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The Polynomial Robust Knapsack Problem
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Abstract

This paper introduces a new optimization problem, namely the Polynomial Robust
Knapsack Problem. It generalises the Robust Knapsack formulation to encompass pos-
sible relations between subsets of items having every possible cardinality. This allows
to better describe the utility function for the decision maker, at the price of increasing
the complexity of the problem. Thus, in order to solve realistic instances in a reasonable
amount of time, two heuristics are proposed. The first one applies machine learning
techniques in order to quickly select the majority of the items, while the second makes
use of genetic algorithms to solve the problem. A set of simulation examples is finally
presented to show the effectiveness of the proposed approaches.

Keywords: Heuristics, Robust Knapsack Problem, Genetic Algorithm, Machine
Learning
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1. Introduction

Our lives are the result of decisions; most of them are taken on the basis of intuition
and common sense. More complicated decisions require, instead, a more systematic
approach, and the adoption of proper methodologies of decision support, especially if

such complex problems require to take into consideration a plurality of points of view.
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An effective example is when the decision maker is asked to choose among many
conflicting projects, which may create some further extra economic value in the form
of synergies among them (e.g. the common activation of a metro station and a parking
area nearby might produce a traffic decrease bigger than the sum of those estimated for
each single building).

This work aims at correctly mapping these practical situations into a suitable formu-
lation, representing the joint development of two sub-classes of the traditional Knap-
sack Problem (KP), namely the Robust Knapsack Problem and the Polynomial Knap-
sack Problem. We call this new problem Polynomial Robust Knapsack Problem (PRKP).

The KP is a well known combinatorial optimization problem which given a set
of items, each one characterized by a weight and associated to a utility value, aims
at selecting the subset of items maximizing the total utility, by respecting a budget
constraint on the items’ weight. The problem often arises in resource allocation, where
the decision maker has to choose from a set of non-divisible projects or tasks under a
fixed budget.

However, the basic formulation of the KP is limiting with respect to real application
scenarios. Indeed, it only considers a utility reward measure from the singular item,
without modeling dependencies of contributions common to several items.

In order to fill this gap, the Quadratic Knapsack Problem (QKP) was introduced,
extending the problem formulation to model the impact of quadratic terms in the utility
function. Indeed, given a set of items, each with a weight and a value, an extra-profit is
considered if two items are selected in the solution.

The Polynomial Knapsack Problem (PKP) is a further generalization of the Quadratic
Knapsack Problem up to any polynomial degree terms. In order to linearize the prod-
ucts of the binary variables of each degree, this problem needs an exponential number
of variables and constraints; in the real setting, the decision maker cannot define all
such contributions, but in this way a more flexible model is provided, so that a limited
amount of multiple contributions brought by increasing numbers of items can be taken
into account if necessary. To the present knowledge, and probably due to this enhanced
complexity, it has never been specifically studied in the literature.

The framework inside which the two aforementioned problems are defined only



deals with a deterministic scenario: the informative content about each item (i.e. its
profit and cost) is indeed known a priori. However, in several settings this may not
be the case, as uncertainty is present over some of the items’ characteristics. The
Robust Knapsack Problem (RKP) is one possible way to face this lack of information.
It represents an extension of the KP where the weight of each item varies in a pre-
defined interval. The maximum number of items whose cost varies is governed by a
parameter I', which is supposed to have been statistically estimated. Intuitively, the
robust solution considers the worst case scenario, occurring when all the selected items
achieve their respective largest allowed weight. If on the one hand the RKP more
dynamically models the Knapsack Problem, on the other hand its framework does not
originally include more than the singular items’ contributions.

Given that the robust and the polynomial KP formulations have been always treated
separately, the goal of this paper is to mix the two problems to fill such gap in the
literature. Among the several different interpretations given for the aforementioned
problems, for this paper it was chosen to deal with a set of investments as ‘items’,
whose cost can vary in a bounded interval. The presence of several items leads then
to a variation in the overall utility computation, which will be called synergy: there-
fore, the robustness of the problem co-exists with the polynomial utility terms. In this
way, the scenario is adequate to describe the decision-making process that a company
(or a public decision maker) could face having to choose between different options
of investments: the opening of several investments may generate synergies (at several
different combinatory levels) leading to an extra-profit. The objective is thus to maxi-
mize the minimum possible profit, taking into account the uncertainties brought by the
variability, and always respecting the budget limit.

It will be shown how the cost of passing from a Quadratic to a Polynomial definition
of the problem may be justified for the sake of generalization. Furthermore, enclosing
the problem in the Robust context represents an important final step to obtain an ulti-
mately complete formulation of the Knapsack Problem, well suited to represent even
complex real-life problems.

The paper is organized as follows. A literature review about the PKP and the RKP

is presented in Section 2. Then, the mathematical derivation of the problem is given



in Section 3. Section 3.1 shows in practise how the mathematical problem could be
contextualised in real world applications. Two heuristic methods are proposed in Sec-
tion 4. Both algorithms exploit the continuous relaxation of the problem and merge
some contributions from (respectively) the Machine Learning and Genetic Algorithms
domains. Consequently, with Section 5 the discussion dives more deeply into the anal-
ysis of the computational time required by the exact solver to solve the model, followed
by a close comparison of the performances of the proposed heuristics, proving their ef-
fectiveness in complex scenarios. The repository containing the code and the described
experiments is publicly available !. Finally, Section 6 concludes the paper and sketches

some possible future research lines.

2. Review of the literature

As already mentioned, the goal of this work is to investigate the Polynomial Robust
Knapsack Problem, a generalization of the Knapsack Problem which embraces two
distinct aspects of such field, robustness and polynomial synergies. The research that
has been conducted to develop this analysis has shown that no or very little attention
has been attributed in the past to this formulation of the Knapsack Problem.

