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Abstract

The paper is an attempt to resolve the prescribed Chern scalar curvature problem. We
look for solutions within the conformal class of a fixed Hermitian metric. We divide
the problem in three cases, according to the sign of the Gauduchon degree, that we
analyse separately. In the case where the Gauduchon degree is negative, we prove that
every non-identically zero and non-positive function is the Chern scalar curvature of a
unique metric conformal to the fixed one. Moreover, if there exists a balanced metric
with zero Chern scalar curvature, we prove that every smooth function changing sign
with negative mean value is the Chern scalar curvature of a metric conformal to the
balanced one.

Keywords Hermitian manifold - Chern scalar curvature - Prescribed Chern scalar
curvature problem - Chern—Yamabe problem

Mathematics Subject Classification Primary 53C55; Secondary 53C21

Introduction

A classical problem in Riemannian Geometry is the prescribed scalar curvature prob-
lem. This problem consists in finding a Riemannian metric on a differentiable manifold
such that its scalar curvature coincides with a smooth function previously fixed. The
prescribed scalar curvature problem was firstly studied by Kazdan and Warner in [10]
for 2-dimensional compact manifolds and in [11] for compact manifolds with higher
dimension. The same authors concluded the study of the prescribed scalar curvature
problem for compact manifolds in [12], also thanks to the proof of the Yamabe problem
by Schoen in [13]. Kazdan and Warner divided the class of compact manifolds into

The author is supported by GNSAGA of INdAM.

B Elia Fusi
elia.fusi@unito.it

1 Dipartimento di Matematica “Giuseppe Peano”, Universita di Torino, Via Carlo Alberto 10, 10123

Torino, Italy

Published online: 22 April 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12220-022-00920-4&domain=pdf
http://orcid.org/0000-0002-9207-954X

187  Page2of 21 E. Fusi

three subclasses depending on the set of smooth functions that are scalar curvature of
a Riemannian metric.

Theorem (See [12], Theorem 5.1 and 6.4)The class of compact differentiable mani-
folds of dimension 2 can be divided into three subclasses:

e every smooth function that is positive somewhere is the scalar curvature of a
Riemannian metric,

e the zero function and all the smooth functions changing sign are scalar curvature
of a Riemannian metric,

e cevery smooth function that is negative somewhere is the scalar curvature of a
Riemannian metric.

The class of compact differentiable manifolds of dimension at least 3 can be divided
into three subclasses:

e cevery smooth function is the scalar curvature of a Riemannian metric,

e the zero function and all the smooth functions that are negative somewhere are
scalar curvature of a Riemannian metric,

e every smooth function that is negative somewhere is the scalar curvature of a
Riemannian metric.

In this paper, we study the prescribed Chern scalar curvature problem, namely the Her-
mitian analogue of the prescribed scalar curvature problem. It consists in proving the
existence of a Hermitian metric on a complex manifold such that its scalar curvature
with respect to the Chern connection coincides with a fixed smooth real-valued func-
tion. The motivation of our study comes from the recent studies on Chern—Yamabe
problem (see [1, 3, 6-8] and [9] in the almost-Hermitian setting). In particular, in [6],
the prescribed Chern scalar curvature problem is also considered. The author uses
the so called Chern—Yamabe flow, firstly introduced in [3], to prove, supposing there
exists a balanced metric wy with negative Chern scalar curvature, that every negative
function is the Chern scalar curvature of a metric conformal to wg, see [6,Theorem
1.1]. The objective of our work is to generalize the result mentioned before and study
the prescribed Chern scalar curvature more in depth.

The paper is divided in two sections. In the first one, we define the tools that we
used to prove our results, like the Chern Laplacian and the Gauduchon degree of a
conformal class, and we recall the results concerning the Chern—Yamabe problem,
see [1]. In the second section, we study the prescribed Chern scalar curvature on
connected, compact complex manifolds with complex dimension at least 2. Our first
approach is that of finding solutions within the conformal class of a fixed Hermitian
metric w. In this setting, we see that the resolution of the problem is equivalent to
solving a non-linear elliptic PDE of 2nd order. Together with this equation, we find
an obstruction that suggests a division of the problem into 3 cases depending on the
sign of the Gauduchon degree of the conformal class of w. We analyse separately each
case.

In the case where I'({w}) < 0, we find a necessary condition on a smooth function
in order for it to be Chern scalar curvature of a metric conformal to w. We observe
that the smooth functions that are non-identically zero and non-positive satisfy this
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condition. Our first result states that all these functions are Chern scalar curvature of
a unique Hermitian metric in the conformal class of .

Theorem (See Theorem 2.5)Let M" be a connected, compact complex manifold with
n > 2 endowed with a Hermitian metric w such that T ({w}) < 0. If g € C®° (M, R) \
{0} is such that g < O, then g is the Chern scalar curvature of a unique Hermitian
metric conformal to w.

