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SUMMARY
In this paper, a force and torque controller for aerial manipulation is developed using an unmanned
aerial vehicle equipped with a robotic arm to interact near or on a vertical surface such as a wall.
Control of aerial manipulators interacting with the environment is a challenging task due to dynamic
interactions between aerial vehicles, robotic arms, and environment. To achieve this, modeling of
aerial manipulators is first investigated and presented considering interaction with the environment.
Nonlinear models of generic aerial manipulators, as well as of a prototype aerial manipulator com-
posed of a hexacopter with a three-joint robotic arm, are established. An equilibrium-based force
and torque controller is developed to conduct tasks that require the aerial manipulator to exert forces
and torques on a wall. Simulations and experiments validate the performance of the controller that
successfully applies desired forces and torques to an object fixed on a wall while flying near the wall.

KEYWORDS: Aerial manipulation; Multicopter; Robotic arm; Interaction; Force and torque
control.

1. Introduction
Applications of unmanned aerial vehicles (UAVs) are usually limited to tasks without physical
interaction, for example, tracking, surveillance, mapping, and visual inspection. The use of UAVs
equipped with robotic arms, capable of interacting with the environment, enables to significantly
increase their capability. In recent years, a new area of research has been growing on the use of aerial
manipulators for a larger variety of applications such as physical inspection, maintenance, cleaning,
and collecting objects in areas of difficult access.

Several research groups have developed aerial manipulators interacting with the environment.
For instance, simulations and experiments are performed in ref. [1] to study an attitude control
method of a quadcopter with a three-link robotic arm. A variable parameter integral backstep-
ping controller with feed-forward compensation for the robotic arm static torques is compared to
a proportional-integral-derivative (PID) controller. In ref. [2], for a multirotor with eight rotors,
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a 7 degree-of-freedom (DoF) arm, sensors, and processing hardware needed for outdoor position-
ing, an interconnection and damping assignment passivity-based control (IDA-PBC) is presented
with guaranteed stability of the closed-loop system based on Lyapunov theory. Kim et al.3 devel-
oped an aerial manipulator with a two-link robotic arm. Using an adaptive sliding mode controller,
the aerial manipulator takes off, flies toward an object whose position is known, grasps the object,
and finally releases it in another place. In ref. [4], an aerial manipulator with two robotic arms is
employed to turn a valve. The multicopter trajectory and robotic arms are commanded by means of
a human–machine interface with support of a motion capture system. In this case, different dynamic
models are derived for free flight and for the valve turning task, where aerodynamic effects are sub-
stituted by valve turning friction terms. An overview of research on aerial manipulation is provided
in ref. [5].

In recent years, noticeable progress has been seen in the research area of aerial interaction with
vertical surfaces. In refs. [6–8], a small quadcopter was designed to avoid obstacles during free
flight and perform physical interaction tasks. A switching logic, based on the vehicle velocity, is
defined to identify if the quadcopter is free flying or interacting with the wall. The control law is
based on model predictive control (MPC). For the free-flight case, the cost function in MPC includes
terms to avoid obstacles, while during the physical interaction mode, hard constraints, like maximum
attitude angle to prevent the vehicle from crashing into the wall, are implemented. A tilt trirotor is
employed and experimentally validated to apply a force on a vertical surface in ref. [9]. Since two
of the propellers tilt while the fixed body remains in the horizontal plane, the aerial vehicle can
produce a greater force on the object while keeping stability. The object is pushed by means of a flat
end-effector with tactile sensors, for contact detection and switching mode capability. In ref. [10], a
passivity-based controller is proposed and validated in simulations and experiments for a quadcopter
equipped with a manipulator for aerial inspection. After the contact with the vertical surface, the
system works as a mass-spring-damped system, converging to a constant interaction force and steady-
state position error. Scholten et al.11 used a multicopter equipped with a manipulator to interact on
a vertical surface. The hybrid control switches from free-flight to interaction mode using a force
sensor output threshold. During the contact with the wall, an impedance controller is responsible for
movement. A similar experimental setup is described in ref. [12] to validate an impedance controller
for physical interaction.

However, an important problem that has not been addressed by the research community is the
interaction of a multicopter equipped with a robotic arm and a vertical wall. There are several appli-
cations related to this problem, such as performing maintenance on a piece of a vertical equipment,
cleaning a wall, and opening a door knob. There were some research studies involving interaction
with objects on the ground2–4 or multicopter with simple prismatic joints pushing a vertical wall;6–9

however, there is no record in the literature of an aerial manipulator with a more complex robotic
arm, capable of producing forces or torques about any direction while interacting with a vertical
obstacle.

The objective of this research is to investigate the feasibility of controlling a multicopter
equipped with a multi-joint robotic arm to interact with a vertical wall while applying a speci-
fied force or torque. An equilibrium-based force and torque controller13 for a multicopter with a
robotic arm is considered. The controller is developed for a generic multicopter equipped with a
multi-link robotic arm to apply any force and torque combination on an object fixed on a ver-
tical wall. For this reason, the equilibrium-based force and torque controller has potential to be
used in a large range of applications. Simulations and experiments with a hexacopter equipped
with a three-DoF robotic manipulator are performed to validate the controller. The controller is
proven its ability by applying a regulated force on a spring-mounted setup with high level of
friction.

The rest of this paper is organized as follows. In Section 2, the dynamics of a generalized aerial
manipulator with a multi-link robotic arm is described, and a model is introduced for a hexacopter
with a three-link robotic arm. Next, the equilibrium-based force and torque controller is presented in
Section 3. In Section 4, the simulation results with a MATLAB/Simulink simulator are reported for
test scenarios. In Section 5, the experimental testbed setup is presented and the results compared with
the simulation results are analyzed. Finally, concluding remarks are made at the end of the paper in
Section 6.
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Fig. 1. Reference frames of an aerial manipulator.

2. Model
A mathematical model for a multicopter equipped with a robotic arm is developed in this section. A
damped spring system is chosen to model interaction forces and torques on the wall. The forces and
torques are then transformed by the Jacobian of the end-effector to be included in the model.

