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ON THE DIVISIBILITY OF THE RANK OF APPEARANCE OF A
LUCAS SEQUENCE

CARLO SANNAT

ABSTRACT. Let U = (Un)n>0 be a Lucas sequence and, for every prime number p, let pr(p)
be the rank of appearance of p in U, that is, the smallest positive integer k such that p
divides Uy, whenever it exists. Furthermore, let d be an odd positive integer. Under some
mild hypotheses, we prove an asymptotic formula for the number of primes p < x such that d
divides pu(p), as z — +o0.

1. INTRODUCTION

Let (Up)n>0 be a Lucas sequence, that is, a sequence of integers satisfying Uy = 0, U = 1,
and U, = a1U,_1 + asU,_o for every integer n > 2, where a1, ay are fixed nonzero integers.
The rank of appearance of a prime number p, denoted by py(p), is the smallest positive integer
k such that p | Ug. It can be easily seen that py(p) exists whenever p { as. Define

Ruy(d;a) == #{p <z :pfas, d|pu(p)},

for every positive integer d and for every z > 1.

Let (Fy,)n>0 be the Lucas sequence of Fibonacci numbers, corresponding to a; = as = 1.
In 1985, Lagarias [5] (see [0] for a correction and [8, 10] for generalizations) showed that
Rp(2;x) ~ %x, as © — +oo. More recently, Cubre and Rouse [2], settling a conjecture of
Bruckman and Anderson [1], proved that Rp(d;x) ~ c(d)d~? 1,4 (1- p‘z)_l, as r — 400,
for every positive integer d, where c(d) is equal to 1, %, or %, whenever 10 1 d, d = 10 (mod 20),
or 20 | d, respectively.

Let o, 3 be the roots of the characteristic polynomial fi;(X) := X% — a1 X — ag, and assume
that v := «/f is not a root of unity. Let A := a? + 4ay be the discriminant of fi;(X), and
let Ag be the squarefree part of A. Assume that A is not a square, so that K := Q(\/Z) is a
quadratic number field. Let h be the greatest positive integer such that + is a hth power in K.

Our result is the following:

Theorem 1.1. Let d be an odd positive integer with 3 1 d whenever Ag = —3. Then, for every
T > exp (Besw(d)dg), we have

) — . (w(d) + 1)d  x (loglog z)*(%)
Ruldie) =@ L) +OU< ed)  (logz)*/® > )

where B > 0 is an absolute constant and

1/ 1 1\
o= g (G @) (- 5)
with nuy(d) =0 4if A >0 or Ag Z 1 (mod 4) or Ag1d>®; and
(d>, h)
d) ==
nu (d) [(doo,h),Ao/(d,Ao)]2
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otherwise.

Cubre and Rouse’s proof of the asymptotic formula for Rp(d; x) relies on the study of the
algebraic group G : x? — 5y* = 1 and relates pr(p) with the order of (3/2,1/2) € G(F)).
Instead, our proof of Theorem 1.1 is an adaptation of the methods that Moree [9] used to
prove an asymptotic formula for the number of primes p < x such that the multiplicative order
of g modulo p is divisible by d, where g ¢ {—1,0,+1} is a fixed rational number.

2. ACKNOWLEDGEMENTS

The author thanks Laura Capuano (Politecnico di Torino) for several helpful discussions
concerning Lemma 5.5.

3. NOTATION

We employ the Landau—Bachmann “Big Oh” notation O, as well as the associated Vinogradov
symbol <. Any dependence of the implied constants is explicitly stated or indicated with
subscripts. In particular, notations like Oy and <y are shortcuts for Oy, 4, and <, 4,, Te-
spectively. For z > 2 we let Li(z) := f;lé% denote the logarithmic integral. We reserve the
letter p for prime numbers. Given an integer d, we let d*° denote the supernatural number
Hp| 4P, Given a field I and a positive integer n, we write " for the set of nth powers of
elements of F. Given a Galois extension E/F of number fields and a prime ideal P of O lying

above an unramified prime ideal p of Op, we write [%] for the Frobenius automorphism

corresponding to P/p, that is, the unique element o of the Galois group Gal(E/F') that satisfies
o(a) = a™® (mod P) for every a € O, where N(p) denotes the norm of p. Moreover, we let

[#} be the set of all [%} with P prime ideal of O lying over p. We write A, p for the

relative discriminant of E/F, and Ag := Ap/q for the absolute discriminant of E. For every

integer d and for every prime number p we let (%) be the Legendre symbol. For every positive
integer n, we let ¢, := >/ be a primitive nth root of unity. We write w(n), ¢(n), u(n),
and 7(n), for the number of prime factors, the totient function, the Mobius function, and the

number of divisors of a positive integer n, respectively.