A stronger necessary condition is obtained in Proposition 2.6. It allows us to construct
a function which satisfies the first necessary condition but which cannot be Chern
scalar curvature of any metric conformal to @. Because of this, we try to find solutions
within the set of metrics conformally equivalent to w. In this case, we find two sufficient
conditions on a smooth function to be Chern scalar curvature of a metric conformally
equivalent to w, see Proposition 2.10 and Proposition 2.11.

In the case where I'({w}) = 0, first of all, we find two necessary conditions.
Then, under a suitable assumption, we interpret the prescribed Chern scalar curvature
equation as the Euler-Lagrange equation, with respect to the standard L? pairing,
associated to an appropriate functional. This assumption concerns the existence of
a balanced metric with zero Chern scalar curvature. Using variational methods, we
prove the following Theorem.

Theorem (See Theorem 2.13) Let M" be a connected, compact complex manifold with
n > 2. Suppose there exists a balanced metric  with S*(w) = 0. If g € C*®°(M, R)
changes sign on M and fM g‘z—'; < 0, then g is the Chern scalar curvature of a
Hermitian metric conformal to w.

The case where I'({w}) > 0 is the most difficult among the three. In this case, we find
a necessary condition and we prove a local result by applying the implicit function
Theorem, see Proposition 2.16.

After our work, there are many questions that remain open. One of the most impor-
tant result that Kazdan and Warner used to conclude the prescribed scalar curvature
problem is [12,Theorem 2.1]. Also in our setting, it can be useful to know the orbit of
a smooth function under the group of biholomorphisms in order to understand when
Proposition 2.10, Proposition 2.11 and Proposition 2.14 can be applied. Once we know
this, we can understand better which functions are Chern scalar curvature of a metric
conformally equivalent to w and then conclude using [16,Theorem 1.1]. Another open
question is the generalization of Theorem 2.13, removing the hypothesis that there
exists a balanced metric. The last open question is the problem of existence of met-
ric with constant and positive Chern scalar curvature within a conformal class with
positive Gauduchon degree.

1 Preliminaries

Let M be a connected, compact complex manifold of dimension n. In our discus-
sion, we will identify Hermitian metrics 2 on M with their fundamental (1,1)-forms
w = h(J—, —). For any Hermitian structure (J, w) on M, we can consider the Chern
connection V" that is, the unique affine connection preserving both the Hermitian
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metric and the almost-complex structure, i.e. VChp =0, vCh ] =0, whose (0,1)-part
coincides with the Cauchy-Riemann operator 9 associated with the holomorphic struc-
ture of 71-9M. Given a Hermitian metric @ on M and {z1,..., zn} local holomorphic
coordinates, we can write @ = J—_lwijdzi Adzj where w;; = h(aizl_, %). Then, we
can define the Chern scalar curvature of w as the function

S () = try RicV (@) = T R; 5,7,

where R; k7 are the components of the Chern curvature tensor and R icD(w) is called
the first Chern-Ricci form and it is the (1, 1)-form that, locally, can be written as
follows:

RicV(w) = V=1 R; 57dzi A dZ].
Given a Hermitian metric @ on M, we can define a differential operator called

Chern Laplacian Agh associated to w that acts on a smooth function u € C*°(M, R)
as follows:

AShu =23/ 1tr,d0u.
Locally, we obtain that

= 9%y

AShy = 20 —— | VYu e C®(M,R).
07;0Z;

It is well known that a Riemannian metric induces an inner product on the algebra of
smooth differential forms on M. In the following, if « and B are k-forms on M and
w is the fundamental form associated to a Hermitian metric %, we will set o («, 8) =
h(c, B).

Observe that the Chern Laplacian is an elliptic differential operator of 2nd order.
On a compact Hermitian manifold (M, w) both the Hodge Laplacian associated to the
metric, i.e A, = [d, d*], and the Chern Laplacian are defined. The difference between
these two operators on smooth functions is quantified in a result due to Gauduchon.

Theorem 1.1 ([4], p. 502-503) Let (M", w) be a compact Hermitian manifold. Then,
we have

AShu = Ayu + o(du, 0), Yu e C®°(M,R),

where 0 is called the torsion I-form associated to w and it is defined by the relation:
do™ ' = 0 A o""1. Moreover, we have that the formal adjoint of Agh acts on
u € C®(M,R) as follows:

(AShY* 5 = Ayu — w(du, 0) + ud*0.
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Remark 1.2 Let (M", w) a Hermitian manifold with n > 2, we can consider the
Lefschetz operator

L: /\.M—>/\.+2M, L—=—Aw.

We know that

2n—1

Ll /\IM—>/\ M

is an isomorphism. This fact implies that the torsion 1-form is well defined.