2.1. Aerial manipulator
A mathematical model for a generic multicopter with a robotic arm using rotational joints5, 13, 14 is ini-
tially introduced. The dynamic equations are derived through the Euler-Lagrangian formulation.15 In
the equations, the torques and forces produced by the propellers, the torques produced by the revolute
joint servos, the external interaction with the wall and the multicopter, and the robotic arm rigid body
dynamics are considered. Here, the propeller rigid body dynamics and any other aerodynamic effects
are neglected since the proposed research is concerned with tasks with no rapid-moving maneuvers.

The development of the dynamics equations follows the notations and conventions in ref. [16].
First, the position and orientation of the multicopter and the robotic links are derived in terms of
the generalized coordinates of the aerial manipulator. These equations are differentiated to obtain
the translational and angular velocities in terms of Jacobian matrices and the first derivatives of the
generalized coordinates. Next, the resultant expression is applied to compute the kinetic and potential
energy of the aerial manipulator. Finally, the energy expressions are applied to the Lagrangian to
derive the dynamic equations.

A multirotor equipped with an n-link robotic arm has 6 + n DoF. The vector q =
[x y z φ θ ψ α1 . . . αn]T denotes the generalized coordinates, where p0 = [x y z]T is the posi-
tion of the multicopter’s center of mass, expressed in the inertial frame. �= [φ θ ψ]T are the Euler
angles for the multicopter orientation and α = [α1 . . . αn]T are the robotic arm joint angles. The
reference frames for the multicopter body and the robot links are illustrated in Fig. 1. Let psk , where
k = 1, . . . , n, be the position of the kth robot joint expressed in the inertial frame, pk be the posi-
tion of the kth link’s center of mass expressed in the inertial frame, and ωk be its angular velocity
expressed in the respective link’s body-fixed frame. The multicopter body-fixed frame is located
according to the North-East-Down convention and the Euler angles are defined by the sequence of
rotations yaw-pitch-roll, about the axes z, y, and x , respectively. The rotation matrix15 denoting the
orientation of the multicopter body-fixed frame with respect to the inertial frame is

Ri0 =
⎡
⎣ cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθ sψ sφsθ sψ + cφcψ cφsθ sψ − sφcψ
−sθ cθ sφ cφcθ

⎤
⎦, (1)

where cβ and sβ denote cos β and sin β, respectively.
Let ω0 be the multicopter’s angular velocity expressed in the body-fixed frame, which can be

written in terms of the time derivatives of the Euler angles as in ref. [17],

ω0 = Q�̇, (2)
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where

Q =
⎡
⎣1 0 − sθ

0 cφ sφcθ
0 − sφ cφcθ

⎤
⎦. (3)

The translational and angular velocities of the mulicopter body are combined into a six-dimensional
vector denoted by v0 = [ṗT

0 ωT
0 ]T . This vector is related to the time derivative of the generalized

coordinates through a Jacobian matrix as v0 = J0q̇, where

J0 =
[

Jp0

Jω0

]
=
[

I3 O3×3 O3×n

O3×3 Q O3×n

]
.

Here, I3 is the 3 × 3 identity matrix and Oi× j is a null matrix with i rows and j columns.
For each robotic arm link, the differential kinematics of the center of mass, orientation, and

associated joint position can also be written in terms of Jacobian matrices given by

vk =
[

ṗk

ωk

]
=
[

Jpk

Jωk

]
q̇ = Jk q̇, (4)

and ṗsk = Jsk q̇.
The angular velocity of each link is expressed recursively using the rotating matrix, Rk,k−1, which

denotes the orientation of the link k − 1 with respect to the link k. For k = 1, R10 is the rotation
matrix denoting the orientation of the multicopter body with respect to the first link. The recursive
angular rate equations are given by refs.13, 15

ωk = Rk,k−1ωk−1 + [0 0 α̇k]T , (5)

Jωk = Rk,k−1Jω,k−1 +
⎡
⎣ 0
O3×(6+k−1) 0 O3×(n−k)

1

⎤
⎦. (6)

Here, the null matrices are concatenated with the vector [0 0 1]T to produce a matrix with zeros,
except being equal to one for the element at the third row and the (k + 6)th column. The end-effector
orientation is defined relative to the orientation of the last link transformed by a constant rotation
matrix Ren as follows:

Jωe = RenJωn. (7)

Let the parameter p01 be the displacement of the first joint relative to the center of mass of the
multicopter expressed in the multicopter body-fixed frame. Hence, the kinematics of the first joint is
given by

ps1 = p0 + Ri0p01,

ṗs1 = ṗ0 + Ri0ω
×
0 p01, (8)

Js1 = Jp0 − Ri0p×
01Jω0.

The body-fixed reference frame (x̂k ŷk ẑk) is placed at the kth joint, with xk parallel to the link
and zk parallel to the axis of rotation of the kth joint, as shown in Fig. 1. Let Rik be the rotation
matrix denoting the orientation of the body-fixed frame with respect to the inertial frame. Then, the
position and velocity of the joints are computed recursively by means of

ps,k+1 = psk + Rik
[

lk 0 0
]T
,

ṗs,k+1 = ṗsk + Rikω
×
k

[
lk 0 0

]T
, (9)
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Js,k+1 = Jsk − Rik

([
lk 0 0

]T
)×

Jωk,

where lk is the length of the kth link.15 The position and velocity of each link at the center of mass
are also expressed recursively as follows:

pk = psk + Rik
[

lck 0 0
]T
,

ṗk = ṗsk + Rikω
×
k

[
lck 0 0

]T
, (10)

Jpk = Jsk − Rik

([
lck 0 0

]T
)×

Jωk,

where lck is the distance from the kth joint to the center of mass of the kth link. Similarly, the Jacobian
of the end-effector is given by

Jpe = Jsn − Rin

([
le 0 0

]T
)×

Jωn. (11)

Let Ik and mk be the moment of inertia matrix and the mass of the link k. The kinetic energy of
the multicopter (k = 0) and the links (k = 1, . . . , n)18 are defined by

Kk = 1

2
vT

k

[
mkI3 O3×3

O3×3 Ik

]
vk = 1

2
vT

k Mkvk . (12)

