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Abstract: 

The inverse problem of reconstructing structural deformations based on measured strain 

data, known as shape sensing, is addressed in this numerical study for a cantilevered plate 

undergoing complex bending and twisting deformations. The inverse Finite Element Method 

(iFEM) is the main computational tool used for solving the inverse problem, and the Smoothing 

Element Analysis (SEA) is used as a pre-processing step seeding additional strain data into a 

high-fidelity iFEM discretization. This novel SEA-iFEM approach demonstrates that even with 

a small number of strain sensors and a judicial choice of strain-sensor layouts, accurate shape-

sensing reconstructions for plate structures can be obtained.  
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1. Introduction 

Advanced diagnostic and prognostic capabilities are essential for the health 

management of various aerospace, civil, and marine structures and systems [1]. The aerospace 

industry has focused on the Integrated Vehicle Health Management (IVHM) framework to 

enable the maintenance and performance improvements of future aircraft and spacecraft [2,3]. 

Advancements in sensor technologies have allowed structures to be instrumented with an 

increasing number of onboard sensors measuring structural response in real time. Several 

inverse solution methods have been examined that use measured sensor data to assess the real-

time structural response and structural integrity. In particular, for the inverse problem of 

detection, characterisation, and prognosis of damage using measured sensor data, the solution 

techniques proposed are mainly based on the use of a system model [4]. In such cases, the 

inverse problem is formulated by combining the measured sensor data with a physics-based 

computational model (e.g. FEM model) that simulates structural behaviour [5] and is solved 

by minimising the difference between measured structural response and model predictions. 

Multiple optimization-based solution strategies exist, an example being stochastic inference 

methods that use probabilistic descriptions of the model parameters inferred from the measured 

sensor data [6]. Such model-based techniques, however, suffer from a key limitation – the 

computational effort required can increase significantly with the increasing complexity of the 

monitored structure. Strategies have been proposed to address this issue without comprising 

prediction accuracy, a popular approach being the use of surrogate models to produce reduced 

representations of large numerical systems. One interesting application is the use of polynomial 

chaos expansion for developing stochastic surrogate models for dynamic non-linear structural 

systems [7]. In contrast to these largely data-driven approaches, physics-based approaches have 

also been examined. One such approach is an extended Finite Element Method (XFEM) [8] 

which has been recently used for crack detection in 3D structures [4]. Moreover, to reduce the 
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computational effort, neural networks, trained on measured or numerical data, have also been 

proposed. For example, an FEM-based Deep Neural Network (DNN) approach was 

demonstrated to predict the non-linear response of hyper-elastic bodies [9]. 

In recent years, the topic of shape sensing has emerged as a key technology for the real-

time structural displacement, strain, stress, and damage monitoring [10]. Shape sensing is 

defined as the inverse problem of reconstructing structural displacements from discrete surface-

strain measurements. This is true not only for traditional vehicles and structures but also for 

developing shape morphing structures whose form can be varied based on their function [11]. 

A prime example is the development of morphing aircraft wings [12,13]. This also represents 

an area of application for shape sensing to monitor and control the deformed configuration of 

morphing structures [14,15]. As shape sensing also falls within the general category of inverse 

problems, it is ill-posed and do not necessarily satisfy the conditions of uniqueness and 

existence of a solution. Within the realm of shape sensing research, solutions have been 

approached by way of four main approaches: neural networks, approximation of the 

displacement field using global or piecewise continuous basis functions, use of finite element 

methods derived from a least-squares variational principle, and numerical integration of 

experimental strains, [16]. 

Bruno et al. [17] proposed a neural-network approach for shape sensing using a limited 

number of on-board measurements. Displacement reconstruction methods using basis 

functions have also been developed [18–21]. In particular, approaches that adopt the structural 

mode shapes and some discrete strain measurements have been proposed [18,20]. Development 

of finite element-based shape-sensing approaches was pioneered by Tessler and Spangler 

[22,23]. Ko et al. [24] proposed a shape sensing strategy based on strain integration and 

demonstrated that both bending and torsional response of beams can be reconstructed using 

axial surface strain measurements. The capabilities of this theory were demonstrated on 
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prismatic and tapered beams, and on complex wing structures [25]. For a comprehensive 

review of various shape-sensing approaches the interested reader is referred to [16].  

This work focuses on the finite element-based shape-sensing approaches, mainly 

related to the variational principle of Tessler and Spangler [22,23]. In Ref. [22,23], Mindlin 

plate kinematic assumptions are used in which in-situ strain measurements are required to 

match, in a least-square sense, with the corresponding analytic strain fields. Consequently, a 

number of displacement-based finite elements have been developed to form the building blocks 

of the inverse Finite Element Method (iFEM). A key computational advantage that sets iFEM 

apart from the other inverse solution approaches described previously is that no system model 

is required to arrive at accurate predictions of the structural response. Additionally, because 

iFEM is formulated on the basis of strain-displacement relations only, it is inherently 

independent of the material properties and operational conditions of the structure. The original 

iFEM formulation for plate and shell structures employed a three-node inverse shell element 

(iMIN3) [26]. This element uses C0-continuous, anisoparametric interpolations that are adopted 

from a related direct (forward) finite element formulation [27]. Kefal et al. [28] formulated a 

four-node quadrilateral inverse shell element with drilling degrees-of-freedom (iQS4), and an 

eight-node curved inverse shell element (iCS8) [29]. Within the iFEM framework, Gherlone et 

al. [30] developed a set of inverse beam and frame elements and studied their predictive shape-

sensing capabilities on beam and frame structures. Roy et al. [31] introduced an inverse-beam 

formulation capable of treating relatively complex beam cross-sections in an efficient manner. 

Recently, iFEM has been used for shape sensing analyses of  a composite stiffened 

panel [32], a composite wing box [33,34], marine applications (a Panamax container ship [35] 

and bulk carriers [36]), plate structures [37–39], cylindrical stiffened panels [40], and offshore 

wind turbines [41]. Miller et al. [42], using experimental measurements,  demonstrated the use 

of iFEM for predicting deformations and internal loads on an aircraft wing test article. Gherlone 
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et al. [16], using a wing-shaped aluminum plate with surface strains measured in a mechanics 

laboratory, performed iFEM shape-sensing calculations and compared several different shape-

sensing approaches. Additional experimental iFEM studies, using a moderately thick wing-

shaped sandwich structure, have been performed by Kefal et al. [43]. Oboe et al. [44]  studied 

a stiffened panel instrumented with fiber-optic sensors, and Colombo et al. [45] performed an 

iFEM analysis on a CFRP reinforced panel subjected to impact damage and a compressive 

fatigue test. 

