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Abstract

We provide an updated study of some electronic properties of graphene nanoscrolls, exploit-
ing a related curved space Dirac equation for the charge carriers. To this end, we consider
an explicit parametrization in cylindrical coordinates, together with analytical solutions
for the pseudoparticle modes living on the two—dimensional background. These results are
then used to obtain a compact expression for the sample optical conductivity, deriving from
a Kubo formula adapted to the 1+2 dimensional curved space. The latter formulation is
then adopted to perform some simulations for a cylindrical nanoscroll geometry.
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1 Introduction

The discovery of graphene-like materials has determined a great interest deriving form the
synthesis of real, prototypical two—dimensional systems [1,2]. Graphene, in particular, has
emerged as an exciting framework with notable physical properties [3—6].

A graphene layer consists in a single-atom—thick sheet of hexagonally arrayed carbon atoms.
It has attracted attention because of its electronic, mechanical and optical characteristics [7-9]
together with a variety of quantum phenomena that are characteristic of 2D Dirac fermions,
such as specific integer and fractional quantum Hall effects or peculiar oscillations exhibiting
non-zero Berry’s phase [10-16]. All these properties, combined with its stability, flexibility
and near-ballistic transport at room temperature, make graphene an ideal material for many
nanoscale applications [4,17-21].

The substrate electronic properties are naturally described in terms of charge carriers that,
near the Fermi energy, mimic particles with zero mass and an effective limiting speed. It is then
possible to observe a relativistic-like particle motion at sub-luminal velocities [3,7,22]. We then
find the equivalent of a 2D gas of charged particles described by a relativistic Dirac equation,
rather than a non-relativistic Schrodinger equation with an effective mass. The particle zero—
mass description is a robust feature of graphene, being protected, by a certain extent, from the
presence of time-reversal and parity symmetry of the system. The introduction of electron-
electron interactions or substrate distortions turn out to be quite irrelevant at low energies, and
do not alter the massless formulation [23-26].

From the perspective of high energy physics, the existence of observable pseudoparticles
moving in a real, curved background is of great interest. The first remarkable consequence is
the possibility to examine quantum fields living in a laboratory system which acts as a lower—
dimensional curved spacetime [5,8,27,28]. This provides a bridge between condensed matter
and theoretical quantum models, where the analogues of many high energy physics effects can be
explored in a solid state system [7,9,22,29-34]. Moreover, the massless pseudoparticle motion
realizes the analog of a relativistic system, with characteristic limiting velocity given by the

! Then, one is naturally led to consider this

Fermi velocity vp rather than the speed of light c.
special relativistic-like behaviour combined with a supporting curved geometric background,
the latter obtained by geometrically deforming the graphene layer. This would give rise to
a tabletop general relativistic—like system, the charge carriers acting as Dirac pseudoparticles
in a lower—dimensional curved spacetime [9, 27,30, 34-46]. This unique combination therefore
offers the possibility of observing quantum fields in a real, curved background, giving rise to
many peculiar effects affecting the electronic properties of the substrate. The study of 2D Dirac
materials could then provide new insights in theoretical as well as in experimental physics.
Another fascinating opportunity would be to exploit the general relativistic nature of a
geometrically deformed layer to test some quantum gravity scenarios [47-49]. This approach is
dubbed bottom—up formulation, and considers suitable condensed matter system as supporting
frameworks in which to observe analogues of gravitational effects. The sine qua non of any
‘analogue model’ is, in particular, the existence of some emerging effective metric that captures
the notion of curved spacetime arising in general relativity [48,49]: the latter effective metric
controls the dynamics of quantum particles, and it is then possible to exploit some convenient
techniques usually belonging to general relativity (or quantum gravity). On the other hand, there

! For graphene, one has vy ~ ¢/300 .



is the possibility that direct observation of unexpected or unconventional effects could lead to
suitable variants of these analogue models, which would in turn provide some hints towards new
(or more complete) formulations of quantum gravity theories in high energy physics.

In the following, we will take advantage of the described analogue-gravity approach to
investigate some physical features of specific curved configurations for a graphene-like substrate,
using the related effective metric to study the pseudoparticle motion.? In particular, we will
focus on graphene nanoscrolls optical properties, exploiting a curved space formulation that, in
turn, gives rise to a Dirac equation in cylindrical geometry. The latter can be used to describe
the dynamics of the fermionic charge carriers, and will be instrumental in determining a simple,
explicit form of an adapted Kubo formula for the sample optical conductivity.

2 Dirac formalism

The hypothesis that carbon—based materials may realize the physics of massless Dirac fields
dates back to the 1980s [53], a property that discriminates graphene from other bidimensional
systems and makes it a privileged framework for theoretical investigations and experimental
applications.