From Eqs. (4) and (12), the expressions for the kinetic energy of each link and for the total kinetic
energy are given by

Kk = 1

2
q̇T JT

k MkJk q̇ = 1

2
q̇T Bk q̇, (13)

K = 1

2
q̇T

(
n∑

k=0

Bk

)
q̇ = 1

2
q̇T Bq̇. (14)

The potential energy depends on the masses and the vertical component of the center of mass
position of each link as follows:

Pk = [
0 0 −mk g

]
pk, P =

n∑
k=0

Pk . (15)

Substituting the kinetic and potential energies in the Lagrange equation, we have the motion equation:

d

dt

(
∂K

∂q̇i

)
− ∂K

∂qi
+ ∂P

∂qi
= τi , (16)

where i = 1, . . . , n + 6.
Combining Eqs. (14)–(16) yields the dynamic equations of the system

B(q)q̈ + C(q, q̇)q̇ + G(q)

= B(q)q̈ + Ḃ(q)q̇ − 0.5

⎡
⎢⎣

q̇T ∂B
∂q1

...

q̇T ∂B
∂qn+6

⎤
⎥⎦q̇ +

⎡
⎢⎣

∂P
∂q1

...
∂P
∂qn+6

⎤
⎥⎦

= τ + τ ext, (17)

where τ is the generalized input force vector and τ ext is the generalized external forces vector at the

joint level. The matrix Ḃ is determined by Ḃ =
n+6∑
i=1

(
∂B
∂qi

q̇i

)
.
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Fig. 2. Hexacopter with a three-DoF robotic arm.

When the manipulator end-effector interacts with a wall, torques and forces are induced on the
multicopter’s center of mass, and torques are induced on the joints. The external interaction forces
and torques, exerted by the environment on the end-effector, are mapped to the generalized coordinate
space as follows:16

τ ext =
[

Jpe

Jωe

]T [
Fe

τ e

]
= JT

e

[
Fe

τ e

]
. (18)

The input forces and torques are produced by the rotors of the multicopter and the servos in the
robotic arm joints. They are mapped to the generalized coordinate level19 given by

τ =
⎡
⎣ F0

τ�
τ α

⎤
⎦=

⎡
⎣Ri0 0 0

0 QT 0
0 0 In

⎤
⎦
⎡
⎣
[

0 0 −Ft
]T

τ p

τ α

⎤
⎦. (19)

When a single propeller rotates, it produces a torque and a force along the vertical axis (orthog-
onal to the plane of rotation). In a multicopter with several propellers, those forces and torques are
combined to result in a force and a torque on the center of mass of the multicopter body. In Eq. (19),
the term Ft is the lifting force in the multicopter body-fixed frame produced by the propellers and
τ p is the resultant torque. These terms are mapped to the generalized coordinate system resulting in
F0, the force expressed in terms of the inertial frame, and τ� which is the torque associated with the
multicopter Euler angles. Finally, the vector τ α represents the torques applied by the servos on the
robotic arm.

2.2. Hexacopter with a three-DoF robotic arm
The equations of motion developed for a multicopter with n-DoF manipulators are applied here to
a hexacopter with a three-DoF robotic arm (see Fig. 2) which is used in the subsequent simulation
study and experimentation.

The orientation of the joints are shown in Fig. 3. The drawing illustrates the link coordinate sys-
tems at the initial configuration for the angles α1, α2, and α3 that are all zeros with x1, x2, and x3

pointing in the same (downward) direction. With the defined link coordinate systems, the link rotation
matrices15 are given by

R01(α1)=
⎡
⎣ 0 0 1

−sα1 −cα1 0
cα1 −sα1 0

⎤
⎦, R12(α2)=

⎡
⎣ cα2 −sα2 0

0 0 −1
sα2 cα2 0

⎤
⎦,

R23(α3)=
⎡
⎣ cα3 −sα3 0

sα3 cα3 0
0 0 1

⎤
⎦.
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Fig. 3. Joint orientation of the robotic arm.

Fig. 4. Top view of the hexacopter.

The fixed frame on the end-effector is also attached to the third link as illustrated in Fig. 3. As
a result, the rotation matrix between this frame and the third link coordinate system is constant and
given by

R3e =
⎡
⎣1 0 0

0 0 −1
0 1 0

⎤
⎦.

The force and torque, induced on the center of mass of the multicopter, depend on the number of
propellers, their geometry, and direction of rotation (clockwise or counter-clockwise). In Fig. 4, the
hexagonal geometry for the hexacopter is shown, as well as the number that identifies each propeller
and their direction of rotation. Given the pulse width modulation (PWM) input to each motor, the
resultant forces and torques are calculated as in ref. [20],

Ft = KF

6∑
k=1

(ρk − ρ0),

τx = lH KF

2
(ρ2 + ρ3 + 2ρ6 − 2ρ1 − ρ4 − ρ5),

τy =
√

3lH KF

2
(ρ3 + ρ5 − ρ6 − ρ4),

τz = Kτ (ρ2 + ρ4 + ρ5 − ρ1 − ρ3 − ρ6),

τp = [
τx τy τz

]T
, (20)

where KF , ρ0, and Kτ are the propulsion system constants, lH is the distance between the centers of
adjacent propellers, and ρk is the input to the motor k.
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Fig. 5. Aerial manipulator interacting with a wall.

Fig. 6. Vertical surface interaction of an aerial manipulator.

2.3. Simulation model for wall interaction
When an aerial manipulator performs a task to interact with a wall as shown in Fig. 5, the end-effector
exerts a force Fe and torque τ e on the wall.18 The force and torque are modeled as in a damped spring
system given by [

Fe

τ e

]
= Kpw

[
�pe

��e

]
+ Kdw

[
ṗe

ωe

]
, (21)

where �pe and ��e are the position and attitude error and Kpw and Kdw are stiffness and damping
matrices, respectively. The interaction forces and torques constrain the movement of the end-effector
as if it was holding a rigid object on the wall. By choosing high gain values, a rigid system is
addressed, while the flexibility of the robotic arm and the manipulated object are simulated for
smaller gain values.