One important aspect of any predictive shape-sensing technique, including iFEM, is the 

reliance on a suitable array of discretely located strain measurements, where the number and 

location of the strain sensors can affect the feasibility and accuracy of the displacement 

reconstruction. Within iFEM, stable and accurate solutions can be obtained even when some 

elements lack any measured strain data. This is achieved by specifying very small weighting 

coefficients associated with the least-square terms where such measured strains are missing.  

Various attempts have been made to optimize strain-sensor locations to achieve 

accurate shape sensing predictions. Kefal et al. [46] investigated the effect of sensor spatial 

density and alignment for iFEM shape sensing of a wing-shaped thick panel subject to various 

loading conditions. They concluded that sparse uniaxial strain measurement was sufficient for 

reconstructing the bending response, whereas triaxial strain measurements were sufficient for 

the torsional response. Esposito et al. [33] used genetic algorithms to optimize strain sensor 

locations and directions for minimizing iFEM displacement reconstruction errors of a 

composite wing box. Similarly, Zhao et al. [47] demonstrated optimal sensor placement on a 

three-dimensional frame using Particle Swarm Optimization (PSO) and on a wing frame using 

eigenvalue analysis [48]. Roy et al. [49] investigated the use of simple strain sensor patterns to 

reconstruct the vibration mode shapes of a rectangular plate. A smart system to determine the 

optimal on-board strain sensors for SHM of ship structures was proposed by Kefal et al. [50]. 
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Optimization-based strain sensor approaches commonly result in somewhat random 

and complex arrangements of strain sensors. These arrangements are specific to the structural 

geometry, loading conditions, and the displacement response patterns. Hence, for a given 

structure and changing loading conditions, such approaches result in completely different strain 

sensor patterns, making them difficult to apply in practice. To overcome such difficulties, the 

present research examines relatively simple and cost-effective strain sensor configurations 

aimed at providing sufficiently accurate shape-sensing predictions under a wide range of 

loading conditions, material systems, and structural geometries. 

The strain senor patterns of Ref. [49] were introduced as a possible solution to this 

problem. These patterns resemble the shape of commonly used load-bearing frame structures, 

and the related iFEM performance was investigated on the reconstruction of the vibrational 

mode shapes of a cantilevered rectangular plate [49]. They comprise of a combination of sensor 

paths along the plate boundaries and internal plate diagonals, and the proposed relatively 

simple arrangements of strain sensors ensures that applying them for practical applications 

remains feasible. iFEM reconstruction using these patterns produced accurate predictions of 

plate deformation for both low and high vibrational modes of the plate. As their shape sensing 

performance has been demonstrated and quantified, these patterns can potentially be adapted 

for more complex structures to develop built-up sensor networks comprising of one or more of 

these elementary sensor patterns. 

Other strategies to overcome issues related to the limited number of strain sensors are 

interpolation and smoothing of strain data. Tessler et al. [51] proposed a variational method to 

recover smoothed stresses from a non-smooth finite element stress field. The procedure, 

referred to as the Smoothing Element Analysis (SEA), discretizes the structural domain using 

least-squares finite elements, where within each element the variable to be smoothed (e.g., a 

component of stress, strain, or any other quantity of interest) is interpolated using piecewise 
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continuous functions. SEA is based on minimising a functional defined as the penalised least-

squares error between the continuous and discrete values of the quantity analysed. In the 

present context, the SEA can be used to generate C1-continuous strains from a set of discrete 

experimental strain measurements. This continuous strain distribution can contribute additional 

strain data for the iFEM analysis. In addition to the three-node triangular smoothing element 

[52,53], a four-node quadrilateral smoothing element was also developed [54]. Following the 

original pre-processing strategy proposed by Tessler and Spangler [22,23], Kefal et al. [55] 

used SEA as a pre-processor of in-situ strain data for application to iFEM.  They successfully 

applied this approach for shape sensing of multi-layered composite and sandwich structures. 

Roy et al. [39] investigated the problem of crack damage identification in a thin plate using 

uniaxial strain data, where SEA was used as a pre-processor of the in-situ strain data for iFEM.  

Oboe et al. [56] compared the performance of SEA to polynomial fitting as a strategy for 

extrapolating strains for iFEM reconstruction of a composite plate subject to buckling. They 

reported that to obtain accurate results appropriate selection of correct SEA mesh size and 

hyperparameters were essential.  

In this paper, the approach introduced in Ref. [49] is extended with the main goal of 

reducing the number of strain sensors even further, without a substantial loss of accuracy. The 

reduction in the number of strain sensors is aimed at reducing the overall cost of 

instrumentation, thus making this methodology even more appealing for practical applications. 

To achieve substantial strain sensor reductions, the in-situ strain data are smoothed using 

frame-like SEA patterns. These strain sensor patterns are combined with smoothed strain data 

to produce new 'reduced' patterns with fewer number of strain sensors. Investigating suitable 

SEA models that generate smoothed strain data and assessing iFEM predictions using the new 

reduced sensor patterns is the focus of this work. A key advantage of the loosely coupled SEA- 

iFEM approach is that a relatively small number of sensors may be used without assistance 
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from a system model. In this application, the role of SEA is to pre-process a relatively small 

set of strain measurements to achieve a much larger set of sufficiently accurate strains to be 

used by iFEM. Neither technique requires any information regarding the material properties 

nor the operational conditions of the structure. 

The remainder of the paper is organized as follows. In Section 2, the theoretical 

foundation of iFEM is reviewed in the context of SEA pre-processed strain data. In Section 3, 

a comprehensive computational study is discussed. The focus problem is that of a cantilevered 

plate that exhibits complex deformation patterns. The deformation patterns examined are those 

of high frequency vibration modes. Using reduced strain sensor patterns, and SEA assisted 

strain data pre-processing, the high-fidelity iFEM models are used for full-field displacement 

reconstruction analysis. Finally, in Section 4, concluding remarks are summarized. 

 

 

2. Review of iFEM and SEA 

Within the conceptual framework of iFEM, the structure, which is undergoing 

deformations due to arbitrary loading, is discretized with the so-called inverse finite elements. 

