,g) € L? (R*?), we have:

From Lemma 2.4 we get

FiZa(f®9g) (& —n) =FTu(fo9) (—n.8) = By (f.9) (—n,8).

To conclude, note that

Bai (f,9) (=n,&) = Bujz, (f,9) (0,6) = Bas (f,9) (0,€).
O

3.1. Additional regularity of submatrices. Following a known pattern for the
Wigner transform, it is interesting to determine the conditions under which a bilinear
time-frequency distribution can be related to the STFT.

A A
Ay Ag
(resp. right-reqular) if the submatrices A1, Aoy € R (resp. Ajo, Ago € R¥*?) are
ivertible.

Definition 3.6. A d-block matriz A = ( ) € R24x2d s called left-reqular

Remark 3.7. It is an easy exercise of linear algebra to prove that A = ( 1211 flm ) €
21 A22

GL (2d,R) is left-regular (resp. right-regular) if and only if the matriz A% = (A_l)T =
# #
( Eﬁ#gi Eﬁ#%;z ) is right-reqular (resp. left-reqular). Also, beware that (A%);; #
# _ -1 ;. _
Aij - (A;g) 1; 1) = 172

Theorem 3.8. Assume A € GL (2d,R) and right-reqular. For every f,g € L* (]Rd),
the following formula holds:

Ba (f.9) (z,w) = |det Apa| " T4 A0V £ (0 (1) d (), 7,0 € RY,
where

c (JU) = (An - A12A2_21A21) z, d (W> = Aﬁwa g (t) =g (A22A1_21t) .
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Proof. If A is right-regular, for any f,g € L? (Rd) the functions f' = T4, f and
g = T 4,,9 are well-defined in L2 (Rd). Therefore, we can write

fAnz 4+ Awy) =T 414,00 (), 9 (Anz + Apy) =T -14,.9 (¥)

and thus the integral

Ba(f.g) (x.0) = / 2V F (A a4 Avay) 9 (Ams + Asap)dy
Rd

is defined pointwise. Introducing the change of variable z = Aj;x + A9y gives the
claimed representation. O

Let us exhibit the continuity properties of bilinear time-frequency distributions
on Lebesgue spaces.

Proposition 3.9. Assume A € GL (2d,R) and right-regular. For any 1 < p < 0o
and g > 2 such that ¢ <p<gq, f € LP (Rd) and g € L (]Rd), we have

(i) Ba(f,g) € LI(R*?), with

1£1L, gl
|det A|7 |det Aya|7 7 |det Ago|7 @

(ii) If 1 < p < oo then Ba(f,g) € Co(R??). In particular, Ba(f,g) € L (R??).
Proof.

(i) We use the result [5, Proposition 3.1] for the L9-norm of the STFT, that is:
1B (f.9)]l, = ldet Ao 7 |V f (c(2) . d (w))
= |det Ap| " | DwVifl,
= |det Aga| " [det W™ V3 11l
< |det Ao| " [det W™ 111, N1l

B B Idet A |¥
= |det Ajs| ! |det W| L ||f||p (W ||9||p/

(21) 1Ba(f, 9)ll, <

I,

|det W[ |det A1o|"? |det Agy|Y?"

where D), denotes the dilation by the invertible matrix M € GL (2d,R),
namely Dy F (z) = F (Mz), € R?%. In particular, since

. A — A Ay Asr 0
w= (T At )
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we see that
1 det A

det A12 - det A12 det A22

det W = det (AH — A12A521A21) : 7£ 0,

hence
171, 119l
1/q 1_1 L_1r
|det A| |det A12 p q |det A22|P q
(ii) Arguing by density, there exist sequences {f,},{g,} € S (R?) such that
fu— fin L? and g, — g in L”". Since By (fn,gn) € S (R*) C Cp (R*) by
Proposition 3.2, we have
||BA (fnvgn) - BA (fv g)Hoo = ||BA (fnagn) - BA(fnvg) + BA(fnag) - BA(f: g)“oo
< Bal(f, 9n = 9l + 1Balf = fr: 9l
< 1Al llgn = glly + 1LF = fall, llgl,

1

T |det A7 |det Apa|r 7 |det Ago| 7 1

1Ba (f,9)ll, <

Since the sequence {H fall p} is bounded, we then have

This implies Ba(f, g) € Co (R*?), as desired.
O

Corollary 3.10 (Riemann-Lebesgue for the STFT). Let 1 < p < oo, f € L? (]Rd)
and g € L¥' (RY). Then, V,f € Cy (R*)

Proof. It follows from Proposition 3.9, since V,(f) = Bag, (f,g) with Agp right-
regular, cf. (14). O

We conclude this section by mentioning that right-regularity is indeed a necessary
condition for the continuity of B4 (f,g), as proved in the following result.

Theorem 3.11 ([1, Theorem 1.2.9]). Assume A € GL (2d,R) such that det Ay # 0
but det A = 0. Then, there exist f,g € L? (Rd) such that Ba (f,g) is not a

continuous function on R??.

3.2. Orthogonality and inversion formulas. A fundamental and desirable prop-
erty for a time-frequency distribution is the validity of the so-called orthogonality
relations. These are the analogue of Parseval’s Theorem for the Fourier transform
and are also known as Moyal’s formula for the Wigner distribution. From the or-
thogonality relations one can also derive an inversion formula allowing to recover
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the original signal from the knowledge of its time-frequency representation. The
connection between these two issues is clarified by the following abstract result.

Theorem 3.12. Let H,, Hy be complex Hilbert spaces and assume that the members
of the family of linear bounded operators {T, : Hy — Hy|g € Hy} satisfy an orthog-
onality relation of the following type: for any fized g,y € Hy there exists Cy,, € C
such that

(Tyf, T7h>H2 = Cyn ([ h>H1 Vf,h e H.