3. Controller Design
Control of the end-effector position, during free flight and while the robot is picking or placing
objects, has been studied in aerial manipulation.1–3 In this research, a new problem to develop a
controller is explored, in which an aerial manipulator is used to perform manipulation tasks on a
vertical wall.

3.1. Equilibrium-based force and torque controller
A controller is developed here for aerial manipulators interacting with an object on a wall. Initially, an
open-loop controller is designed based on the equilibrium constraint when the robotic arm interacts
with the object. Next, to enhance the system stability, the feedback from an internal attitude estimator
and a gyroscope sensor, both mounted on the multicopter, is included in the control law. Throughout
the development, the equations are derived for a generic aerial manipulator.

For static interaction between an aerial manipulator and a wall, the following two constraints must
be satisfied. First, the aerial manipulator needs to achieve an appropriate posture to exert a desired
force and torque since the system is underactuated. For instance, if the desired interaction is a static
force toward the wall, the vehicle is required to have a pitch angle so that a horizontal component
of the thrust force is induced, which is visualized in Fig. 6. Second, in this case, the end-effector
manipulates an object that is fixed on the wall. The orientation and position of the end-effector do
not vary during the interaction.

The appropriate posture to achieve the desired force and torque interaction corresponds to an equi-
librium condition, where the velocities and accelerations are null. Rewriting the dynamic equation
(17) of the system with q̇ = 0 and q̈ = 0 results in the equilibrium equation for the aerial interaction as

G(q)= τ + τ ext. (22)
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Substituting Eqs. (18) and (19) into Eq. (22) gives⎡
⎣FT

τ p

τ a

⎤
⎦=

⎡
⎣Ri0(q) 0 0

0 QT(q) 0
0 0 In

⎤
⎦

−1 (
G(q)− JT

e(q)
[

Fe

τ e

])
, (23)

where FT = [0 0 − Ft ]T .
For the desired interaction, defined by Fe and τ e, the equilibrium condition is only achieved if the

first two elements of the resultant column vector are zero, as in the left-hand side of Eq. (23). The
first two rows are zero since the thrust force has no components in the xy plane of the body-fixed
frame. The derivation of the attitude constraint is developed by algebraic manipulation of the first
three rows of the equilibrium equation. The relevant components of G(q) and JT

e (q) are

G(q)=

⎡
⎢⎢⎣

0
0

−mt g
...

⎤
⎥⎥⎦, JT

e (q)=
[
I3 O3×3
...

...

]
. (24)

Hence, the first three rows of Eq. (23) are equivalent to⎡
⎣ cφsθcψ + sφsψ

cφsθ sψ − sφcψ
cφcθ

⎤
⎦ Ft =

⎡
⎣ 0

0
mt g

⎤
⎦+

⎡
⎣ Fex

Fey

Fez

⎤
⎦. (25)

If the last row is taken to express Ft in terms of Fez , the first two rows can be manipulated to result in

tan θ = Fex cψ + Feysψ
Fez + mt g

, tan φ = Fex sψ − Feycψ
Fez + mt g

cθ , (26)

which are the final equations for the attitude constraint. It is interesting to note that if φ and θ are
zero, then Fex and Fey are necessarily zero. This is the mathematical confirmation that the multicopter
needs to tilt to an appropriate attitude to apply forces in the horizontal plane. In addition to the
underactuation constraint, there is the second constraint related to the orientation of the end-effector
during the force and torque interaction. The end-effector orientation �e(η) is determined from the
multicopter orientation � and the joint angles α. During interaction, the end-effector orientation is
constant and denoted by �ei =�e(η), where η = [�T αT ]T .15

The equilibrium constraints can be grouped into a nonlinear function f(η)= 0 given by

f(η)=
⎡
⎢⎣

�e(η)−�ei

tan θ − Fex cψ+Feysψ
Fez+mt g

tan φ − Fex sψ−Feycψ
Fez+mt g

cθ

⎤
⎥⎦=

⎡
⎣�e(η)−�ei

f4(η)

f5(η)

⎤
⎦= 0. (27)

Depending on the complexity of the robotic arm, Eq. (27) may not have an analytical solution. For
this case, a first-order approximation is proposed to compute the solution ηr ,

f(ηr )= f(η)+ Fη
(
ηr − η

)= 0, (28)

where Fη = ∂f(η)
∂η
. Since �ei is a three-by-one vector, the system defined by f(η) has five equations

and 3 + n variables. If an aerial manipulator has two links with n = 2, Fη is a 5 × 5 square matrix.
Equation (28) has a unique solution given by ηr = η − F−1

η f(η). If an aerial manipulator has more
than two links, the system is redundant.21 Redundancy can be utilized to accomplish secondary tasks,
such as increasing reachability, avoiding an obstacle, avoiding singularities, or achieving a safer
posture.22 In this research, the focus is on accomplishing the primary task of exerting a desired force
and torque on a wall. A standard solution using the pseudoinverse of Fη is chosen as

ηr = η − FηT (FηFηT )−1
f(η). (29)
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Since Eq. (29) is a first-order approximation, the solution is valid only if ηr is in the neighborhood
of the state variables in η. It is important to analyze and simulate each particular case carefully
before the experiments, since the numerical convergence is not guaranteed when η is out of the
neighborhood of the solution. A better approach is, when planning the experiment, to select a vector
η0 that is known a priori to be close to the solution and compute Eq. (29) for η = η0.

From Eqs. (27) and (28),

Fη =

⎡
⎢⎢⎣

∂�e
∂η

∂ f4(η)

∂η

∂ f5(η)

∂η

⎤
⎥⎥⎦. (30)

The partial derivative ∂�e
∂η

can be determined from the Jacobian Jωe, which is known from Eq. (7). It is
important to note that the end-effector orientation does not depend on the position of the multicopter.
The Jacobian can be reduced to a smaller matrix Joe,

ωe = Jωeq̇ = [
O3×3 Joe

] [
ṗT η̇T

]T = Joeη̇. (31)

Similarly to the multicopter orientation, as in Eq. (2), the end-effector angular velocities can also be
mapped to the time derivatives of the Euler angles,

�̇e = Qe
−1ωe = Qe

−1Joeη̇, (32)

where Qe is obtained similarly to the way Q is determined from Eq. (3). Since �̇e can also be written
as �̇e = ∂�e

∂η
η̇, the partial derivative of the end-effector orientation is given by ∂�e

∂η
= Qe

−1Joe.