The two separated approaches, however, have been thoroughly explored. The RKP,
especially, has attracted relevant interest in recent years and has been addressed by
several researchers and academics. It has been firstly introduced and studied in Eilon
(1987), where the authors highlight how the optimal solution of a classical KP can be
very sensitive to parameters changes, and it is indeed possible that a small change in
the budget invalidates the found solution (see also Ben-Tal and Nemirovski (2000)).
Robust approaches have therefore been adopted in order to be immune, up to a certain
point, from data uncertainty.

In general, robustness in the KP may be linked with costs of the knapsack items (as
in the following formulation) but also with their profits (e.g. Talla and Leus (2014)).

In Bertsimas and Sim (2004), the authors provide a detailed historical overview

"https://github.com/EdoF90/PolynomialKnapsackProblem.git
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on how different solutions were thought and refined with time, not only for the RKP
problem but for treating robustness in general. Robustness is indeed a key aspect in
several real-world modelling problems: for example, in Nasri et al. (2020) a robust
approach for solving a vehicle routing problem with time windows of uncertain service
and travel times is presented. In Monaci et al. (2013) there is a clear representation of
the robustness concept, insights on the linear programming modeling of the problem
and some hints at interesting heuristic methods. Among these, a Dynamic Program-
ming approach is presented to look for an exact solution of the problem. This, however,
cannot be extended to the case analyzed in this work, as the property for which an op-
timal solution is composed of many sub-optimal solutions is not valid anymore when
synergies are introduced.

Another dynamic approach for the solution of the robust problem is anyway ex-
plored in Aissi et al. (2007).

For what concerns the Quadratic feature, this has been introduced in Gallo et al.
(2009), where the problem is solved through the use of ‘upper planes’ to be applied on
branch-and-bound techniques. Also Chaillou et al. (2006) works with a branch-and-
bound approach which tries to find better approximations of the upper bounds using
Lagrangian relaxations. A great effort has also been made in Pisinger et al. (2007)
where the authors propose reduction methods using both Lagrangian relaxation and
decomposition schemes. Instead, in Pisinger (2007) there is a complete review of the
literature for the Quadratic-Knapsack problem, together with some efficiency analysis.

Meta-heuristic approaches are proposed in Hammaer and Rader (1997) for the 0-1
problem dividing the problem in smaller sub-problems, while Billionet and Calmels
(1996) exploits the continuous relaxation, as it will be done in the two heuristics pro-
posed at the end this work. This method is then reviewed and expanded in Billionet
et al. (1999), which improves Billionet and Calmels (1996) with a more performing
upper-bound search. Furthermore, Tabu Search for the QKP is applied in Glover et al.
(2002) and Létocarta et al. (2012), where the authors apply Lagrangian relaxation and
Lagrangian decomposition as re-optimization to accelerate the solution. The extension
of this problem to the Polynomial dimension is yet another thing that has received too

little attention and that this work aims at improving.



In the broad range of heuristics applied to Knapsack problems, those using Ma-
chine Learning concepts are worth to be mentioned. Among them, a relevant work is
Mirshekarian and Sormaz (2018), where the authors use ML for Combinatorial Op-
timization Problems. Here, an agent-based framework is applied to model a genetic
algorithm, which will also take part in the heuristics implementation. In Kern et al.
(2020) as well, the Multidimensional Knapsack Problem (MKP) is tackled with a meta-
heuristic that exploits Teaching-Learning Based Optimization (TLBO). Other interest-
ing heuristics worth to be mentioned have been presented in Ojstersek et al. (2020)
and Rao (2020). However, it is important to remember that ML is not the solution
for all the problems: for instance, in Amini et al. (2016) ML and heuristic results are
compared for a particular problem, whose outcome better addresses the heuristic coun-
terpart. More in general, a thorough preliminary analysis of the problem needs to be
done: whenever a limited number of training data is available, ML is not a valid alter-
native. On the other hand, with a higher data availability and a greater complexity, ML

is often one of the most powerful approaches.

3. The Mathematical model

In this section, the mathematical model of the aforementioned problem is pre-
sented. Before proceeding to the model presentation, it is worth stating that, given
a decision maker who has to choose a subset of items to select among a set of items
7T ={0,1,...,I}, the utility function u(z1,...,zr) : {0,1}Y — R can be expressed

as:

I I I
u(xl,...,:cl)zz:wi:ci—kz Z Wi+ +wi gz ..z (1)
i=1

i=1 j=i+1

It is important to recall that while first order terms are related to the utility of the single
item, higher order terms are related to the interaction between them. For this reason,
these will be called synergies, and in particular wa, A C Z, |A| > 1 will be called
synergy of level n > 1if |A| = n. It is worth noting that w4 € R, thus it can be
positive or negative: if the w4 > 0 it means that the cumulative effect of the items is

super-additive (i.e. given x1 and z2, u(z+y) > u(x)+u(y)), otherwise is sub-additive



(i.e. given z1 and z2, u(z + y) < u(x) + u(y)). For example, positive synergies can
be used in order to guarantee that the utility takes advantage of diversification (no risk
measure can be a linear function of z1,...,x). Instead, negative synergies can be
used in order to model items that jeopardize each other (more on this in Section 3.1).

Since Eq. (1) is an expansion, it is reasonable to assume that, in general, higher
order coefficients are smaller than the lower ones. Moreover, it is worth noting that,
if a decision maker wants to describe its utility by means of the approximation in Eq.
(1), given I items, 21 coefficients have to be specified. Thus, this would turn out
to be practically infeasible for a big I. Due to this observation, the majority of the
coefficients in Eq. (1) will be assumed to be zero.

The mathematical model of the aforementioned problem is described by the fol-

lowing sets:
o the set of possible items Z with cardinality I;
o the set of synergies A C 27.