The Hermitian metric w is called Gauduchon if d*6 = 0. Instead, one says that w is
balanced if 6 = 0. If dimc M = n, note that the condition d*0 = 0 is equivalent
to 39"~ ! = 0. That is because § = J % dw"~!, where * is the Hodge operator
associated to w. Whereas, the condition & = 0 is equivalent to do" 1 = 0.

Remark 1.3 Theorem 1.1 implies that the index of the Chern Laplacian and the index of
the Hodge Laplacian coincide. This guarantees that the kernels of both the Chern Lapla-
cian and his formal adjoint are 1-dimensional. Moreover, ker(Agh) = R. In general,
ker((Agh)*) does not coincide with the set of constant functions. That is, essentially,
due to the presence of the additional term ud*6 in the expression of (Agh)*u, see
[4,p.388].

Remark 1.3 suggests the definition of a particular function, called eccentricity function
associated to a Hermitian metric.

Definition 1.4 ( [4], Définition 2)Let (M, ) be a compact Hermitian manifold. A
function fy € C®(M,R) is the eccentricity function associated to w if fy €
ker((ASM*) and ( fo, 1) 123y = Vol (M, o).

Gauduchon proved that fy > 0. Moreover, he proved that fy = 1 if and only
if w is Gauduchon, see [4,Théoréme 2]. As stated in Remark 1.3, the fact that
dim(ker(Agh)*) = 1 easily guarantees that the eccentricity function associated to
a Hermitian metric is unique.

A simple definition that we want to remember is the definition of conformal class
and conformally equivalent metrics.

Definition 1.5 Let (M", w) be a Hermitian manifold. The conformal class of w is
2u 00
{w}={exp|— ) |ueC®M,R)}.
n

If w and w1 are Hermitian metrics on M, we say that w; is conformal to w if w1 € {w}.
We will say that w1 is conformally equivalent to w if there exists ¢ € Aut(M), the
group of biholomorphisms of M, such that p*w; € {w}.

A result that will be very useful for our study of the prescribed Chern scalar curvature
problem is the characterization of the variation of the Chern scalar curvature after a
conformal change.
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Proposition 1.6 ( [5], p. 502)Let (M",w) be a Hermitian manifold and u €
C>®(M,R). We have

sCh (exp <2n_u> a)> = exp (_Zn_u> (Aghu + SCh(a))).

See [9,Corollary 4.5] in the almost-Hermitian setting.

The last quantity that we want to recall is the so called Gauduchon degree of
a conformal class. To define it, we need to remember an important Theorem due
to Gauduchon. The proof of this result is based on the properties, that we already
mentioned, of the eccentricity function associated to a Hermitian metric.

Theorem 1.7 ( [4], Théoreme 1)Let (M", w) be a compact Hermitian manifold. There
exists a Gauduchon metric with volume 1 within {w}. If n > 2, this metric is also
unique.

Then, if dim¢ M > 2, we can choose a particular metric in each conformal class of
a Hermitian metric. This allows us to define the Gauduchon degree of a conformal
class.

Definition 1.8 ( [4], I.17)Let (M", w) be a compact Hermitian manifold with n > 2.
Choose 1 € {w} the only Gauduchon metric with volume 1. The Gauduchon degree
of {w} is

n}’l
ron= [ sl
M n:
Remark 1.9 Note that

I'(fo}) =

BC n—1
(n—l)!/MCl (M) ~nn"—,

where cf ¢ M) = cf ¢ (K IT,I) is the first Bott-Chern class of M. Thanks to this relation,
we have that the Gauduchon degree of a conf ormal class is an invariant depending
only on the complex structure of M and on the conformal class {w}. The definition
we gave is nothing but a particular case of the so called degree of a line bundle with
respect to a conformal class, see [4,1.17].

Before we start analysing the prescribed Chern scalar curvature problem, it will be
useful to study the "constant" case, that is the Chern—Yamabe problem. This problem
consists in proving the existence of a metric conformal to a fixed one with constant
Chern scalar curvature. The Chern—Yamabe problem was firstly studied and, partially,
resolved by Angella, Calamai and Spotti. The solution of the Chern—Yamabe problem
can be reduced to solving a non-linear elliptic PDE of 2nd order. Studying this equation,
the authors were able to prove an important result.

Theorem 1.10 ( [1], Theorem 3.1 and Theorem 4.1 ) Let M" be a connected, compact
complex manifold with n > 2 endowed with a Hermitian metric w with T ({w}) <
0. Then, there exists a unique Hermitian metric conformal to o with Chern scalar
curvature that coincides with I' ({w}) < 0.
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So, if (M", w) is a connected, compact Hermitian manifold with n > 2, at least in
the case where I'({w}) < 0, we can choose, within the conformal class, a metric with
constant Chern scalar curvature. Unfortunately, in the case where I'({w}) > 0, we do
not know if we can choose a metric conformal to the fixed one with constant Chern
scalar curvature. Surely, the uniqueness does not hold anymore. In [1], the authors
construct an example in which they prove that there exist at least two, non homothetic,
metrics with constant Chern scalar curvature within the conformal class of a particular
Hermitian metric.