The partial derivatives of f4(η) and f5(η) are[ ∂ f4(η)

∂η

∂ f5(η)

∂η

]
=
[
∂ f4(�)

∂�

∂ f4(α)

∂α

∂ f5(�)

∂�

∂ f5(α)

∂α

]
, (33)

where the derivatives with respect to α are zero, and[
∂ f4(�)

∂�

∂ f5(�)

∂�

]
=
[

0 1
c2
θ

F1
1
c2
φ

F1sθ F2cθ

]
, (34)

where

F1 = Fex sψ − Feycψ
Fez + mt g

, F2 = − Fex cψ + Feysψ
Fez + mt g

.

An important step during the experiment design is to analyze for what subset of the possible values
of η, the matrix is full rank, that is, FηFT

η is invertible. One of the reasons why Fη would not be full
rank is the impossibility to rotate the multicopter about all possible directions, due to limitations of
the robotic arm. For instance, if the robotic arm has only one joint, the multicopter only rotates about
one axis during manipulation. In this case, the matrix Fη has only four columns and the rank is not
greater than four. For a robotic arm with at least two DoF, where the joints are mounted orthogonally
to each other, Fη is expected to be full rank in most configurations.

To illustrate how to investigate singularities, the specific configuration considered for the sim-
ulations and experiments is analyzed.13 During the experiments, the initial posture from which
the multicopter is supposed to apply the forces and torques is shown in Fig. 6. For the case, the
end-effector orientation and robotic arm initial angles are given by

�e = [0 0 0 ]T , α = [0 π/2 0 ]T . (35)

Here, the desired interaction forces are small when compared with the weight of the aerial manipula-
tor. Hence, the attitude angles performed by the multicopter are also small. Equation (29) is calculated
from the initial condition η0 = [0 0 0 0 π/2 0]T , which is in the neighborhood of ηr where the
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Fig. 7. Open-loop control scheme for vertical surface interaction.

first-order approximation is valid. The partial derivative of f(η) is given by

Fη
(
η0

)=

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 1 0 0
0 1 0 0 1 1
0 0 1 0 0 0
0 1 −Fey

Fez+mt g
0 0 0

1 0 −Fex
Fez+mt g

0 0 0

⎤
⎥⎥⎥⎥⎥⎦, (36)

which implies det
(
FηFT

η

)= 2 �= 0. Since the determinant is not zero, the matrix FηFT
η is invertible

independently of the desired interaction forces.
In summary, the equilibrium constraints are computed from Eqs. (23) and (29). First, the reference

attitude and joint angles of reference are determined from Eq. (29). Once the posture of reference
ηr is defined, it is substituted in Eq. (23) to obtain the thrust and the attitude torques. In Fig. 7, the
open-loop scheme is shown, where the block ‘Equilibrium Constraint’ represents the calculation of
the system inputs based on the reference force and torque, Fr and τ r . This controller does not use any
sensor feedback and, in practice, is not appropriate in terms of stability and convergence. Therefore,
another controller is developed to integrate sensor feedbacks to this scheme.

Although the robotic arm used in this research is modeled as a rigid body, it is built from plastic
parts that bend under force and/or when there is backlash in servo motor gears. When the open-
loop controller depicted in Fig. 7 was implemented in experiment, rapid oscillations in attitude
were observed. For this reason, an attitude proportional-derivative (PD) controller is designed to
damp these oscillations. Using this controller, the attitude is regulated by the propellers to guar-
antee convergence with stability. The PD attitude control with output to the multicopter is given
by τ AC = K�p(�r −�)− K�dω0, where the gains K�p and K�d are positive definite diagonal
matrices.15

The flexibility of the robotic arm is also related to another issue. The robotic arm joint angles are
calculated to bring the multicopter to a desired attitude. When the arm bends, it drives the multicopter
to an incorrect attitude. When it happens, the PD controller outputs a residual torque because the
attitude error is not null. The incorrect attitude and the residual torque cause interaction force and
torque errors. To fix the issue, an integral attitude controller is designed. With attitude feedback,
the robotic arm is moved to a position for which the attitude error is zero. With these two attitude
controllers, the multicopter and the robotic arm work in collaboration. The robotic arm angles are
modified by an integral controller given by

αAC = K�i

∫
�α dt, (37)

where the gain K�i is a positive definite diagonal matrix and�α is the attitude error mapped to joint
angle errors.

The Jacobian pseudoinverse maps the attitude error to joint angle errors, so that the robotic arm
can be controlled to cancel the attitude error.13 To do this, the first step is to find the differential
kinematics relation between the robotic arm and the multicopter attitude by rewriting Eq. (32) as

�̇e = Q−1
e Joe

[
�̇

α̇

]
. Since the end-effector does not move during interaction, the attitude and the
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Fig. 8. Equilibrium-based force and torque controller.

robotic arm joint angles are related by

Joe

[
�̇

α̇

]
= 0. (38)

For any aerial manipulator, Eq. (38) can be rearranged to find a matrix equation that calculates α̇ in
terms of �̇. For redundant robotic arms, the pseudoinverse is used to choose one solution. This is
illustrated by the aerial manipulator used in this research. Substituting its matrix Joe into Eq. (38)
gives ⎡

⎣1 0 0 1 0 0
0 1 0 0 1 1
0 0 1 0 0 0

⎤
⎦ [ �̇

α̇

]
= 0,

then �̇=
⎡
⎣ φ̇θ̇
ψ̇

⎤
⎦= −

⎡
⎣1 0 0

0 1 1
0 0 0

⎤
⎦α̇.