The origin of the Dirac formulation in graphene is different from the one in high energy
physics.? The spinorial nature of the fields in graphene-like materials emerges as a consequence
of the lattice topological structure. In the honeycomb lattice, a unit cell is composed of two
adjacent atoms belonging to the two inequivalent, interpenetrating triangular sublattices giving
rise to the global hexagonal geometry. The same structure is present in the reciprocal momentum
space and reflects in the single—electron wavefunction. The latter is conveniently expressed
as a two—component spinor, satisfying a 2D Dirac Hamiltonian describing massless fermions
[3,6,22], the characterization being not affected by lattice deformations retaining the topological
configuration [7, 26].

Electronic structure. The graphene honeycomb crystal structure is characterized by two
types of C—C bonds (denoted by o, 7) constructed from the four valence orbitals. In particular,
three in—plane o bonds join every C atom to its three neighbours. An additional type of bond
is associated with the overlap of out—of-plane 7 orbitals (or p, orbitals, z being the direction
perpendicular to the sheet). In general, one expects the electronic wavefunctions from different
lattice atoms to overlap. However, there is no overlap between the p, orbitals and the s, p,,
py orbitals involved in the o bonds. Consequently, the p. electrons, which form the 7 bands in
graphene, can be treated independently from the other valence electrons [54].

The pseudorelativistic characterization of the p, charge carriers is manifest in the reciprocal
momentum space, where the energy turns out to be a linear function of the quasi-momentum at
the vertices of the first Brillouin zone (FBZ). The latter, in its turn, has an hexagonal structure,
rotated by a 7/2 angle with respect to the honeycomb lattice. The six corners of the FBZ
hexagons are subdivided into two inequivalent classes, since only two are truly independent,

2 With ‘graphene-like materials’ we mean 2D materials featuring a honeycomb lattice and an emergent be-
haviour as Dirac fermions for the pseudoparticles wavefunction [50-52].

31In high energy physics, the Dirac equation emerges from the request of spacetime Lorentz invariance and
other general considerations related to special relativity and quantum mechanics.



while the other four can be reached by means of a reciprocal lattice vector. The mentioned
vertices of the hexagonal FBZ are referred to as Dirac points.

The substrate intrinsic Fermi surface is reduced to the six Dirac points of the FBZ, where
the 7 band electronic dispersion is found to be linear, like in relativistic massless particles. This
is in contrast with the usual, quadratic energy—momentum relation obeyed by electrons at band
edges in conventional semiconductors. Graphene turns then out to be a special semimetal (zero—
gap semiconductor), featuring massless Dirac charge carriers with relativistic-like behaviour
with respect to vp. In particular, three-dimensional plots of the two—dimensional linear bands
produce Dirac cones, whose conical apices touch at the FBZ corners. The Fermi level is then
taken as the zero—energy reference, and the Fermi surface is defined by means of the Dirac
points. Since only the bonding 7 states lie in the vicinity of the Fermi level, the ¢ bonds are
usually neglected in the calculations of the electronic properties of graphene around the Fermi
energy.* The electronic properties are then determined by the 7 orbitals, which give rise to
wide electronic valence and conduction bands. Within the discussed approximation, it is then
easy to describe the electronic spectrum of single-layer graphene in terms of a rather simple
tight-binding Hamiltonian, leading to analytical solutions for their eigenstates [43,55].°

When a graphene sheet is bent, the bond angles between the ¢ and 7 orbitals varies,
introducing peculiar curvature effects into the electronic properties of the material. We will
analyse this occurrence more in detail in the following sections.

Continuum limit. Graphene can be warped in the out—of-plane direction, similar to a sheet
of paper [56,57]. The electronic structure of graphene is directly affected by curvature [58], the
specific folding inducing various and intriguing physical effects. The analysis of certain curved
configurations can bring out some peculiar features of the pseudoparticles, originating from the
discussed massless behaviour in the curved substrate [59-62]. A suitable choice of the sample
geometry and related parametrization would give rise to some remarkable (and detectable)
physical properties.

The quantum Dirac formulation is fully realized for the quasiparticles when restricting to
low—energy excitations: for energy regimes well below E; ~ vg /¢, the charge carriers wavelength
is large with respect to the lattice average parameter ¢ ~ 0.142nm, so that the pseudoparticles
do not perceive the discrete layer nature, then justifying the continuum picture.

Furthermore, electrons featuring very large wavelengths are more susceptible to substrate
(spacetime) curvature, again suggesting to limit ourselves to low—energy ranges, where the quasi-
particles wavelengths are large if compared with the honeycomb dimensions,

Up
A > 2m— ~ 27L. 1
- 1)
Finally, we should also demand that the curvature be small with respect to a limiting value,
related to the lattice dimension: otherwise, the geometric formulation cannot be given in terms of
a smooth metric. The peculiar lattice structure is then naturally combined with the possibility to

4 The o bands are well separated in energy (more than 10 eV in the center of the FBZ) and are neglected in
calculations, since they are too far away from the Fermi level to play a role.