If Cy~ # 0, the following inversion formula holds:

1 *
f: mTngf, erHl

Proof. For any f, h € H; we have
<T7*Tgfv h>H1 = (T, f, T’Yh>H2 = Cy ([, h>H1 )

hence the claimed formula.
O

Remark 3.13. For the sake of completeness, we remark that a similar pathway can
be traced under slightly weaker assumptions, namely for any linear bounded operator
T : Hi — Hy which is a non-trivial constant multiple of an isometry:

AC > 0 [T, = Cllf 1, -
Indeed, by polarization identity, for any f,h € H; we have

1
(T*Tf.hyg, = (TF,Thy, = 7 > 2| Tf + 2Thi,

zeC
zt=1

1
=1 22O+ 2hlly, = C2(f by, -

zeC

z4=1

1
Hence, f = @T*Tf.

We then generalize Moyal’s formula to MWDs.
Theorem 3.14 (Orthogonality relations). Let A € GL (2d,R) and f1, f2,91,92 €
L? (Rd). Then
1 -
(22) (Ba(fi,91),Ba (f2792)>L2(R2d) = Tdet 4] (f1, f2>L2(Rd> <91792>L2(Rd)-

In particular,

1
1/2 Hme(Rd) HQHL2(Rd) .

1Ba (f: 9 2 (r2a) = det A"
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Thus, the representation Bag : L* (R?) 3 f+— Ba (f,g) € L* (R*) is a non-trivial
constant multiple of an isometry whenever g % 0.

Proof. Since JF is a unitary operator on L? (Rd) and T 4 is unitary up to the constant
factor |det A|"*%, we have

(Ba(f1,91),Ba(f2;92)) = (FTa (i @71), F2%a (fa @ R2))

1
Zm(ﬁ ® q1, f» @ G2)

1
= m(fufz) (91, 92)-

Corollary 3.15. If (ey),cy 18 an orthonormal basis for L* (Rd), then
{|de1:A|1/2 Ba(em,en) |m,n € N}

is an orthonormal basis for L? (RQd).

Proof. From orthogonality relation we have

<|det A2 B (em, ), |det A|Y By (e, ej>> = (em, i) (€nr €5) = O ibnj-

This proves that {]det AM? By (em,€n) |m,n €N } is an orthonormal family in
L? (Rd), its span being a complete subset of L? (Rd), hence the thesis. O

Before establishing an inversion formula, it is convenient to explicitly characterize
the adjoint of B4 (f,g).

Proposition 3.16. Let A € GL(2d,R) and fiz g € L* (R?). Then,

1

8279 . L2 (R2d) — L2 (Rd) 3 BZ’QH (.T) = m e

TaFoH (z,y) g (y) dy,

where
A* =T,A™' € GL(2d,R).
Proof. Set for convenience
1
hiz) = ——

@) = et a] L
and notice that if H € L? (R*) then h € L? (R?). Let f € L?*(R?) and H €
L? (Rd), then

TA*-/T_-ZIJ (ZL‘, y) g (y> dy7
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(Bagf, H) = (Fo%a(f ®7), H)

(Ta(f®g), F3H)

= (A (f®79),%,FH)

=(f®7,|det A" Tp1 T, FoH)

=(f®7,|det A| ' T T H)

=(f.h),

where the last equality follows from Fubini’s theorem. O

Corollary 3.17 (Inversion formula for bilinear TF representations). Assume A €
GL (2d,R) and fiz g,y € L* (R?) such that (g,v) # 0. Then, for any f € L* (R?),
the following inversion formula holds:

|det Al

f - :Bz’ BA,gf-
(9,7 7
Proof. 1t is an immediate consequence of the general result in Theorem 3.12 with
T, = Ba, and C,, = |det A| ™" (g, 7). O

Under more restrictive assumptions, a pointwise inversion formula can be provided
without resorting to the adjoint operator. First, notice that B4 f determines f only
up to a phase factor: whenever ¢ € C, |¢| = 1, we have

Ba(cf) = el Ba (f) = Ba(f).
Theorem 3.18 (Pointwise inversion formula). Assume A € GL (2d,R) and set

A1 — ( (A D1 (A D )
S\ (A (A )
Forany fe S (Rd) such that f (0) # 0, we have
f (x) — % /Rd 627ri(A*1)21x.wBAf ((A_I)HZIZ,W) dw.

All other solutions have the form cf, where ¢ € C, |c| = 1.

Proof. By inverting the operators F, and ¥ 4, we have
f (@) f(y) = (ZarFy'Baf) (z,y)
_ / 6271@'((14—1)21:E+(A—1)22y)wBAf ((A_I)HCL’ + (A—l)uy’w) dw.
Rd

Setting y = 0 gives the desired formula. O

We conclude this section by providing an inversion formula for representations
associated with right-regular matrices. The easy proof is left to the interested reader.
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Proposition 3.19. Let A € GL (2d,R) be a right-reqular matriz, and g,y € L* (Rd)
such that {g,~) # 0. The following inversion formula (to be interpreted as vector-
valued integral in L? (Rd)) holds for any f € L? (Rd) :

1 e—27riAf#2w'A11x

B B — M chg; gdxd ,
/ (9,7) /R2d aorf (@) |det Aja| () % () GATE

where
c(z) = (A1 — A1pAy An) =, d(w) = Afyw, §(t) =g (AnAyLt).

3.3. Covariance and short-time product formulas. A key property for a time-
frequency distribution is its behaviour under the action of time-frequency shifts. We
prove a covariance formula for MWDs.