The inverse elements are derived from a weighted least-squares variational principle that was 

originally introduced for Mindlin plates and shells by Tessler and Spangler [22,23]. The iFEM 

framework has been shown to be computationally efficient and has the advantage of 

accommodating arbitrary structural configurations and material systems. It allows for a wide 

range of discretization strategies related to the distribution of in-situ strain data. For shape-

sensing (deformed shape) and strain reconstruction, no loading or material information is 

required for the analysis. For stress resultant and stress reconstruction, Hooke’s constitutive 

relations must be invoked. 
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Using the kinematic assumptions of Mindlin theory [57], the displacement vector can be 

expressed in terms of the in-plane (membrane) displacements ( )u x  and ( )v x , the transverse 

displacement (deflection) ( )w x , and the bending rotations ( )x x  and ( )y x  about the positive 

x and y directions, respectfully, where ( , )x yx  denote the midplane orthogonal reference 

coordinates. The three Cartesian displacement components are given as 

   

 ( ) ( ), ( ) ( ), ( )x y y x zu u z u v z u w = + = − =x x x x x    (1) 

where  ,z t t −  defines the thickness coordinate, and where 2t T=  is the total plate/shell 

thickness. The definitions of the kinematic variables are depicted on a quadrilateral plate 

domain in Figure 1. Note that the drilling rotation ( )z x  is not part of the plate kinematics; it 

can, however, be included within interpolation assumptions of the membrane displacements 

( )u x  and ( )v x , e.g., as described by Cook [58]. 

 

Figure 1. Notation of Mindlin kinematic variables depicted on a quadrilateral plate. 
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The infinitesimal in-plane strains are derived from the linear strain-displacement relations of 

elasticity theory, resulting in  
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The independent assumptions for the deflection, w , and bending rotations, x  and y , give 

rise to the transverse shear strains, given as  
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where (•),𝛼 ≡ 𝜕(•) 𝜕𝛼⁄  denotes a partial derivative with respect to the midplane coordinate 

(𝛼 = 𝑥, 𝑦). Thus, ( ),u ve , ( ),x y  , and ( ), ,x yw  g  are the eight section strain components 

representing the membrane, bending, and transverse shear section strains.  

It is further envisioned that the structure is instrumented with in-situ strain gauges or 

any type of strain sensors, such as fiber Bragg Grating (FBG) strain sensors or fiber optic strain 

sensors. These sensors provide real-time strain measurements during structural deformations. 

The in-situ strain measurements do not provide any information regarding the applied loading 

on the structure. Figure 2 depicts a typical plate/shell cross-section in the local coordinate frame 

of reference x = (x, y) and z. Corresponding to the mid-plane reference position xi = (x, y)i, two 
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strain gauges are instrumented at z=t and z=−t, each providing three strain-component 

measurements, ( ), ,
xx yy xy

  + + +  at (xi, z=t) and ( ), ,
xx yy xy

  − − −  at (xi, z=−t).   

 

 

Figure 2. Plate/shell instrumented with top and bottom strain gauges shown on a cross-section. 

 

Using Eqs. (2), the membrane and curvature section strains due to the strain sensor (strain 

gauge) measurements at (xi, z=t) and (xi, z=−t) can be readily determined at the position xi, in 

as 
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where superscript 𝜀 signifies that the values are obtained from the actual in-situ strain gauge 

measurements that may possess random experimental errors. 
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Within the iFEM formulation, the in-situ experimental section strains, Eqs. (5), and the 

analytic section strains, Eqs. (3), are required to match in a least-squares sense across the entire 

iFEM discretization. This is accomplished by a weighted least-squares variational principle, in 

which these two sets of strains are matched in a least-squares sense for every inverse finite 

element in the iFEM discretization. 

The weighted least-squares element functional, 
e , can be expressed as 

 
1,8

e
m s sb b k k

k
m w 

=
  + + = φ φ φw w w    (6) 

where 

     1 2 3 4 5 6 7 8
, , sbm w w w w w w w w= = =w w w  

denote the weighting coefficients that enforce either strong or weak correlation between the 

measured and analytic section strains; the vectors ( , , )j j m b s=φ  are given as the non-

dimensional L2 norms 
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where
eA denotes the element reference (mid-plane) area. In Eqs. (7), the analytic section 

strains are evaluated at the locations of the in-situ experimental values computed from Eqs. (5). 

The weighting coefficients wi (i=1−6) are generally set to unity, whereas w7 and w8, 

that are associated with the transverse shear strains, are set to a small value, anywhere in the 

range of   =10-6–10-3. Note that the transverse shear strains cannot be measured using surface-

mounted strain gauges, thus the absence of these strains in Eqs. (7). This weighted strategy 

allows the enforcement of sufficiently strong correlations between the in-situ (measured) 

section strains and their corresponding analytic counterparts, whereas the transverse shear 
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strains are represented only by their analytic representations. Moreover, in the event the 

element is missing a measured section strain component, the corresponding weighting 

coefficient is set to be small, taking the value of  . The eight section strains associated with 

the underlying theory are interrelated by way of four strain compatibility conditions. These 

strain compatibility conditions are the required integrability conditions leading to a compatible 

set of the five independent kinematic variables defined in Eq. (1).  

The kinematic variables, which appear in Eqs. (1), (6), and (7), can be interpolated with 

a suitable set of C0-continuous interpolation functions. Tessler and co-workers [27,59–61] have 

developed the so-called anisoparametric (aka interdependent) shape functions that yield highly 

accurate and robust shear-deformable beam, plate, and shell elements. These functions have 

also been effectively used for iFEM elements, e.g., in Refs. [26,30].  Herein, we make use of a 

four-node quadrilateral element iQS4 [28], that was also used in Ref. [49]. This element 

employs drilling degrees-of-freedom (DOF) for the u  and v  variables, as in Ref. [58], and 

uses anisoparametric interpolations developed for a four-node quadrilateral element in Ref. 

[60]. The iQS4 element has six DOF at each of its four nodes. With the element shape functions 

defined by the matrix e
N , and the corresponding vector of nodal DOF by the vector 

e
u ,  the 

five kinematic variables are interpolated across the element domain as 

T e e
x yu v w    =  N u      (8) 

Substituting Eqs. (8) into Eq. (6) and minimizing 
e  with respect to 

e
u  results in the 

element matrix equations of the linear form  

             e e e=k u f   (9) 

where 
e

k is a 24×24 symmetric, positive semi-definite matrix of constant coefficients, 
e

u is a 

24×1 vector of nodal DOF, and 
e

f  is a 24×1 right-hand vector that is a function of the 
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measured section strains. For the complete details of the matrix equations, the interested reader 

is referred to [28,49]. 

The element matrices are assembled using the usual finite element assembly procedure: 

(1) using appropriate orthogonal transformations, the element matrices are first transformed to 

correspond to the global DOF, and then (2) assembled into a global system of linear algebraic 

equations,   

=K U F             (10) 

To solve this system of equations uniquely, the K  matrix must be positive definite. In 

addition to imposing the requisite displacement boundary conditions that remove rigid-body 

modes, the iFEM mesh and the corresponding strain sensor distributions must be carefully 

designed. This latter aspect is of special computational and practical importance.  