5 A tight-binding model describes electrons in the limit of far apart ions, the single-particle eigenstates re-
ferring to a charge carrier affected by a single ion; this results in a set of lattice sites with a single-level state,
where the electrons can tunnel to their first neighbour atoms only.



move through suitable energy regimes, where some discrete aspects and the continuum spacetime
picture coexist.

2.1 Curved space Dirac equation

Graphene-like flat layers are two—dimensional analogues of relativistic systems, the role of lim-
iting speed being played by the Fermi velocity vz . The dynamics of the i pseudoparticles in
the long wavelength regime (continuum limit) is given in terms of a massless Dirac action that,
dropping spinorial indices, we write as

Sy = ith/dezz'?aﬁaw, (2)

where a = 1,2, 3 is the flat spacetime index.
A suitable set of § matrices for a 142 flat dimensional background can be given in terms of
the Pauli matrices as

’7(1 = (037 —1i071, ’L'O'Q) . (3)

The 4% = 7% 4, matrices satisfy the well-known Clifford algebra
{39 =20"1, (4)
where 7% is the inverse flat Minkowski metric
Nap = diag(—1, +1, +1) . (5)

Curved background. In order to take into account the presence of curvature, we consider
the customary curved background generalization of (2) for zero mass fermions [9, 27, 34—42]:

S = ihvkx/dgx\/ﬁzﬁ'y“Duw, (6)

where the curved index p = 0,1,2 refers to the deformed background with metric g,,, while
VI= \/m derives from the requirement of a diffeomorphic—covariant form of the new
curved spacetime action.’
The 7, matrices for the curved background can be retrieved from the flat—frame counterparts
¥, using the vielbein e, as:”
Y = €' Va> (7)

whereas the inverse vielbein e,* implements the transformation in the opposite way. The upper
indexed gamma matrices are easily obtained through the action of the inverse metric,

W=g"" v, (8)

6 This factor, combined with the constant vy, gives rise to sort of space dependent Fermi velocity; the same
feature also emerges from a pure tight—binding computation [39, 41, 63, 64]
"The vielbein defines a local set of tangent frames of the spacetime manifold and is expressed as

el (x) = ayaz(ff(’), where y®(zo) denote a coordinate frame inertial at the space-time point zg.




and satisfy the curved space Clifford algebra:

=291 (9)

The diffeomorphic covariant derivative reads

1
D, =0,+Q, = 0, + iw,fb My, (10)

where 1
Moy, = 3 (Ya» Vo) (11)

are the Lorentz generators and w#“b is the spin connection, acting as the gauge field of the local
Lorentz group. In a torsionless framework, w#“b and e,* are not independent [65,66] and the
former can be expressed in terms of the latter as [67, 68]

b b Ab
wy’ = e 0ue”’ +e, TN e, (12)

A . .
where I',* is the affine connection

1
Ful/A 9 g[»\ (Ougvo + Ovguo — Ooguv) - (13)

If we consider the above (10), €, plays the role of a gauge field encoding the geometric deforma-
tions of the substrate [7,53]. The equations of motion for the massless Dirac fermions of action
(6) are written as® [9,27,34-36, 38, 43]

i Dy =0, (14)

which can be regarded as a generalized form of the flat—space massless Dirac equation. The
whole procedure has then led to the substitutions

A e
(15)
0o — D,

In summary, we have derived a large-wavelength (continuum) formulation for the Dirac modes
on the curved graphene-like layer. The curvature effects can be characterized coupling the Dirac
spinors to the new g,,, metric, the latter directly affecting the fermion dynamics in the curved
background [9, 27, 30, 34, 38,39, 43]. In this regime, we can also neglect lattice imperfections if
the defects are homogenously distributed and not too much concentrated, to avoid reciprocal
interactions.

In the following sections we will consider an explicit parametrization of the curved mem-
brane, also providing analytic solutions of the Dirac equation in the related curved background.

8 from now on we work in (pseudo)natural units: h = vy = 1



2.2 Cylindrical geometry

Let us consider a two—dimensional surface tightly wrapped around itself. The (cylindrical)
symmetry of the space will determine the explicit form of the Dirac equation solutions, while
the boundary conditions will lead to a quantization condition on the transverse component of
the charge carriers momentum.

The parametrization can be written in terms of three—dimensional spacetime coordinates
xé .

r,=at =ty 2) — af = =(t e 2), (16)

and, using cylindrical coordinates, one has

y = r(p) sin(yp), (17)

where we have made explicit the ¢—dependence of the radius. The Jacobian reads

1 0
s oer |0 @) sin(e)ri(e) coslp) 0 )
BT B T | 0 () cosl) +1'(¢) sinp) 0 |
0 0 1
0
where /() = gi;p)
The metric g, of the curved space has the form:
1 0 0
T B 2 ’ 2
g = (1) w20 = | 0 =@ =r@? 0 | (19)
0 0 -1
so that the line element reads
ds? = g, datdz” = di* — dp? (r(go)2 + 7”(90)2) —d2*. (20)
We parameterize the vielbein as
1 0 0
of = | 0 VI@PFTR? 0 | (21)
0 0 1

and the curved v, = e,* ¥, matrices for the cylindrical space then read:

_ 1 0 _ 0 —i f(p) ({0 -1
’YO-(O 1>7 71_(@‘]‘(90) 0 >7 72—(1 0 >a (22)



with
flo) = \r(@)?+1(p)*. (23)

It is easily demonstrated that the gamma matrices with upper indices v* = g*¥ v, satisfy the
Clifford algebra (9).