2 The Prescribed Chern Scalar Curvature Problem

The prescribed Chern scalar curvature problem consists in proving the existence of a
Hermitian metric on a connected, compact complex manifold of dimension at least 2
such that its Chern scalar curvature coincides with a fixed smooth function.

Our approach to the resolution of the problem is that of finding solutions within
the conformal class of a fixed Hermitian metric. Therefore, we fix a Hermitian metric
w and g € C*°(M, R). Thanks to the Proposition 1.6, a metric conformal to w has
Chern scalar curvature coinciding with g if and only if the Eq.

2u
ASMu + 5" (w) = gexp (7> (1)
admits a solution. On the other hand, we can choose the unique Gauduchon metric
n € {w} with volume 1 as reference metric and rewrite the Eq. (1) as a function of 7.
Integrating that equation over M, we obtain the condition

2 n
M({w}) = /Mgexp (%) % 2)

The condition we just found suggests a division of the problem into three cases,
depending on the sign of I ({w}). We will analyse each of these cases separately. Note
that, in this problem, the Gauduchon degree of the conformal class plays the same role
as the first eigenvalue of the linear part of the operator defining the prescribed scalar
curvature equation studied in [11].

2.1 CaselN{®@}) <O.

In this case, the condition (2) implies that the function g must be negative somewhere on
M . Furthermore, thanks to Theorem 1.10, we can choose the unique Hermitian metric
in {w} with constant Chern scalar curvature equal to I' ({w}) < 0. In the following, we
will indicate this metric with w and with fj its eccentricity function. We can rewrite
the Eq. (1) as follows:

n

AS"u + T ({w}) = gexp (2”> : 3)
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Multiplying the Eq. (3) by exp(—zl—l“), we can use the formula

2 2 4 2
exp 2 Aghu = —EAgh exp _)) - — exp 2 w(du,du). 4)
n 2 n n n

to obtain a new equation. By multiplying this new one by f and integrating on M,
we obtain a new necessary condition on g, that is

a)n
/ gfo— <0. (%)
M n:

We already noticed that fy > 0 on M, so all non-identically zero and non-positive
smooth functions satisfy this condition. Then, our first objective is to prove that such
functions g are Chern scalar curvature of a metric conformal to w. Using the continuity
method, we prove the following generalization of [6,Theorem 1.1], removing the
hypothesis that  is balanced.

Theorem 2.1 Let M" be a connected, compact complex manifold withn > 2 endowed
with a Hermitian metric w such that T ({w}) < 0.Ifg € C*°(M,R), g < 0, then g is
the Chern scalar curvature of a unique metric conformal to .

Proof The proof is essentially the same as in [1,Theorem 4.1]. First of all, suppose
that w is such that S*(w) = I'({w}) < 0. The uniqueness is a direct consequence
of the maximum principle. We use the continuity method to obtain the existence. So,
define, for any ¢ € [0, 1], the equation

Ay'u + 1T ({w}) — gexp . +0-ng=0, @G
and

T = {t €10, 1] | (3_t) has a solution in Cz’o‘(M)}.

Observe that T # ) because u = 0 is a solution of (3p).
Fixt € [0, 1]anddefine G: C>*(M) — C%%(M) suchthat, forany ¢ € C>%(M),

2
G(p) = A+ 15 (@) — gexp (7‘”) +(1-1)g.
Suppose that u € C%%(M) is a solution of (3;). We have that

2 2
duG = A5 = ~gexp (7”) 1d.

Obviously, d,G is an elliptic differential operator. By the maximum principle, it fol-
lows that d,,G is injective. On the other hand, the index of d,,G coincides with the
index of the Hodge Laplacian. Therefore, (d, G)* must be injective and then d,, G must
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be surjective too, so d,G is invertible. Applying the implicit function Theorem, we
obtain that T is open.

If we can prove that T is closed too, automatically, we obtain that 7 = [0, 1]. In
particular, this fact guarantees that (31) has a solution in C 2.@(M). But (31) coincides
with (3) and then we obtain the existence we are looking for. We need to find some
a priori estimates on solutions of (3;) in order to prove that T is closed. Then, let
u € C>%(M) be a solution of (3,) and let p, g € M be, respectively, the maximum
and minimum point of . We have

—g(p)exp( u(p )> —(AS"w)(p) — 1S () (p) — (1 — D)g(p)

Ch . Ch .
==t (w)(p) — (1 =1)g(p) =< —n}‘}nS (w) — min g.

Then

exp <2Mr(lp)> < _g(lp) <— nzlviln SCh(a)) — njlvi[ng> =CM,w,g).