Considering the cost and practical aspects of installing the strain sensors, the number 

of strain sensors and their spatial distributions become key considerations. First and foremost, 

an iFEM mesh and strain sensor locations must be designed to ensure that K  is positive 

definite. Furthermore, it is desirable to use a relatively fine iFEM mesh to ensure sufficiently 

accurate predictions of the deformed shape of the structure under consideration.  

To facilitate a robust and cost-effective shape-sensing analysis in the presence of relatively 

few strain sensors, the present paper examines an approach involving two basic analysis steps:  

(1) Pre-processing of in-situ (experimental) strain data accomplished by Smoothing 

Element Analysis (SEA), and 

(2) Solving the inverse problem using iFEM that utilizes SEA produced smoothed strain 

data.  
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This loosely coupled SEA-iFEM procedure is described in Figure 3. The SEA is a finite 

element technique that employs a penalized least-squares formulation. The approach treats 

arbitrarily positioned discrete data of a quantity of interest and outputs a C1-continuous 

representation of these data across the entire smoothing domain. The complete mathematical 

formulation of SEA and the formulations of three- and four-node smoothing elements can be 

found in the original articles by Tessler and co-authors [51–54]. In the present context, the 

experimental curvature strain measures (aka section strains) are the quantities to be smoothed 

by SEA, where each strain measure is smoothed independently. The main appeal of the SEA 

pre-processing step is that the smoothed strain measures can be output at Gauss integration 

points corresponding to the iFEM elements, thus allowing a straightforward area integration 

associated with the terms in Eqs. (7).  

 

 

Figure 3. Flow chart of iFEM procedure aided via pre-processing of in-situ strain data by SEA. 

 

In what follows, a numerical study is presented that is aimed at seeking robust iFEM models 

using SEA pre-processed experimental strain data. The main objective is to arrive at accurate 

iFEM predictions when relatively few strain sensors are available. 

 

3. Numerical study 



16 
 

A numerical study is carried out to explore the loosely coupled SEA-iFEM modeling 

strategy depicted in Figure 3. The key impetus for invoking the SEA pre-processing step is to 

ensure the robustness of high-fidelity iFEM discretizations in the presence of relatively sparse 

strain sensor distributions. This framework also allows for a cost-effective design of strain 

sensor distributions across the structural domain, while keeping the number of sensors to be 

relatively small. The numerical study attempts to quantify the benefits of the SEA-iFEM 

modeling by examining relatively simple SEA meshes and their corresponding strain sensors. 

Such schemes can serve as reference models for more complex structures and applications. 

 

3.1. Problem Definition 

As examples of various plate deformation patterns [49], natural vibration modes of a 

cantilevered rectangular plate are considered to assess the proposed SEA-iFEM shape sensing 

capability. The plate is made of an aluminium alloy of Young's modulus E = 73 GPa, Poisson's 

ratio 𝜈 = 0.3, and density 𝜌 = 2700 kg/m3. The plate dimensions are: span 𝑎 = 3 m, width 

𝑏 = 1 m, and thickness 2𝑡 =1 mm (refer to Figure 4). 

 

 

Figure 4. Cantilevered rectangular plate 
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Initially, in lieu of an actual experiment, a reference high-fidelity Finite Element Method 

(FEM) model is developed using the commercial ABAQUS code. The reference FEM model 

consists of 7550 S4R elements (S4R is a four-node plate element that uses reduced integration 

of the transverse shear energy.) The strains taken from the reference FEM solutions are 

regarded as the “experimental” strains, and these are used to calculate the experimental strain 

measures in Eqs. (5). Furthermore, the nodal displacements of the reference FEM model are 

used for comparison purposes against those predicted by the iFEM solutions. Since the in-plane 

strains are anti-symmetric about the midplane, the membrane strain measures, i
e , in Eqs. (5.1) 

vanish identically. Thus, only single-surface strain sensors (top or bottom) are needed to 

compute the bending strain measures in accordance with Eqs. (5.2).  

 

 

Figure 5. (a) iFEM mesh used, and (b) sections where the results are reported. 

 

The iFEM reconstruction is performed using the four-node inverse shell element (iQS4) 

[28]. The element uses anisoparametric shape functions, where the interpolation of transverse 
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deflection is one order higher than bending rotation to avoid shear locking when enforcing the 

Kirchhoff constraint. The in-plane and transverse displacement are interpolated bi-

quadratically, whereas the bending rotations are interpolated bilinearly. A regular iFEM mesh 

with a total of 1200 elements is used for the analysis (shown in Figure 5(a)), with 60 elements 

along the plate length and 20 elements along the plate width. A single strain sensor location is 

considered per element, with the assumption that the measured strains are constant across the 

element. The 2 × 2 Gauss quadrature rule is followed for integrating the error norms of Eq. 

(7), and the element centroidal strain measure is used at all integration points. 

 

 

 

3.2.Baseline iFEM solutions 

iFEM reconstruction accuracy solely using high-fidelity FEM strain data is briefly 

discussed here to establish a set of reference results illustrating the peak iFEM performance 

that can be developed for a specific problem. The greatest accuracy is expected when all iFEM 

mesh elements (Figure 5(a)) are instrumented with strain data. This full-field sensor 

configuration, referred to as ‘CFG-D’,  and other efficient sensor patterns (essentially subsets 

of CFG-D) introduced in Ref. [49], are shown in Figure 6. In this section, iFEM results using 

CFG-D are presented and will serve as a baseline for all subsequent investigations. 
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Figure 6. Sensor configurations: (a) CFG-A, (b) CFG-B, (c) CFG-C, and (d) CFG-D 

 

The higher vibrational modes of the plate are considered to assess iFEM results using CFG-

D. In particular, the fifth (or second torsional mode) and sixth (or fourth bending mode) modes 

corresponding to frequencies of 1.84 Hz and 3.27 Hz, respectively, are considered. They 

present complex plate deformation patterns with symmetric and anti-symmetric deflection 

distributions. The iFEM reconstructed displacements and rotations are visualized as line plots 

along the bottom edge (section A-A’), and tip (section B-B’) of the plate (refer to Figure 5(b)) 

and are compared against the reference FEM results. These results are normalized using the 

maximum value of FEM displacement or rotation along each path. 

3.2.1. Baseline results for Mode 5 

For the case of Mode 5, the iFEM results for transverse deflection w  and rotation x  are 

shown in Figures 7 and 8. These results are highly accurate, with errors of less than 1% along 

both sections A-A' and B-B'.  
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Figure 7. iFEM reconstructed w  for Mode 5 along: (a) A-A', and (b) B-B'. 

 

 

Figure 8. iFEM reconstructed x  for Mode 5 along: (a) A-A', and (b) B-B'. 

 

The iFEM results for y  (shown in Figure 9) also reports an error of less than 1%, 

illustrating a consistent level of iFEM accuracy for all the deformation components. 
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Figure 9. iFEM reconstructed y  for Mode 5 along: (a) A-A', and (b) B-B'. 