The parameters used by the mathematical model are:
e WW: the capacity of the knapsack;

e [': maximum number of items whose cost can change from the nominal value;

p;: utility associated to item ¢;

e w4: variation of utility if all the items in ¢ € A are chosen;

c¢;': nominal cost of item ¢;
w. . .
e c': upper cost of item .

The variables considered are z; € {0,1} Vi € Z, they assume value 1 if item ¢ is



chosen, 0 otherwise. The general model is

I I

max sz‘l’z' + Z wA H i — (mcaxzcza:,) (@)

i—1 ACA  i€A i—1
I

s.t. rrt:?xz cir; < W 3)
i=1

x; € {0, 1}

Eq. (2) is the objective function: the first two terms represent the utility from the
choice, while the third one is related to the costs, and it expresses the concept of worst-
case with a sub-problem of maximization of the costs for the chosen set of items. The
same term, therefore, is also present in Eq. (3), which enforces the capacity limit. To
model the synergies, the product [ ], 4 2; is used. In order to linearize this term, the
case in which |A| = {7, j} can be first considered. To linearize x;z;, a variable z;; is

introduced, such that:

T; + x5 <1 + 2zij ifwij <0 )

x; > Zij T > Zij if Wi > 0 (®)]

In fact, if w;; < 0 the model will set the variable z;; to 0, thus Eq. (4) enforces z;; to
be 1if both z; and x; are 1. Instead, Eq. (5) is needed because if w;; > 0, the model
will set the variable z;; to 1, thus Eq. (5) forces it to be zero if x; = 0 or x; = 0.
By generalising the same reasoning for the higher order terms, Model (2)-(3) can be

rewritten as:

I I
max Zpﬂi + Z WAZA — maxz Ci%i (6)
Ta AcA R
I
s.t. machixi <W @)
“ =
i <|Al—1424 VAe€2h  ifwa<0 (8)
i€A
2pa<z; VieAe2l  ifwy>0 )

r; € {0,1}Vi €I, zp €{0,1}VAec 2%



The maximization terms in problem (6)-(9) would be quite easy to be solved, if there
was no assumption related to the parameter I': in fact, the maximization with respect to
¢; would boil down to ¢; = c}' for all the items, thus reducing the problem to a standard
Knapsack Problem. Following the approach of Bertsimas and Sim (2004), however, it
is assumed that no more than I items change their prices with respect to their nominal
values (and towards their upper values). The two terms containing the maximization
with respect to ¢; (i.e., maxe, Zi[:l c;x;) can be treated with the aid of duality. For the
sake of simplicity and without loss of generality, consider first the capacity constraints:
I
mc?xi_zl cix; < W. (10)

By using the definition of ¢} and ¢}, Eq. (10) can be written as
I I
Zc;lxi +m§XZéixi <W (11
i=1 s

where é; € [0,c¢} — ¢f] Vi € T represent the deviations from the nominal costs
introduced in the worst-case scenario. The focus for the maximization is in practice

shifted towards the last part of the expression, which can be modelled as follows:

I
max Y [Gwily: (12)
=1
I
sty y<T (13)
i=1
y; € {0,1} Vi. (14)

This brings to a sub-problem where the ¢; and the x; are the coefficients for the in-
troduced variables y;. Practically, once an assignment has been done for the x;, this
sub-problem ‘chooses’ the worst possible y; to be set to 1 (at most I'), taking at up-
per cost those items that maximize the total cost for the chosen set of items. The y;

¢, i.e., it is set to the maximum of

variable assumes value 1 iff the cost ¢; = ¢ —
its deviation. It is important to notice that the problem can be relaxed considering the
variable y; € [0, 1] without changing the optimal solution. Thus, duality theory can be

used to solve this problem.



Following the well-known dual transformation, indeed, the previous formulation

can be re-written as follows:

I

min Tp+ Zﬂ'i (15)
i=1

st p+m > éxy Viel (16)

p>0, m>0 Viel (17)

For what concerns the new dual variables, it has been chosen, in order to keep a
notation equivalent to that used in Monaci et al. (2013), to build the vector A € RN+tL1

of the Lagrangian multipliers as:
)\:[p77T1,...,7T1‘,...,7T[]T. (18)

Specifically, p is the dual variable associated to constraints Eq. (13) and 71, ..., 7 are

the dual variables associated to constraints y; < 1.

Therefore, Eq. (10) can be reformulated as

I I
> ctai+min (Tp+ Y m) <W,  (16),  (17). (19)
i=1 i=1

The min is actually no more necessary, as the nature of the main problem, which
aims at maximizing the value of the utility, will necessarily bring the expression of
the costs to its minimum possible value. Deleting the minimum operator, the feasible
space is expanded, but the final result will remain the same. An equivalent reasoning
can be performed for the term max,, Zle c;x; in the objective function, and it has
been verified that the same p and 7; variables may be uniquely adopted for both the
cases, so that in practice each of the secondary maximization problems max., Y, ¢;x;

can be simply substituted with:

I I
D i+ Tp+ > m), (20)
i=1 =1

introducing in the model the previously defined dual constraints and adding Eq. (16)

and Eq. (17) in the constraints.

10



The final formulation of the model for the PRKP problem is therefore the following:

I

I I
max Zpﬂi + Z WAZA — Zcfa:i —Tp+ Zm) 20
i=1 i=1

AcA =1
I I
s.t. Zc?xi +Tp+ Zm <w (22)
i=1 i=1
p+m > (cf —cf)x; Vi € T (23)
i <|Al—1+z24a VAe2r  stwa<0 (24)
€A
o<z VieAe2l  stowy >0 (25)
r; €{0,1} VieZ, 2y €{0,1} VA2t (26)
p >0, >0 Viel 27

The constraints are respectively related to the maximization of the earning in the
worst case, the knapsack capacity, the dual constraints used to linearize Eq. (3), the
synergies activation and the variables domains. This kind of model implies that among
the final set of items, the ones whose cost will assume the upper value are those for

which such increase with respect to the nominal cost is larger.