This equation describes how the attitude of the multicopter is affected by the robotic arm. In this
case, the angle ψ does not change while the robot moves. Since the last row is unnecessary, it is
removed to eliminate the singularity and then compute the pseudoinverse as follows:13

[
φ̇

θ̇

]
= −

[
1 0 0
0 1 1

]
α̇ = J�αα̇, (39)

α̇ = J�αT (J�αJ�αT )−1
[
φ̇

θ̇

]
= −

⎡
⎣1 0

0 0.5
0 0.5

⎤
⎦ [ φ̇

θ̇

]
. (40)

Finally, the column correspondent to ψ is included to result in

α̇ = −
⎡
⎣1 0 0

0 0.5 0
0 0.5 0

⎤
⎦�̇, then �α≈ −

⎡
⎣1 0 0

0 0.5 0
0 0.5 0

⎤
⎦��.

In Fig. 8, a force and torque sensor feedback is added to correct modeling errors and external
disturbances. It is especially important if high accuracy is required for a manipulation task. The force
controller is implemented through a PI control given by[

F
τ

]
= Kτp

([
Fr

τ r

]
−
[
Fs

τ s

])
+ Kτ i

∫ ([
Fr

τ r

]
−
[
Fs

τ s

])
dt,

where the gains Kτp and Kτ i are positive definite diagonal matrices.13

The proposed controller is a PID-based control combined with an equilibrium constraint calcula-
tion. Hence, there is no significant computational burden or delay for implementing this controller.
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Table I. Parameters of the hexacopter, robotic arm, and control gain.

Parameter Value

p0b (m) [−0.006 0 0.054]T

Hexacopter m0 (kg) 1.189

I0 (kg·m2)

⎡
⎣ 0.027 0 0

0 0.027 0
0 0 0.051

⎤
⎦

p01 (m) [0.054 0 0.073]T

l1 (m) 0.070
l2 (m) 0.106
l3 (m) 0.118

m1 (kg) 0.075
m2 (kg) 0.097

Robotic arm
m3 (kg) 0.102
lcm1 (m) 0.044
lcm2 (m) 0.074
lcm3 (m) 0.070

Iy,z1 (kg·m2) 0.602 × 10−4

Iy,z2 (kg·m2) 1.140 × 10−4

Iy,z3 (kg·m2) 1.376 × 10−4

ωservo (rad/s) 0.275

Kpw

[
1000I3 (N/m) O3×3

O3×3 6I3 (N·m/rad)

]

Control gain
Kdw

[
10I3 (N·s/m) O3×3

O3×3 5I3 (N·m·s/rad)

]
K�p (N·m/rad) 0.9I3

K�d (N·m·s/rad) 0.27I3

K�i 0.5I3

Kτp

[
0.5I3 (N/m) O3×3

O3×3 0.5I3 (N·m/rad)

]
Kτ i I6

This is beneficial to real-time implementation with the many state variables for the multicopter plat-
form and the joints of the manipulator while some optimization-based methods such as MPC would
have the computational complexity issue.

4. Simulation Results
In this section, the numerical simulator for the aerial manipulator and simulation results are pre-
sented. Initially, from the dynamic model, the system is written in terms of state-space equations.
The dynamic model of the aerial manipulator is derived from the partial derivatives of the kinetic
and potential energies. For the simulator, these partial derivatives are calculated in a recursive man-
ner, with emphasis on computing efficiency. The parameters of the robotic arm internal controller
are not known. For this reason, it is explained how to simulate the arm based on its kinematics.
The interactive forces between the robotic arm and a wall are included in the simulation based on
a damped spring model. Finally, some simulation cases addressing wall interaction are analyzed.
Relevant system parameters and control gains are summarized in Table I.

Let the state variable vector be defined as

X =
[

X1

X2

]
=
[

q
q̇

]
. (41)
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Fig. 9. Inertial frame and end-effector frame for the force and torque simulations.

Then, the system in the state space is written as Ẋ =
[

X2

σ

]
, where σ = [

σp σ� σα
]T

is determined

in terms of the state variables and the inputs, based on the dynamic equation⎡
⎣ Bpp Bp� Bpα

B�p B�� B�α
Bαp Bα� Bαα

⎤
⎦
⎡
⎣ σp

σ�
σα

⎤
⎦+ CX2 + G

=
⎡
⎣Ri0 0 0

0 QT 0
0 0 In

⎤
⎦
⎡
⎣FT

τ p

τ α

⎤
⎦+ τ ext. (42)

The wall interaction is modeled as a damped spring system. When the end-effector is not in contact
with the wall, the interaction forces and torques are set to be zero.11 When the end-effector touches
the wall and holds the object, the interaction forces and torques are included in the simulation. A
threshold is defined relative to the wall position to designate the contact transition given by

τ ext =
⎧⎨
⎩

0 , xe < xw −�xmax

JT

[
Fe

τ e

]
, xe ≥ xw −�xmax

where xw is the position of the plane that determines the wall in x axis, xe is the end-effector’s x
coordinate, and �xmax is the maximum wall deformation resulted from the interaction forces during
manipulation task, respectively. The interaction force Fe and torque τ e are from Eq. (21).

The simulations are performed to evaluate the equilibrium-based force and torque controller. The
experimental setup is reproduced in the simulation environment. The reference force and torque
vector is given by

τ r = [
Fr x Fry Frz τr x τry τr z

]T
.

In the first simulation cases, a force or a torque is applied in only one direction, to study each com-
ponent individually. In this paper, a part (lateral and longitudinal forces and roll and pitch torques)
of the simulation cases is presented. Another simulation case is implemented where components of
forces and torques are applied simultaneously.

The simulation configuration is illustrated in Fig. 9. The torques are expressed in terms of the
end-effector frame. The external interaction forces are expressed with respect to the inertial frame.
The vertical surface belongs to a plane orthogonal to the y axis.