 

3.2.2. Baseline results for Mode 6 

The iFEM reconstructed deflection for Mode 6 along A-A' and B-B' is shown in Figure 10.  

 

 

Figure 10. iFEM reconstructed w  for Mode 6 along: (a) A-A', and (b) B-B'. 

The maximum error in w  is seen at the plate tip (along B-B'), with a value of ~1.5%. The 

results for the rotations x  and y , shown in Figures 11 and 12, respectively, are similarly 

accurate with errors less than 1% along both sections. 
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Figure 11. iFEM reconstructed x  for Mode 6 along: (a) A-A', and (b) B-B'. 

 

 

Figure 12. iFEM reconstructed y  for Mode 6 along: (a) A-A', and (b) B-B'. 

The above results demonstrate a baseline iFEM performance with errors ≤~1% when all 

elements of the iFEM mesh are instrumented with FEM strain data. In the next section 

relatively sparse strain sensor distributions are introduced, and the use of SEA smoothed strain 

data as a potential substitute for FEM strain data is investigated. 

 

3.3. Reduced strain sensor patterns 

Previous efforts investigating efficient sensor patterns requiring a sparse number of strain 

sensors identified three viable configurations [49] (see Figure 6): CFG-A (sensors instrumented 

along the plate boundaries), CFG-B (sensors along plate boundaries and internal zig-zag paths), 



23 
 

and CFG-C (sensors along plate boundaries and internal cross-diagonal paths). Among these, 

CFG-B was deemed an optimal choice as it presented a practical compromise between high 

reconstruction accuracy and low sensor requirements. CFG-B is characterised by a continuous 

strain sensor path along the plate boundaries combined with additional sensors along internal 

zig-zag diagonal paths, ensuring a non-singular and accurate iFEM reconstruction across the 

plate. It should also be noted that CFG-B uses tri-axial strain measurements (as corresponding 

to a strain rosette) at each sensor position. The continuity of the sensor pattern is also key to 

avoid a breakdown of the iFEM procedure due to a singular system matrix. 

 

 

Figure 13. Strain sensor distributions inspired from CFG-B: (a) Full, (b) Reduced Set-1 (R1), 

(c) Reduced Set-2 (R2), and (d) Reduced Set-3 (R3). 

 

The present study builds on previous results and reduces the number of sensors required by 

introducing a pre-processing step to smooth the experimental strain data. CFG-B, shown in 

Figure 13(a), serves as the reference for this study, whereas in Figures 13(b), (c), and (d) are 

shown three reduced sensor distributions. The R1 example uses a similar sensor configuration 

to CFG-B, but the number of sensors along each path is significantly reduced. Additionally, 
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the sensor distribution is improved. CFG-B used a uniform distribution of sensors along each 

sensor path, while in R1, the distribution is skewed such that sensor density is higher close to 

the clamped edge. This change was inspired by the fact that the root strains have a higher 

magnitude and a greater influence on the iFEM predictions. R2 further reduces the number of 

sensors (compared to R1) and incorporates a similar skewed distribution with a higher sensor 

density close to the clamped end. The R3 pattern is similar to R2, with the only contrasting 

feature being that tri-axial strain measurements are used only along the clamped end. All other 

sensor paths, i.e., along the long edges, tip, and internal zig-zag diagonals of the plate, use uni-

axial strain measurements (as from a linear strain gauge or fiber optic cable) and signify a 

substantial reduction in the number of sensors used. These three reduced sensor patterns are 

the focus of investigation in the following sections. 

 

3.4. Pre-processing of strain data using SEA 

The SEA formulation employed in this study is that developed in Ref. [53], where a three-

node triangular smoothing element (herein referred to as SEA3) has been developed. The 

formulation is robust enough to accommodate elements that do not have any in-situ strain data. 

For each reduced sensor pattern of Section 3.3, SEA models are used to smooth in-situ strain 

data, where the SEA3 elements are arranged in a cross-diagonal pattern. Independent 

smoothing meshes are used to smooth strains along each sensor path, as shown in Figure 14. 

Each smoothing mesh reflects the specific distribution of strain sensors along the path, i.e., 

along the long edges of the plate, the mesh is progressively finer close to the fixed end (see 

Figure 14(a)), and along the clamped edge a uniform fine mesh is used (see Figure 14(b)). Also, 

along the plate tip and internal diagonal paths, uniform meshes are used. In CFG-B, the location 

of the instrumented strain sensors coincides with each inverse element centroid. However, this 

is not the case for the reduced sensor patterns; in these new cases, the SEA is used to compute 
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smoothed strains at inverse element centroids corresponding to the boundary and internal 

elements instrumented in CFG-B. 

 

 

Figure 14. Smoothing meshes used: (a) along the plate length, and (b) along the plate width 

and cross diagonals.  

 

The accuracy of the smoothed strain fields is quantified to assess the feasibility of using 

smoothed strains as a suitable substitute for in-situ strains at various sensor locations of the 

plate. The smoothed strains are compared with reference FEM strains along the C−C’ and 

D−D' sections (refer to Figure 5(b)). All curvature plots are normalized with respect to the 

maximum FEM curvature along each path.  

 

 

3.4.1. Results for Mode 5 

The SEA smoothed curvatures are depicted in Figures 15-17. Figure 15 shows the results 

for curvature x  along sections C−C' and D−D'. As R2 and R3 have the same sensor 

distribution along the plate length, the smoothed curvature distribution along C−C' is also 

similar. The same is applicable for all three sensor patterns along D−D'. Figure 15(a) shows 
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the smoothed x  distribution along C−C', where R1 reports a maximum error of 1.12%. The 

other two patterns are less accurate, with an error of 2.53% close to the plate tip. Along the 

clamped end, (Figure 15(b)), the smoothed x  curvature is highly accurate, with a maximum 

error of 0.15%.  

 

 

Figure 15. SEA smoothed x  for Mode 5 along: (a) C−C', and (b) D−D'. 

 

Given that Mode 5 is a torsional mode, all three curvature components are equally 

important for displacement reconstruction. However, accurate smoothing of xy  and y  

involves difficulties due to their complex variation along the clamped end of the plate. Figures 

16(b) and 17(b) shows the plots of curvatures, xy  and y  along section D−D', where it is 

evident that only a high order polynomial expansion can capture such a complex variation. As 

the C1-continuous strain field produced by the SEA is dependent on the smoothing mesh used, 

a dense mesh is required along the clamped end to smooth the root curvatures accurately. The 

smoothing mesh used along the clamped end is shown in Figure 14(b). It should be noted that 

as only xx  strain measurements are available for R3 along C−C', curvatures xy  and y  are 

unavailable and cannot be smoothed along this section. Smoothing results for xy  along C−C' 
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are very accurate with a maximum error of less than 1.2% for R1 and R2. Along D−D', the 

results are similar for all three cases, where the maximum error is close to 5.2% at the corners. 

