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Periodic homogenization in the context of structured deformations

Micol Amar®, José Matias(®, Marco Morandotti® and Elvira Zappale

Abstract. An energy for first-order structured deformations in the context of periodic homogenization is obtained. This
energy, defined in principle by relaxation of an initial energy of integral-type featuring contributions of bulk and interfacial
terms, is proved to possess an integral representation in terms of relaxed bulk and interfacial energy densities. These energy
densities, in turn, are obtained via asymptotic cell formulae defined by suitably averaging, over larger and larger cubes,
the bulk and surface contributions of the initial energy. The integral representation theorem, the main result of this paper,
is obtained by mixing blow-up techniques, typical in the context of structured deformations, with the averaging process
underlying the theory of homogenization.
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1. Introduction

The mathematical modeling of materials has interested scientists for many centuries. In the last decades,
the accuracy of these models has considerably increased as an effect of more sophisticated measuring
instruments, on the experimental side, and of the availability of sound mathematical abstract frameworks,
on the theoretical side. Classical theories of continuum mechanics provide a good description of many
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phenomena such as elasticity, plasticity, and fracture and are susceptible of incorporating fine structures
at the microscopic level. A mathematical process through which the effects of a preassigned microstructure
emerge at the macroscopic level is called homogenization: this procedure provides an effective macroscopic
description as the result of averaging out the heterogeneities.

By contrast, structured deformations [14] provide a mathematical framework to capture the effects at
the macroscopic level of geometrical changes at submacroscopic levels. The availability of this framework,
especially in its variational formulation [9], leads naturally to the enrichment of the energies and force sys-
tems that underlie variational and field-theoretic descriptions of important physical phenomena without
having to commit at the outset to any of the existing prototypical mechanical theories, such as elasticity or
plasticity. A (first-order) structured deformation is a pair (g, G) € SBV (Q;R?) x L' (Q; R™>*N) =: SD(Q),
where g: Q — R? is the macroscopic deformation and G': © — R¥*¥ is the microscopic deformation ten-
sor. As opposed to classical theories of mechanics, in which g and its gradient Vg alone characterize the
deformations of the body (2, the additional geometrical field G captures the contributions at the macro-
scopic level of the smooth submacroscopic changes. The difference Vg — G captures the contributions
at the macroscopic level of slips and separations occurring at the submacroscopic level (which are com-
monly referred to as disarrangements [15]). Heuristically, the disarrangement tensor M := Vg — G is an
indication of how nonclassical a structured deformation is: should M = 0 and if g is a Sobolev field, then
the field G is simply the classical deformation gradient; on the contrary, if M # 0, there is a macroscopic
bulk effect of submacroscopic slips and separations, which are phenomena involving interfaces. This fact
will be made precise in Approximation Theorem 2.5.

In order to assign an energy to a structured deformation (g, G) € SD(£2), the proposal has been made
in [9] to take the energetically most economical way to reach (g, G) by means of SBV fields u,,: according
to the Approximation Theorem [9, Theorem 2.12], we say that a sequence {u,} C SBV (€2;R?) converges
to (g,G) if

u, — g in L'(Q;RY) and  Vu, > G in M(Q;RP>N), (1.1)

where M(Q; R¥N) is the set of bounded matrix-valued Radon measures on ), and we denote this
convergence by u,, SLD (9,G). We let the initial energy of a deformation u € SBV (Q;R?) be

E(u) ::/W(Vu(x))dx—l— / U([u) (), vy (x) dHN ~1(z), (1.2)
Q

QNS

which is determined by the bulk and surface energy densities W: RN — [0, +00) and ¢: R4 x SV~ —
[0, +00). In formula (1.2), dz and dH" ~!(x) denote the N-dimensional Lebesgue and (N —1)-dimensional
Hausdorff measures, respectively; [u](z) and v, (z) denote the jump of u and the normal to the jump set
for each = € Sy, the jump set.

In mathematical terms, the process just described to assign an energy to a structured deformation
(9,G) € SD() reads

I(g,G) := inf { liminf E(u,) : {u,} € SBV(Q;R?), u,, SLD (g,G)}. (1.3)

n—oo

In the language of calculus of variations, the operation described in (1.3) is called relazation and the
main result in [9] was to prove that the functional I admits an integral representation, that is, there exist
functions H: RN x RN — [0, +00) and h: R? x S¥=1 — [0, +00) such that

1(9.G) = / H(Vg(x), G(x)) dz + / h(lg) (), vy ) AHY 1 (z). (1.4)
Q NS,

In this work, we focus on submacroscopically heterogeneous, hyperelastic, defective materials featuring
a fine periodic microstructure. Our scope is to provide an asymptotic analysis of the energies associated
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with these materials, as the fineness of their microstructure vanishes, in the variational context of struc-
tured deformations [9].

The initial energy functionals that we consider involve a bulk contribution and a surface contribution,
each of which is described by an energy density which depends explicitly on the spatial variable in a
periodic fashion, namely the energy associated with a deformation v € SBV(;R?) has the expression

X

E.(u) ::/W<§,Vu(x))dx+ / w(g,[u}(m),uu(x))dHN_l(x), (1.5)
Q QNS

where W: RV x RN — [0, 400) and ¢: RY x R? x S¥=1 — [0, 4-00) are Q-periodic in the first variable
(Q being the unit cube in RY), and ¢ > 0 is the length scale of the microscopic heterogeneities (see
Assumptions 3.1 for the precise assumptions on W and ). We will perform a relaxation analogous to
that in (1.3) for e-dependent initial energy (1.5). In particular, we aim at assigning an energy to structured
deformation (g, G) where the geometric field G is p-integrable for some p > 1. As proved in [9], this has the
effect that the submacroscopic slips and separations diffuse in the bulk and contribute to determining the
relaxed bulk energy density, whereas the relaxed surface energy density is determined alone by optimizing
the initial surface energy density. The mechanical interpretation of this fact, which is also the motivation
for our choice, is that the relaxed surface energy is not influenced by the initial bulk energy in the limit.
We define the class of admissible sequences for the relaxation by

R;(97G;Q) = {{un} IS SBV(Q;Rd) DUy, SAD (9,G), supHVunHLp(Q;Rde) < —l—oo} (1.6)
neN
and for every sequence &, — 0, we define
1550 (9, G) = int{lim inf B, (un) : {un} € Ry(9,G59)}. (L.7)

The main result of this work is the following theorem, which provides a representation result analogous
to that in (1.4), for structured deformations (g, G) € SD,(Q) := SBV (; R%) x LP(; R¥N). Indeed, the

convergence s%) and the uniform control on the LP norm of the gradients Vu,, required in (1.6) imply that

the gradients in (1.1) converge weakly in LP(Q; R?*) to G, instead of converging weakly-* in the sense
of measures (see our Approximation Theorem 2.5 below). Therefore, it makes sense to actually define

I{E”}(g,G):: inf{liminfEEn (un) = {un}t € Rp(g, G; Q)}, (1.8)

hom
where

Rp(g,G; Q) = {{un} € SBV(Q;RY) : u,, — g in L' (% R?), Vu,, — G in LP(Q;RdXN)}. (1.9)

Theorem 1.1. Let p > 1 and let us assume that Assumptions 3.1 hold; let u € SBV (;R?) and let E.(u)
be the energy defined by (1.5). Then, for every (¢,G) € SD,(Y), and for each sequence e, — 0, the
I{En}

hom

homogenized functional (9,G) defined in (1.8) admits the integral representation

IAeNe) Z/Hhom(VQ(x),G(x))dI+ / hom ([g](2), v(2)) dHN 1 () (1.10)
Q ans,
The relazed energy densities Hyom: RN x RN — [0, 4+00) and hpom: R? x SV~ — [0, +00) are
independent of {e,} and are given by the formulae
. 1.
Hyom(A, B) := égg o mf{ /W(at,A + Vu(z)) dz

he (1.11)

+ / (z, [u](z), v (x)) dHN Hz) s u € CE““‘(A, B; kQ)}
kQNS.,
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for every A, B € RN | and

hhom (A, V) := inf

nf rrr it [0 @), () ARV @) w e T OLikQ,) b (112)

(kQu)NSy

for every (\,v) € R x SN~ where Q, is any rotated unit cube so that two faces are perpendicular to v.
I{En} I{En}

ot itself, is independent of {e,}, and we write Inom in place of I .

Consequently,

The independence of hyom (A, V) from the specific choice of the cube @, can be deduced from Propo-
sition 3.5. In (1.11) and (1.12), we have defined, for A, B € RN (\;v) € R x S¥~1 and R, R, C RN
cubes,

R
Csurf()\’ V;Ry) = {’LL c SBV(RV,Rd) . u|3RV ([L’) = s)\yl,(x),Vu(x) =0a.e. in Rl,}, (114)
where
saw(T) = %)\(sgn(x ‘v)+1) (1.15)

is the elementary jump of amplitude A across the hyperplane perpendicular to v. In formula (1.13), we
denote by SBVy(R;RY) the set of R%-valued SBV functions with equal traces on opposite faces of the
cube R.