2.2.1 Solution of Dirac equation in cylindrical coordinates

Having obtained the curved vy matrices and having suitably expressed the covariant derivative, we
can exploit the Dirac formulation to characterize the electron dynamics in the curved framework.
Let us consider the discussed, cylindrically symmetric background. The general curved

space Dirac equation reads:”
("D, —ml1)¥ =0, (24)

where the v matrices are those of eq. (22), while the covariant derivative has been defined in
(10). The spin connection vanishes as a consequence of the space symmetry, so that the Dirac
equation simplifies in:

(iv"0, —m1) ¥ = 0. (25)

An explicit solution of the above equation reads:

U = e iMEt ( izgz,z; > ’ (26)

where

CDA(W) Z)

]
(6N exp(i ks@/ f() dd) exp (ik‘z z) ,

©

Dy(p,2) = Cy exp (z ko, | (&) d(p') exp (i k. 2)

\/m
2F ’
Jr(o)? + (o), @)

A = £1,

ik, —
ANE+m

with
C, =
fle) =

and where X labels hamiltonian eigenstates with positive or negative eigenvalues [43]. The above
solution satisfies the Dirac equation (25), once imposed the on-shell condition:

E? = k2 4+m?, (29)

where k = (kg k=) .

9 Here we consider, for completeness, the generic formulation that takes into account also massive fermions; in
the following, we will restrict to the study of Dirac materials featuring massless fermionic charge carriers (m — 0
limit).



Boundary conditions. The periodicity condition on the angular ¢p—coordinate of the cylin-
drical tightly wrapped membrane can be written as

p=p+2mn, neN. (30)

Periodic solutions in ¢ requires the exponential term in (27)

]
e (i, [ 1) 07) = e (i0(0). (31)

to be subject to the boundary condition:
9(27) —9(0) = 27n n € IN. (32)

This in turn determines the definition of a geometrical parameter (,

2mn

27
¢ = O/f(w)ch;7 = (33)

expressing a measure of the cylinder circumference and giving rise to a quantization condition

for the k,—momentum:
2mn
k, = — . (34)
v ¢
In the following sections, we will consider a possible application of the described theoretical
framework to Dirac materials, featuring massless charge carriers. In particular, we will apply

our geometric tools in the definition of a suitable Kubo formula for curved space configurations.

3 Optical conductivity

Now we consider some detectable properties of a graphene-like curved substrate, whose charge
carriers are described by a massless Dirac spectrum (m = 0). To this end, we will exploit
the mathematical tools derived from our analogue—gravity approach. In particular, we will be
interested in a suitable definition for the optical conductivity of a graphene-like curved layer.

3.1 Kubo formula

Let us start from the Kubo formula for the optical conductivity [69-71] adapted to a bidimen-
sional background [72-75]:

 Is ‘ETD(EQ_[L>_‘E7D(E§_[L) 8. B
L, = s c - c 63 y [e] . 35

G =G %; Q— Qup—ic Uh Y (35)
In the above expression, F,,(T) is the Fermi-Dirac function

1

Fp(T) = 11 /) (36)

kg is the Boltzmann constant, 7' is the system temperature, [, is the chemical potential, €2 is
the light energy, Qas = Eg — E, is the transition energy between states o and 3, Zs = Zs(e, S)



is a prefactor depending on the electric charge of the pseudoparticles and layer dimension S, €
represents an infinitesimal quantity.
The vfﬁ objects express the matrix elements of the velocity operator v, defined as:

v = (o] 9,18) - (37)
The operator ?,, is obtained from the standard quantum mechanical expression
Ou =i [, 3] - (38)

The exact expressions of the operators can be found once given the explicit form of the system
Hamiltonian. In Sect. 4 we will explicitly study the case of a cylindrical geometry.