Smoothing results for y  along C−C' are less accurate with a maximum error of 4.3% for R1 

and 8.52% for R2, reported close to the plate tip. Along the clamped end, a maximum error of 

4.5% is observed. 

 

 

Figure 16. SEA smoothed xy  for Mode 5 along: (a) C−C', and (b) D−D'. 

 

 

Figure 17. SEA smoothed y  for Mode 5 along: (a) C−C', and (b) D−D'. 
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The smoothed curvature plots of Figures 16 and 17 verify that the refined smoothing mesh 

is capable of accurately smoothing the curvature distribution along the clamped end. Errors in 

the smoothed curvatures are observed near the plate corners, i.e., the top and bottom corners of 

the clamped end. These errors indicate that SEA is unable to recreate localised high-order 

curvature variations. Also, curvature y  results along C−C' (Figure 17(a)) demonstrates that 

R1 is more accurate, especially close to the plate tip, compared to R2 and R3 due to the greater 

sensor density near the tip. Overall, the smoothing results for Mode 5 are sufficiently accurate. 

Next, these smoothed strains are used for the iFEM analysis, and the reconstruction results are 

shown in a later section. 

 

3.4.2. Results for Mode 6 

In Mode 6 the x  curvature has a higher magnitude and a greater influence over the 

displacement field than xy  and y . Hence, there is a greater emphasis on accurately 

smoothing curvature x . The curvature distribution along path C−C' is composed of multiple 

peaks, following the various nodes and antinodes of the displacement field. The curvature 

distribution along D−D' is similar to that in Mode 5, where the variation can be modelled using 

a high-order polynomial. Overall, Mode 6 presents an excellent test case in smoothing a 

complex curvature field. Smoothing results for x  along C−C' are shown in Figure 18(a), and 

it reports a maximum error of ~1% for R1 and ~4% for the other two sets, with the major 

inaccuracies occurring close to the plate tip. It can be seen from Figure 18(b) that results along 

D−D' is very accurate with a maximum error of less than 0.15%. 
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Figure 18. SEA smoothed x  for Mode 6 along: (a) C−C', and (b) D−D'. 

The smoothed curvature distributions along the path C−C' are very accurate with minor 

errors in curvature x  toward the plate tip (XC = 3 m). These inaccuracies could result from 

the coarse sensor distribution and coarse smoothing mesh used near the plate tip. However, as 

the magnitude of the curvatures is lower near the tip, these errors are not expected to contribute 

to a significant degradation in the displacement reconstruction accuracy. Compared to Mode 

5, the more complex nature of the curvature field along the path C−C' (with multiple peaks) 

should be noted, and the results reported here are encouraging. SEA results for xy  and y  

are shown in Figures 19 and 20, respectively. Along C−C', the maximum error in xy  is less 

than 1.6%, while along D−D' it is ~3.6%. Similar, but slightly less accurate results are observed 

for y ; a maximum error of 1.8% and 5.9% for R1 and R2, respectively, along C−C', and 4% 

along D−D'. 
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Figure 19. SEA smoothed xy  for Mode 6 along: (a) C−C', and (b) D−D'. 

 

 

Figure 20. SEA smoothed y  for Mode 6 along: (a) C−C', and (b) D−D'. 

 

Along the clamped end, SEA performance was similar to that observed for Mode 5. Due to 

the complex nature of the curvature distribution, localized errors are observed close to the upper 

and lower corners of the plate, as seen in Figures 19(b) and 20(b). Here, a more refined 

smoothing mesh near the plate corners might lead to a more accurate smoothing of the 

curvature field. Overall, the relatively simple SEA models produced sufficiently accurate strain 

results for application within the iFEM analysis.  

 

3.5. iFEM reconstruction using smoothed strain data 
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The SEA smoothed curvatures are used as experimental strain data for the iFEM analysis. 

As previously stated, for each reduced sensor pattern (R1, R2, or R3), smoothed curvatures are 

extracted at element centroids corresponding to the instrumented strain sensor positions of 

CFG-B. Thus, iFEM analysis using CFG-B will use in-situ strain data at all relevant element 

centroids, while iFEM analysis using R1, R2, and R3 will use smoothed strain data at the same 

element centroidal positions. Although the number of in-situ strain sensor locations are 

different for each case, the same number of smoothed strain data locations are used as input for 

the iFEM analysis. A total of 214 smoothed strain data points are used, corresponding to the 

centroids of 214 elements. For elements with no strain data, the weighting coefficients of Eq. 

(6) are set to a small value, i.e., 10-4. Similarly, as the transverse shear strains cannot be 

measured using surface mounted strain sensors, the corresponding weighting coefficients (w7 

and w8) are also set to be small for all elements. The analysis cases are summarized in Table 1. 

The iFEM results based on SEA smoothed strain data are referred to as iFEM(s).  

 

Table 1. Labels, sensor, and mesh details of the various reduced sensor sets explored in the 

present study. 

Analysis 

Type 

Strain sensor 

Configuration 

(CFG) 

Sensor Set 

No. of in-

situ Strain 

Sensor 

Locations 

No. of 

iFEM 

Input 

Strain 

Data 

Locations 

Element and Mesh 

Information 

Element 

Type 

No. of 

Elements 

FEM | 

ABAQUS 

-- -- -- -- S4R 7,550 
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iFEM | CFG-

B 

CFG-B Full 214 214 iQS4 1,200 

iFEM(S) | 

CFG-B (R1) 

CFG-B 

Reduced 1 

(R1) 

107 214 

SEA3 | 

iQS4 

260 | 

1,200 

iFEM(S) | 

CFG-B (R2) 

CFG-B 

Reduced 2 

(R2) 

72 214 

SEA3 | 

iQS4 

260 | 

1,200 

iFEM(S) | 

CFG-B (R3) 

CFG-B 

Reduced 3 

(R3) 

72 214 

SEA3 | 

iQS4 

260 | 

1,200 

 

The iFEM results are presented as line plots of the reconstructed transverse deflection, w  

, and rotations, x  and y  at nodes along the plate length (section A−A') and along the plate tip 

(section B−B'). Figure 5(b) shows the various sections used for reporting the results. As the 

maximum transverse deflection in the case of Mode 5 occurs along the plate tip, considering 

section B−B' is of importance. The iFEM results presented in this section are normalised using 

the maximum magnitude of FEM deflection or rotation along each path. Additionally, contour 

plots of the deflections and rotations are also provided to illustrate the spatial distribution of 

the various deformation variables.  