We notice that (1.11) and (1.12) are asymptotic cell formulae, as it is expected in the context of
homogenization when no convexity assumptions are made on the initial energy densities (see, e.g., [6]). In
the special case of functions W and 1) which are convex in the gradient and jump variable, respectively,
we are able to show that (1.11) reduces to a cell problem in the unit cell (see Proposition 3.4 below);
whether the same result holds for Aoy is still unknown.

Since, in a structured deformation (g, G) € SD(f), the field G is generally different from Vg, conver-
gence (1.1) generally entails the discontinuity sets of u,, diffusing in the bulk, namely HV~1(S,,,) — +oc
as n — oo (so that the hypotheses of Ambrosio’s compactness theorem in SBV [2] are in general not
satisfied). This is reflected in the form of the relaxed bulk energy density in (1.11), where we point out
that both the initial bulk and surface energy densities contribute to Hyom, with both undergoing the
bulk rescaling. On the contrary, the coercivity assumption (see Assumption 3.1-(iv) below) yields an L?
constraint on the gradients of the approximating sequences which avoids the appearance of any bulk
contributions in the relaxed surface energy density hpom in (1.12).

The proof of (1.10), to which whole Sect. 4 is devoted, is obtained by computing the I'-limit in (1.8)
by combining blow-up techniques d la Fonseca-Miiller [19,20] with rescaling techniques typically used in
homogenization problems. This will be especially visible in the construction of the recovery sequences for
proving that the densities in (1.10) are indeed given by (1.11) and (1.12). To deduce the upper bound for
the homogenized surface energy density hnom we also make use of comparison results in a I'-convergence
setting (see [7,11]).

We would like to close this introduction by mentioning two alternative possibilities for identifying
relaxed energies for this problem that have analogues in the context of dimension reduction (see [§],
where € denotes the thickness of a body in a preassigned direction), namely to carry out successively the
“partial relaxations” that fix either € or n, i.e., (i) first relax with respect to structured deformations and
second homogenize, or (ii) first homogenize and then relax with respect to structured deformations. These
alternative possibilities have interest not only from the point of view of variational analysis, but they
also may enlarge the class of multiscale problems in mechanics to which homogenization and relaxation
to structured deformations can be applied. Consider, for example, a system for which the variables Vu
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and [u] for simple deformations u are expected to vary only over length scales much larger than the
period € of the microstructure. In this case, it would seem reasonable to first homogenize and then relax
to structured deformations. This iterated relaxation procedure presumably would, in general, assign a
larger energy to structured deformations, and such examples provide a motivation for future research on
the alternatives (i) and (ii).

We will collect some preliminary results in Sect. 2, where we also prove Approximation Theorem 2.5
which guarantees the nonemptiness of the class R, introduced in (1.6). Section 3 contains the precise
formulation of the standing assumptions on the initial energy densities W and 1 and a collection of
results on the homogenized energy densities Hyop and Apom which can be deduced from definitions (1.11)
and (1.12). For the reader’s convenience, we present in Appendix A some technical measure-theoretical
results which are by now standard.

2. Preliminaries
2.1. Notation

We will use the following notations

e N denotes the set of natural numbers without the zero element;

e O C RY is a bounded connected open set with Lipschitz boundary;

e SN~ denotes the unit sphere in RY;

e For any r > 0, B, denotes the open ball of RV centered at the origin of radius r; for any x € RY,

B,(z) := x + B, denotes the open ball centered at x of radius r; Q := (=%, 1)" denotes the open

2032
unit cube of RY centered at the origin; for any v € S¥N~=1, @, denotes any open unit cube in RY
with two faces orthogonal to v; for any z € RY and 6 > 0, Q(z,6) := x + 6Q denotes the open cube
in RN centered at z with side 6;

o A() is the family of all open subsets of §;

o £V and HN~! denote the N-dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff
measure in RV, respectively; the symbol dz will also be used to denote integration with respect to
Ly

o M(;R¥*N) is the sets of finite matrix-valued Radon measures on Q; M™ () is the set of non-
negative finite Radon measures on €; given y € M(€;R*YN) the measure || € MT(Q) denotes
the total variation of p;

e SBV(Q;R?) is the set of vector-valued special functions of bounded variations defined on 2. Given
u € SBV(Q;RY), its distributional gradient Du admits the decomposition Du = D% + D%u =
Vulh + [u] ® v, HN 1S, where S, is the jump set of u, [u] denotes the jump of u on S, and
v, is the unit normal vector to S,; finally, ® denotes the dyadic product; for @ C RY a cube, we
denote by SBV4(Q;R?) the set of R%-valued SBV functions with equal traces on opposite faces of
Q;

o LP(Q;RYN) is the set of matrix-valued p-integrable functions; for p > 1 we denote by p’ its Holder
conjugate;

e For p > 1, SD,(Q) := SBV(Q;RY) x LP(Q;R¥N) is the space of structured deformations (g, G)
(notice that SD; () is the space SD(2) introduced in [9]);

e ( represents a generic positive constant that may change from line to line;

e For every x € RV, the symbol || € Z" denotes the integer part of the vector &, namely that vector
whose components are the integer parts of each component of z. We denote by (x) the fractional
part of z, i.e., (z) ==z — |z € [0,1).
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2.2. Function spaces

The following proposition serves as a definition of Lebesgue points for L? functions (see [16, Theorem 1.33]
for a more general statement).

Proposition 2.1. (Lebesgue points) Let p > 1 and let u € LP(Q). Then for LN -a.e. x € 0, the following
equality holds
‘m — _ Py —
Tl_l)%lJr / u(xo)|P dx = 0. (2.1)
Q(zosr)
The following theorem collects some facts about BV functions. Its proof can be found, e.g., in [4,
Sections 3.6 and 3.7], [16, Section 6.1], and [17, Theorem 4.5.9].

Theorem 2.2. Let u € BV (Q;R?). Then
(i) (Approzimate differentiability) for LN -a.e. x¢ € Q

lim 1{ —/ lu(z) — u(wo) — Vu(zo) - (x — )| V-1 d} =0;

r—0t T
Q(zosr)

(ii) (Jump points) for every zo € S, , there exist uT (zq),u™ (v¢) € R? and v(z¢) € S¥~! normal to S,
at o such that

lim — / lu(z) — ui(x0)| dx =0,
Qo (207
where Qf(xo)(xo;r) ={2 € Quay)(wos7) : (x — 20) - v(20) 2 0};
(iii) (Lebesgue points) for HN1-a.e. zg € Q\ S, , (2.1) holds true.

Observe that (i) above entails

Jim g [ fute) ~ u(e) — Vu(an) - (o - o) d =0 (2:2)

Q(zo;m)

2.3. The approximation theorem in SD, (£2)

In this section, we prove the approximation theorem for structured deformations in SD,(£2). This result
will be useful for the proof of our homogenization Theorem 1.1 and rests on the following two statements.

Theorem 2.3. [1, Theorem 3] Let f € LY(Q;R™N). Then there exist v € SBV(Q;R?) and a Borel
function B: Q — RN such that
Dv = fLN + pHN LS, / 1B(2)| dHN " (z) < O || fll L1 (@raxny (2.3)
Qns,
where C'y > 0 is a constant depending only on N.
Theorem 2.4. [9, Lemma 2.9] Let v € BV (S;R?). Then there exist piecewise constant functions v, €
SBV(Q;R?) such that v, — v in L'(;RY) and

Dv|(9) = lim Do, |(2) = lim / 5] ()| dHY 2 (). (2.4)
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One of the main results in the theory developed by Del Piero and Owen was the Approximation
Theorem, stating that any structured deformation can be approximated, in the L° sense, by a sequence
of simple deformations (see [14] for the details, in particular Theorem 5.8). For structured deformations
(9,G) € SD(), the corresponding result is obtained in [9, Theorem 2.12]. Here we prove a version in
SD,(£2), which is the natural framework for the integral representation of the functional Inom defined in
(1.8).

Theorem 2.5. (Approximation Theorem) For every (g, G) € SD,(Q) there exists a sequence u, € SBV (§;
RY) such that u,, D (9,G), namely

u, — g in L*(Q;R?) and  Vu, —= G in LP(Q;RTN), (2.5)
Moreover, there exists C' > 0 such that, for alln € N,
[Dun|(Q) < C(llgllavoma + 1Gllrr@maxn)).- (2.6)
In particular, this implies that, up to a subsequence,
Dfu, = (Vg — G\ LN + Dg in M(Q; RN, (2.7)

Proof. Let (9,G) € SD,(Q) and, by Theorem 2.3 with f := Vg — G, let v € SBV({;R?) be such
that Vv = Vg — G. Furthermore, let ©,, € SBV(£;R?) be a sequence of piecewise constant functions
approximating v, as per Lemma 2.4. Then, the sequence of functions

Up =g+ Up —V

is easily seen to approximate (g, G) in the sense of (2.5). In fact, u,, — g in L'(Q;R?) and Vu, (z) = G(z)
for LN-a.e. x € Q. Estimate (2.6) follows from the inequality in (2.3) and from (2.4); finally, (2.5) and
(2.6) imply (2.7). O

In light of convergence (2.5), class (1.9) of admissible sequences for relaxation problem (1.8) can be
written as

Ry(9.G:2) = {{un} € SBV(QRY) 1wy — (9,6}, (2:8)

p

which is not empty because of the Approximation Theorem just proved.