Theorem 3.20 (Covariance formula). Let A € GL (2d,R). For any f,g € L* (R?)
and a,b, o, 8 € RY, the following formula holds:

(23) BA (MozTafa M,BTbg) (Z‘, w) = €2mUSM(p,—s)T(r,a)BA (fa g) (Q?, w)
(24) _ 627Ti05627ri(:cp—ws)BA (f7 g) (SL’ —rw— O') ’

()=(i) (2)=n(5)

Proof. We employ the results in Lemmas 2.2 and 2.5, and the notation introduced
in the claim:

Bua (M T, f, MgThg) = FoTa (Mo Tiap) (f ©7))
=T (Mo Tir)%a (f ®79))
= " My Tiro) F2Ta (f ® )
= e”™ " My T.0)Ba (f. 9) -
This concludes the proof. O]

Corollary 3.21. Let A € GL(2d,R). For any f,g € L* (R?) and a,b,o, 8 € R,
the following formula holds:

(25) MiapTian)Ba (f,9) (z,w) = 2™ By (M,T, f, M, Tsg) (z,w), (7,w) € R*,

(2)=am(5) (2)-22(3)

where



20 ELENA CORDERO AND S. IVAN TRAPASSO

Notice that we recapture the covariance formula for the 7-Wigner distribution
with A = A, as in (16), cf. [19, Prop. 3.3]. In particular, for 7 = 1/2, o = [ and
a = b, the covariance formula for the Wigner distribution follows:

(26> W<MO¢Tafa MaTag)(xa w) = W(fa g) ((L’ —a,W— Oé).

Furthermore, the covariance properties established in Theorem 3.20 easily extend
to any modulation space MP(R?), for every 1 < p < oo.

We now establish an amazing representation result for the STFT of a bilinear
time-frequency distribution. This will allow to enlarge the functional framework to
modulation and Wiener amalgam spaces with minimum effort.

Theorem 3.22 (Short-time product formula). Assume A € GL (2d,R) and f,g,v, ¢ €
L? (Rd), and set z = (21, 22), ¢ = (¢1, () € R¥. Then,

(27) VBA(¢,1/J)BA (f? g) ('27 C) = 6727”.22@‘/&)]0 (a> CY) ng (b7 5))
where A At
a \ 21\ _ 1171 — 41262
( b ) _AIQ<C2 ) N ( Agiz1 — Ax(y )’
@) 4 G\ _ (AF)11G + (A%) 1220 )
( B ) = A ( ) ) B < —(AF)o1G — (A% )99z )

Proof. Tt is a matter of computation:
VBawwBa (f,9) (2,¢) = (Ba(f,9), McT.BA (¢, )
= 7= (Ba (f,9)  Ba (MaT., MsTih))
= e PR (f, M Tog) (g, MsToh)

= e M2V f (a,a) Vyg (b, B),
where we used the orthogonality relations and Corollary 3.21, with

(3)=2(%) (5)==r(5)

4. COHEN’S CLASS AND PERTURBATIONS

This section is the core of our study. We shall prove Theorem 1.1. Recall first
the definition of Cohen’s class, a family of phase-space representations obtained by
convolving the Wigner transform with a tempered distribution, as detailed below.

Definition 4.1 ([27]). A time-frequency distribution Q) belongs to the Cohen’s class
if there exists a tempered distribution 0 € S’ (R2d) such that

Q(f,9) =W (f.g)x0, VfgeS(RY.
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The MWDs belonging to Cohen’s class can be completely characterized, as de-
tailed in Theorem 1.1, that we are going to prove.

Proof of Theorem 1.1. Let us first prove necessity. Observe that a member of Co-
hen’s class necessarily satisfies the covariance property (26):

QMJT.f) = TwwQf, VfeSRY).
By Theorem 3.20, with « = f =w, a=b=2x and f = g, we get
(p;0) =(O,w),  (r;s)=(z,0).
. . o, . All A12 .
Converting these into conditions for the matrix A = yields
Ag1 A

p:()i(AIl—A;—l)(JJ:O:} A11:A21:N, NGRdXd.

o=w= (AITQ—A;Q)MZWZ> Aig — A =1.

Setting Ay, = M — (1/2)1 for some M € R?¥*? (other parametrizations are of course
allowed), the block structure of A is thus determined by

N M+ (1/2)I
A_<N M—El?Q%I)'

In order to exploit the conditions on (7, s), notice that A is assumed to be invertible.
From [25, App. A - Lemma. 4] we in fact have

det A = (—=1)%det N # 0,

hence N € GL (d,R). With this additional information we are able to explicitly
compute A~!, namely

A1 ( —-N~! (MI— (1/2)1) N7 (M_Jrj(l/Q)f) ) '

(2)=a(2)= (%),

hence s = 0 is automatically fulfilled and we get

Then

r=r=N'lz=r= N=1.

In conclusion, if B4 belongs to the Cohen’s class, then A has the form (4).

For what concerns sufficiency, assume that A = Aj; has this prescribed form. We
shall show that By,, = W * 0y, for some 6, € & (RQd). Applying the symplectic
Fourier transform to both sides, this is equivalent to showing that, for any f,g €
S (RY),
where Amb(f, g) is defined in (19). From (20), for any &,n € R? we have
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«FBAM (fa g) (@77) = BAMJ (f> g) (7775) )

(-2 1
s = (Z00 T 1)

where

therefore

FoBay (£,9) (€.1) = FBay (£,9) (J(€n))
= FBa,, (f,9) (n,=¢))
= By (f,9) (=&m)

= / e 2wt f <t+ (M—i— 1]) §> g (t—i— (M— 1I) £>dt.
s 2 2
The substitution ¢ + (M — (1/2)I)§ = z — £/2 yields

_ Tin- —2minz 5 —é
FoBay (f,9) (€:n) = ¢ ”Mﬁ/Rde 2 f(z—|—§>g(z_§>dz
= 2T MEAmb (f, g) (€,m),

so that
Fobar (€,m) = 7 E,

Defining xas (€,7) = €2™M¢ and using F2 = I (the symplectic Fourier transform
is an involution), we finally obtain

Orr (1) = Foxar (€,1) = F, [277ME] € S (RY) .
]

To summarise, Theorem 1.1 and (3) yield the following family of time-frequency
representations belonging to the Cohen’s class:

(29) Ba, f(z.w) /R e (a: + <M + %1) y) f <x + (M - %1) y) dy.