Similarly,

—g(q)exp ( :1)> > min (t mlvi[n (—SCh(w)> + (1 —1) mﬂ/i[n (—g)) =C'(M,w,g).

t€(0,1]

These two inequalities imply that
lullLer < K,

where K = K(M, w,g) > 0. Thanks to this inequality, iterating the Calderén-
Zygmund inequality and using the Sobolev embedding, we obtain that there exists a
constant K’ = K'(M, w, g) > 0 such that

||M||C3,o¢(M) S K/.

Then, choose {f;}xeny C T such that tp; — to as k — +00. We take {uplren C
C%*(M) such that uy is a solution of (34), Yk € N. Thanks to the estimates above
and to Ascoli-Arzela Theorem, we have that there exists u € C 2""(M ) such that
ur — uin C>%(M). We see that u is a solution of (3t,,)- Then T is closed. Finally,
if u € C2*(M) is a solution of (3;), we can prove that u € C*°(M, R) by using
Schauder estimates. O

The a priori estimates in the proof of Theorem 2.1 do not hold if g is zero somewhere
in M. So, we have to find some alternative method to solve the Eq. (3) in this case.
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Definition 2.2 Let (M", w) be a connected, compact Hermitian manifold with n >
2. We say that u_,u € Wz’p(M), p > n, are, respectively, a subsolution and a
supersolution for the Eq. (1) if

2 2
AShu_ < gexp <L> — $Mw), AShu, > gexp (£> — SCM(w).
n n

We prove the following Theorem which states that the existence of solution of (1) is
equivalent to the existence of both a subsolution and a supersolution.

Theorem 2.3 Let (M", w) be a connected, compact Hermitian manifold with n > 2.
Suppose that we have g € C®(M,R), p > nand u_,uy € W»P(M), respectively,
a subsolution and a supersolution of (1) such that u_ < u.. Then, there exists u €
C® (M, R) a solution of (1) such thatu_ < u < u.

Proof The proof of this result is similar to the proof of [11,Lemma 2.6]. We recall
here the main ideas. We set f(x,u) = g exp(ZT“) — S (w). We define ug = u and,
Vk € N, k > 1, the function u as the only solution of the equation

AS"ug + Kug = Lug = f(x, ug—1) + Kuy—1,

where K > (Oisanappropriate constant. The existence of the functions uy is guaranteed
by the invertibility of the operator L: W>P (M) — LP (M), which is a consequence
of the standard theory of elliptic PDEs. Using the maximum principle, we prove that,
Vk e N,u_ <up_1 <ur < uy.On the other hand, using the inequality

Iollw2rary < CILVILr My, Yo € WP (M),

due to the invertibility of L, the Sobolev embeddings and the Ascoli-Arzela theorem,
we prove that uy — u in CO(M). From this fact, we prove that uy — u in W27 (M),
SO

Lu= f(x,u)+ Ku.

This fact implies that u is a solution of (1). Using the Calderén-Zygmund inequality,
we obtain that u € C>®° (M, R). O

So, thanks to Theorem 2.3, in order to find a solution of (1), we can concentrate on
finding both a subsolution #_ and a supersolution # suchthatu_ < u_ . Nevertheless,
in the case we are analysing in this subsection, it can be proved that this last condition
is equivalent to the existence of only a supersolution.

Corollary 2.4 Let (M", w) be a connected, compact Hermitian manifold with S Ch(w)
= I'{w}) < 0 and n > 2. Suppose that we have g € C*(M,R), p > n and
uy € WHP(M) a supersolution of (3). Then, there exists a subsolutionu_ € WP (M)
suchthatu_ < uy.
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Proof Thanks to the necessary condition (*), we can suppose that g € C*°(M, R) is
negative somewhere on M. We can choose u_ € R satisfying the inequality

. <"log ( Ff{w}) )
2 minys g

and obtain a subsolution of (3). But, if u is a supersolution of (3), we know that
uy € W»P(M). Using the Sobolev embeddings, u is continuous and then bounded
on M. So, we can choose appropriately the constant u_ so that the inequality u_ < u
is satisfied. O

Corollary 2.4 allows us to prove the following generalization of Theorem 2.1.

Theorem 2.5 Let M" be a connected, compact complex manifold withn > 2 endowed
with a Hermitian metric w such that T ({w}) < 0. If g € C®°(M, R) \ {0} is such that
g <0, then g is the Chern scalar curvature of a unique metric conformal to w.

Proof Consider ¢ € C*°(M, R) such that

Ch, _ .
Bo'® =8~ o0, w)/gfo

Let k1, k> € R be two constants that we will choose later and define u4 = k1¢ + k».
We have that

2u
ASMuL + T ({w)) — gexp (7*) =kig— fo—

2(k1¢ +k2))

Vol(M, a))/
+ I'({w}) — gexp(

n

It is sufficient to choose k1, k> such that

ky > VAo (o) _
{ fM gf()w
ky > 5 log(ky) — k19

v

to obtain a supersolution of (3). The uniqueness of the metric we found is due to the
maximum principle. O

So, it remains only to understand when a smooth function which changes sign on M
and satisfies the necessary condition (*) can be the Chern scalar curvature of a metric
conformal to w.