 

3.5.1. Results for Mode 5 

The iFEM reconstructed deflection w  for Mode 5 along sections A−A' and B−B' are 

shown in Figure 21. The deflection results along both paths are highly accurate, with the 

maximum error not exceeding 1% along A−A', and less than 2.4% along B−B' for all three 

reduced sensor patterns. 
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Figure 21. iFEM reconstructed w  for Mode 5 along: (a) A−A', and (b) B−B'. 

 

 

Figure 22. Contour plot of w  for Mode 5: (a) FEM, and (b) R3 results 

 

A contour plot of the iFEM results is also presented to highlight the spatial variation of the 

reconstructed displacements and rotations. Figure 22 shows contour plots comparing the FEM 

and iFEM transverse deflection fields. Among the reduced sensor patterns investigated, R3 is 

expected to be the limiting case, producing the least accurate results due to the extremely low 
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quantity of in-situ strain sensors used. Hence, iFEM results for R3 are shown in Figure 22(b). 

No significant difference is observed from a cursory visual inspection of the two contour plots. 

Comparing maximum deflection magnitudes from both plots reveals a tip deflection error of 

1.9%, reinforcing the conclusions derived from Figure 21(b). 

The iFEM reconstruction results for x  along A−A' and B−B' are shown in Figure 23. In 

contrast to the transverse deflection results, the x  results present significant differences among 

the three sensor patterns. Results for R1 and R2 are similar and accurate, with a maximum error 

of less than 1.5% along both the sections. However, R3 results are different, with a maximum 

error of ~3.5% along the tip and ~13.7% along the plate length. The poor accuracy of R3 is 

further evident from the contour plots of x  shown in Figure 24.  

 

 

Figure 23. iFEM reconstructed x  for Mode 5 along: (a) A−A', and (b) B−B'. 
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Figure 24. Contour plot of x  for Mode 5: (a) FEM, and (b) R3 results 

Decline in R3 accuracy is attributed to the lack in quantity and quality of curvature data 

available for the iFEM procedure. As R3 utilizes tri-axial strain data only along the clamped 

end, all other sensor paths lack information regarding either one or two curvature components; 

y  and xy  data is unavailable along the plate length, while x  and xy  data is unavailable 

along the plate tip. This substantial lack of curvature data at internal locations of the plate can 

even lead to a breakdown of the iFEM procedure. This deficit is resolved to a certain extent 

using strain data along the zig-zag paths. This curvature component, oriented along the plate 

diagonal and referred to as 45,x , is a mixture of x , y  and xy . Using 45,x  and the boundary 

curvatures, iFEM attempts to recreate a continuous deformation field. However, the lack of 

curvature data is a hindrance to the iFEM procedure leading to reconstruction errors observed 

at internal nodes of the plate.  
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Figure 25. iFEM reconstructed y  for Mode 5 along: (a) A−A', and (b) B−B'. 

 

 

Figure 26. Contour plot of y  for Mode 5: (a) FEM, and (b) R3 results 

 

The reconstruction results for y  along A−A' and B−B' are shown in Figure 25. The plots 

are similar to those observed for x  i.e., results along the plate length are accurate for all three 

cases, with a maximum error of 1% for R1 and R2 and ~4% for R3. However, results along the 



37 
 

plate tip reveals inaccuracies; R1 and R2 reports a maximum error of ~3.5 %, while R3 

produces errors as high as 17 %. It should be noted that the magnitude of y  along the tip is 

small, which might have contributed to some of the errors observed. The contour plots of y  

(shown in Figure 26) give a clearer picture of the inaccuracies at internal nodes of the plate. 

Although y  is accurate at the plate boundaries, errors are observed further inwards. Similar to 

the previous case, these errors are attributed to the lack of internal curvature data.  

Among the three reduced sensor patterns investigated, iFEM reconstruction results for R1 

and R2 are observed to be very accurate. For the case of R3, although deflection results are 

accurate, rotation reconstruction revealed significant errors. But these conclusions should be 

put in perspective considering the extremely sparse set of strain data used for R3. Another 

observation is the high reconstruction accuracy along paths instrumented with strain sensors. 

A similar conclusion was also stated in Ref. [49]. The results for Mode 6 are analysed in the 

next section. 

 

3.5.2. Results for Mode 6 

This section presents the iFEM results using SEA smoothed curvatures for Mode 6. The 

iFEM reconstructed deflections along paths A−A' and B−B’ are shown in Figure 27. Similar 

to Mode 5, the deflection results along both paths are highly accurate, with a maximum error 

less than 2.5 % along the plate length, and less than 2% along the plate tip.  
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Figure 27. iFEM reconstructed w  for Mode 6 along: (a) A−A', and (b) B−B’. 

 

 

Figure 28. Contour plot of w  for Mode 6: (a) FEM, and (b) R3 results. 

 

An interesting aspect of these results for R2 and R3 is the asymmetry along the plate tip, 

as seen in Figure 27(b). This is attributed to the use of an asymmetric sensor pattern combined 

with the sparse nature of the sensor distribution. However, the asymmetry observed is small 

and not overly concerning. The contour plot of the deflection field, shown in Figure 28, reveals 
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further errors in the case of R3 at internal plate nodes. These results are less accurate than those 

of Mode 5 and the cause is again attributed to the lack of tri-axial curvature data available for 

iFEM reconstruction.  

The iFEM results for x  along A−A' and B−B’ are shown in Figure 29. Results along 

A−A' reveal diminishing levels of accuracy, with a maximum error of 3.7%, 7.5%, and 48.5% 

for R1, R2, and R3, respectively (see Figure 29(a)). The low magnitude of x  for Mode 6 

(which is a bending mode), combined with the absence of y  curvature data along the plate 

length results in a relatively poor reconstruction of x  along A−A'. However, as y  

information is available along the plate tip, x  reconstruction is more accurate along B−B’, 

with errors on the order of 0.5% for R1 and less than 6.5% for R2 and R3. These results again 

highlight the high reconstruction accuracy observed along the paths instrumented with sensors. 

 

 

Figure 29. iFEM reconstructed x  for Mode 6 along: (a) A−A', and (b) B−B’. 
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Figure 30. Contour plot of x  for Mode 6: (a) FEM, and (b) R3 results 

 

The contour plots of x  are shown in Figure 30, and they highlight the errors already 

discussed in the results of R3. The reconstructed rotation y  along paths, A−A' and B−B’ are 

shown in Figure 31. The reconstruction results along both paths are seen to be very accurate, 

with the maximum of less than 2% along both sections. Since for this mode, y  is the dominant 

rotation, accurate smoothing of the corresponding curvature x  is important. Sufficient 

information regarding this curvature component is available due to the straight strain sensor 

paths along the top and bottom edges of the plate, available in all three reduced sensor sets, 

leading to an accurate rotation reconstruction.  
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Figure 31. iFEM reconstructed y  for Mode 6 along: (a) A−A', and (b) B−B’. 