3.1. Practical Applications

In this brief section, we provide more clarity on the treated scenario, by discussing
real world applications of Model (21)-(27). We consider two use cases.
In the first one, a public decision maker has to choose a subset of projects from a pool
to improve the living condition of the population. On one side, its choices need to be
robust to uncertainty: in other words, even when a bad scenario arises, the project must
remain feasible (i.e., within the planned budget). On the other one, the decision maker
is aware that several projects may have positive and negative synergies. For example,
installing a set of electric charging stations in a parking area and refurbishing a near
building for institutional purposes provide to the population more utility than just the
sum of the two projects, meaning that the concurrent activation of both investments
brings an additional gain.

In the second example, a decision maker, which we can think as an hedge fund, has to

11



do strategic investments in a subset of macro-sectors while having access to relevant
statistics about them (e.g. investments’ costs, returns, volatilities, etc.).

These statistics can be used to define an instance of Model (21)-(27) in which:
e the utility p; is the expected future price;
o the nominal cost ¢ is the asset’s market price;

o the upper cost ¢} is an upper bound on the asset’s price (e.g. the price majored

considering its historical volatility);

e the synergies keep into account cross-correlations across assets, with positive
synergies associated to negatively correlated assets. Thus, the model will favour

diversification, reducing risk.

Therefore, the model’s solution provides the set of investments with the highest ex-
pected income (fitting into the budget at disposal), having taken into consideration all
the interplays between themselves and the possible variability of their costs.

In conclusion, we showed some real world applications of Model (21)-(27), but several
others could be considered. It is worth to mention that the aforementioned use cases are
reported for illustrative purposes. Since not having real data at disposal would result
in defining arbitrary instances of questionable quality, in Section 5 we define a general

way to define random synthetic instances.

4. Heuristics

In this section, two heuristic methods for the solution of the presented problem
are illustrated. The first one relies on the application of Machine Learning (therefore
named ML Heuristic) concepts while the second relies on an adaptation of Genetic

Algorithm (therefore named Genetic Heuristic).

4.1. ML Heuristic

Machine Learning is a branch of Artificial Intelligence (AI) which aims at analysing

and interpreting patterns and structures among data. To reach this goal a set of known

12



input and output data (called training set) are fed to the ML algorithm which learns
how to predict the output for a new, unseen input. For this specific problem, the task is
binary classification, as the interest is on whether or not a variable will be set to 1 (i.e.,
the corresponding item is inserted in the knapsack).

More specifically, the basic idea is to exploit the power of a ML algorithm, which
assigns to each binary variable of the problem the probability to assume value 0 or 1 in
the optimal solution. From these estimated probabilities, the variables whose result is
most certain are fixed. Contrarily, the most uncertain ones are further processed by the
exact solver, which however benefits from the previous reduction of the search space.
It follows that the complexity of the last run can be modified by simply changing the
percentage of variables which are fixed by the classifier. This eventually provides a
two-fold tool, which can either focus on short running times or on solution goodness.
In the following, the variables considered by this approach will be the x; of Model
(21)-(27). Since these variables are in a one-to-one correspondence with the items, we
will interchange the terms “items” and “variables”.

In order to apply a ML algorithm, a predefined set of features to characterize each
item must be defined. In the proposed approach, the features chosen to describe item %

of the considered problem are:

o the optimal value of the Z; in the continuous relaxation of the problem (thus it

will not be 0/1 anymore, but a value continuous in such interval);
e the profit associated to such item;

e its nominal cost divided by the budget (it represents the percentage of space

occupied by the item, irrespective of the budget);
e its upper cost divided by the budget;
e the number of the positive synergies in which the item is included;
e the number of the negative synergies in which the item is included;

As mentioned, the label associated to each item is binary, indicating if the item is being

left out or taken into the final solution.

13



The working principle behind this approach follows the general trend that items
having high profit with low weights and taking part in a lot of positive synergies tend
to be predicted in class 1 (thus taken into the knapsack). On the contrary, items char-
acterized by heavy weights, low profits and leading to many negative synergies will
hardly ever be considered as part of the final solution (then they are classified in class
0). With this piece of work, therefore, the search space for the discrete run is restricted
to those items whose features are not descriptive enough of their goodness for the prob-
lem, and this consistently speeds up the computational time without heavily impacting
the final result.

The general pseudocode of the heuristic is reported in Algorithm 1.

Algorithm 1 ML Heuristic

1: solve PRKP continuous relaxation

2: prepare feature vector for each item

3: load previously trained classifier

4: predict class probabilities for each item

5: sort the class probabilities in descending order (most probable at the beginning)
6: classify the items with the highest probability to their predicted class

7. solve PRKP by fixing the variables related to the classified items

8: return solution

The second run of the solver, performed with the discrete problem and more com-
putationally expensive, is therefore launched with a limited number of items needing
to be discriminated; these are the remaining ones for which ML predictions are less
reliable. The result of this execution is taken as final solution of the heuristic.