Proposition 2.6 Let M" be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric @ such that S"(w) = I'{w}) < 0. Suppose
that g € C® (M, R) such that [, gfo“r < 0.

@ Springer



187  Page 12 of 21 E. Fusi

a) If g is the Chern scalar curvature of a metric conformal to w, then the unique
solution of the Eq.

2 2
ASMY = ST ()Y = —~¢ 5)

must be positive.

b) Let g1 € C®°(M,R) be such that g1 < g and A > 0. If g is the Chern scalar
curvature of a metric conformal to w, then both g\ and Lg will be.

c¢) There exists a constant c(g) € [—00, 0) such that the Eq.

2
ASMu ¢ — gexp (_u) =0 (6)
n

admits a solution, ¥c € (c(g), 0).

Proof a) Suppose thatu € C°°(M, R) is a solution of (3). Set v = exp(——) Easily,
we see that v satisfies the equation

=0.

AShy — % (—g +TI'({o)hv — n—w(dl;’ dv))

If Y € C°°(M, R) is the unique solution of (5), we see that

AS Y — v = 2o v =220

By the maximum principle, we have ¢ > v > 0.

b) Note that, if x4 is a supersolution of (3) for g, it will be a supersolution of (3)
for g1 too. Moreover, we have S (Aw) = A~1S"(w), VA > 0. From this, the
assertion follows.

¢) Using the same arguments used to prove Theorem 2.3, it follows that the equation
(6.) admits a solution if and only if it admits a supersolution. As observed above,
if ¢ > ¢, a supersolution of (6.) is a supersolution of (6;) too. The existence of
a supersolution of (6.) is equivalent to the existence of a positive solution of the
following inequality:

2 dv,d
Aghv— — (—g—l—cv—nM) <0. @)
n v

Choose ¢ € C*°(M, R) such that

Ch _z _ / pa
Bo'® = n ( * Vol(M ) &fo )
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Considering a € R such that

2nVol(M, w)
a>max | ———————w(dp,dp) — ¢
M fM ngL;z)_!

and ¢ > TVoll A,{Mj{fng[ BT e verify that ¢ + a satisfies (7). This fact implies

that

fM ngCZ_? -
2Vol(M, w) miny{¢ + a}

c(g) = 0. (®)

m}

Remark 2.7 In particular, the first part of the above Proposition guarantees a stronger
necessary condition than (*). Indeed, if we multiply (5) by fo and then integrate on

M, we obtain that
wn
/ ng—' < 0.
M n:

Using the same arguments used to prove Theorem 2.5, observe that c(g) = —oo for
all g € C*°(M, R)\ {0} such that g < 0. However, we do not know if these functions
are the only ones that satisfy this property.

Thanks to part a) of Proposition 2.6, we can prove the existence of smooth functions
that satisfy the condition (*) which can not be Chern scalar curvature of a metric
conformal to w.

Corollary 2.8 Let M" be a connected, compact complex manifold withn > 2 endowed
with a Hermitian metric o such that S°"(w) = T'({w}) < 0. Then, there exists
g € C*®(M,R) with fM gfo‘Z—'; < 0 such that it cannot be the Chern scalar curvature
of any metric conformal to w.

Proof Fix ¢ € C*(M,R) \ {0} such that fM l/lfo%1 = 0. Choosing 0 < a <
— minyy ¥, we have that ¢ + a changes sign and we can define

n

g=2

(—Aihw FIr(ohw + a)) € C¥(M.R).

We can easily see that

/ gfow—n =T'({whaVol(M,w) <0
M n!
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and
Ch 2 2
A (Y +a) — ;F({w})(w +a) = -8

The assertion now follows from this and part a) of Proposition 2.6. O

Remark 2.9 The proof of Corollary 2.8 suggests a method whereby we can construct
explicit examples of smooth functions that satisfies condition (*) which cannot be
the Chern scalar curvature of a metric conformal to w. Indeed, we can choose ¥’ €
C*® (M, R) which is not constant and define ¥ = v’ + k, where k € R such that
/ uv fo“,;—’; = 0. Then, following the steps of the proof, we can obtain a function
which satisfies (*) that cannot be the Chern scalar curvature of a metric conformal to
.