If one wants to underline the particular symmetry with respect to the Wigner
distribution (M = 0), the following point of view on MWDs in the Cohen’s class
can be assumed: we feel that this class of distributions is, in some heuristic sense, a
family of “linear perturbations” of the Wigner distribution. This interpretation can
be justified both at the level of matrices and at the level of kernels, but the main
insight here is that we are considering a simple family of time-frequency distributions
in the Cohen’s class and our aim is to enlighten which properties of Wigner or 7-
Wigner distributions is “stable” under this type of perturbation.

In order to enforce this viewpoint, let us highlight the effect of the perturbation
on the Gaussian signal.
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Lemma 4.1 (Perturbed representation of a Gaussian signal). Consider A = Ay €
GL (2d,R) as in (4) and @y (t) = e ™ />, X\ > 0. Then,

(30) Bupy (z,w) = (20)¥? det (§) /2 27/

T,.g—1pfT o1, T -1
_687r(M ST M x)/)\e&rzs w-M Te 2mAwS wj

where S = I +4MTM € R4,

Proof. Using the definition of B4p), we can write

(o)) e (o300 o

1
(2952 + 4z My + 2 (My)* + §y2)} dy

>3

Bapx (z,w) = / e 2T exp | —
R4

— e—27r7,wy exp | —
Rd L

—_ 6—27ruuy exp | —
R4 -

Now set S = I +4MTM € R¥™ t = 4M T2 € R? and r» = 42%. Notice that, in
particular, S is a symmetric positive-definite matrix, hence invertible. Therefore,

l>\3|>] >3

((1+4MTM) y-y+2 (AM 2) y + 42°) | dy.

Bapy (x,w) = / e ™Y exp [—% (Sy-y+2t-y+ T)] dy
Rd
— [ e [- 2w h)-Sly— )+ b)] dy
. 2\ ’

where h = =S~ 't and k =r —t - S~'t. To conclude,

Buo (o) = [ e rexp [~ 2 ((y =)+ (y = h) + )] dy

— G_ﬁke_%mwh 6—2mwy€—§y5’ydy
Rd
d/2 — Xk —2m —omiv/ _
— (2)\) / e 2>\k€ 27rzwh/ e 27 2)\wy€ ﬂySydy
R4

= (2)\)d/2 det (5)71/2 6—%k6—27riwhe—27r/\w5*1w’

where in the last step we used [25, App. A - Theorem 1].
Therefore, B4y, turns out to be a generalized Gaussian function in (30). O

Remark 4.2. (i). Notice that Woodbury matriz identity (cf. for instance [26, Eq.
(2.1.4)]) gives

_ 1 -
R'=(I+4MMT) R V' (ZI+MTM) M" =1—4MS™*MT,
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hence
k
3= 20 — 8z - MS™'MTx =22 (I —4MS™'M ")z =2z- R 'z

Furthermore, we see that after setting z = (z,w) € R* we can write
Baga (1,w) = (20" det (5) 717 77,
where
s SR —4iMST!
S\ —aSTIMT 268
The cumbersome way M comes across in Bapy is in fact widely simplified in the
case of T-Wigner distribution, namely for M = (t1—1/2)I, 7 € [0,1], see [11, Lemma
2.8].
(i) The expression of the Cohen’s kernel (6) can be rephrased in more general
terms. In fact, it is easy to see that

2TIME _ 2miCQuC ¢ — (£ ) € R,

) € GL(2d,C).

where
_ 0 Mym 2dx2d
QM N ( Msks 0 > cR ’
and Mgy, and Mg, are the symmetric and skew-symmetric parts of M respectively.
On the other hand, any block matriz with non-null off-diagonal blocks such as

Q — ( 8 ‘g ) c RZdX2d, U,V c RdXd,

can be associated with a Cohen-type matriz Ay, , with Mg = U + VT,

4.1. Time-frequency properties of perturbed representations. The explicit
determination of the Cohen’s kernel for a distribution of Wigner type allows to
derive at once a number of important properties by simply inspecting its analytic
expression. To this aim, notice that the Fourier transform of 6, is

(31> G)M (@77) = ‘FQM (5777) = IUQM (_‘](5777» = XM (_7776) = 6_27”;5‘]\/[77.

It is then clear that the relation between two distributions of the type (29) can
be expressed by a Fourier multiplier as follows.

Lemma 4.2. Let Ay = Ay, and Ay = Ay, be two Cohen-type matrices as in (4).
Then,

FBa, (f,9) (&,n) = e 2T WEMER, (f,9) (€1)
Furthermore, if My — M; € GL (d,R),

BA2 (f’g) (ZL’,(,«)) !

T — -1y
= |det (M2 — M1)|62 (Ma—My) * BA1 (f, g) (I,w) '
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Proof. 1t is a straightforward computation. We leave the details to the interested
reader. OJ

Proposition 4.3. Assume that B4 belongs to the Cohen’s class. For any f,g €
S(RY), the following properties are satisfied:

(i) Correct marginal densities:

[ Bis@eao=ir@l, [ Baftwwdo=
R4 R4
In particular, the energy is preserved:
// Baf (z,w)dxdw = HfHQL2
R2d

(ii) Moyal’s identity:
<BAf7 BAg>L2(R2d> = |<f7 g>’2 .