Clearly, some studies and tuning are needed for the refinement of the heuristic.
For what concerns the classifier, a very large training set is created by generating 800
instances of the problem. For every variable z; of each instance, the feature vector
is properly built and its labels are extracted after solving the problem through an ex-
act solver. Then, many different algorithms for binary classification have been ex-
perimented on this set; namely, the considered ones were KNN, SVM, MultiLayer

Perceptron, AdaBoost and Random Forest. The latter was chosen given the higher

14



performances. A more precise detail on the classifier choice has been skipped as it is
somehow independent on the peculiar heuristic procedure; in any case, accuracy results
for the tested classifiers can be easily retrieved running the provided source code.
Finally, the main parameter of the proposed heuristic needing to be tuned is the
percentage of variables to be fixed before running the exact solver. This is a core as-
pect of the heuristic, heavily influencing its performances, both in terms of optimality
gap and execution times. Indeed, high values of this threshold would heavily reduce
running times, but would lead to bad and possibly infeasible solutions. In fact, since
the classifier does not consider the problem constraints but just the items characteris-
tics, it might overcome the knapsack capacity leading to infeasible solutions that have
to be adjusted. Conversely, too low values would increase the workload of the exact
solver, thus requiring too much time for the solution computation (or leading to out of
memory errors in the worst case). As a consequence, the role of the heuristic would be
strongly harnessed.
Therefore, the fine-tuning procedure has been included into a Cross-Validation process,
testing ranges from 75% to 100% of fixed items. Such analysis has been evaluated ac-
cording to three key indicators: (i) the ratio between the running time of the heuristic
and of the solver; (ii) the final solutions’ average optimality gap and its standard de-
viation; (iii) the generalization performance across different sets of instances, both in
terms of types and dimensions (measured by the number of infeasible solutions ob-
tained). As a result of the experimental campaign, the choice to fix 85% of the items
has proven to be the best one under each of the aforementioned criteria, leading to no
infeasible solutions.
It is worth noting that Cross-Validation as well as local search methods may be adopted
to decide the percentage of variables to be fixed when applying the heuristic to other
problems. In conclusion, it is important to notice that in real life problems it is likely
that the sizes of data instances will be restricted to specific ranges, therefore enabling

the possibility to adopt an even more tailored threshold.
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4.2. Genetic Heuristic

Genetic Heuristic is based on Genetic Algorithms (GA) which are known to offer
large scalability on data, by maintaining a low overall complexity (see Vose (1998)).

The main structure is composed of an initial setting of the parameters followed by
an iterative method composed of basic simple actions.

The initialization step creates a population of the so called chromosomes. As in the
genetics field, each chromosome is a unique subset of attributes, where each attribute
(i.e. a gene) is, in turn, a fundamental unique unit for the entire process.

After the creation step, the method iteratively computes an evolution of the pop-
ulation, passing through a parents selection step, where the best individuals of the
population are selected according to a common criterium: the fitness score. Generally,
the fitness score is chosen such that it maps the expression of the objective function.

Consequently to this operation, the algorithm provides for the evolution of the ini-
tial population through the crossover and mutation procedures. The former allows to
renovate the set of chromosomes by emulating the real genetic crossover procedure.
Therefore, from two individuals, two siblings are created by determining a splitting
point in the two parents. In this way every new chromosome’s attribute is derived by
one of the two parents. The mutation is instead an operation which aims at increas-
ing the randomness in the population, involving only a subset of chromosomes and
transforming a gene (i.e. an attribute) in a different, unpredictable one.

Given the overall structure, a GA can have multiple possible stopping criteria, like
a no-improvement policy, a maximum number of iterations or a target value for the

convergence.

4.2.1. The Implementation for the Polynomial Robust Knapsack

The final version of the Genetic Heuristic implements the aforementioned setup in a
more elaborated scenario. Indeed, with the intent of giving a sub-optimal initialization
of the population, the genetic characterization takes advantage of the continuous relax-
ation of the PRKP. Its minor complexity allows to efficiently direct the initialization of
the Genetic Algorithm, which would surely represent a time-consuming procedure in

the economy of the heuristic. The solution of the continuous relaxation is interpreted
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under a probabilistic assumption; in other words the continuous decision variable is
interpreted as the probability that the associated item is equal to one. This fosters the
presence among the selected items of those whose continuous value is close to 1. In
this way, the creation of the population results in a light computational method, relying
on the simpler nature of the related continuous problem and the efficiency of an exact
solver. Finally, this scheme can be classified under the category of the Matheuristics.

Diving more deeply into the genetic phase, the first remarkable parameter to decide
is about the correct dimension of the population. Indeed, although a large and well
diversified population would lead to decrease the gap on the result between the exact
solution and the solution provided by the heuristic, the interest is to maintain a net gap
in computational times with respect to the exact solver. Doing so allows to obtain a
better scalable method, able to fast manage large instances, without losing in precision
in terms of the correct objective function. The conducted experiments proved that the
correct trade-off is setting the initial population size to about 70 individuals.

Each individual (i.e. chromosome) is conceived as a simple binary string of length
I, where the items set at ’1’ result belonging to the solution. A chromosome is thus
built by taking each item with a probability equal to z;. In other words, by calling p;
the realization of a uniform random variable between O and 1, we have that

Acceptance if p; < T;
Z (28)

Rejection otherwise

Even though this method suitably works in the vast majority of the cases, some
exceptions make the heuristic struggle in achieving the correct creation of the pop-
ulation. Indeed, due to this probabilistic initialization, some instances highlight the
drawback of completely relying on the continuous relaxation of the problem. In those
cases, indeed, the population results being filled with only infeasible individuals un-
der the discrete problem constraints, directing the entire algorithm far from the space
of feasible solutions. In order to cope with this limit, it is necessary to introduce a
new penalizing hyper-parameter e for the algorithm, only activated on a small bunch of
individuals. This operation allows to guarantee that, in such cases, the creation of the

population leads to a minimal percentage of feasible individuals, correctly constraining

17



these exceptions. For sake of brevity, the tuning procedure of this new parameter is not
reported in the hereby description, but a consistent framework is to set e = 0.03 on the
40% of the initial population. Thus, Eq. (28), is updated to the following expression:

Acceptance if p<z; —¢
7 (29)

Rejection otherwise.