Corollary 2.8 states that not all the functions satisfying the condition (*) can be Chern
scalar curvature of a metric conformal to w. So, we concentrate on searching solutions
of the Chern scalar curvature problem within the set of metrics conformally equivalent
to w, namely, we search a biholomorphism ¢ of M and a functionu € C*° (M, R) such
that SC” (exp(zn—”)w*a)) = g. Using the same methods we used above, this problem is
equivalent to find ¢ € Aut(M) such that the equation

2u
AG"u+ T () = (g 09) exp (7> ©
admits a solution. We can observe immediately that the automorphism ¢ must be such
that

| Gonn% <o
M n:

This condition is a first obstruction to our study. We do not know if, in general,
there exists an automorphism of M such that the condition above can be satisfied.
Nevertheless, we concentrate on searching sufficient conditions on g so that it is the
Chern scalar curvature of a metric conformally equivalent to w. The part c) of the
Proposition 2.6 implies directly a sufficient condition.

Proposition 2.10 Let M" be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric o such that S"(w) = I'{w}) < 0. Suppose that
g € C*®(M,R) is negative somewhere on M. Then, g is the Chern scalar curvature
of a metric conformally equivalent to o if there exists ¢ € Aut(M) such that fM (go

©) fo% <0andc(gog) < T({w)).

Unfortunately, we do not have an explicit expression for the constant c¢(g o ¢). On
the other hand, we have some estimates on that constant. These estimates allow us to
improve the Proposition 2.10.

Proposition 2.11 Let M" be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric o such that S"(w) = I'{w}) < 0. Suppose that
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g € C®(M,R) is negative somewhere on M. Then, g is the Chern scalar curvature
of a metric conformally equivalent to w if there exist ¢ € Aut(M) and p > n such
that [,,(g o ¢) fo%r < 0and

n

_r o
gow—-VMMLw)A/gowwbm

where C = C(M, w, g, p) > 0.

<C,
LP (M)

Proof Suppose that there exists ¢ € Aut(M) such that f n(&ow) fO‘Z—T < 0. Thanks
to Proposition 2.10, it is sufficient to impose that c(g o ¢) < I'({w}). Using (8), we
obtain that it is sufficient to impose the following condition

Ju(8 00 for
2Vol(M, w) miny{¢ + a}

< I'({o}),

where A ¢ = %(—g op+ m Sy (go <P)f0“,;—7) and

2nVol(M, w)
a=max{——— rw(dp,dp) — ¢ ¢ .

With these choices, we have

VO ) o d, ).

in{¢p +a) < ——————
e = o

Then, using this inequality, we obtain

fugoofo% (g o 9)folr)’
2Vol(M, w)miny{¢p +a} = 4nVol(M, w)? maxy w(de,dp)

By the standard elliptic theory, we know that there exists, if p > n, a constant K =
K (M, w, p) such that

Idullcory < KIAS ull Loy

So, by straightforward calculations, it is sufficient to impose that there exists p > n
such that

n

1 w V1 [1(8 0 9) fo
Hgoﬁl?— W/M(gofp)fon—!

on 4K Vol(M, w)—T (@)

O
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Unfortunately, the condition found in the Proposition above is not easily checkable. As
we can see from the proof, the constant C depends on easily computable quantities like
Vol(M, w) and I" ({w}) but also on K, that is the norm of the embedding W>? (M) <>
C!(M), which is not explicit, in general, for compact manifolds.

2.2 CaselN({®}) =0

In this case, the condition (2) guarantees that g € C*° (M, R) must either be identically
zero or change sign on M. Thanks to Theorem 1.10, we can choose a metric conformal
to w such that its Chern scalar curvature is identically zero. We will indicate such metric
with w and with fj its eccentricity function. The Eq. (3) can be rewritten as follows:

2
Aghu = gexp (_u) . (10)
n

As we already did in the previous case, we can multiply by exp(—2n—“) the Eq. (10),
use the formula (4), multiply by fy and then integrate on M in order to obtain the
following additional necessary condition:

a)n
/gf0—| <0.
M n:

In general, we can guess if the Eq. (3) can be interpreted as the Euler-Lagrange equa-
tion, with respect to a pairing, associated to an appropriate functional. Unfortunately,
considering the L? standard pairing, this interpretation is not possible unless the metric
we consider is balanced.

Proposition 2.12 ( [1], Proposition 5.3)Let M" be a connected, compact complex
manifold endowed with a Hermitian metric w. The 1-form on C*° (M, R)

"
a:h > / ho(df,0)—

is never closed, beside the case when it is identically zero, which happens if and only
if w is balanced. It follows that Eq. (3) can be seen as the Euler-Lagrange equation
for the standard L?* pairing if and only if o is balanced. In this case, the functional
takes the form:

F(u) 2/ (w(du, du) + SCh(w)u)w_?, Yu e Wh2 ()
M n!

subject to the constraint
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As observed in [1,Remark 5.4], we do not know if the functional F is, in general,
bounded below. Clearly, this property is satisfied by imposing that S¢# (w) = 0. Then,
in the hypothesis that w is balanced and S€”(w) = 0, we can apply the variational
methods to find a solution of Eq. (3).