2
, Vz,w e RY

f (@)

(iii) Symmetry: for all v,w € RY,

BA (If) (:z:,w) = IBAf (a;,w) = BAf (—SC, _w> )
Ba (f) (#,w) = TBaf (z,w) = Ba (2, —w).

(iv) Convolution properties: for all z,w € RY,
Ba(f*g)(z,w) = (Baf(,w)*Bag(,w)) (@),
Ba(f-9)(z,w)=(Baf(z,)*Bag(z,)) (w).

(v) Scaling invariance: setting Uy f (t) = \)\]d/Q f (), xe R\ {0}, t € R4,
Ba (Urf) (z,w) = Baf Az, A" 'w), Va,w e RY

Proof. The previous properties can be characterized by requirements on the Fourier
transform O, of the corresponding Cohen’s kernel, cf. for instance [9] and [34] (for
dimension d = 1 - the stated characterization easily extends to dimension d > 1):
(i) O (0,w) = Opr (x,0) = 1 for any x,w € R? (in particular ©,; (0,0) = 1);
(ii) |©n (z,w)| = 1 for any z,w € RY
(iii) Op (—z, —w) = O (z,w) and Oy (x,w) = Oy (—x, w) respectively, for any
r,w € RY
(IV) @M (~,w1 -+ CL)Q) = @M (~,w1) @M (*,Wz) and @M (%1 + X2, ) = @M (1'1, ) @M (.%2, )
respectively, for any z;,w; € R?, i = 1,2,
(v) Oy Az, A w) = Oy (z,w).
The kernel O/ (z,w) = e 2™ @M« trivially satisfies conditions (7)-(v) above. O
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Remark 4.4. Real-valuedness. Because of Proposition 3.3, the only real-valued
distribution of Wigner type in the Cohen’s class is exactly the Wigner distribution
(M =0). The condition on © s in order to have this property is indeed Oy (z,w) =
On (—z, —w).

Marginal densities. With little effort, it can be shown that the marginal densities
for a general distribution Ba are given by

BAf (JJ, (,U) dw = f (AHI) f (A21I),

/Rd Baf (z,w)de = |det A|™" f ((A%)19w) f (—(A#)pw).

The correct marginal densities are thus recovered if and only if Ay, = Ay = I and
(A#) 1y = —(A#)9y = I, and this forces both |det A| = 1 and the block structure of A
as that of Cohen’s type. This shows that among the bilinear distributions of Wigner
type associated with invertible matrices, the Cohen-type subclass is made by all and
only those satisfying the correct marginal densities.

Short-time product formula. Let us rewrite the STP formula (27) for represen-
tations in the Cohen’s class: for any ¢, ¢, f,g € S (]Rd), we have

(32)  ViawBa(f,9) (2,¢) = ™2V, f (2 + ParJC) Vyg (2 + (I + Par) JC),

where

(33) Py = ( — (M + (1/2)]) 0 ) |

0 M- (1/2)1
(34) T = 0 M+ (1/2)1 )

Covariance formula. For any z = (21, 2), w = (w1, wy) € R?, the covariance
formula (23) reads

(35)
BA (7T (Z) f> m (IU) g) (ZL‘, w) = 62”45(Z2+W2)+M(227w2)](ZliwnMJ(sz)Tﬂf(z,w)BA (f7 g) (ZL‘, w) )

where

_((1/2) (21 +w1) + M (wy — 2)
T (z,w0) = < (1/2) (22 + w2) + M (22 — w2) >

1 -M 0
_§(z+w)—|—< 0 N)(z—w).
Alternatively, using (33),

(M = (1/2)]) 2, + (M + (1/2)]) wy
T (z,w) = ( (](\4 " (f/é)j)—) )22 _—i_(](\/[ B (f/é)))il]g ) = (I + Py) z — Pyw.
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4.1.1. Support conservation. A desirable property for a time-frequency distri-
bution is the preservation of the support of the original signal. A scale of precise
mathematical conditions can be introduced in order to capture this heuristic feature.
Following Folland’s classic approach (see [25, p. 59]), in this section we define the
support of a signal f : R? — C as the smallest closed set outside of which f = 0
a.e., hence we may assume f = (0 everywhere outside suppf.

Definition 4.5. Let Qf : ]R%iw) — C be the time-frequency distribution associated
to the signal f : RY — C in a suitable function space. Let m, : ]R%gw) — R and ,, :
]R%iw) — RZ be the projections onto the first and second factors (R%iw) ~ R x RY)

and, for any E C R4, let C (E) denote the closed convex hull of E.
e () satisfies the time strong support property if

flx)=0<Qf (z,w) =0 Vw € R%.
Q satisfies the frequency strong support property if

~

fw)=0<Qf (r,w) =0 Ve € RY.
o () satisfies the time weak support property if

7 (suppQf) C C (suppf) .
Q satisfies the frequency weak support property if

o (suppQf) C C <Sur>pf> -

We say that Q) satisfies the strong (resp. weak) support property if both time and
frequency strong (resp. weak) support properties hold.

We restrict our attention to MWDs in the Cohen’s class (i.e., BA with A = Ay, as
in (4)) and completely characterize those satisfying the aforementioned properties,
showing the optimality in this sense of 7-Wigner distributions.

Theorem 4.6. The only MWDs in Cohen’s class satisfying the strong correct sup-
port properties are Rihaczek and conjugate-Rihaczek distributions.

Proof. This result can be inferred by directly inspecting the Fourier transform of
Cohen’s kernel. Indeed, by adapting the proof of Janssen (see [34, Sec. 2.6.2]) to
dimension d > 1 one can show that the only members of the Cohen’s class satisfying
both time and frequency strong support property are linear combinations of Rihackez
and conjugate-Rihaczek distributions. This is equivalent to the following condition
on the Fourier transform of the kernel ©,;: for any z,w € R?,

@M(x’ w) — CJrefrixw + C’,e*”‘w,

for some C,,C_ € C. Since O); has the form (31), this can happen if and only if
M = +£(1/2)I with C; = 1,0 and C_ = 0, 1 respectively. O
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Theorem 4.7. Let A = Ay € GL(2d,R) be a Cohen-type matriz. The only asso-
ciated distributions satisfying the weak support property are the T-Wigner distribu-
tions, namely

M:(T—%>I, T€[0,1].