4. GENERAL PRELIMINARIES

Lemma 4.1. Let n be a positive integer, let p be a prime number not dividing n, and let P be
a prime ideal of Og,) lying over p. Then Cy, has multiplicative order modulo P equal to n.

Proof. Let k be the multiplicative order of (;,, modulo P, that is, k is the least positive integer
such that ¢¥ =1 (mod P). On the one hand, we have that p | N(P) | N(¢¥ —1). On the other
hand, since () =1 (mod P), we have that k | n, and consequently Cﬁ is a mth primitive root
of unity, where m :=n/k. If k < n then m > 1 and N(¢¥ — 1) is either 1 or a prime factor of
m, but both cases are impossible since p { n. Hence, k = n. ]

Lemma 4.2. Let F' be a field, let a € F, and let n be a positive integer. Then X™ — a is irre-
ducible over F if and only if a ¢ FP for each prime p dividing n and a ¢ —4F* whenever 4 | n.

Proof. See [1, Chapter 8, Theorem 1.6]. O

Lemma 4.3. Let F be a field, let n be a positive integer not divisible by the characteristic of
F, and let m be the number of nth roots of unity contained in F'. Then, for every a € F, the
extension F(Cn, al/")/F is abelian if and only if a™ € F".

Proof. See [41, Chapter 8, Theorem 3.2]. O

Lemma 4.4. Let n be an odd positive integer and let d be a squarefree integer. Then \/d €
Q(¢p) if and only if d | n and d =1 (mod 4).

Proof. See [12, Lemma 3]. O
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We need the following form of the Chebotarev Density Theorem.

Theorem 4.5. Let E/F be a Galois extension of numbers fields with Galois group G, and let
C be the union of k conjugacy classes of G. Then

#{p prime ideal of Op non-ramifying in E : Npg(p) < x, [#} - C}

= i—g - Li(z) + O(k:xexp(—cl(log:E/nE)l/2>>
for every
x> exp(02 max(nE(log |Ag|)?, ]AE\2/"E/nE>) ,
where ng := [E : Q] and ¢1,co > 0 are absolute constants.

Proof. The result follows from the effective form of the Chebotarev Density Theorem given by
Lagarias and Odlyzko [7, Theorem 1.3] and from the bounds for the exceptional zero of the
Dedekind zeta function (g given by Stark [13, Lemma 8 and 11]. O

5. PRELIMINARIES TO THE PROOF OF THEOREM 1.1

Recalling that h is the greatest positive integer such that ~ is an hth power in K, write
v = ’yg for some 79 € K. Also, let o € Gal(K/Q) be the nontrivial automorphism, which
satisfies ok (\/Z ) = —V/A. Note that, since v = o/ and o swaps o and 3, we have that
or(y) =71, For all positive integers d,n such that d | n, let K, 4 := K(Cm’yl/d).

Lemma 5.1. Let p be a prime number not dividing asA and let m be a prime ideal of Ok
lying over p. Then py(p) is equal to the multiplicative order of v modulo w. Moreover, py(p)
divides p — (%).

Proof. First, note that p t ay ensures that f is invertible modulo 7, and consequently it makes
sense to consider the multiplicative order of v = «/8 modulo 7. Also, p t A implies that p
does not ramifies in K and that o # 5 (mod 7).