The resulting population from the first step then represents the first generation of
chromosomes for the consequent iterative procedure.

The parents selection consists of evaluating the best individuals according to their
fitness score. Such measure, as described before, is defined according to the objective
function formulation, by evaluating profits, costs and polynomial gains determined by
the genes in the chromosome, as well as by checking the feasibility of the solution
according to the budget constraint.

This selection criterium allows to define an implicit termination criteria. Indeed, at
each iteration ¢, the parents selection operates a truncation of the population, reducing
it to a length of (;, corresponding to the best individuals. In this way, the end of the
algorithm coincides with a population of length 1 (i.e. the only remaining individual
is no more able to make the population evolve anymore). The number of individual of
the population evolves according to:

70

Gi=g 1=012.6 (30)

After the parents have been selected, the core of the Genetic Algorithms provides
for a simple and efficient method to simulate the evolution of the population: the
crossover. For each couple of chromosomes (parents), a random crossover point is
extracted, and a new couple of chromosomes is added to the population. It is evident,
that each one of the siblings inherits some attributes from both the parents. The ef-
fectiveness of this step is the strength of the heuristic, allowing a large scale random
search in the space of the solutions.

Ultimately, the mutation step is a needed passage, which randomly flips one item
in the chromosome, either inserting or removing it.

The general pseudocode of the heuristic is reported in Algorithm 2.
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Algorithm 2 Genetic Heuristic

1: solve polynomial knapsack in continuous relaxation
2: create population
3: parent selection

4: while len(population) =1 do

5: crossover
6: mutation
7: parent selection

8: return solution

5. Computational Experiments

In this Section, the results of the computational experiments are reported. The flow
is divided as follows. First, Section 5.1 presents the methodological framework used
for the computational experiments. Subsequently, Section 5.2 shows the computational
time needed for exactly solving the mathematical model. Having done so, Section
5.3.1 presents results for ML Heuristic and Section 5.3.2 reports results for Genetic
heuristic, with Section 5.3.3 comparing the results of the two. Finally, Section 5.3.4
presents an additional analysis on the two sub-problems, to prove the general validity

of the adopted methods.

5.1. Instance generation

In this section we describe how the different instances used for the following tests
have been generated, and how the model (21)-(27) behaves with respect to different
instance characteristics. Due to the novelty of the problem, there are no references to
be taken as a benchmark. When possible, inspiration has been taken from Gallo et al.
(2009) and Taniguchi et al. (2008); these describe how the standard instances for the
Quadratic and Robust problems are created. Anyway, analysing a new problem, some
new elements are of course added with respect to the cited references, and therefore,

for eventual interests and future comparisons with other works, the specific instances
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built for this study are freely provided?.

The trials are performed by considering input data of different sizes I; these range
between 100 and 1500. According to Gallo et al. (2009), the nominal costs ¢’ are
uniform randomly drawn numbers between 1 and 50. The upper costs, on the other
hand, refer to the Taniguchi et al. (2008)’s example: a positive random parameter d €
{0.3,0.6,0.9} is introduced, and the augmented cost is obtained as ¢! = ¢*(1 + d).
Both articles agree on randomly drawing the profits p; from the set [1, 100].

In Gallo et al. (2009), the authors provide a modeling for positive synergies; any-
way, to achieve a more realistic scenario in which both increments and decrements
might occur considering joint investments, the range was enlarged considering also
negative values. Furthermore, the bounds are weighted according to the synergies car-
dinality: this seems reasonable, since the perceived utility assigned to smaller sets of
items is generally greater than the one for larger groups. In practice, w 4 is drawn from

a uniform with support in [[—100/|Al; 100/| A]].
Ser

A last reference from the articles is about the capacity W; this is obtained as =it
with m randomly extracted in the set {2, 3,4}.

Referring again to the synergies, their numerosity is set based on the size of the
dataset: being k the synergies’ degree, for more than 1000 items they are exponentially
distributed (I/ 2k=1y. for a number of items between 300 and 1000 they are smoothed
according to the squared root of the former exponential trend (I/ 2VE=1). for a lower
numerosity, their number decreases linearly as (I /(k — 1)).

With this scaling-policy, the intention is to stress the exact model both in terms
of synergies’ density and dataset magnitude. The non-affordable times that the latter
requires for the computations and, even more importantly, the excessive complexity
leading to missing results, testify the real benefits brought by the heuristics.

For the choice of the parameter I', Figure 1 shows some interesting empirical re-
sults which are indeed helpful for a better understanding of the problem. With a fixed

capacity, the running time of the exact solver as function of I' follows a Gamma like

shape where the maximum is generally disposed on the left half of the distribution;

2https://github.com/EdoF90/PolynomialknapsackProblem.git
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this helps understanding that the most time-consuming configuration for I" refers to a
value between 20% to 60% of the total numerosity. Setting a lower or greater value
would tend to the best or worst case in terms of cost deviations but in any case reduc-
ing the overall complexity to be closer to a standard KP. These are not general rules,
since the model is affected by many other parameters; anyway, for the described setting
this range is well suited for appreciate the complexity of the proposed models and it is

therefore adopted for the next experiments.

computational time [sec]

50
F[/] %]

(a) Different distributions of synergies with 100 elements  (b) Linear distribution of synergies varying numerosity

Figure 1

With a more enlarged analysis, in Fig. 1a it is possible to notice how the influence
on computational times is not only dictated by the proportion of I" with respect to the
total number, but also by the density of the existing synergies between items. An higher
number of interactions between elements thus is reflected in increased computational
times. Finally, Fig. 1b underlines the strong relation between the numerosity of the
dataset and the execution times of the model. Specifically, with the same condition on
the density of synergies, doubling the numerosity computational times do not increase

linearly, highlighting the exponential nature of the PRKP.