Proof. Assume z € suppBaf (-,w) for a fixed w € R% The only way for this to
happen is to have

(o (i) o oo -35)

hence x + (M+ %I) Yy, T+ (M — %[) y € suppf. In order to have x € C (suppf),
we require that

s (e () oo (0 1))

for some A, x> 0 such that A + g = 1. Rewriting this condition as

z=A\+px+ (%(A—u)f+(A+u)M)y,

gives the constraints
1
2

Therefore, suitable solutions exist if and only if

Atp=1, A—p)I+M=0.

M:<T—%)[, 0<r<1.
Similar arguments for the frequency weak support property shall be applied to
BAf (Z’, W) = BA'f <_w7 .T) 7Where

/ = I M —(1/2)1
A =TAP] = ( I —(M +(({/;)1) )

O

4.2. Time-frequency analysis of the kernel. In this section we deepen the study
of the Cohen’s kernel ), by introducing a fine scale of functional spaces with spe-
cific resolution of the time-frequency content of 6y, following the approach of [14,
Proposition. 4.1] for the Cohen’s kernels for 7-Wigner distributions, which will be
in fact recovered below. Hereinafter we assume M € GL (2d,R) if not specified
otherwise.

Recall that ©,; = F6,,, where (cf. (31))

O (&) = Fbur (&) = e 27 (e S'(R?)) .
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At a first glance we notice that ©,;, € C* (RQd) NL> (RQd) and ©,, € LY (RZd) for

loc
any 1 < p < oo. Hence, we are dealing with distributions whose Fourier transforms

are well-behaved dilated chirps, and intuition suggests that the kernels themselves
should belong to the same family. This heuristic statement is enforced by the fol-
lowing result, already proved in [15, Proposition 3.2 and Corollary 3.4].

Lemma 4.3. The function © (z,w) = €™ belongs to M*> (R*)NW (FL*, L*>) (R*).
Using this issue and dilation properties for Wiener amalgam spaces, we infer

Proposition 4.8. Let A = Ay € GL(2d,R) be a Cohen-type matrixz with M €
GL (d,R). We have

O € MV (R*) NW (FL', L>) (R*).

Proof. Notice that
O (§,m) = e 7™M = DO (€,1),

where © (£,1) = €*™" and Dy, is the dilation operator Dq f (t) := f (Qt) associated
with an invertible matrix ) € GL (2d,R), in particular

=3 W)

It is clear that M is invertible if and only if M is invertible.

Therefore, according to the dilation properties in [17, Proposition 3.1 and Corol-
lary 3.2], the results in [15, Proposition 3.2] and Lemma 4.3, we have O, €
Mbee (R*) N W (FLY, L*®). Since Oy = FOy and W (FL', L>®) = F (M),
we conclude that 6y, € MY (R?*) N W (FL', L>) (R*). O

In order to compute the expression of #,,, it seems useful to recall some facts
concerning dilations, tempered distributions and Fourier transform. Given an in-
vertible matrix A € GL (d,R) and a tempered distribution u € &’ (Rd), the dilated
distribution Dju € S’ (Rd) is defined as follows:

(Dau, ¢) = (u,|det A| ' Dy10), VoS (RY).

The behaviour of the Fourier transform under dilations is given by the following
formula:

FDa¢ = |det A| ' DyuFo,  ¢€S(RY,

where A% = (A™1)" as usual.
The validity of the following relation can be verified by a direct computation: for
any u € 8’ (Rd) and A € GL (d,R),

DaF tu = |det A| ™ F1Dpu.
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It is now enough to notice that, according to the notation employed in the proof
of Proposition 4.8,

Oy =F 'Oy =F 'DyO = |det M| Dy F 0.
A short computation concludes the proof of the following result, which confirms the
initial intuition.
Theorem 4.9. Let A = Ay € GL(2d,R) be a Cohen-type matriz with M €
GL (d,R). Then, the kernel 0y is given by (7).
Proof. We have
Orr = F D0 = |det M| D(MT),J*@.

Notice that

F'O=1IF0=F0=D,0,
so that
1,6,

Or = |det M|~ Drry-

()= (om0 )

with

0

In particular, in the case of 7-Wigner distributions, namely M = M, = (7' — %) I,

7€ [0,1]\ {3}, we recover a known result (see for instance [6, Proposition 5.6]):
2d
C2r -1

rw

92
2Migr

QMT (I, w)

Notice that one cannot say much without assuming the invertibility of M. We
do not explore this situation, apart from mentioning that for M = 0 most of
these results do not hold: for instance, since 6y, = ¢, it is easy to verify that
0o € M (R*)\W (FL*, L) (R*), cf. [14].

To conclude this section we prove that, in according with heuristic expectations,
linear perturbations of the Wigner distribution yield representations which share
the same smoothness and decay as the Wigner one.

Theorem 4.10. Let A = Ay € GL(2d,R) be a matriz of Cohen’s type with M €
GL(d,R) and f € &' (]Rd) be a signal. Then, for 1 < p,q < oo, we have

W fe M (R™) < Ba,, f € M (R*™).
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Proof. Assume first W f € MP4 (R2d), for some 1 < p, g < oco. Taking the symplectic
Fourier transform, this is equivalent to showing that

Onr - Amb (f) € W (FLP, L7) (R*?) .