We shall prove that p | U, if and only if ¥ =1 (mod ), for every positive integer n. Then
the claim on py(p) follows easily. It is well known that the Binet’s formula

a — Bn
1 n=———
) vy =2
holds for every positive integer n. On the one hand, if p | U,, then, since pOg C 7 and (1),
we have o = " (mod 7), and consequently 4" = 1 (mod 7). On the other hand, if 4" =

(mod 7) then by (1) we get U,, =0 (mod 7). If p is inert in K, then pOg = 7 and so p | U,.
If p splits in K, then pOx = 7 Nog(w). Thus U, = 0 (mod ) and U, = ox(Ug) = 0
(mod ok (m)) imply that p | U,.

Let 0 := [KT/Q} On the one hand, if (%) = —1 then 0 = ox and VP! = ox(y)y =
7ty =1 (mod 7), so that py(p) | p+ 1. On the other hand, if (%) = +1 then ¢ = id and

P~ =~y =1 (mod 7), so that py(p) | p— 1. O

For each prime number p not dividing asA, let us define the index of appearance of p as
wp) = (p—(5))/rv(p).
Note that, in light of Lemma 5.1, (7(p) is an integer.
Lemma 5.2. Let d,n be positive integers such that d | n, and let p be a prime number not
dividing a2 A. Moreover, let P be a prime ideal of Ok, , lying over p and let o := [K"’Tﬁ/(@].
Then

(2) p= (%) (mod n) and d|w(p)
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if and only if o =id or
(3) o) =¢ " and  o(¥Mh) =47V

) = —1. Let us assume (2). On the one hand, since p = —1

—~

Proof. First, suppose that (

s>

(mod n), we have

(4) o(() = =¢, " (mod P).

Since ¢((,) = ¢ for some integer k, and since p does not divide n, Lemma 4.1 and (4) yield
that o(¢,) = ¢L.

n

On the other hand, d | ¢y(p) implies that py(p) | (p + 1)/d. Hence, letting 7 := P N Ok,
Lemma 5.1 yields y?*1/4 = 1 (mod 7). Consequently,

(5) U(,Yl/d) — (,Yl/d)P = A(PtD/d  \~1/d = \~1/d (mod P).

Note that, since (%) = —1, we have

o(7) = olx(1) = [K2] () = oxc () =47,

so that a(’yl/d) = ij’y‘l/d for some integer k. Thus Lemma 4.1 and (5) yield that a(’yl/d) =
y~1/d. We have proved (3).
Now let us assume (3). On the one hand, we have

Gt =0(G) = aloen () = [%} (Cn) = G

so that p = —1 (mod n). On the other hand,
,Y(p+1)/d = (’Yl/d)p . ’Yl/d = U(,Yl/d) "Yl/d = ’Y_l/d . ’Yl/d =1 (mod P),

so that y®*+1/4 =1 (mod ), which, by Lemma 5.1, implies d | ¢7(p). We have proved (2).
If (%) = +1 then the proof proceeds similarly to the case (%) = —1, and yields that (2) is

equivalent to o(¢,) = ¢, and O'(’}/l/d) =14 that is, o = id. O

Lemma 5.3. The roots of unity contained in K are: the sizth roots of unity, if Ag = —3; the
forth roots of unity, if Ao = —1; or the second roots of unity, if Ay # —1,—3.

Proof. 1f ¢, € K for some positive integer n, then Q(¢,) C K, so that ¢(n) < 2, and n €
{1,2,3,4,6}. Then the claim follows easily since (3 = (=1 ++/—3)/2, (4 = vV/—1, and (5 =
(1++v-3)/2. O

Lemma 5.4. Let n be an odd positive integer with 3 4 n whenever Ay = —3, and let d be a
positive integer dividing n. Then a € K N K(¢,)? if and only if a € K9,

Proof. The “if” part if obvious. Let us prove the “only if” part. Note that, by the hypothesis
on n and by Lemma 5.3, the only nth root of unity in K is 1. Suppose that a € K N K ()%
Hence, there exists b € K((,) such that a = b%. Putting a; := /¢, we get that a; = b™.
Therefore, K ((n,ai/n) = K((n,b) = K((,) is an abelian extension of K. Consequently, by
Lemma 4.3, we have a; € K", that is, a; = b} for some b; € K. Thus a" = a‘f = b‘f", so that

a=(_ b‘li, where ¢ is a nth root of unity in K. We already noticed that ¢ = 1, hence a € K¢. [

Lemma 5.5. Let n be an odd positive integer with 3 + n whenever Ag = —3, and let d be a
positive integer dividing n. Then

(6) [Kn,d : @] =

p(n)d 1 if VA € Q)
2 if VA ¢ Q(Gn),

while

(7) |AKn7d|1/[K”vd:Q] <yn® and log Ak, .| <u n?log(n + 1).
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Moreover, there exists o € Gal(K, q/Q) satisfying (3) if and only if VA ¢ Q(¢) or A < 0.
In particular, if o exists then it belongs to the center of Gal(K,, 4/Q).