5.2. Model running times

This brief paragraph is going to show how the computational time required to opti-
mally solve the PRKP rapidly increases with respect to the increment in the number of

considered items.
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Results have been computed by means of a Dual-Core Intel Core i5 CPU 2,7 GHz
and 8 GB RAM machine. Problem instances are solved to optimality by the commer-
cial solver Gurobi VO.1.

In order to extract some benchmark execution times by the exact solution of Model
(21)-(27), several runs of the model were executed for a large set of randomly generated
instances, built as previously explained and grouped into 11 categories with growing

number of items. Running times for each category are reported in Fig. 2.
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Figure 2: Model running times

As it can be seen, time complexity is exponentially increasing with the items nu-
merosity (and indeed basically linear in logarithmic scale): these graphs stop at nu-
merosity equal to 700, but since the goal is to go well beyond that, it is clear that
alternative methods are needed. This result confirms the general theory of complexity

and justifies the development of heuristics to solve the problem.

5.3. Heuristics

In the following, the heuristics performance and their effectiveness are measured.
Since the exact solver computational time grows exponentially with the numbers of
items, we set the time limit of the exact solver executions to 30 minutes. The analyses
showed on the figures keep track of the number of times in which this bound has been
achieved by inserting a labels on top of each boxplot. All the tests are run on a total

amount of 2000 instances, equally divided into 8 categories of the same cardinality.
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As already discussed in Section 5.1, these instances can be still divided in three sub-

categories, according to how the synergies were treated.

5.3.1. ML Heuristic

ML Heuristic seems to behave very well in terms of optimal solution compared to
the model, as shown by Fig. 3. Indeed, despite the quite little percentage of items which
are left as undecided before the final discrete run, the results do not seem to worsen,
indicating that the choices taken after ML predictions are generally correct. The only
cases in which the 5% gap margin is exceeded by some outliers are for instances of
reduced dimensions: this may happen in smaller instances where a wrong choice on
few items has great impact.

To be fair, it must be said that actually raw ML predictions on the class of each
item are generally extremely precise, with an accuracy well above 90%. On the other
side, though, this is not enough to exclusively rely on such predictions for the problem
solution, as the nature of the task states that what must be very accurately maximized is
the objective function value. In the objective function, also a few errors made on very
‘heavy’ items (in terms of contributions to the profit) can significantly alter the final
result: this is why ML can be used to greatly reduce the search space, but a discrete run
of the solver is anyway needed.

As instance dimensions grow, this system is always able to find a solution accept-
ably close to the optimal one, or to the best solution found by the solver after 30 minutes
of run, as mentioned before.
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Figure 3: Result: Model vs. ML Heuristic
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It has been here shown how the heuristic is able to greatly limit the gap with respect
to the optimal solution: in almost every case which requires a long run of the model,
ML Heuristic is able to provide a result which is usually very close to the desired one.
That said, to see the fundamental gain brought by the heuristic, a quick look at Fig. 4
will be enough. The values reported here represent how faster the heuristic is with
respect to the model. For relatively small instances, the two perform quite similarly
as expected, but as soon as the model begins to struggle, time performances of ML
Heuristic remain good. The item fixing before the discrete run allows to keep the exe-
cution time very low, as the other previous steps take a time which is usually negligible
with respect to the discrete run time. Therefore it can be highlighted that from instances
of 500 items onward, on average the heuristic keeps running in (roughly) 10% of the
time needed by the model (see Fig. 4). In some cases, as recalled by the small labels
on top of the boxes, the model has been stopped because its running time exceeds the
30 minutes threshold, so the results in the graphs are actually a lower bound on the real

performance of the method.
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Figure 4: Computational Time: Model vs. ML Heuristic

In conclusion, we claim that the ML Heuristic has proven to be a very valuable
tool to solve big instances of the Polynomial Robust Knapsack Problem, managing to
obtain absolutely acceptable results with a very consistent reduction of the execution

times.
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5.3.2. Genetic Heuristic

Genetic Heuristic is conceived as a method, able to generalize and adequately scale
on a large variety of instances. The comparison with the exact solver performance in

terms of gaps and computational times are shown in Fig. 5 and Fig. 6, respectively.
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Figure 5: Result: Model vs. Genetic Heuristic

The proposed heuristic well behaves towards the model, being mostly (as, for each
category, over the 75% of the cases prove) bounded below the optimality gap of 5%. A
minor number of outliers determines an expected variability of this method, which can
be intuitively attributed to the probabilistic nature of the algorithm.

Another aspect highlighting the capabilities of such a method is that the heuristic
has also been tested with the constraint of a fixed length for the population of individ-
uals. For this reason, the increase of the variability as the instances get larger can be

considered statistically irrelevant.
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Figure 6: Computational Time: Model vs. Genetic Heuristic

25



The former considerations can be extended to the comparison over the computa-
tional times, where the heuristic is significantly upper-bounded by the threshold repre-
sented by the value 1 (i.e. when the heuristic method took the same computational time
as the exact solver). In this scenario, the interest is mainly focused on the behaviour of
the central and right-most part of the chart, since it is still likely that the exact solver
and the heuristic, on quite small but very dense instances, could perform similarly. At
the same time, where the instances are quite sparse, with still a limited numerosity (e.g.
1100 items), the exact algorithm still performs better in some cases, which are though
not very meaningful for this scope.

On the other hand, under the computational speed point of view, the trend denoted
by the instances with medium density is a good generalization of the average behaviour
of the heuristic. Indeed, where the exact algorithm struggles to find an optimal solution
(especially in those many examples where the time-limit was reached), the heuristic
proves to be some orders of magnitude faster.