Longitudinal conductivity. Let us now consider the longitudinal optical conductivity,

namely:

) — ]-;L)(E _ﬂc) aB|?
—z—z Q pp—— ’vﬂﬁ‘. (39)

For infinitesimal values of ¢, one has

IO ID i@y gl) with e, (40)

and the real part of the optical conductivity reads:
Relouu] = Z Aw 6(2 — Qap) , (41)

with
AFD = AFD(EOHEﬁ7ﬂ(*) = ‘FFD(Eﬁ - :L_l’v) - ‘/—_I.TD(EOL - lar) . (42)

The Dirac delta acts as an energy-conservation constraint. The latter, together with the on-shell
condition (29), can be used to fix the momentum values. In particular, we find:

_ 1.0
5(Q2—Qap(k.)) = 6(g(k)) = Zé(k' £) (43)
k

A GO

the energy transition €, explicitly depending on the k, momentum component. The summation
runs over the values k? that are roots of the Dirac delta argument g(k,), that is, the values solving
the energy conservation constraint 2 = €,3.

Putting all together, we obtain an explicit form for the real part of the optical conductivity,

reading:
Re[o,,] = ZAFD v, Q) o(k, —k°) , (44)
with 1
dk .

In the following section we are going to apply the described formalism to investigate the optical

10



properties of graphene nanoscrolls. This will allow for an easier description of some optical
properties of the substrate, taking advantage of the geometrical formulation.

4 Graphene nanoscrolls

The richness of optical and electronic properties of graphene—like materials has attracted a great
interest. In particular, high mobility and peculiar optical transitions of the 7w electron bands
make this kind of substrate ideal for nanoscale applications (for example, electronic devices,
photonic and optoelectronic systems), thanks to its unique optical and electronic properties
[4,18-20, 76].

Nanoscrolls. Graphene nanoscrolls [56, 57, 77] have received great attention due to their un-
usual properties and potential applications [78-82]. They consist in carbon-based structures
obtained by rolling a graphene layer into a cylindrical geometry [56], and exhibit some excit-
ing electronic and mechanical properties due to their distinctively different structure [83,84],
making them conceptually interesting and experimentally relevant.

Nanoscrolls formation is dominated by two major energetic contributions, the elastic energy
increase caused by bending the graphene sheet (decreasing stability) and the free energy decrease
generated by the van der Waals interaction energy of overlapping regions of the sheet windings
(increasing stability). The final structure may have lower energy (higher stability) than the
original flat sheet and the scroll formation is a self-sustained curling process, after a critical
overlap area is reached [77,82,85].

As the bidimensional sheet is rolled up to form the cylindrical structure, its core alters its
characteristics, then suggesting a dependency of the nanoscroll properties on its geometrical
configuration. Then, nanoscroll electronic features are quite distinct from those of simple flat
graphene sheets or carbon nanotubes. In particular, the electronic transport in carbon nano-
scrolls is affected by the interlayer 7—m windings interactions, also providing structural stability
[78, 86].

4.1 Cylindrical geometry

Unusual electronic and optical properties of carbon nanoscrolls are due to their unique topology
and distinctive structure [58]. From a geometrical point of view, nanoscrolls geometry can be
parameterized in terms of Archimedean—type spirals in cylindrical coordinates [87-89]. In order
to describe nanoscroll optical properties, we have to elaborate the results of previous Sect. 3,
taking into account the geometry of the system.

In particular, in order to find a handy expression for the real part of the optical conductivity,
we need the explicit form of the velocity operators matrix element (37) and of the W(Q) function
of eq. (45).

Optical conductivity. The Hamiltonian of the cylindrical graphene membrane can be ob-
tained from the curved-background Dirac equation. Starting from the time-dependent quantum
mechanics equation

0V = HU . (46)

11



Fig. 1: Nanoscroll topology.

Using the explicit expressions of the g"” inverse metric and curved <y, matrices, one can isolate
the O-term of the massless Dirac equation (25) obtaining

i 0,0 = i (J?(Og)lz By + Y072 82) U, (47)

and the cylindrical-space Hamiltonian operator then reads:

2 . YoM .
Hcyl =1 f((,O)2 8<p + 272 82 . (48)

The velocity operator can be the calculated from

O = i [Hey, ] (49)
giving the explicit expressions
N Y01 YoV ;
Uy = — = — , (50.1)
v f@)? f(e)
U, = =072 = —ToT2 - (50.ii)

The final expression for the matrix elements
v = (U5, 07) (51)

defines the optical conductivity (41) and is obtained from the solution ¥* of eqs. (26)—(28) and
velocity operators of (50).

We label the wavefunction solution ¥® in terms of the natural number n, coming from the
quantization condition (34), and Hamiltonian eigenvalue label \:

g = g (52)

12



The matrix element for the velocity operator v, is given by

N —ik, +ky ik Kk
0P = 271'CACA/< Vo XE,“’) Gp(n,n') (53)
with
2N 1 9 ( /) ®
gn’n,:/d o (mn—n/d ) , 54
p(n,n’) J Y Ty P @ o' f(¢") (54)
and
2N
(o = / dg (¢ . (55)
0

The number N takes into account the windings of the wrapped graphene layer. From a physical
point of view, it acts as a momentum cutoff, correctly restricting the analysis to the long
wavelength continuum approximation [43]. The latter requires that the number N be small
when compared with the ratio of the cylinder circumference to the graphene lattice dimension,