Proof. Let dgy := d/(d,h), ho := h/(d,h), and f(X) = X% — ygo. Suppose that 780 € K(G)P
for some prime number p dividing dy. Then, by Lemma 5.4, we have ’ygo € KP. In turn, by

the maximality of h, it follows that p | hg, which is impossible, since (dgy, hg) = 1. Hence, 75“) ¢
K ((,)?P for every prime number p dividing dy. Consequently, by Lemma 4.2, f is irreducible

over K((,). Thus K, g = K((,)[X]/(f(X)), so that [K, 4 : K(¢,)] = do and (yl/d)do = ygo.
It is easy to check that [K((,) : Q] = p(n) if VA € Q((n), and [K () = Q] = 2¢(n) otherwise.
Hence, (6) follows.

Let s be a positive integer such that syy € Ok, and put g(X) := s% f(X/s) = X% — sdoygo.
Since f is the minimal polynomial of v/¢ over K (Cn), we get that g is the minimal polynomial
of sy over K((,). In particular, since g € Og[X], we have that sy'/% € O Hence,

from K, 4 = K(Cn)(syl/d) it follows that

. i i \2
Ak, ki 2disc(9) Oy = I (59", — s7M¢,) Ok c)
1<i<j<do

= (7N Vg O, = 7" (57 o) O

n,d? °

and

ho)(do—l)[K(Cn):K] (sdo—ldo)do[K(Cn):@} | (

Ni(c/e(Bk, ./x)) = Nrjo(v Ng g(7)sn)™

Also, a quick computation shows that Ag(,) | (4An)*>. Therefore, since

[Kn, K (Cn)]
Akpa =Dy " Nic() 0 (DK, a/x(Ga))

we get that every prime factor of Ak, , divides An, where A := 4ANg g(7)s. By Hensel’s
estimate (see, e.g., [11, comments after Theorem 7.3]), we have that

ALY <ng [T ps
plAL

for every Galois extension L/Q of degree ny. Consequently,
A, [/ < (K, 4 QAR <u p(n)dn <,
and
log |AK, 4| < [Kna: Q](log(n®) + Oy(1)) < p(n)dlog(n + 1) < n*log(n + 1),

so that (7) is proved.

Suppose that there exists o € Gal(K,, 4/Q) satisfying (3). We shall prove that VA ¢ Q(¢,)
or A < 0. Assume that VA € Q((,). On the one hand, o(y) = a(’yl/d)d = 471 and
consequently O'(\/Z) = —V/A. On the other hand, since VA € Q(¢,) and o(¢,) = 1, we

have that a(ﬂ) = V/A. Therefore, VA = —V/A and so A < 0. Now let us check that o
belongs to the center of Gal(K, 4/Q). Note that Ng,g(y) = vyor(y) = vy~ = 1. Also,
NK/Q(%};O) = NK/Q(%‘) = NK/Q(V) = 1, since d is odd and so hg = h (mod 2). Therefore, for
every T € Gal(K,, ,/Q), we have 7'(75“)) = ygo, if 7| = id, or 7'(75“)) = NK/Q(7g0)76h0 = 70_h°
o vt we have that 7(¢,) = ¢ and
T(yl/d) = Cflovil/d for some integers s,¢. At this point, it can be easily checked that (o7)((,) =
(10)(¢,) and (O'T)(’)/l/d) = (TO')(’)/l/d). Hence, o belongs to the center of Gal(K, 4/Q).
Suppose that VA ¢ Q((,) or A < 0. We shall prove the existence of o € Gal(K, 4/Q)
satisfying (3). It suffices to show that there exists o1 € Gal(K((,,)/K) such that o1(¢,) = ¢ *

if 7|x = ox. Consequently, recalling that (’yl/d)
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and o1|x = ox. Indeed, recalling that K, 4 = K((,)[X]/(f(X)), we can extend o to an
automorphism o € Gal(K, 4/Q) that sends the root ¥4 of f to the root v~ /¢ of