Furthermore, it is interesting to examine the behaviour in the right extreme of the
chart, underlining the expected scalability of the Genetic Heuristic. In that region, as
opposite, the exact solver shows some difficulties in managing large instances, despite
the density of synergies falling in the best-case scenario.

Finally, Genetic Heuristic proves to be more reliable than the exact solver in several
instances andit proves to be a valid counterpart of the exact algorithm, given its large
scalability and adaptability in coping with the computational time limits of the Gurobi

solver, especially when facing dense and/or large instances of the problem.

5.3.3. Comparison

In this section, a more precise comparison is shown with the aim to analyze how
the two heuristics perform with respect to each other.

Table 1 presents a detailed quantification of the heuristics’ results, both in terms
of running time and optimality gap. The average run time and the average gap from
the model solution are reported for both the heuristic methods, to allow also some
comparisons between them. Moreover, as done in the previous plots, the instances of

the problem are divided into groups of growing numerosity.
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ML Heu Genetic Heu
nitems | syntype | runtime [s] | optimality gap [%] | runtime [s] | optimality gap [%]
100 L 0.34 [0.14] 2.32[1.62] 0.62 [0.43] 1.72 [1.05]
300 L 3.07 [0.74] 2.25[1.16] 4.38 [2.42] 3.06 [0.92]
500 S 2.37 [0.61] 1.53 [0.84] 5.43 [3.22] 3.00[0.84]
700 S 4.59 [1.39] 1.62[0.85] 9.51[6.01] 3.3510.87]
900 S 7.32 [2.18] 1.64 [0.81] 14.24 [10.57] 3.65[1.11]
1100 E 3.51[3.33] 1.12 [0.55] 6.50 [3.46] 3.35[1.13]
1300 E 5.10 [4.58] 1.06 [0.56] 8.45 [5.49] 3.56 [1.21]
1500 E 7.10 [8.47] 1.10[0.49] 10.03 [7.19] 3.82[1.30]

Table 1: Mean [Stdev] for ML Heuristic and Genetic Heu run time and % gap

The Table shows once again how the two methods perform generally very well and
do not heavily suffer when the dimensions of the problem increase. Particularly, ML
Heuristic performs even better in the considered instances, as the mismatches with the
exact solution, and so the optimality gap, do not scale like the increasing number of
items. This leads to a decreasing trend, in which the higher the numerosity, the lower
the gap. Contrarily, Genetic Heuristic has higher margins, which however are always

bounded within 5% on average.

5.3.4. Heuristics on sub-problems

As a last test, the generalization capabilities of the two heuristics have been evalu-
ated on the sub-problems of the PRKP i.e. the RKP and the PKP. A subset of represen-
tative instances has been created (as described in Section 5.1), just putting to zero the
synergies (for robust-only cases) or setting the upper costs equal to the nominal ones
(for polynomial-only). The average results for instances with 300 - 1000 items are
shown in Table 2. As expected, ML Heuristic (applied with the same trained classifier
used above) behaves very well also in robust-only or polynomial-only instances. This
was somehow expected, being the sub-problems alone much simpler than the complete

one; nevertheless it was worth verifying that no overfitting or distorted modeling was
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occurring in the classifier. Genetic Heuristic as well shows overall acceptable (even if
slightly worse) performances. Moreover, it is interesting to notice that the most chal-
lenging component between the two seems to be the polynomial one. As a final remark,
the two sub-problems alone are extremely easier to solve, hence execution times are not

really a remarkable issue in this case, even if heuristics still manage to improve.

ML Heu Genetic Heu

sub-problem | run time [s] | optimality gap [%] | runtime [s] | optimality gap [%]

Robust 1.49 [3.34] 0.24 [0.23] 7.40 [6.75] 0.86 [0.67]
Polynomial | 0.78 [0.40] 2.11[0.72] 13.78 [10.56] 2.83[0.72]

Table 2: Mean [Stdev] for heuristics’ applied on sub-problems (run time and % gap)

6. Conclusions

The paper presented a new framework for the Knapsack Problem, merging the con-
tributions of the Polynomial Knapsack Problem and the Robust Knapsack Problem.
The novel formulation maps real-life problems where decision makers need to dis-
criminate between an high number choices, whose impact can vary both in terms of
costs and profits, also due to the existence of synergy terms among them. In order to
effectively solve the problem, two heuristic methods are proposed. Both of them are
based on the continuous relaxation of the problem. The heuristic exploiting Machine
Learning incorporates the result of the relaxed problem as a pivotal feature to deter-
mine the correct classification of the item (taken or not inside the knapsack), while the
Genetic Algorithm exploits such information under a probabilistic assumption, for the
creation of the first population of individuals.

If on the one hand the latter is a widespread optimization method in the field, ML
Heuristic opens a new perspective for further applications involving more complex and
accurate models. Here the focus was on Random Forest Classifier, whose characteris-
tics of an ensemble method ensured high scores in terms of accuracy under different
test circumstances. However, the possibility to move the spotlight to more complex,

highly-dimensional frameworks could be worth considering, in order to constrain even
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more the subsequent resolution of the discrete problem. In this sense, if many low-
dimensional binary classifiers prove to be adequate to the situation (i.e. Decision Trees,
Support Vector Machines, Logistic Regression, Deep Learning, etc.), testing the deep
learning counterpart could still improve the settings, without needing further resolu-
tions of the solver.

Furthermore, the flexibility of ML Heuristic allows to easily expand this frame-
work to other binary and integer optimization problems, where the values assumed by
the problem’s variable could be thought as the result of a classification task. Finally,
nowadays the progress in the Machine Learning field can ensure to scalably test a large
variety of different techniques with high-level frameworks and libraries, making this

kind of applications more accessible also for the optimization field.
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