3. Standing assumptions and properties of the homogenized densities

In this section we present the hypotheses on the initial energy densities W and 1 and we prove some
properties of the homogenized densities Hpom and hpom defined in (1.11) and (1.12), respectively.

Assumption 3.1. Let p > 1 and let W: RY x RN — [0, +00) and ¥: RY x R? x S¥=1 — [0, +00) be
continuous functions such that

(i) For every ¢ € RN and for every (A, v) € R4 x SV~1 the functions z +— W (x, &) and x +— 1 (z, \, /)
are Q-periodic, namely W (x + ¢,&) = W(x,€) and ¥(z + ¢, \,v) = ¥ (x, \,v) for every q € ZV;
(ii) There exists Cy > 0 such that, for every x € RV and for every &, & € RN
(W (z, &) = W(z, &) < Cwlé — &l (1+ &P + (&P

(iii) There exists a function wyy : [0, +00) — [0, +00) such that wy (s) — 0 as s — 0T such that for every
x1, 2o € RV and ¢ € RN

[W(z1,8) = W(wz,§)| < ww (|21 — z2|) (1 + [€]7);

(iv) There exist Cj; > 0, and ¢}, > 0 such that W(z,£) > Cf [P — ¢}y for every &€ € RN and
a.e. z € (.
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(v) There exist ¢y, Cyy > 0 such that, for every (z,A,v) € RY x R? x SN—1,
ey Al <Yl A, v) < CylAf;
(vi) There exists a function wy: [0, +00) — [0, +00) such that wy(s) — 0 as s — 07 such that for every
x1,72 € RN and (A, v) € R4 x SV-1
(@1, A, v) = Y2, A, V)| Swy (|21 — 22])|Al;
(vii) For every (z,v) € RN x SN~1 the function \ — 1 (z, A\, v) is positively homogeneous of degree one,
i.e., for every A € R? and ¢ > 0,
U(x, tA, v) = tp(z, A\, v);
(viii) For every (x,v) € RN x S¥=1, the function \ — v(x, \,v) is subadditive,i.e., for every Aj, Ay € R?,
77[]('/1:5 )‘l + )‘27 V) < 1/)(1'7 )‘1a V) + w(% )‘Qa V);
(ix) For every x € RV, the function (\,v) +— t(x, \,v) is symmetric, i.e., for every (\,v) € R x SN—1,

’(/)(13, A, V) = 1/’(957 —A, _V);

Remark 3.2. We make the following observations.
(A) The p-Lipschitz continuity in (ii) jointly with (i) and (iii) implies that W has p-growth from above
in the second variable, namely that there exists Cyyr > 0 such that for every (z,£) € RNV x RN

W(z,&) < Cw(1+[¢F). 3.1)

On the contrary, p-growth from above jointly with the quasiconvexity of the bulk energy density in
the gradient variable (which is the natural assumption in equilibrium problems in elasticity) returns
the p-Lipschitz continuity.

(B) Condition (v) does not allow for a control on the H¥~!-measure of the jump set, which, in the spirit
of Approximation Theorem 2.5, is crucial in the context of structured deformations.

(C) Conditions (v) and (viii) imply Lipschitz continuity of the function A — ¥ (z, \,v), i.e., for every
(z,v) € RY x SN~1 and for every A\j, Ay € RY,

(@, A1, v) = (@, A2, v)| < Cyl A1 = Ao, (3:2)

(D) Conditions (vii), (viii), and (ix) are natural ones for fractured materials; in particular, condition (ix)
is compatible with the specification ¢ (x, A\, v) = J(m, A®v), for a suitable function J: RN xRIXN
[0, +00).

(E) We notice that conditions (v) and (vii) are better suited for the case p = 1. Indeed, if p > 1 they
can be weakened to

(v') There exist Cy, > 0 such that, for every (z,\,v) € RN x R x SV—1

(vii’) There exist constants C,l,« > 0 such that for every (z,\,v) € RY x R x S¥=1 with |\| = 1
and for 0 < ¢ < [,

P(x, tA V)

wo(xa)HV)_ <Ctau
where 1) is the positively homogeneous function of degree one defined by
Y(x, tA, V)

Yo(x, \,v) := limsup —————=.
t—0t t
As a consequence of this weakening, to recover the boundedness of the BV norm of the approximating
sequences, the class R, of admissible sequences for the relaxation introduced in (1.6) must be adapted
to include also the uniform control sup,,c||tn | gy (;ray < +00; moreover, the relaxed energy density
Hyom in (1.11) must be redefined with g in place of 9, see [9, Remark 3.3].
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We now present a translation invariance property of Hyom and Apom-

Proposition 3.3. (Translation invariance) For A, B € RN let Hyom(A, B) be defined by (1.11). Then
for every T € Q, we have Hyom(A, B) = H] (A, B), where

- NP
Hy (A B) = éléfN N inf { /W(JU + 7, A+ Vu(z))dz
kQ

(3.3)
+ / (x+ 7, [u](x), vy (x)) dHN_l(:E) Tu € C;,’“lk(A, B; kQ)},
kQNS,,
where C;;“lk(A,B; kQ) is defined in (1.13).
For (\,v) € R4 x SN=1, let hpom(\, V) be defined by (1.12). Then for every T € Q, we have hpom(\, V) =
hT (A, v), where

hom

hom (A, V) := inf

it { [ vl (o)) 4 o)

(kQu)NSy (3.4)
u e CN, v k;Q,,)},

where C"N (X, v; kQ,) is defined in (1.14).

Proof. The proof of both (3.3) and (3.4) is a straightforward adaptation of the proof of [21, Proposition
2.15]. 0

The next proposition shows that if the initial bulk and surface energy densities W and v are convex
in the gradient and jump variable, respectively, then asymptotic cell formula (1.11) for the homogenized
bulk energy density reduces to a cell formula in the unit cube.

Proposition 3.4. Let W and 1 satisfy Assumptions 3.1, let us assume that the functions & — W(x, )
and X — (x, \,v) are convex for every x € R? and every v € SN71, and let

i (4,5 = it { [, A+ Vula)) ao
Q

[ vt @) 0 o) u e A5 ) .
Qﬂsu
Then Hyom(A, B) = HCL (A, B) for every A, B € R¥*N,

hom

Proof. Let A, B € RN be given and let us denote by my(A, B) the inner infimization problem in the
definition of Hyom(A, B), so that (1.11) reads Hyom (4, B) = infren mi (A, B). With this position, we also
have Hell (A, B) = my (A, B).

We obtain the desired result if we prove that my (A, B) = m1 (A, B). To this aim, let u € Cy"'*(4, B; Q)
be an admissible function for m;(A, B). By extending u by Q-periodicity on kQ, we obtain a function in
Cpy(A, B; kQ) which is a competitor for my (A, B), whence my(A, B) < m1(A, B). To show the reverse
inequality, we consider u € C;f“lk(A, B; kQ) a competitor for my(A, B) and we use the standard method
of averaging its translates to produce a competitor v € CE““‘(A,B;Q) for m1(A, B), see [6, proof of
Theorem 14.7], and using Jensen’s inequality. By letting J := {0,1,...,k— 1}, it is easy to see that the
function v: RV — R defined by

Q >z v(x) ::kLNZu(a:—&—j)

jeJ
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and extended by periodicity is @-periodic and satisfies

/Vv(x)d kNZ/Vux—kj ];VZ / Vu(y)dy
Q

i€l G i€rg’;
/ Vu(y)dy = 7[Vu )dy =B — A,
Ujes (Q—3)
so that v € CP™N(A, B;Q) and therefore mi(A, B) < my(A, B), yielding the sought-after equality
mg (A, B) = mi(A, B) and the independence of the size of the cube. The thesis follows. O

The next proposition contains further properties of hyom-

Proposition 3.5. Let 1 satisfy Assumptions 3.1 and let ﬁhom: R? x SN=1 — [0, +00) be the function
defined by

Thom(\, 1) 1= l%niilif TA} T i f{ / W(w, [u)(z), vy (x) dHN " (z) :
(TQ)NS., (3.5)

u e CWEN v TQ,,)}.

Then the following properties hold true:

(i) The function ?Lhom is a limit which is independent of the choice of the cube Q,, once v € SN-1 s
fized;
(ii) The function hpom is continuous on RY x SN=1 and for every (\,v) € R? x SN-1
C¢|A‘ hhom(A V) C¢|/\‘7 (36)

where ¢y and Cy are the constants in Assumptions 3.1-(v);
(iii) For every (\,v) € R? x SN=1 we have hnom(\, V) = hnom(\, V), where hpom is the function defined
n (1.12).