2
N « —WR . (56)
a

To obtain a final expression for the formula (44), we also have to consider the constraint origi-
nating from the presence of the Dirac delta. The solution of the latter constraint, = Q,3(k.),
fixes the the k, component, in the massless formulation, to the value k., (see (43)):

k2 k2)2 9 (k2 L k/2) Q2 404
k. — kzOz\/(“" 2 4(Q“‘;+ 5@ : (57)

where, for the k,—component, we use the adapted version of (34):

2mn 2mn’
k, = —, k= . (58)
v Cu ¢ Cn

The matrix element for the 0, operator is obtained similarly as:

ik +k,  —ik, 4k,
Uzaﬂ = 21 C,Cy <Z i—g Z)\;PE/ > z(nvnl) ) (59)
with
27N 5 _ /) "
Gn) = [ do exp (z”(’zn / dcp’f(w/)) , (60)
N
0

where, again, k. is fixed to the value k., and k, and kfp comes from eq. (58). The explicit form
of the membrane parametrization should be used to determine the functions ¥, (n,n’), 4.(n,n’)
that modulate the amplitude of the velocity operator matrix elements.

Finally, the W(Q) function of eq. (45), in the massless case, can be expressed as:

Il
—

(@)

=
S~—

_ 1 1 \!
W) = (k) ' ()\EIO + )\,E(,)) ; Eq

kz=kzg

13



We then find a final, compact expression for the real part of the longitudinal optical conductivity
(41) in cylindrical geometry, reading:

7
Relo,,] = ”QS Z Ao W) |07, (62.1)
Re[o..] = ”gs Z Apo W(Q) |08, (62.ii)

where the function Apy, = App(Ea, Es, [i.) is defined in eq. (42). As in expression (52), the
labels a = (N,n’) and 8= (\,n) depend on natural numbers n,n’ € [1, N] and Hamiltonian
energy eigenvalues A, \' = £1.

4.2 Experimental effects. A worked out model

Let us now analyse the generic structure of egs. (62) determining the longitudinal optical con-
ductivity for our wrapped layer in cylindrical geometry.

The functions ¥, ¢, are geometrical factors, determined by the manifold topology char-
acterizing the substrate, modulating the amplitude of Re[o]. In the chosen framework, they
explicitly depend on the surface parametrization, as well as on the number of windings of the
layer.

The function W(2) of eq. (61) features a certain number of poles, coinciding with the energy
values € for which the k., momentum vanishes:

2 (n+n’')
Cn

giving rise to a number of singularities in the optical conductivity, leading to a multiple peak

k=0 — Q= , n+n <N, (63)

structure. We also note that the singularities arising from the W(f2) function are partially
removed in real samples by the presence of internal disorder, for example imperfections of the
substrate and carrier density inhomogeneities; this cuts out the infinities, leaving us with a
configuration characterized by multiple but finite peaks.'”

Interband and intraband transitions. Let us now briefly analyse the expected effects due
to different types of state transitions characterizing the optical conductivity .

In the case of intraband transition, i.e. transitions between states with same energy eigenval-

ues (AN = 1), the factor Agp in general strongly suppresses the value of Re[o™"3]  according to

Pauli exclusion principle. In our curved configuration, however, it is possible to have intraband
transition between different windings (n # n') that is, between different quantum states. In the

latter case, Re[o""?] is still a suppressed quantity, but we can find transition featuring n # n’
and energy values & g, then approaching the poles of the W(Q2) function. We then expect

intra] for small values of ©, the peaks coinciding with the poles

a narrow peak structure for Relo
of eq. (63).

10 Internal disorder of the sample can be simulated, in the calculations, by performing an ensemble averaging
over a distribution of the model parameters [90].
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In the case of interband transition, that is transition between states with different energy

eigenvalues (AN = —1), the matrix element |v2*"| vanishes for Q = Q. In particular, we also
have:
: inter 2 _
QILHSIZU (O " wEQ) = o, (64)

so that the poles of the W(2) function are cancelled by the zeros of the matrix elements, giving

rise to a minimum of Re[agger] for Q — . The optical conductivity is then expected to
reflect the quantization condition (58) of the k,—-momentum, featuring a certain number of

oscillation related to the number N (i.e. to the curved sample geometry). On the other hand,

inter

inter| jg different from zero for = €, and there is no cancellation of the

the matrix element |v
poles originating from W(Q): this suggests again the presence of a strongly peaked behaviour

for Re[o/1ter].

Clearly, in both interband and intraband case, the conductivity is suppressed for very large
values of 2. We will directly verify the above considerations in the next section, where we
will provide an explicit parametrization of the surface and consider suitable values of the other
involved physical parameters.

4.2.1 Explicit parametrization and simulations

Let us write an explicit parametrization for the cylindrical geometry of our layer surface as:'!

o) = & (1 5 D‘”N) , (65)

where the coefficient D controls the distance between the layers and R is a typical dimension
for the average radius of the cylinder.