Notice that Amb(f) € W (FLP, L?) (R2d) because of the assumption on W f. The
claim thus follows from the known fact that W (FLP, L?) (]R2d) is a Banach module
over W (FL*, L>) (R*%) (cf. [23, Theorem 1]), namely

W (FL', L>®) (R*) - W (FLP, L9) (R*) c W (FLP, L% (R*),

and from Proposition 4.8, yielding 6y, € W (FL', L*°) (R*?).
Vice versa, assume Bga,, f € MP4 (Rm), for some 1 < p,q < oo. Taking the
symplectic Fourier transform,

O - Amb (f) = FyBa,, f € W (FLP, L?) (R*),
that is,
Amb (f) = Q&IIUBAMJC eWw (]:Ll, L‘X’) W (FLP,L%) c W (FLP, L9).
Indeed, by (7), the function 9;41 is given by
0, (v,w) = |det M| g2z M~ lw

and satisfies 0, € W (FL', L®) (R??) , since e~ 2= M '@ = ¢2miz-M 1w and the chirp
e2mie M~ e W (FLY, L) (R*?), by Proposition 4.8. This concludes the proof. [

Remark 4.11. Similar results have been proved for the Born-Jordan distribution in
[15, Theorem 4.1] and its n-th order generalization in [12], although with a significant
difference: no directional smoothing effects occur in our scenario. The subsequent
section, devoted to the study of interferences, will present an improvement in this
direction.

4.3. A study of interferences. In a broad sense, interferences are artefacts oc-
curring when non-zero values of the representation appears in regions of the phase
space where the signal contains no energy. In view of the applications, it is obviously
desirable to reduce the occurrence of these phenomena but the literature shows that
this aim can be accomplished only at the expenses of other possibly relevant proper-
ties. In this spirit, it has been recently proved that the effectiveness of interference
damping is subtly related to covariance of the representation with respect to sym-
plectic transformations of the phase space, see [13] for details. In particular, in view
of [13, Proposition 4.4 and Theorem 4.6], we remark that full symplectic covariance
is one of the properties of the Wigner distribution which are lost under the effect of
linear perturbations. It can be still interesting to determine partial symmetries, i.e.,
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covariance with respect to certain subgroups of Sp (2d,R). In our case, however,
this will also depend on M: for instance, given

Vp = ( —IP ?— ) , P € R™? symmetric,

(see [20, Proposition 62 and Corollary 63] for its role in symplectic algebra) we see
that 0y, 0 Vp = 0y, for any P if and only if M~'Pz -z = 0 for any € R?, that is if
M is skew-symmetric.

As this argument suggests, the suppression of interferences cannot be effectively
performed by means of linear perturbations. In order to experience this, we limit
ourselves to dimension d = 1 and follow the geometrical approach employed in
[4]. As a toy model we consider signals consisting of pure frequencies confined in
disjoint time intervals. It is well known that the Wigner transform displays “ghost
frequencies” in between any couple of true frequencies of the signal. A similar
phenomenon can be studied also in higher dimension considering Gaussian signals
in the so-called “diamond configuration”, see again [13].

We remark that for d = 1 the perturbation matrix M boils down to a scalar m € R.
Let f be a signal with a frequency w; appearing in the interval I; = [x1,x; + h;] and
wy in Iy =[x, X9 + hol, with hy > hy > 0 such that z; + hy < z5. The distribution
in (29) becomes

Bo.f (v,w) = /Remwyf <x—|— (m+%> y) f (x+ (m— %) y)dy.

We see that B, [ is supported in the diamond-shaped regions D;, i = 1,...,4, (see
Figure 1) obtained by intersecting the following straight lines passing through the
endpoints of the time intervals:

a:+(m:|:%)y::c1
x+(mj:%)y:x1+h1
ac—I—(mi%)y:acg
x—i—(mi%)y:xg—irhg

With the notation of the figure, we see that D; and Dj give account for the
true frequencies of the signal, while Dy and D3 are non-zero interferences. A short
computation shows that the coordinates of the two points V; and V, are

V1:<2m+1 om — 1

x1, 2 — (T2 + hz)) )

2m + 1 2m — 1
V2=< ($2+h2)>($2+h2)—$1),
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134

FIGURE 1. Support of B,,f with m =0, I; = [3,5], I = [9, 13].

hence we see that the only effect of the perturbation parameter m is the horizon-
tal translation of the diamond’s corners, giving no room for damping. The only
reduction procedure that can still be performed is the one proposed by Boggiatto
et al. in [4], even if its validity is restricted to the special class of signals examined
insofar. Furthermore, notice that we are in fact studying re-parametrized 7-Wigner
distributions in a broad sense, since now m = 7 — (1/2) is free to run over R. As
already seen before and also noticeable from the coordinates of V; and V5, when
m e R\ [—%, %], the support of the signal is no longer conserved - neither in weak
sense.

To conclude this section, we notice that an efficient reduction of interferences
requires the Cohen’s kernel to show some decay at infinity - which is not the case
of the chirp-like kernel 0,,. In order to enhance this feature and at the same time
to not lose other relevant ones satisfied by MWDs in the Cohen’s class, it seems
reasonable to consider the Cohen’s distributions with kernels of type 6y, * ¢, where
peds (RQd) is a decaying distribution satisfying suitable properties - for instance,
one may ask that ¢ ((1,¢) = ©(¢1 - () with ® (0) = 1 in order to keep the correct
marginal densities. This kind of investigation deserves a special treatment in order to
balance the trade-off between theoretically relevant features and practical purposes,
thus it cannot be provided here. We confine ourselves to mention that choosing as
smoothing distribution the one corresponding to the Born-Jordan kernel, namely

sin (7(1(2)
WETE ’

allows to enjoy some smoothing phenomena recently investigated, cf. for example
[15, Theorem 4.1].

o (C) =9 (JQ) = (= (1, G) eRY,
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4.4. Continuity on functional spaces. In this section we prove that the continu-
ity of bilinear distributions associated with matrices of Cohen’s type on modulation
and Wiener amalgam spaces is a property stable under linear perturbations. We
work with weights of polynomial type as in (11).