Proof. The proofs of items (i) and (ii) are essentially the same as that of [7, Proposition 2.2], upon
observing that our density ¢ satisfies (3.2), which is a stronger continuity assumption than condition [7,
(iii) page 304]. Conclusion (i) is obtained verbatim as in [7, proof of Proposition 2.2, Steps 1-4]; we sketch
here a proof of conclusion (ii) for the reader’s convenience.

The continuity of ﬁhom can be obtained by arguing in the following way:

(a) One shows that the function Ehom()\, 1) is continuous on SV !, uniformly with respect to A, when A
varies on bounded sets;

(b) One shows that for every v € S¥~!, the function Ehom(, v) is continuous on R%;

(¢) One shows that Bhom is continuous in the pair (\,v).

The proof of point (a) above relies on the fact that for every fixed A € R, formula (3.5) does not depend
on the cube @, once the direction v is prescribed, by (i). For the proof of point (b), we can argue as in
[7, proof of Proposition 2.2, Step 6] (here we exploit Assumptions 3.1-(v) and the Lipschitz continuity of
1, see (3.2)). Point (c) can be obtained by arguing as in [12, proving (ii) from (i) in Theorem 2.8].

To conclude the proof of (ii), we need to prove (3.6). The estimate from above can be easily obtained
from the very definition of ﬁhom in (3.5), by using Assumptions 3.1-(v). Concerning the estimate from
below, it is sufficient to observe that the functional SBV (;R?) > u + f [u](x)] dHN =1 (z) is lower

Su

semicontinuous with respect to the convergence u,, — s (9,0), with g a pure jump function, as it follows
p
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from the lower semicontinuity of the total variation with respect to the weak-* convergence and, again,
from Assumptions 3.1-(v).
To prove (iii), we take inspiration from the proof of [10, Lemma 2.1]: we show that Apem, is an infimum

over the integers. Together with (i), we will conclude that hpom = Ahom, as desired. Let gr: RexSN-1
[0,400) be defined by

grOr) = it [ b)) Y @) w e CTAKTQ) L (3T)
(TQv)NSu

so that we can write (3.5) as Apom (A, v) = lim SUP7_, oo 97 (A, V).
We start by proving a monotonicity property of gr over multiples of integer values of T', namely we
prove that, for every (\,v) € R? x SN—1

gne(A,v) < g\, v) for every h,k € N. (3.8)

To this end, let u € CS"f(\, v; kQ,) be a competitor for g (), v) and consider the function @: hkQ, — R?
defined by

0 ifz-v < —k/2,
w(z) == S u(k{z/k)) if |z -v| < k/2,
A ife-v>Ek/2,

obtained by replicating u by periodicity in the (N —1)-dimensional strip perpendicular to v and extending
it to 0 and A appropriately. It is immediate to see that @ € CS"f(\, v; hkQ, ), so that (3.8) follows.

We now consider two integers 0 < m < n and a function u € CS"(\, v, mQ, ); we define @i: nQ, — R?
by

u(x) if x € mQ,,
sap(z) ifzen@, \mQ,

and notice that @ € C*"(\, v;n@Q, ). Then, invoking Assumptions 3.1-(v),

/ (e, [8)(x), va(2)) dHN 1 (z)

(nQu)NSa

- / (e, (), va(2)) AHY () + / (e, [i)(2), va(w)) AN ()
(mQu)NS, (nQ,\mQ,)NSa

< [ v @) ) 4R @) + G = ),

(mQu)NS,

so that, by infimizing first over @ € CS"f(\, v;nQ,) and then over u € CS"F(\, v;mQ,), we obtain

C’w|)\|(nN71 — mel)
+ N1 .

TL)\7 <m>\a
90 0) < gm(A V) .

Using [n/m]m in place of m and (3.8), we get

N1 [Nl
gn(/\ay) ggm()‘v’/)+ Cw‘M(n 1nN{inlJ . 1)'
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By (i), hhom (A, ¥) = limp— 400 g (A, /), so that, by taking the limit as n — oo in the inequality above,
we can write

}\Lhom(/\, v) = Tlim gr(\v) = nlin;o In(A V) < gm(A\,v), for every m € N;

— 400

this yields, by taking the infimum over the integers,

inf < lim g,(A\,v) < inf gm (A v),
lelelNgn()\,V) im g,(\,v) Jnf g A\ v)

n—oo

the first inequality being obvious. Recalling definition (1.12) of hpom (A, v/), this gives the equality ﬁhom =
hhom of (iii) and concludes the proof. O

4. Proof of Theorem 1.1

This section is entirely devoted to the proof of Theorem 1.1. The proof is achieved by obtaining upper
and lower bounds for the Radon-Nikodym derivatives of the functional I, }{l;’;} defined in (1.8) with respect
to the Lebesgue measure £V and to the Hausdorff measure H”~! in terms of the homogenized bulk and
surface energy densities Hyom and hpom defined in (1.11) and (1.12), respectively. To keep the notation
lighter, and in view of the fact that the dependence on the vanishing sequence {e,} is only illusory, in

the following we will just write Ihom -

4.1. The bulk energy density

We tackle here the bulk energy density Hyom- In the next two subsections, we assume that zg €  is a
point of approximate differentiability for g and a Lebesgue point for G, namely, Theorem 2.2(i) and (iii)
hold for g and (2.1) holds for G (notice that LN-a.e. 7o € () satisfies these properties).

The bulk energy density: lower bound. Let {u,} € R,(g,G;Q), and let u,, € M*(Q) be the Radon
measure defined by

i = W(i Vun(a:))EN + w(? (1] (), uu(x))HN_ll_Su".

n
Without loss of generality, we can assume that sup,,cy pn(Q) < +00, so that there exists p € M*(Q)

such that (up to a not relabeled subsequence) i, — .

We will prove that

dp

W(Io) > Huom(Vg(20), G(20)). (4.1)
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Let {r;} be a vanishing sequence of radii such that pu(9Q(xp;r%)) = 0; then we have

du (o) = 1 #Q(os ) _ lim LN lim ( / W(;,Vun(as)) dx

d,CN k—oo |Q(£L’0,7’k)‘ k—oo 1" m—oo
Q(zo5Tx)

[ (S @) )

Q(xo;m)ﬂsun

To + TRy (42)
khm lim ( N/ , Vo, (zo + Tkl/)) dy
—00 N—00 ’]“
o+ T _
el [ (Y ) ) ) ),
QnZum=r0
where we have changed variables in the last equality. Upon defining, for every y € @,
uo(y) == Vg(zo)y (4.3)
and
Up(xo + 1 — gz
naly) = DI I (1.4
we have that
lim lim /‘un,k(y)’dy =0, (4.5)
k—o0 n—00
vun,k<y) = kun(x() + Tky) - Vg(wo), (46)
and
Jim lim (Vg (y) = Glzo) + V(o)) p(y)dy = 0 (4.7)
Q

(for any ¢ € )i (Q; R¥*N)where we used the fact that wu, S? (9,G) and Theorems 2.2 and 2.1. Thus,

(4.2) becomes

d x +r
M—MN(:BO) = kll)m lim N (rk /W Oeiky Vo k(y) + Vg(xo)) dy
o0 N—00 k n

e f w(wmun,my),uun,,xy)) )

En
Qms“nk
, N (4.8)
= lim lim (/W(W,Vun,k(y)—&-Vg(xo)) dy
k— o0 n—0oo En
Q
xo+T _
e (P ), ) 4R ).
Qms“n,k !

where we have used the positive 1-homogeneity of ¥ (see (vii)). By writing

XTo+7T T x x
ANy T | o) (B0
En En En En
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and using the 1-periodicity of W and ¢ (see (i)), (4. 8) becomes

%(m) = lim lim (/W Tky > Vi (y )—l—Vg(a:o)) dy
(4.9)
] o (B i) ).
QNSu,,

We now choose n(k) so that, setting si := ry/&, 1), we have that limy,_. s = +00. By defining vx(y) :=
Un(k),k(y) for every y € @, (4.9) becomes

ddLuN (z0) = hm (/W skY + vk, Vor(y) + Vg(zg)) dy
(4.10)
b [ e Bl ) ),

Qns.,

where v 1= (2o/e, 1)) By (4.6) we have that Vug(y) = Vau,g (2o + rry) — Vg(xo); from (4.5) and
(4.7) the sequence {vy} satisfies

v — 0 in LY(Q;RY) and Vv, — G(z0) — Vg(zo) in LP(Q;RN)  as k — oo. (4.11)
It is now possible! to replace the sequence {v;} with a sequence {wy} C SBV(Q;R?) still satisfying

the convergences in (4.11), such that

wilog =0 and | vurwdy = P (Gag) - G(ae) forevery ke, (412)
k

and such that

Jim (/Wskyw,m( )+ Vatea)dy+ [olon -+ ) ) 1) )
QNS.,

> limsup ( J W s 20 Vo) + ot dy+ [ w0+ bl ), v >>dHN1<y>),
QNS

so that (4.10) becomes

i o) > timint ([ W sy + 2 V(o) + Valeo)) dy
Q
(4.13)
o w<sky+%[wmy),uwk(y))dHN1<y>).
QNS