The functions ¢, and 4. can be obtained using egs. (54) and (60), depending on the number
of windings N and parameter D. In figs. 3 and 4, we plot them for N =5 and D = 120.

The poles of the W(Q) function come from (63). In particular, if we choose R = 90nm,
N =5 and D = 120, we find:

Qo = ¢ x 0.442eV ¢=1,2,3,...,10. (66)

We expect unconventional optical responses from the nanoscroll sample in a range of energy
[0.4 = 5] eV. Remarkably, the latter energy interval includes the visible light energy range.

In figs. 5-8 we plot the real part of the longitudinal optical conductivity Re[o,,]| as a
function of the energy 2, for interband and intraband transitions of a nanoscroll geometry with
number of windings N = 5. As expected from our analysis, the intraband transitions are in
general suppressed, except for narrow peaks around the singular points (66). The interband
transitions, on the contrary, show optical responses for the expected energy ranges. The zeros of
the interband transitions exactly occur for the points identified by (64). In fig. 9 we plot Re[ogger]
for interband transitions with N = 3. For the latter number of windings, the intraband transition
features strongly suppressed values of the optical conductivity (Re[aé“ter] /Zs has isolated peaks

<p .
with maximum values of the order of 107! or less). Finally, in fig. 10 we plot Re[o2%e"] for

' Here we want to exploit our formalism in a non-trivial Archimedean-like parametrization, where also the
derivative r’/(¢) is non-constant, see also egs. (21)—(23).
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Fig. 2: Parametric plot for r(¢)/R, with D =25 and N =5.

20r

1.6+

1.4+

I I I L n—n'

1 2 3 4
Fig. 3: Example of the ¥,(n,n’) function for N =5, D = 120.

the same parameters but a different chemical potential.'> We can see that this requires larger
minimum energy to observe optical responses: in particular, the critical incident light energy

12 The chemical potential of doped graphene can be controlled by chemical doping or external gate voltage [91].
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Fig. 4: Example of the ¥, (n,n') function for N =5, D = 120.

n—n

triggering the transition increases as the chemical potential rises [92].
Re[ointer] / T

1.6x10°

1.2x10°

8.x10*[

4_x104 I A A A mi i i m——

I il A I . I \ (9] (eV)
5 10 15 20

Fig.5: Real part of the interband longitudinal optical conductivity Re[q;‘;fcr] for a nanoscroll geometry

with parameters N =5, D =120, R =90nm, 7T'= 300K, &, =0.2eV.

The massless formulation for charge carriers in graphene nanoscrolls has been recently stud-
ied in [87], the gapless nature of the material being preserved especially for high overlap ratio
(as it happens for our multiple wrapped surfaces).

5 Concluding remarks
A deeper intertwining of different scientific areas has always proved to be a powerful tool for

improving our understanding of many fascinating physical aspects of our world. In particular,
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Fig. 6: Real part of the intraband longitudinal optical conductivity Re[oﬁ‘;”] for a nanoscroll geometry

with parameters N =5, D =120, R=90nm, T = 300K, ., = 0.2¢eV.

z

Re[giter] / T
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1.2x10°
9.x10°F
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9, L o i e TS S B (9] (GV)
5 10 15 20

Fig. 7: Real part of the interband longitudinal optical conductivity Re[oi2*"] for a nanoscroll geometry

with parameters N =5, D =120, R=90nm, T = 300K, f, =0.2¢eV.

by intersecting outcomes from condensed matter and high energy physics, many developments
can be found in a multidisciplinary environment, see e.g. [93-121]. Inspired by these approaches,
we combined techniques from general relativity, differential geometry and solid state physics to
analyse some interesting properties of quantum modes in a concrete, two—dimensional curved
background.

The study of graphene-like materials naturally involves a relativistic quantum field formu-
lation, these special materials realizing the physics of Dirac fermions in a real laboratory system.
As we have seen, the presence of curvature may give rise to peculiar physical consequences, that
can be interpreted as the analogues of (lower—dimensional) gravitational effects, the deformed
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Fig. 8: Real part of the intraband longitudinal optical conductivity Re[c2"?] for a nanoscroll geometry
with parameters N =5, D =120, R=90nm, T = 300K, ., = 0.2¢eV.
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Fig.9: Real part of the interband longitudinal optical conductivity Re[a;';fer] for a nanoscroll geometry

with parameters N =3, D =120, R=90nm, T = 300K, f, = 0.2¢eV.

layer acting as a curved spacetime. In this paper, in particular, we constructed analytical
solution to the Dirac equation in a deformed framework representing a cylindrical nanoscroll
topology. We then introduced a suitable Kubo formula for a bidimensional background, deriving
a compact form for the real part of the optical conductivity. The latter was exploited to obtain
some remarkable experimental predictions about the optical response of the nanoscroll in the
visible-light energy range at room temperature 7' = 300 K. Clearly, the same approach finds
application also in different spacetime geometries, like for instance the BTZ geometry [122] that,
under certain conditions, may be reproduced in suitable graphene configurations with constant
negative curvature [123,124].
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Fig. 10: Real part of the interband longitudinal optical conductivity Re[aj,r;fer} for a nanoscroll geometry

with parameters N =3, D =120, R=90nm, T'=300K, i =1.2eV.