4.1. Force interaction
The lateral force of 1 N is implemented by setting the reference force and torque τ r =
[1 0 0 0 0 0 ]T . The aerial manipulator applies a lateral force on the object on the wall by rolling
the multicopter body. The lateral force applied by the thrusters on the multicopter body is transmitted
through the robotic arm to the end-effector, which applies a lateral force on the object. In Fig. 10, the
forces and torques for the lateral force simulation are plotted. The aerial manipulator successfully
applies the 1 N force along the x axis. The vertical interaction torque τz is not canceled and the other
interaction forces and torques converge to zero. When the multicopter rolls to apply the lateral force,
the aerial manipulator behaves as a wrench. A vertical interaction torque is consequently applied on
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Fig. 10. Forces and torques for the lateral force case.
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Fig. 11. Attitude of the multicopter for the lateral force case.
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Fig. 12. Interaction forces and torque for the longitudinal force case.
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Fig. 13. Attitude angles for the longitudinal force case.

the object. In Fig. 11, the attitude roll angle where the multicopter rotates to apply the lateral force is
shown.

The longitudinal force of 1 N is implemented by setting the reference force and torque τ r =[
0 1 0 0 0 0

]
T. In this case, the multicopter performs a pitch movement, the thrust force is projected

toward the wall, and the aerial manipulator pushes the object on the wall. In Fig. 12, the interaction
forces and torques are plotted. The force Fy converges to 1 N, while the other components converge
to zero, as expected. The pitch angle by which the multicopter rotates to apply the desired force is
shown in Fig. 13.
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Fig. 14. Forces and torques for the roll torque interaction case.
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Fig. 15. Attitude angles for the roll torque interaction case.
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Fig. 16. Robotic arm angles for the roll torque interaction case.

4.2. Torque interaction
The reference force and torque vector for the desired roll torque of 1 N·m is given by τ r =[
0 0 0 1 0 0

]T
. To apply a torque on the object on the wall, the aerial manipulator applies a

roll torque on the multicopter body. This torque is induced on the object through the robotic arm.
In Fig. 14, the forces and torques for the roll torque interaction are shown. Since the wall external
forces and torques are modeled as a damped spring system, the aerial manipulator rotates in compli-
ance with the spring when the roll torque is applied on the object. After the multicopter rotates, the
aerial manipulator interaction controller corrects the attitude roll angle, as shown in Fig. 15. The first
joint of the robotic arm rotates to compensate the attitude error, as shown in Fig. 16. The interaction
controller ability to correct the attitude angles is important since the experimental robotic arm is not
ideally rigid.

In order to study the pitch torque interaction, the reference vector for the desired pitch torque of
1 N·m is set to τ r = [

0 0 0 0 1 0
]T
. The aerial manipulator interaction controller applies a pitch

torque on the multicopter body. This torque is induced on the object through the robotic arm. In Fig.
17, the interaction forces and torques are plotted and the attitude angles are shown in Fig. 18. The
robotic arm corrects the attitude angles by rotating the second and third joints, as plotted in Fig. 19.
While the attitude angles are corrected, the pitch torque converges to 1 N·m and the other forces and
torques converge to zero, as expected.
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Fig. 17. Forces and torques for the pitch torque interaction case.
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Fig. 18. Attitude angles for the pitch torque interaction case.
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Fig. 19. Joints angles for the pitch torque case.
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Fig. 20. Forces and torques for the force and torque combined interaction case.

4.3. Force and torque combined interaction
In this simulation case, the closed-loop controller is tested for a condition where torques and forces
are applied simultaneously. The reference interaction vector is set to τ r = [

1 1 1 1 1 −0.2
]T
.

The yaw torque value is chosen to avoid PWM saturation. All the forces and torques converge to
their reference levels, as shown in Fig. 20.

5. Experimental Results
In this section, the equipment, laboratory facilities, and experiments to validate the proposed
controller and simulation results are presented. A hexacopter with a microcontroller Pixhawk is
described, as well as a three-DoF robotic arm and a motion capture system. It is explained how those
items are integrated to build the experimental setup and how a spring-mounted device was used for
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Table II. Parts of the hexacopter.

Part Description Weight (g)

Electric motor T-Motor KV 750 55
MT2212

Propeller E-prop 254 × 120 mm2 12
LiPo battery and Thunder power 269
power regulator 1800 mAh
Structure weight – 350

Total weight – 1189

Fig. 21. Hexacopter.

Fig. 22. Robotic arm (left) mounted on the hexacopter and Arbotix-M controller24 (right).

the interaction force experiments. Finally, the experiments for the validation of the equilibrium-based
force and torque controller are presented.

5.1. Experimental setup
The experiments were conducted with a hexacopter fabricated at the Naval Postgraduate School,20

shown in Fig. 21. It is a multicopter with six motors/propellers and a primary power source provided
through a tether by a ground power supply. A secondary power source is provided by a backup
LiPo battery. The hexacopter is equipped with T-Motor KV750 electric motors and E-prop carbon
propellers. The parts of the hexacopter are summarized in Table II.

The hexacopter is equipped with a microcontroller Pixhawk. It is an open-architecture microcon-
troller provided with accelerometer, gyroscope, magnetometer, and barometric altimeter sensors. The
microcontroller processor has a 168 MHz ARM Cortex M4F CPU. There are some options of open-
source firmware provided by a large community of users and developers. In this research, a Pixhawk
Support Package with MATLAB Embedded Coder developed by Mathworks23 is used. This tool
generates and compiles C code from a Simulink file and uploads the program to Pixhawk.

The aerial manipulator is equipped with a three-DoF robotic arm mounted on the bottom of the
multicopter. The robotic arm has four Dynamixel AX-12A servos. Three of them rotate to control
the revolute joint angles, and the last one opens and closes the end-effector. The configuration of the
robotic arm is illustrated in Fig. 3. The robotic arm shown in Fig. 22 is controlled by an Arbotix-M
board, which is an Arduino-compatible device. Each Dynamixel servo has a bank of registers that
are either read or written by the Arbotix-M board through a serial port. The bank of registers record
the parameters associated with the motion of the servo. By writing into the registers, the controller
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Fig. 23. Experimental setup.

defines parameters like the servo goal position and desired moving speed. By reading the registers,
the controller obtains information related to the status of the servo, such as position and velocity
feedback. Another serial port connects the Arbotix-M board to the multicopter microcontroller. The
Arbotix-M board is programmed to pass commands from the multicopter to the robotic arm and
also send feedback from the robotic arm to the multicopter. Each servo has an internal controller to
convert the motion commands into torques.