IThis is achieved, following the strategy in [9, Proposition 3.1 Step 2], by constructing a double-indexed sequence that
gradually makes a transition from vy to its limit. The transition takes place across a suitably located frame of vanishing
thickness 1/m (independent of k) and is obtained via convex combination (see also the construction in [9, Lemma 2.21]
where suitable truncations of the approximating sequences are considered; [9, Lemma 2.20] (see Lemma A.3) states that
it is possible to work on bounded sequences). A sequence Wy, is then obtained by a diagonalization argument. Finally, the
condition on the average in (4.12) is enforced by a further modification of the sequence Wy, into wy by modification with
a linear function on cubes that invade @. The difference between our problem and that in [9] is the explicit dependence
on the spatial variable that we have; nonetheless, our assumptions (ii) and (v) allow us to estimate the vanishing terms
independently of the spatial variable.
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By changing variables, setting z := spy and Ug(z) := spwi(x/sk), so that

Udloweay =0, VaUi(2) = Vywy (;k) and i[Uk}(Z) — [wi](2), (4.14)
we obtain
%(xo) > liknlgf sz\’( / W(z 4+ i, VUr(2) + Vg(xo)) dz
e (4.15)
b [ v w0 o) dH“(z)),

(sk@Q)NSuy,,

where we have used the positive 1-homogeneity of ¢ once again (see (vii)).
In order to comply with the definition of Hyom(Vg(xo), G(z0)) (see (1.11)), we need to integrate over
integer multiples of @. To this aim, we extend Uy, to the cube (|sx| + 1)@ by setting

o JUk(z) if 2 € 5Q,
Uk(z) = {0 if z € (Isk] +1)Q\ (s£Q).

Notice that, by the first condition in (4.14) no further jumps are created, so that [Uz)(z) = [Uk](z) for
every z € Sy = Sy,. Moreover, if follows from (4.16), the definition of U, and the second condition in
(4.12) that

(4.16)

Uk|a(LSkJ+1)Q =0 and — / VUi (z)dz = G(zg) — Vg(xg) for every k € N,
(LseJ+D)Q

so that {U} C CyM(Vg(wo), G(xo); (Isk] +1)Q) (see (1.13)). Then, using (3.1) and the linear growth
of 1 (see (v)), we can continue with (4.15) and obtain

d 1 .
dﬁij\/(%) > hkrgg.}fsw / W(ZJF’)/k,VUk(Z) +Vg(x0)) dz
! sl

I B AN E) dHN-%z))
(LswJ+D)@NSg,

1
—limsupw / W(Z_F’kavQ(xO))dz
k—+oco S
(Lsk]+1)Q\s1Q

1 .
> likrninf—N / W (z+ vk, VUk(2) + Vg(z0)) dz
—00 8
(Lsk1+D)Q

[ v 0 () dHN-%z))
(LswJ+D)@NSg,

~timsup SX-(1+ [Va(ao))£V((Lse) + 1@\ 5:Q)
n

1 .

> liminf ——— 7 d

im in i+ 1)N< / W(z 4+ vk, VUg(2) + Vg(z0)) dz
(Lse)J+D)Q
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S R AR E) dHN—1<z>)

(Lse]+1)QNSy,
> liminf H]%, (V(20), G(20)) = Hiom (Vg(0), G(z0)), (4.17)
where we have used Proposition 3.3 for the last equality. O

The bulk energy density: upper bound. Here we prove that

Wooml9:C) (1) < Huom(Vo(a0), Gla0)). (418)

Let k € N\ {0} and u € CP"™(Vg(x0), G(x0); kQ) (see (1.13)). Let us consider a sequence of radii r; — 0
as j — oo, and let h; € SBV(Q,j(x0); R?) be a function provided by Theorem 2.3 such that
Vhj(z) = Vg(zo) — Vg(z) + G(x) — G(z0); (4.19)

finally, let {h;,,, } be a piecewise constant approximation of h; in L*(Q,, (zo); R?) provided by Theorem 2.4.
We notice that, thanks to Proposition 2.1 and Theorem 2.2,

lim — =0, (4.20)

where a; = C(|||G — G(m0)|p||Ll(QT‘(IO)) + IV = Vg(zo)llLi(a.,, (z0):R?))- For every j,n € N, we define
the function u;, € SBV(Q,, (z0); R?) by

ujn(x) = glx) + H;Jku(njzk(x — x0)> + hj(x) — hjn(z), (4.21)

where {m,,} is a diverging sequence of integers to be defined later. By defining kQ > y := k(x — z¢)/r;,
and by applying the Riemann-Lebesgue lemma to the sequence of functions kQ > y — u™ (y) := u(m,y),
we obtain that u(™) converges weakly in LP(kQ;R?) to + wu(y)dy, so that

kQ

lim wj, =g  in LY(Q,,(z0);R?) for every j € N; (4.22)

n—oo
moreover, recalling (4.19), we have

mpk

Vu,jn(z) = Vg(x) + Vu( " (z — 170)) + Vhj(z)
Y (4.23)

(z = w0) ) + Vg(wo) + G(z) — G(ao),

mpk

= Vu(
rj
so that, by applying the Riemann-Lebesgue lemma to the sequence kQ > y — Vu(™ (y) := Vu(m,y), we
obtain that Vu(™) converges weakly in LP(kQ; R™*N) to + Vu(y) dy, yielding
kQ

lim Vu,, = ][Vu(y) dy + Vg(zo) + G — G(z9) = G weakly in LP(kQ; RN). (4.24)

n—oo
kQ

The convergences in (4.22) and (4.24) show that the sequence {u;,} is admissible for the definition of
Ihom (9, G; Qr; (w0)), for every j € N.

Recalling that the localization O(2) 5 A — Iom(g, G; A) is the trace of a Radon measure on the open
subsets of  (see Proposition A.2), we can estimate

dIh%(Ng,G)(wo) < liﬁsip r}f linrr_1>ior<13f ( / W(é,Vuj,n(m))dx
Qr; (o)
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[ (S @ @) @)

Qr; (z0)NSy; ,

< lim sup lim inf LN ( / W(i, Vu(mnk (x — xo)) + Vyg(zo) + G(z) — G(xo)) dz
j*)oo n—oo 7. En 'r'j
Qr; (z0)
7§ i mnk _ mnk . N—-1
+ / o( (P @ 20)) (R @ = 00)) Ja Y )

@, (@) (w0505 5)

o [ (S p@m@)aet e [ (@, @)dn T @)

En
Qr; (z0)NS, Qr; (20)NSh

xT

o [ (@, @) @),

En
Qr; (0)NSh;

,n

where we have used the subadditivity and the positive 1-homogeneity of 1 (see (vii) and (viii)) to obtain
the second inequality. Now, using, in order, (v), the estimate in (2.3) and (2.4), and finally (4.20), the
last three integrals above vanish as first n — oo and then j — oc.

We are left with one volume integral and one surface integral; by adding and subtracting W (z/e,,, Vg
(x0) + Vu(mpk(z — z9)/r;)) in the volume integral and using (ii), Holder’s inequality, and (4.20), and
by changing variables according to

J
we have
df om ’G . . . 1 €T riz
%("”0) S llﬁsip lim inf W( / W(i + mnjkgn,Vg(wo) + Vu(z))dz

mpkQ

s [ (B e e )

en  mpkey’

my kQNS,,
1 .
= limsup lilniiréf (mlk)N< / W(%L +z+ m—< ]:Ej >z, Vyg(xo) + Vu(z))dz
J—00 n o kQ n n
1 /7 _
s [ vt e () ) ) )
My kQNS,, " "
T .. 1 1 Tj
= h?ljolip hnrr_1>1£f 5y ( / W(’yn +z+ m—n<a>z, Vg(zo) + Vu(z))dz
kQ
1 /7 _
O B = UONZC) L l(z)>’
(kQ)NS., S

where we have defined v, := (z¢/e,) and m,, := [r;/ke, |, and used the decomposition

o LQ " J n <L>)Z — L<L>Z

My ken  mp \Lkey, ke, a my \ke,
to get the first equality; the second equality follows from the k@Q-periodicity of v and from the Q-
periodicity in the first variable of W and 1 (see (i)).
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Upon noticing that m,, ' (r;/ke,) — 0 as n — oo, we can extract a subsequence j — n(j) such that
|my ! (r;/ken)z| < 1/j, so that, upon diagonalization and invoking (iii) and (vi), we can write

M‘%(NQ’G)@CO) < liﬁsolip kLN ( / W (Vi) + 2, Vg(xo) + Vu(z)) dz
kQ
v f wm(j)+z,[u1<z>,uu<z>>dHN1<z>>;

(kQ)NS.,

moreover, by using the definition of infimum in HJ  —in (3.3) (for 7 = 7,(;), both & € N and u €
SBVy(kQ;R?) can be chosen in such a way that

Aol & (2y) < msup (257 (V). Gloo) + 3) = Hro(Vg(a0). oo
Jj—o00

where we have used the translation invariance property of Hpom (see Proposition 3.3) to obtain the last
equality. O
Putting (4.1) and (4.18) together, we obtain that

M’%(Ng’@(xo) = Hhom(VQ(x0)7 G(Jfo))

for all the points x¢ € Q satisfying the conditions stated at the beginning of Sect. 4.1, thus proving the
first part of integral representation (1.10).