(1 )(X) = X — o1(35°) = X = Nigjg ()35 = X® =25,
and so o satisfies (3). Pick op € Gal(Q(¢,)/Q) such that oo(¢,) = ¢ 1 If VA € Q(¢,) then

K() = Q&) A <0, and og(VA) = VA = —V/A, so we let o1 := ag. If VA ¢ Q(()
then X2 — A is the minimal polynomial of VA over Q(¢n) and we can extend og to o1 €
Gal(K (¢,)/Q) such that o1 (VA) = —VA. O

6. PROOF OF THEOREM 1.1

The proof proceeds similarly to [9, Section 2]. For all positive integers d,n with d | n, and
for all z > 1, let us define

TUm,d(T) = #{p <z:pfaA, p= (%) (mod n), d | LU(p)}.
In what follows, we will tacitly ignore the finitely many prime numbers dividing asA.

Lemma 6.1. For every positive integer d and for every x > 1, we have

(8) RU(d; l‘) = Z ZM(G)WU,dv,aU($)'

v|d>® al|d

Proof. Every prime number p counted by the inner sum of (8) satisfies p < (%)

x
(mod dv), and t7(p) = vw for some integer w. Writing w = wyws, with wy := (w,d), we get
that the contribution of p to the inner sum or (8) is equal to Y ajwy (@). Hence,

(9) ZM(G)WU,dv,aU(w) =#{p<az:p= (%) (mod dv), v | w(p), (ww(p)/v.d) =1}.
ald

Now it suffices to show that
(10)  Ruldz) =) #{p<z:p= () (moddv), v|wp), (wp)/v.d) =1}.
v|d>
On the one hand, let p be a prime number counted on the right-hand side of (10). Note that
this is counted only one, namely for v = (ty(p),d>). Then, from py(p)y(p) = p — (é), it

P
follows that d | py(p). Hence, p is counted on the left-hand side of (10).
On the other hand, let p be a prime number counted by Ry (d;z). Then d | py(p) and, by

Lemma 5.1, p = (%) (mod d). Consequently, there is an integer v such that v | d®°, p = (%)
(mod dv), and (vy(p)/v,d) = 1. Hence, p is counted on the right-hand side of (10). O
Lemma 6.2. Let n be an odd positive integer with 3 + n whenever Ag = —3, and let d be a
positive integer dividing n. There exist absolute constants A, B > 0 such that
TUmnd(T) = 6y naLi(z) + Oy (x exp (—A(log a:)l/z/n))

for x > exp(Bn®), where

(d,h) |1 ifA>0o0rAg#1 (mod4) or Agtn,
(11) OUnd = . _

e (n)d |2  otherwise.

Proof. Put E = K,q, F = Q, G := Gal(E/F), and C = {id,o} if there exists o €

Gal(K,,,q/Q) satisfying (3), or C = {id} otherwise. By Lemma 5.5, o belongs to the cen-
ter of GG, so that C is the union of conjugacy classes of G. By Lemma 5.2, we have that

TUm,d(2) is the number of primes p not exceeding « and such that [E}#] C C. Thus, taking

into account the bounds for the degree and the discriminant of E/F given in Lemma 5.5, and
considering Lemma 4.4, the asymptotic formula follows by applying Theorem 4.5. U
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Lemma 6.3. Let d be an odd positive integer with 3 1 d whenever Ag = —3. If x > 1 and
e <y < logw/ip(d), then

z  wd) +1 (logy)~@
(12) UE;OO g:u(a)ﬂ—U,dv,av(x) < logm C,D(d) y
v>y
and
Y D ul@)dvava <u D+l (logy)W(d).
i ala o ¢(d) y
v>y