 

 

Figure 32. Contour plot of y  for Mode 6: (a) FEM, and (b) R3 results. 

 

The contour plots of y , shown in Figure 32, reveals errors in the results of R3. Although 

rotation reconstruction along sensor paths are seen to be accurate, it did not lead to an accurate 

reconstruction at internal nodes of the plate.  
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It can be concluded from the iFEM results that sensor patterns R1 and R2 are accurate in 

reconstructing the deflection and rotation fields corresponding to the fifth and sixth vibration 

modes of the plate. R3 produced good results for deflection, but rotation reconstruction is poor 

due to the lack of curvature data available. However, these results should be contrasted against 

the number, location, and nature of strain sensor data used for each case. Although R1 and R2 

produced accurate results, they require 107 and 72 strain rosettes, respectively, which is 

relatively high. In contrast, R3 requires only 19 strain rosettes and a single fiber optic cable, 

which is highly appealing from a practical point-of-view. Additionally, the use of fiber optic 

sensors affords the possibility of extracting significantly more uni-axial strain data due to its 

high measurement density. Such an increase in available strain data could lead to an 

improvement in the iFEM results as well.  

The main drawback of R3 is the lack of curvature data along the internal zig-zag paths of 

the plate. The curvature measured along the diagonal paths is not sufficient for iFEM to 

generate an accurate interpolation of the bending rotation between the x  data along the plate 

length and y  data along the plate tip. A better alternative is to use cross-diagonal sensor 

patterns (CFG-C in Figure 6). However, this strategy is accompanied by a corresponding 

increase in the number of strain sensors required. Regardless, these results successfully 

demonstrated the effectiveness of using smoothed strain data as a viable alternative to in-situ 

strain measurements, thus reducing the number of strain sensors required for practical shape 

sensing applications. 

 

3.6. Root Mean Square error of iFEM results 

Herein, we compute the Root Mean Square (RMS) error, RMSe , of the reconstructed 

displacement field to quantify the reconstruction accuracy over the entire plate domain. For 
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each reduced sensor pattern, the RMS error in the nodal deflection and rotation fields of Modes 

5 and 6 are estimated as, 
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where nodN  is the total number of nodes of the iFEM mesh. The error is plotted against the 

number of uniaxial strain measurements, unin  (or number of linear strain gauges) used for each 

sensor pattern. This choice of plot is inspired by the need to include the results of R3, which is 

primarily constituted of uniaxial strain measurements along the plate length and tip. The RMS 

error of iFEM|CFG-B and -D are also computed to serve as reference values in comparison 

with the reduced sensor patterns. The variation of RMSe  for transverse deflection w  and rotation 

x  as a function of sensor quantity is shown in Figure 33. 

 

 

Figure 33. Variation of RMSe  as a function of unin  for: (a) w , and (b) x    

 

The results show that RMSe  reduces with increase in the number of sensors used. The 

plot of Figure 33(a) shows a maximum error of 3.5%, highlighting the high reconstruction 

accuracy of transverse deflection across all sensor patterns. In Figure 33(b), the highest error 
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was observed for R3, further illustrating the inaccuracy in reconstructing x . Aside from R3, 

the errors of R1 and R2 converge quickly to those of the reference sensor patterns.  

 

 

Figure 34. Variation of RMSe  as a function of unin  for y   

 

The error plot for y  is shown in Figure 34, with RMSe  displaying a similar decreasing 

trend as a function of unin . However, the magnitude of the errors is not as high as that observed 

in Figure 33(b). An explanation for this behaviour is that the majority of strain sensors in R3 

are oriented along the plate length, which aids in y  reconstruction but not in x  reconstruction.  

These results further reinforce the conclusions derived in Sections 3.5 by providing a 

more global perspective of iFEM results across the entire plate. The high accuracy of the 

reduced sensor patterns in reconstructing transverse deflection has been further demonstrated.  

 

3.7. Influence of Measurement Noise 

This section investigates the effect of measurement noise on the reconstruction 

accuracy of the coupled SEA-iFEM approach. The problem of reconstructing Mode 6 using R1 

is investigated again, but now the in-situ strains are contaminated with different levels of 
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measurement noise. The noise is introduced as a percentage of the strain magnitude and follows 

a Gaussian distribution with zero mean and the value of three standard deviations ranging from 

2.5% and 7.5%. 

 

Figure 35. Change in RMS error of as a function of measurement noise for Mode 6 

The results of this study are shown in Figure 35, where the RMS error in reconstructed 

deflection and rotations (computed using Eq. (11)) are plotted as a function of the noise level. 

As expected, the results show an increase in error with greater levels of noise, however, the 

magnitude of increase is not substantial. Every 2.5% level increase in noise level only led to a 

<1% increase in RMS error for all the kinematic variables. In addition to the accuracy, these 

results display the robustness of the coupled SEA-iFEM approach. 

 

4. Conclusions 

The inverse problem of reconstructing structural deformations based on measured strain 

data, i.e., shape sensing, was demonstrated in the study of an aluminium plate undergoing 

complex bending and twisting deformations. The critical focus was to examine whether stable 

and accurate solutions can be obtained when the structure is instrumented with only a relatively 

small number of surface-mounted strain gauges or fibre-optic strain sensors. A high-fidelity 
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finite element solution was used as the experimental testbed for the strain gauge data retrieval 

and displacement field assessment.  

Within this computational study, high-fidelity iFEM models were used for solving the 

inverse reconstruction problem. As a pre-processing step to iFEM, suitable SEA models were 

developed to smooth the in-situ strain sensor data and to generate additional strain data to be 

seeded into a high-fidelity iFEM discretization. This modeling strategy allows stable and 

accurate solutions to be obtained even when many inverse elements do not possess any strain 

measurements. Several novel strategies were examined for effective utilization of this loosely 

coupled SEA - iFEM approach. To simulate strain data acquired from fiber-optic strain sensing 

networks, positions of strain sensors are assumed to be distributed along fiber-optic lines. To 

pre-process the in-situ strain data, SEA models were used along the strain-data directions. The 

resulting smoothed strains, that are practically C1 continuous, were then mapped onto the high-

fidelity iFEM discretizations. This novel SEA-iFEM modeling approach demonstrates that 

even with a relatively small number of strain sensors and judicial choice of strain sensor 

layouts, accurate plate and shell shape-sensing reconstructions can be obtained. The 

methodology has beneficial implications for practical industrial applications in structural health 

monitoring. 
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