4.2. The surface energy density

We tackle here the surface energy density hpom. From now on, we consider a point xzy € Sy. Recalling
Proposition A.2, for every U € O(Q) and for every (g,G) € SD,(U), the functional U + Iyom(g, G;U)
in (1.8) is a measure. In particular, (see (A.2)) there exists C' > 0 such that

Inom(9, G5 U) < C(LN(U) + |D*g|(V)). (4.26)

Observe that (4.26) guarantees that, for every g € SBV (£;R9), the computation of the Radon-Nikodym
dlhom(g, G .

derivative M(mo) does not depend on G. Indeed, let us consider {u,} € R,(g,G;U) a recovery

d|D2g]
sequence for Iyom(g, G;U) and, by Theorems 2.3 and 2.4, let us consider v € SBV (U;R%) such that
Vv = —G and piecewise constant functions vy € SBV (U;R%) such that vy — v in L' (U;R?). Finally, let
us define wy, := uy + v — v, so that w, — 5 (g, 0) and therefore

Tnom(g,0:U) < hmmf{/W , Vw( ))dm+ / w(i,[wk](x),Vwk(at))dHN_l(x)}.

UNSu,,
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Thus, by invoking (ii) and Holder’s inequality for the volume integrals, and first the sub-additivity of ¥
(see (viii)) then the linear growth of ¢ (see (v)) for the surface integrals, we can estimate

Thom(9,0;U) — Inom (9, G; U) < liminf { / (W(I,Vwk(m)> - W(x,Vuk(x))>dx
€k €k
U

k—oo

b [ (@ )4 )

UNSw,
- [ o(E @) @)
UNS,,
<timirc{ fariopenart [ ol an e
U uns,
o [ i@l o)
uns

Yk

where C' > 0 is a suitable constant. By virtue of the estimate in (2.3) and by (2.4), the two surface
integrals in the last line above are bounded by the volume integral, so that, by exchanging the roles of
Ihom (g9, G;U) and Inom(g,0; U), we arrive at the conclusion that

Tnom (9, 0:U) — Tnom(g, G: U)| < C / (1+|GIP(x)) da,
U

for every U € O(£). In turn, this guarantees that, for HN " 1-a.e. g € S,

dlhom (ga O) _ dlhom (gv G)

d|Dg| (o) = W(Cﬂo)- (4.27)

In view of this, without loss of generality, we will consider G = 0 for the rest of the proof. The
lower bound (see (4.28)) below will be obtained considering g of the type sy, in (1.15), with (\,v) €
(R4 \ {0}) x S"~1; the upper bound (see (4.37) below) will be obtained considering g taking finitely
many values, that is g € BV (Q; L) where L C R? is a set with finite cardinality. In particular, the upper
bound will also hold for functions of the type g = s, .. To conclude, the general case will be obtained via
standard approximation results as in [9, Theorem 4.4, Step 2] (stemming from the ideas [5, Proposition
4.8]), so that this part of the proof (which relies on the continuity properties of hnom, see Proposition 3.5)
will be omitted.

The surface energy density: lower bound. In this section we prove that

dIhom (97 O)

d[Drg] 7o) > Mhom([9)(x0), v (o), (4.28)

by following the lines of [7, Proposition 6.2]. Without loss of generality, we can suppose that v,(xo) = e1
(the first vector of the canonical basis) and we denote sy := sy ¢,, so that A = [g](z¢). Let o € (0,1) and
define Q, := (—0/2,0/2)x(—1/2,1/2)N~1. By the definition of relaxation in (1.8), let {u, } C R,(g,0;)

be a recovery sequence such that u, D (sx,0) and
P

Iom(5x,0; Q) = lim W(i7 Vun(x))dx + / 1/)(%, [un](x), V4, (m))dHN_l(x).

n—oo n

Qo QoNSuy,
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We now substitute the sequence {u,} by a new sequence {u, } € SBV (Q; R?)NL>(2;R?) (this is possible

thanks to Lemma A.3) with the following properties: @, S? (sx,0); given {m,} a diverging sequence of
P
integers such that 8, := mye, — 0 as n — oo, there holds

L /|ﬂn(1')*5)\($)|dl’*>0, and

1
v ——=Vi, — 0 in LP(;R>*N) (4.29)

BN
(the latter convergence is due to the metrizability of the weak convergence on bounded sets); and for
every 1 > 0,
Thom(8x,0; Q) +n > limsup / W(i7 Vﬂn(x))dx
En

n—0oo

o

b [ (S ) ) @)Y @),

b
En
Q.NS,

(4.30)

Un

For 7 € {0} x ZN~1 let Tn,r = OpT and Qn r = Tpr + FnQo = Bn(Qs + 7). Let 7(n) be the index
corresponding to a ‘'minimal cube’ such that
E., (ﬂn; Qn,r(n)) < E, (an; Qn,'r) (431)
for every 7 € {0} x Z¥~! and Q,,» C Q,. We now define Q,, := Q,, r(n), Tn := Tp r(n), and, for every
T € Qqp, we let wy,(z) = i, (7, + Bnr). We claim that w,, € SBV(Qy;RY) N L*(Q,;RY) and
(i)  {wn} is equi-bounded;
(i)  w, — sy in LY (Q,;RY), as n — oc;
(iii) / |Vw, (z)P de — 0, as n — oo;
Qo (4.32)
. X _
lim sup / 1?(77 [wn](z)7 Vw, (x)>dHN 1($) g Ihom(SA, 07 QO’) + m,
(iv) "%, he. "

where {«a,,} is a suitable vanishing sequence.

Indeed, (4.32)(i) follows by construction and (4.32)(ii) is obtained by changing variables according to
Yy = xpn + Bnx € Qp, by the definition of w,,, by the choice of 7, by the inclusion @,, C @, and finally by
the first limit in (4.29).

In order to prove (4.32)(iii), we observe that, by the boundedness of the energy, there exists a constant
C > 0 such that

1 | N-1
c> Een (ﬂn; Qo) > Z Esn (ﬂrﬁ Qn,‘r) P \;FJ Esn ('an; Qn)
re{opxzV-! "
Qn,TCQU

gl [ ) 5] (o [ivora-ata),
Qn

where the second inequality is due to the fact the cubes @), , are disjoint; the third inequality follows
from counting them; in the fourth inequality we have used the non-negativity of ¢; in the last inequality
we have exploited (iv). Next, observe that (using the change of variables y = z,, + S,z € @, and the
inclusion @Q,, C @, again)

/ IV, (2)|P de = / 1BV (2 + Buz) [P dz < B2~N / Vi ()P dy,
Qo

o o
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(where in the second integrand we computed the gradient of the composed function),

whence

gr—N 1 (1-N N
/ [Vw, (z)|Pde < g, (C{ﬂJ + cy Bn 0') — 0 asn — oo.
w n
Qs
We now prove (4.32)(iv) with «,, = &,,/3,. To this end, we observe that z,, /e, = m,7(n) € {0} xZN~!
and so, by using the change of variables y = x,, + B,x € @, the non-negativity of W, and the periodicity
of ¥ (see (i)), we obtain

[ o(E @), (o) an @)

= P (—n, [@n)(zr, + Bnx), Vo, (Tr + ﬁnm))d’HN_l(x)

wnp,

1 Y— Ty _ _
—ov [ (e m)an )
Tn+Bn(QoNSw, )

— [ (L me), @) )

—
En

n
QnNSa,
1 _ 1 1 1=N _
< ﬁEsn (Un§ Qn) < SN-1 {7J E., (Un§ Qo)~
n n /377«

Thus (4.32)(iv) follows from (4.30) since

lim sup / w(i, [wn] (@), Ve, (;v))dHN_l(x) < limsup B, (tn; Qo).

n—0o0 n n—oo

QoNSuy,

The sequence {w,,} can now be modified into a new sequence {,} such that Vo, = 0 a.e. in Q, as
follows: for every n € N, we approximate via Theorem 2.5 the pair (0, —Vw,) € SD,(Q.) by a sequence
W, i, SO that Oy, = wy, + Wy i € SBV(Q,;RY) is such that

klim Up g = Wy, 10 LI(QU;Rd) and Vip,r=0 ae. in Qy;

moreover, invoking (4.32)(ii), we have that

lim lim 9, = sy in LY(Qq;RY). (4.33)

n—o00 k— oo

Now, by (v), (viii), (2.3) and (2.4), we have

[ (o nad(@) s, 0))aHY o)

n

QoNSo,, &
< (S (@) v, @)Y @) + CIDA 0,40 (Q)
QoNSw,

< [ o(E @, @) @) + (ITw g moen + 3 ):

n
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Hence, by a standard diagonalization argument, by defining ,, := ¥, y(n), we have that v, S? (sx,0),