Theorem 4.12. Let A = Ay € GL(2d,R) be a Cohen-type matriz. Let 1 <
Dis Qi D, q < 00, 1 = 1,2, such that

(36) Dis q; S q, 1= 1727
and
1 1 1 1 1 1 1
(37) —+—2> -+, —+—2>—+
P11 D2 p q q2 b

—~ Q| =

a1
(i) If f1 € Mf‘lsv‘m (Rd) and f, € MP>® (Rd), then By
and the following estimate holds:

1Ba (frs P laagg, Sor Ifillaggoon ll f2llagpze -

(ii) Assume further that both M — (1/2) 1 and M + (1/2) I are invertible (equiv-
alently: An is right-reqular, or Py is invertible, cf. (33)). Set vM =
veo (I+Py)~ . If f, € Mpra (Rd) and fy € MP3* (Rd), then Ba (f1, f2) €

Yls|

wW (]—"Lp, LZM) (RQd), and the following estimate holds:

flaf?) € Mﬁgvs (R2d)7

1Ba (f1, f2)

1/q—1
(1510, ) 5 €O Wil Vol

det (M + %I) det (M — %I)

Proof. Fix g € 8 (Rd) and set ® = Byg € S (RQd). The key insight here is given by
the short-time product formula in (27). Precisely, for any z, ( € R* we have

\VaBa (f1, f2) (2,0)| =

where

(38) Cy = > 0.

Vofi (2 + PudQ) Voo G+ (T+ Par) JC)|.
where Py, is the matrix defined in (33). Consequently, for p, ¢ < oo,
1Ba (f1, f2) sz,

1/q

a/p
) </R2d (/de Vofi (2 + PuJQOF Vo fa (2 + (I + Pur) JC)|de> v (JC)qu>
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The change of variables z — z — (I + Pyy) J¢ turns the integral over z into a con-
volution, then

1/q
1Ba (fl’fz)”Mfé;fIvs = (/Rw (|VQfQ|p * |(V;;f1)*|p)t1/p (JC) s (JC)" dg)
= Vol 1Va i) Pl i

From now on, the proof proceeds exactly as in [18, Theorem 3.1]. Similar argu-
ments also hold whenever p = oo or ¢ = oco.

For what concerns boundedness on Wiener amalgam spaces, notice first that if
Ay is right regular, (I + Py) and also (I 4+ Py;') are invertible, with

(39) (I+P;") " =(I+Py) " Pu.
Therefore,
1Ba (fi: f2) .
W<]:LP7LUSO(I+PM)71>

a/p 1/q
= (/R (/R Vo1 (2 + PuJ QI Vo fa (2 + (I + Pu) JO)I dg) vs (I + Pa) ™' 2)* dz) ,

Using the change of variables n = z + P);J( and then the matrix equality (39), we
can write

1Ba (fl,fz)”W(

FLr,L?
vso(I+PM)_1)

a/p
<Ot ([ (L Wi @ Vot (1 Pty n = pit2) )
RQd RQd

- v ((I + Py)t z)q dz) Ve

:C]\*/[l/p (/RM </R2d Vo fi ()P ‘ngz ((I—l—PA}l) (77_ (I‘FP]\}l)_l PJ\7[12>>‘pd77>q/p

- U <(I +Py)7 ! z)qdz) H

R T TS CASURE )
- Vg <(I + Py) ! z)q dz)

(V)" (1 +Pyt) )

*

p)q/p (+P)"2)

1/q

1/p
Lq/p

Vps

p

)

e
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where the constant C); is defined in (38) and we write (V,f2)*(2) = (V,f2)(—2).
Again, the proof proceeds hereinafter as in [18, Theorem 3.1]. O

Remark 4.13. We remark that the given estimates are not sharp, since we employed
window functions depending on M in order to perform the computations and thus
the hidden constants in the symbol <y may depend on M. However, the comments
of [18, Remark 3.2] are still valid here. In particular, the result holds for more
general weight functions: for instance, sub-exponential weights or polynomial weights
satisfying formula (4.10) in [35] are suitable choices. Notice that the proof of the
theorem in fact reduces to the study of continuity estimates for convolutions on
weighted Lebesgue mized-norm spaces. We would also point out that results in the
spirit of Theorem 4.12(ii) have been already proved for T-Wigner distributions in
[11, Lemma 3.1] and [19] and can be easily generalized to MWDs. In particular, we
recover [19, Lemma 4.2] by noticing that (I + Py)~' = B, and (I + P;)™' = U, for
M = (1 — 1/2)1, where the matrices B, and U, are defined in [19, (5) and (26)].

Under more restrictive conditions on the Cohen-type matrix, namely assuming

right-regularity (hence that both M — (1/2)I and M + (1/2)I are invertible), we are
able to apply Proposition 3.9, obtaining boundedness results on Lebesgue spaces.

Theorem 4.14. Let A = Ay, € GL(2d,R) be a right-regular Cohen-type matriz.
For any 1 <p < oo and ¢ > 2 such that ¢ <p<gq, f € LP (Rd) and g € LV (Rd),
the following facts hold.

(i) Ba(f,g) € LT (R*), with

1711, llgll,

[ det (M + 11)|» % |det (M — L1)

1Ba (f:9)ll, <

1_1
p q

In particular, Ba (f,g) is bounded (g = o).
(it) Ba (f,g) € Co (R*).

We remark that for MWDs in the Cohen’s class, a number of these properties still
hold under the weaker assumption M € GL (2d,R). This is in fact a consequence of
convolving with a bounded kernel 6, € L (RQd).
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