The results have been obtained exploiting a bottom—up formulation, the geometry of the
graphene—like substrate affecting the propagation of the quantum fields in the material. The
dynamics of the charge carriers therefore depends on an effective metric, so that it is possible
to exploit some mathematical tools from General Relativity and quantum field theory in curved
spacetime. On the other hand, some studies theorize that graphene—like membranes could realize
alternative (unconventional) forms of supersymmetry [125-129], the latter becoming in turn a
new tool to inspect the properties of quantum fields in Dirac materials. This kind of construction
exploits an holographic top—down approach, where the substrate description originates from
an higher—dimensional geometrical formulation of a (super)gravity theory [130,131]. A more
detailed comparison between these two kinds of approach will be pursued in a future work.
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A Conventions

Dirac equation. The Dirac equation in flat Minkowski spacetime expresses a relativistic field
equation, whose squared wavefunction modulus could be consistently interpreted as a probability
density. The latter requirements give rise to a first-order equation in time—derivative, while
relativistic invariance fixes the equation to be first order in space-derivatives too. The final
explicit form must also fulfill the requests of Lorentz covariance and satisfy the Klein—-Gordon
equation. The resulting equation reads

(1700 — m1) () = 0, (A1)

together with the condition
{54} = 201, (A.2)

that is usually referred to as Clifford algebra, n? being the inverse of the Minkowski flat metric
Nab -

For the sake of notational simplicity, in eq. (A.1) we have omitted the spinorial indices of
Y =97 and ¢ = (59)* 5 In particular, spinorial quantities behave as scalars under general
space-time coordinate transformations, while they transform in a spinor representation % under
the local Lorentz group:

V@) = B [A)] P (@) . (A:3)

Using the explicit form of the Lorentz generators to construct the Pauli-Lubanski operator, it

can be easily shown that the particle has spin s = % .

A.1 Curved spaces

In order to conveniently describe curved spaces (i.e., general relativity scenarios) in the presence
of spinorial fields, we introduce suitable tools able to describe transformation rules generalized
to curved backgrounds.

Vielbein formalism. Let us consider a set of coordinates locally inertial, so that one can
apply the usual Lorentz spinor behaviour, and let us imagine to find a way to translate back
to the original coordinate frame. More precisely, let y®(xo) denote a coordinate frame that is
inertial at the space-time point zg: we shall call these the “Lorentz” coordinates. Then,
9y (o)
a —

6“ (l’) = W (A4)
gives the so-called wvielbein. It defines a local set of tangent frames of the spacetime manifold
and, under general coordinate transformations, it transforms covariantly as

ox”
’a / o a
€L (1‘) = pin €y (:17) s (A5)
while a Lorentz transformation leads to
e (z) = Ay eb(x). (A.6)
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The space-time metric, in particular, is expressed as

g (x) = €, () el () Ny (A7)

in terms of the Minkowski flat metric 74, . The original constant ¥, matrices of the inertial
frame can be converted into the new 7, matrices of the curved background by the action of the
vielbein:

Yul(z) = e (%) Ya (A.8)

while the inverse vielbein e, * performs the transformation in the other direction. The vielbein
thus takes Lorentz (flat) latin indices to coordinate basis (curved) greek indices. The gamma
matrices with upper indices

o= g" (A.9)

satisfy the relation:
{2 =291, (A.10)
that holds in curved backgrounds and is the equivalent form of the previous, flat Clifford algebra

(A.2).

Covariant derivative, spin connection. The choice of the locally inertial frame y is defined
up to Lorentz transformations determined by the Lorentz generators M, . In order to couple
fields, we define the covariant derivatives:

1

D, =0
H I‘«+4

w, My, (A.11)

h
where 1

My, = 5 h’avﬁyb] (A12)

are the Lorentz generators. The w,fb object defines the spin connection, that can be seen as the
gauge field of the local Lorentz group, the corresponding field strength given by the Riemann
curvature tensor. It is determined through the vielbein postulate (tetrad covariantly constant):

Dye —Tulex =0. (A.13)

The latter is expressed in terms of the affine connection FW’\

1 (o8
Fuu/\ = 5 g A (a,ugua + al/g/,LO' - aag/u/) . (A14)
while the explicit expression for the spin connection reads
wlf‘b = e 3He”b +e, TN el (A.15)

Finally, the Dirac equation in curved spacetime can be written as:

(tv*D,—ml) ¢ = 0. (A.16)
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