Vo, =0, and ’
lim / u}(ain,[an](x),yﬁn(x))dHN*(x)

’I’L"OOQUHSD
. (4.34)
<timint [ 0(2 @), @) 41 @),

QoNSw,

The next step is to modify the sequence {7, } into a new sequence {v,} such that v,|sg, = silaq, -
This can be achieved by defining the function

i o 1- n g
o [ @A (139
Up  in (1 —7,)Qy,
where {r,} C (0,1) is a sequence such that lim,,_,., r, = 1~ and, by (4.33),
1
D, () — sx(x)| dHN 7 (z) < ~ (4.36)

0(1-71n)Q0o

Clearly Vv, = 0 a.e. in Q, and, again by (4.33), lim,, ..o v, = sx in L'(Qs;R?). Moreover, by (3.2),
(4.34), and (4.32)(iv), we have

Jim sup / V(- ol @), v, () )M )

n—oo n

QosNSy,
< Thom(8x,0; Qo) + n + limsup | D*0,, — D*v,|(O(1 — 1) Q0 ),

n—oo

and the latter limit is 0 by the choice of r,, as consequence of (4.35) and (4.36).
We conclude the proof by extending, without relabeling it, v,, to the whole unit cube @ by defining it
as sy in @ \ @, so that the previous inequality becomes

lim sup / w(ai, [vn)(), v, ($)>dHN_1(30) < Thom (52, 0; Q) + 1.

n—oo n

QNSy,

By Proposition 3.5 and the change of variables y = a;, 'z € a;,1Q, the function #,,(y) := v, (a,y) belongs
to Cs(\, e1;a1Q) (see (1.14)), so that, recalling that we had set A\ = [g](z¢) and letting n — 0, we

obtain (4.28). O
The surface energy density: upper bound. In this section we prove that

dlhom (ga O)

W(%) < hhom ([9](20), v4(20)) (4.37)

by following the lines of [7, Proposition 6.2]. Recall that by the preliminary discussion we made at the
beginning of the section we will restrict ourselves to the case of piecewise constant functions g, that
is g € BV(); L), where L C R? has finite cardinality; naturally, such a function g is also an element
of SBV(Q;R?). We will obtain estimate (4.37) by using the abstract representation result contained in
Theorem A.4, for which we need to prove that our (localized) functional Iom : SD,(2) x O(2) — [0, +00)
satisfies hypotheses (i)—(v) of Theorem A.4.

As a consequence of (4.26), for every g € BV (Q, L) and for every U € O(Q), the inequality Inom(g, 0; U
NSy) < C|D%g|(UNS,) holds true, giving (i). By Proposition A.2, for every g € BV (€; L), the set function
O(Q) 35U — Inom(g,0;UNS,) is a measure, giving (ii). From definition (1.8) of Inom and from the locality
property of the (sequence of) energies {E, }, we obtain that Inem(g,0;U NSy) = Ihom(91,0;U N Sy,)
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whenever g = g1 a.e. in U € O(Q). Indeed, it suffices to notice that the competitors for Inom(g,0) and
Thom(g1,0) are the same. Therefore, condition (iii) is satisfied. To show that condition (iv) holds, let
us consider a sequence {g,} C SBV(; L) such that g, — ¢ pointwise a.e.; then, the fact that L has
finite cardinality entails that g, — ¢ in L'(;R9), and therefore that g, i\) (g,0) € SD(Q). Since

g — Thom(g,0;U) is lower semicontinuous for every U € O(Q) by definition of I-liminf, the desired
inequality

Ihom(9,0; U) < liminf Inom(gn, 0; U)

follows immediately. It remains to prove (v): as a matter of fact, we will prove a stronger condition, as
it is obtained in the proof of [7, Proposition 4.2]. This translation invariance result, which is obtained
following the argument in [7, Lemma 3.7], provides then a sufficient condition for (v). We claim that, for
every z € RN and every U € O(Q), we have

Thom(9,0;U) = Inom(9(- — 2),0;U + 2). (4.38)

Indeed, let z € RY be given and observe that it can be approximated by means of a sequence of integers
in the sense that there exists {2, } C Z~ such that ¢, 2z, — z as n — oo. Let now U € O(fQ) be fixed, let
{un} € Rp(g,0;U) be a recovery sequence for Inom(g,0; U), and define v,, := u, (- — €,25,): U + 2, — R
Then, by using the @Q-periodicity assumptions (i) on W and 1, we have

Ee, (up;U) = /W(x—'_g%, VUn(SC))dx + / w(%, [un](x), v, (I))dHNfl(x)
u Uuns

Un

= [ ow(Evn@)aer [ (S, @) 0 @),

n <S\’I'L
U4enzn (U+enzn)NSy,

Let now V CC U, so that, for n sufficiently large we may assume U + €,2, 2 V + z; hence, invoking
the non-negativity of W and 1,

Egn(un,U)>/ W(ﬁ,vvn(x))dﬁ / ¢(3,[vn](gg),y%(x))dHNfl(x),

n En
V4z (V4+2z)NS,,
which yields Thom(g,0;U) = Inom(g(- — 2),0; V + 2), since v, SiD (g(- — 2),0). By the arbitrariness of

V CC U we obtain that Thom(g,0;U) = Inom(g(- — 2),0; U + z). The reverse inequality can be obtained
with the same reasoning, by defining v,, := u, (- + €2,). Translation invariance (4.38) is proven, and this
implies condition (v).

We are in position to apply Theorem A.4 and conclude that there exists a function 1[): QOx L xLx
SN=1 — [0, +0c0) such that the integral representation

Thom(9,0:U' 01 5) = / b(w.9" (@), 97 (@), vy (@) ARV ()
UnS,

holds for every g € BV (Q; L) and for every U € O(12). Exactly with the same proof as in [7, Lemma 3.7]
and [7, Equation (4.6)], one can prove that the density 1> does not depend on the x variable and depends
on g only through its jump, so that there exists Apom: R x S¥=1 — [0, +00) such that

Tom(9,0:U 1 ) = / Finom (19)(2), vy () AHY 1 ().
UNS,
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On the other hand, we can get a precise estimate from above arguing as in [7]. Upon defining the
functional Jhom: BV (Q; L) x O(Q) — [0,400) as
Jhom (g; U) := inf { liminf E., (un;U) : {un} € Rp(g,0;U), supHYN"H(UNS,,) < —l—oo}, (4.39)
n— oo neN

we obtain
Ihom(g, 0;UN Sg) < Jhom(g; Un Sg), (4.40)
for every g € BV (§; L) and every U € O(Q). Now, [7, Proposition 6.1] grants that?

Jnom(g:U 1 8,) < / o (19)(2), vy () AHN " (),
UNS,

where hpom: R? x S¥=1 — [0, 4+00) is the functions defined in (1.12); in turn, together with (4.40), we
obtain

Tom(9,0:U 11 8,) < / inom (19)(2), vy () AHY 1 (),
UNS,

whence
dlwom(g,0)
d[D2g|
which is (4.37) when g € BV (Q, L). Putting (4.28) and (4.37) together and keeping (4.27) into account,
we obtain that, for g = s, € BV(Q; L) and for all G € LP(; R™*N), the equality

dlhom (97 G)
d|D2g]
holds for all the points xg € (2 satisfying the conditions stated at the beginning of Sect. 4.2. To conclude,
the equality in the general case, that is, for every g € SBV (€2; R?), is obtained via standard approximation
results as in [9, Theorem 4.4, Step 2] (stemming from the ideas [5, Proposition 4.8]), so that this part of
the proof, which relies on the continuity properties of hpom stated in Proposition 3.5, will be omitted.
Theorem 1.1 is now completely proved. O

(z0) < hnom ([9](20), vg(x0)) for HN! —ae. xg € S,

(%0) = hnom ([9](0), v4(0))
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Appendix A: Some technical results

This appendix contains some technical results that are either reported here with no proof or proved
for the reader’s convenience since their proof is quite standard but in some measure different from the
analogous results in the literature.

We start by showing that, for every U € O(Q) and for every (g,G) € SD,(U), the localization

U — Ihom(g,G;U) of the functional It of (1.8), defined as

hom
Ihom(g,G;U) := inf { liminf . (uy) : {un} € Rp(g, G; U)} (A1)

(recalling the definition of the set R, in (2.8)), is the trace of a Radon measure which is absolutely
continuous with respect to £V + |D*g|.

To this end we recall a by now classical result of Fonseca and Maly [18], which refines the De Giorgi—
Letta criterion [13] to establish sufficient conditions under which a functional is the restriction to open
sets of a bounded Radon measure.