The laboratory flight testbed equipped with a Vicon motion capture system is surrounded by ten
cameras able to detect infrared reflective markers fixed on the multicopter and robotic arm. The
software Tracker, installed in the Vicon server, computes the position of each marker by triangulation.
Once the position of each marker is known, the software computes the position and the orientation
of the multicopter.

The experimental setup is illustrated in Fig. 23. The Vicon server and a ground station are con-
nected to the same network. A MATLAB script running in the Vicon server transmits the position and
the orientation of the multicopter, through user datagram protocol (UDP) connection, to the ground
station. The ground station and the microcontroller communicate through serial ports with XBee
antennas. A serial cable connects the microcontroller Pixhawk to the robot controller Arbotix-M.

Some experiments to validate the equilibrium-based force and torque controller were executed
with a spring-mounted device on a wall. As shown in Fig. 24, the end-effector holds an object that
slides along a rail. By pushing the sliding object, the robotic arm compresses the spring toward the
fixed object on the left side. The reflective markers are detected by the Vicon cameras and the position
of the sliding device is sent through UDP communication to the ground station. The compression of
the spring is directly related to the position of the sliding object. The force applied on the spring is
obtained by multiplying the spring constant by the spring compression. With this experimental setup,
the ground station controller has feedback of the force applied on the spring by the aerial manipulator.

To validate the equilibrium-based force and torque controller, an experiment was designed with
the spring system to prove that the controller is able to regulate a specified force on the object. Other
experiments were performed without force or torque feedback to validate the controller when the
aerial manipulator is required to apply a specified torque. In these experiment cases, our interest is
the performance of the proposed controller to generate desired forces after the end-effector holds the
object near the wall. The initial flight status of the experiments were thus conducted by progressively
increasing the thrust force until the multicopter could fly without the suspension line while the end-
effect grasped the sliding object. The multicopter then started generating forces and torques from its
initial flight mode. In Fig. 25, the aerial manipulator flies while applying a longitudinal force toward
the wall.
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Fig. 24. Spring-mounted device for interaction force experiments.

Fig. 25. Aerial manipulator force and torque interaction experiment.
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Fig. 26. Interaction force experiment for reference forces. (a) Reference force Fy = 1 N. (b) Reference force
Fy = 2 N.

First, experiments were performed to study the force interaction. The aerial manipulator objective
during the experiments with the spring-mounted device was to control the force applied on the spring.
In Fig. 26(a) and (b), the forces applied on the spring for two different reference forces are plotted.
In all the experiments, the equilibrium-based force and torque controller successfully regulated the
forces on the spring. Friction was observed between the sliding object and the rail when the sliding
object moved on the surface of the rail. In some experiments, the aerial manipulator needed more time
to converge and maintain the desired force, but the convergence was always achieved. Controlling a
spring force in only one direction may seem easier than controlling simultaneously a six-dimensional
force torque vector with a force and torque sensor; however, the spring device was mounted on a rail
with some friction.

In Fig. 27, the attitude pitch angle is plotted for the same experiment in Fig. 26(b). The projection
of the thrust force on the horizontal plane toward the wall is determined by the pitch angle. For a
negative pitch angle, the multicopter moves the nose down and the aerial manipulator pushes the
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Fig. 27. Hexacopter pitch angle for the experiment with reference Fy = 2 N.
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Fig. 28. PWM history for interaction torque experiments with reference torques. (a) Reference torque τy =
0.5 N·m. (b) Reference torque τx = 1 N·m.

wall. By comparing the force plot with the attitude plot, the correlation between the attitude and the
interaction force is perceived.

Additional experiments were performed to validate the equilibrium-based force and torque con-
troller for torque interactions. Although the experiments are not configured with any kind of torque
feedback, the recorded data could be analyzed to prove that the aerial manipulator is capable of
applying torques. In Fig. 28, experiments for pitch torque and roll torque are shown. In both experi-
ments, the reference torque are set to be zero in the first 20 s approximately. After that, the reference
torque is modified. When the reference torque changes, the PWM inputs also change, indicating that
an additional torque is applied by the rotors and transmitted to the object through the robotic arm. In
the plot in Fig. 28(b), the multicopter oscillates during the transition and the PWM inputs are also
modified by the attitude controller to damp those oscillations.

6. Conclusion
In this paper, the feasibility of employing a multicopter UAV equipped with a robotic arm for manip-
ulation tasks on vertical surfaces was studied. The main objective of this research was to develop a
force and torque controller for wall interaction. A mathematical model for a multicopoter with an
n-link robotic arm was derived through Lagrangian formalism. The mathematical model was applied
to the experimental hexacopter equipped with a three DoF robotic arm. In an aerial manipulator, the
dynamics of the robotic arm and the multicopter are coupled. For this reason, an aerial manipulator
controller offers a better performance if the system is modeled and controlled as a whole.

An equilibrium-based force and torque controller was developed to regulate the forces and torques
that the aerial manipulator applies on an object fixed on a wall. The equilibrium-based force and
torque controller computes the multicopter attitude and propeller inputs to induce the desired force
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and torque on the wall. Through simulations, the equilibrium-based force and torque controller suc-
cessfully regulated torques and forces. Simulations also validated the controller for a manipulation
task with forces and torques applied simultaneously in all directions. The experiments were carried
out with a spring-mounted device near a wall. The spring-mounted device was designed to validate
the use of the developed force and torque controller for force regulation. The experimental results
demonstrate that the force and torque controller effectively regulates the force applied on the spring
while manipulating near the wall.

In this research, we neglected the propeller rigid body dynamics and any other aerodynamic effects
by considering slow-moving maneuvers of the multicopter. However, in practice, aerodynamic forces
and other modeling uncertainties, such as the near-wall effect, may affect the interaction forces. The
propeller rigid body dynamics would be significant when the multicopter rotates fast about any of the
body-frame horizontal axes. In the future work, we will consider to include the propeller rigid body
dynamics and the near-wall effect analysis. In addition, comparison with other existing results will
be implemented. The proposed controller will be applied to other potential applications including
cleaning, painting, and rescue missions.
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