Proof. Let w(m,r;x) :=#{p < x:p=r (mod m)}. From (9) it follows that

(13) Zu(a)ﬂU7dv7av(:E) < Ty dvw () < (2 du, £1).
|d

Moreover, letting z — +00, Lemma 6.2 and the first inequality of (13) yield

(14) Z /L(a)éU,dv,av < 5U,dv,v-
ald
Now we have My(z) := #{v < z : v | d°} < (logz)*@, for every = > 2. Hence, by partial
summation and since y > “@ | we obtain that
1 Myt)|™™ oo My(t o0 (log t)«(@) d) + 1)(log y)~@
G ¥ Lo ML M g [ 0, (old) gD
e v t t y t Y

v>Yy

t=y Yy

On the one hand, using the Brun—Titchmarsh inequality [3, Theorem 12.7]

x
Tm,rmzr) < ————7—,
) S o og(afm)
holding for > m, and (15) we get that
x 1 z w(d)+1 (logy)“@
1 dv,£1; _ - - - .
(16) z;m mlav, £1;2) < p(d)log x 2200 v Slogz o(d) y
v>y, dv<ax?/3 v>Yy

On the other hand, using the trivial bound 7(m, £1;z) < x/m, holding for z > 1, and (15)
again, we find that

an Y mdEhn < Y < 3 L <alw(d) +1)(log ).
v|d>® v|d> w|d>®
dv > x2/3 dv > 22/3 w > x2/3

Putting together (16), (17), and (13), taking into account that w(d) < logy and ¢(d)y < log z,
we obtain (12). Finally, from (14), (11), and (15), we get

w(d)
Z ZM(G)5U,dv,av < Z S0 dvw KU L Z % < w(d) +1 (logy)“' ,

v|[d>® al|d v|d> (p(d) v|d°°v (,D(d) y
v>y v >y v>y
as desired. ]

Lemma 6.4. Let d be an odd positive integer with 31 d whenever Ay = —3. Then

> wl@)dv.avan = du(d).

v|d>® ald
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Proof. For every integer e dividing d*°, define

wu(a)(av, h)
Sacni= D D = d“w -
v|[d>® ald
elv

The value of Sgj1, was computed in [9, Lemma 4] and a slight modification of the proof
(precisely, replacing (h,d>) with [e, (h,d*°)] in the last equation) yields

Sden = d[(di h];, 5 E < — —>_1.

At this point, by (11) and considering that Aq | dv if and only if e | v, where e := Ay/(d, Ap),
we have

Z Zu(a)éU,dv,av -

v|[d>® ald

Sd.1.h if A>0o0r Ag#1 (mod 4) or Agfd™
= oy (d),

Si1n+ Saen otherwise

as claimed.

O

Proof of Theorem 1.1. Let A;B > 0 be the constants of Lemma 6.2. Assume that z >

exp (Besw(d)dg) and put y := (logz/B)Y®/d. Note that e*® < y < logz/¢(d) and logy <

log log x, for every  >p 1. By Lemma 6.1, Lemma 6.2, and Lemma 6.4, we obtain that
Ru(diz) = > Y pla)mygea(@) + O(EL)

v|d>® al|d
v<y

= Z ZN 5Udvcw ()+O(E1)+OU(E2)

v|[d>® al|d
vy

= 6y (d) Li(z) + O(E1) + Oy (E2) + O(E3),

where, by Lemma 6.3, we have

Z Z,u( T do.av (T) z w(d+1 ) (log )~ @ < (w(d)+1)d ~z (loglog z)@(d)

o S o ey o@  (oga)®
v>Y
and
w(d) +1 (logy)“@ _ (w(d) + 1)d x (loglog z)“(D)
Es = a)du,dv,av < . -Li(r) < . ,
11 2 D v W) < =5 i) € S
v>y
while, also using the inequality 7(d)/d < d/¢(d), we have
Z Z zexp (—A(log x)l/z/(dv)) < wexp (—ABI/S(log x)3/8)7'(d)y
v|d> ald
v<y
d) d x
_ABY3(1 3/8\(1 1/8 . 7( ) .
< wexp ( (log 2)*/®) (log ) <<<p(d) (log 2)97F
The result follows. U
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