Lemma A.1. [18] Let X be a locally compact Hausdorff space, let TI: O(X) — [0,400] be a set function,
and let p be a finite Radon measure on X satisfying
(i) For every U,V,Z € O(X) such that U CC V CC Z, the following nested subadditivity property
holds: II(Z) < TU(V) + I(Z \ U);
(ii) For every U € O(X) and for every e > 0 there exists U. € O(X) such that U. CC U and I(U\U.) <
e
(if) TI(X) > p(X);
(iv) For every U € O(X), there holds TL(U) < u(U).
Then 11 is the restriction of the finite Radon measure p to the open subsets of X.

The following proposition is in the spirit of [9, Proposition 2.22].

Proposition A.2. Assume that Assumptions 3.1 hold and let (g,G) € SD,(Q). Then the localized func-
tional O(Q) 3 U — Lom(g,G;U) defined in (A.1) is the trace on O(Q) of a finite Radon measure on
B(Q).

Proof. The proof relies on Lemma A.1: we will show that its hypotheses are satisfied by II(U) =
Thom (9, G;U) and = LN +|D*g|. First we prove that for every U € O(Q) and for every (g, G) € SD,(f2)
there exists a constant C' > 0 such that

Inom (9, G;U) < (LY (U) + |D*g|(U)). (A.2)
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We observe that by Theorem 2.5 there exists {u, } C SBV (U;R?) such that u,, o (9, G) and such that
P

(2.6) and (2.7) hold. Thus, the definition of Iyom(g, G;U), the linear growth condition (v) of ¢, and (3.1)
entail that

o0, G: )
<1inrgi£f{/w Vi ( ))dx+ / @z}(;[un](x)%n(x))dHN_l(i)}
U UNSa,
<t { [t W@+ [ Culu@lae ) Y
U UNS.,,

< Cw (LYW) + IGI} sy ) + Cul Dgl(U) =2 A,

which implies (A.2).
We start proving condition (iv) in Lemma A.1l. By the definition of I'-limit , there exists a sequence
{u,} C SBV(92;R?) such that u, . (9, G) and along which

Inom(9, G5 Q) = lim {/W(;,Vun(a:))dx+ / ¢<;,[un}(a:),uun(a:))dHN1(3:)}.
Q

n—oo
QNS.,

Upon the extraction of a subsequence, we know that

W(; Vi (2) ) d + zp(; [n] (), Y, (2) ) AHN T LS, S g in M(@) as = o0
and

,Uf(ﬁ) = Ihom (ga Gﬂ Q) (A4)
On the other hand, for every U € O(Q2) we have that

Thom(g, G;U) < liminf { /W(;,Vun(z»dx

[ e ) @) @) ) < (@),

UNS.,,

Next we prove condition (i) in Lemma A.1. Consider U,V,Z € O(f2) such that U CC V CC Z. Fix
n > 0 and consider two sequences {u,} C SBV(V;R%) and {v,} € SBV(Z \ U;R?) which are almost
minimizing for Iy, that is,

JL‘EO{/W Vi ( ))dx+ / w(;,[un](x),yun(m))dw1@)}

VNSu,,
n + Ihom(g, G V)

T

<

dn { [ (@) [ (@, @)t )
(Z\T) (Z\U)ns !

\ n + Ihom(g, G’ Z \U)7

with w,, S—\Dp (9,G) € SDL(V), v, ST% (9,G) € SD,(Z\U).

Un
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In order to connect the functions without adding more interfaces, we argue as in the proof of [22
Proposition 5.1]. For § > 0 small enough, consider
Us :={z € V : dist(z,0U) < §}.

For x € Z, let d(x) := dist(z,U). Since the distance function to a fixed set is Lipschitz continuous (see
[23, Exercise 1.1]), we can apply the change of variables formula (see [16, Theorem 2, Section 3.4.3]), to
obtain

5
/ [tn () — vy (x)|Jd(2) dz = / / |t () — v ()| dHY "1 (z) | dy
Us\U 0 |d=(y)

and, since the Jacobian determinant Jd(z) is bounded and u,, —v,, — 0 in LY(V N (Z\ U); RY), it follows
that for almost every o € [0, §] we have

lim / |t (2) — vy (x)| dHN 71 (z) = lim [t () — v ()| dHY 71 () = 0. (A.6)
d=1(o) U,
Fix go € [0;0] such that (A.6) holds. We observe that U, is a set with locally Lipschitz boundary since

it is a level set of a Lipschitz function (see, e.g., [16]). Hence we can consider u,, and v,, on 9U,, in the
sense of traces and we can define

n ifzeU,,,
wn(x) = B ($) l ’ .
vp(x) HxeZ\U,y,.
By the choice of gy, the function w, is admissible for Iyom(g,G;Z); in particular w, S? (9,G) €

P

SD,(Z;R%). Thus we have

Low(9,G; Z)
<11nrr_1>1£f{/W(: an(ac))dx—i— / 1/)(;,[wn](;v)wwn(x))dHN_l(x)}
WS,

<nminf{ W(E Va@)dot [ (0., ()R a)
im in / u ) x Vﬁlun (En Uup | (z :r:) x
s [w(E @) [ o(E @, @) o)
Z\U (Z\U)NS.,
+ limsu i wn] (), v, () )dHN 71 ()

< Thom(9,G; V) + Ihorn(gv G;Z\U)+2n

+ lim sup / 1/)<é7 [wp](x), e, (x))dHNfl(x).

n—oo

AU 4o NS,
Observing that, by (v), and (A.6), the last surface integral converges to 0, condition (i) follows by letting
n—0t.
It remains to prove conditions (ii) and (iii) in Lemma A.1. To this end, fix n > 0 and take V CC Z
such that u(Z\ V) < n. By (i), (A.4), and (A.5), it results

w(Z) < p(V)+n=pnQ) — up(Q\ V) +1 < Iom(9,G; Q) — Inom (9, G; A\ V) + 1 < Lyom (9, G Z) +
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Letting n — 07, we obtain u(Z) < Ihom(g, G; Z), which proves (ii).

Finally, fix n > 0 and Z € O(Q) and take K a compact set such that K CC Z with A\(Z\ K) < 7 (with
A the measure in the right-hand side of (A.3)), and V € O(Q) an open set such that K CC V CC Z.
Using (i) and (A.5) we have

Ihom(g7 G; Z) < Ihom(g7 Ga ZV) + Ihom(ga G7 Z \ K) < :U/(V) + )‘(Z \ K) < M(Z) + m,
and (iii) follows by taking the limit 7 — 0T. The proposition is fully proved. d

We now report a result stating that the functional o, in (1.8) can be obtained along sequences
that are bounded in L>. Let E,, be as in (1.5) and for every g € L>®(Q;R?) N SBV(Q;RY), and G €
LP(§; RN define

(9. G) o= inf {Tanint B, (u,) : {un} € Ry(g: G52) and supllus = ey < +00}. (AT
n— oo neN

Following the same arguments as in [9, Lemma 2.20] one can prove that Inom (9, G) = IS, (g, G) when

g € L=®(Q;RY) N SBV(Q;RY), i.e., the additional L> bound on admissible sequences for (1.8) does not
increase the energy, and it is used both in Sects. 4.1 and 4.2.

Lemma A.3. Let p > 1, (9,G) € (SBV(;RY) N L (4 RY)) x LP(Q; RYYN), and assume that Assump-
tions 3.1 hold. Then

Ihom(ga G) = I}?gm<g? G)

Finally, in the proof of upper bound (4.37) for the surface energy density hAnom, we used the integral
representation result on partitions stated in [3, Theorem 3.1], which we recall here for the reader’s
convenience.

Theorem A.4. Let L C R™ be a subset with finite cardinality, and let F': BV (§); L) x O(2) — [0, +00)
be a functional satisfying the following conditions:

(i) There exists A > 0 such that 0 < F(w;U) < AHN"YUNS,) for every u € BV(; L) and for every
UeOQ);

(i1) F(u;-) is a measure for every u € BV (§; L);

(i) F(uw;U) = F(v;U) whenever u = v almost everywhere in U € O(Q);

(iv) up — u a.e. in U implies that F(u; U) < iminfy,_, o F(up;U) for every U € O(Q);

(v) For every U CC Q, there exists a continuous function wy : [0, +00) — [0, +00) such that wy(0) =0
and |F(u,V) — F(v,V + 2)| < wy(|z)HN"1U N 8,,) whenever V € OU), z € RV, |z| < 4l.90)
and v(z + z) = u(z ) inV.

Then there exists a unique continuous function f: Q x L x L x SN~ — [0, A] such that f(z,i,j,v) =

f(x,j,i,—v), and the function p — f(x,i,j,%)m is convex in RN for every x € Q, i,j € L, and
p
F(u;U) is representable as
F)= [ ot @), (@), (o) dhYa),
Uns,
for every uw € BV (Q; L) and for every U € O(Q).
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