Theorem 2.13 Let M"™ be a connected, compact complex manifold withn > 2. Suppose
that there exists a balanced metric @ such that S¢" (w) = 0. Then, all the functions
g € C*® (M, R) changing sign and such that fM g5 < 0are Chern scalar curvature
of a metric conformal to w.

Proof Define

~foewrzan] [ e (%)% <0 [ 6% <ol

and note that B # ¢ because g changes sign on M. By straightforward calculations,
it follows that exp(—): WL2(M) — W12(M) is continuous. Define a = infz F. We
consider a minimizing sequence {vi}xen C W1’2(M) such that {F (vi)}xen goes to
a decreasingly. We can choose vg € B and define b = F(vg) > 0. Without loss of
generality, we can suppose that F(vx) < b, Vk € N. Thanks to Poincaré inequality,
we verify that

1el3yi2agy < Clldveli7a ) = CF(wi) < Cb.

So, {vi }ken is bounded in WL-2(M) and we know that a bounded set is weakly compact,
thanks to Banach-Alaouglu-Bourbaki Theorem. So, up to subsequences, there exists
a function v € WY2(M) such that vg—v in W2(M). This fact implies straight-
forwardly, using the continuity of exp(%‘), that v € B. Moreover, using again the
Poincare inequality, we know that || — || y1.2(s7) is equivalent to /F(—). So, using the
lower semicontinuity of the weak convergence with respect to /F(—), we have

VF) < }(iminf\/m < VFo. VkeN.

So, v € B minimizes the functional F on B. By standard Lagrange multiplier theory,
we have two constant A, u € R such that

2 2 2 " 12
/ w(dy, dv) + A(pgexp + ,u i 0, Ype W =(M). (11)
M

Choosing ¢ = 1, we obtain automatically that © = 0. Moreover, if we choose ¢ =
exp(—zn—”) we obtain

2 2 noo2 &
/ ——exp _= w(dv,dv)w—+—k/ gw—=0.
M N n n!  n Jy  n!
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Using the hypothesis that | u g“l;—'; < 0, we obtain that A < 0. So, we can write

—A = %exp(%”), where y € R is an appropriate constant. Integrating by parts the
Eq. (11), we verify that the function v is a solution of

2
Aghv = gexp (M) .
n

Then,u = v+y € WH2(M) is asolution of (10). Again using the Calderén-Zygmund
inequality, we prove that u € C*°(M, R). O

Notwithstanding the hypothesis of the Theorem above are very strong, we have
many examples of compact complex manifolds that satisfy them. Surely, on every
compact Kéhler manifold with ¢1 (M) = 0, we can consider a metric that satisfies the
hypothesis of the Theorem 2.13. In fact, thanks to Yau Theorem, see [17,Theorem 2],
on this type of manifold, we can always choose a Ricci-flat Kéhler metric. In particular,
this metric is balanced and its Chern scalar curvature is identically zero. In the non-
Kihler case, we can construct balanced metrics with zero Chern scalar curvature on
every compact quotient of a holomorphic Lie group. We know that these manifolds
are the only compact complex manifolds that are holomorphically parallelizable, see
[15,Theorem 1]. Moreover, every holomorphically parallelizable manifold admits a
Chern-flat Hermitian metric, see [2,Theorem 3]. Such metric is balanced and its Chern
scalar curvature is equal to zero. More examples are conjectured in [14,Conjecture
4.1].

Theorem 2.13 allows us to formulate an equivalent condition so that a smooth
function changing sign on M can be Chern scalar curvature of a metric conformally
equivalent to a metric satisfying the hypothesis of the Thereom 2.13.

Proposition 2.14 Let M" be a connected, compact complex manifold with n > 2.
Suppose that there exists a balanced metric w such that S (w) = 0. Then, a function
g € C*®(M, R) that changes sign is the Chern scalar curvature of a metric conformally
equivalent to w if and only if there exists ¢ € Aut(M) such that

a)}’l
/ gop— < 0.

Remark 2.15 Unfortunately, we have some examples of functions that cannot be the
Chern scalar curvature of a metric conformally equivalent to one satisfying the hypoth-
esis of Theorem 2.13. Let M = C"/A be a complex torus, where A is a discrete
translation subgroup of rank 2n acting freely on C". We know that

Aut(M) = GL(A) x M,
where GL(A) = {A € GL(n,C) | A(A) = A}. We can consider the flat metric w on

M. Clearly, w is Kéhler and its Chern scalar curvature is zero. On the other hand, we
observe that

K ((pfl)*wn
Mg oq)m = MgT, Yo € Aut(M).
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Clearly, if x € M, then x*0» = w, instead, if A € GL(A), we have A*o" =
|det(A)|w". Moreover, we have that, Vo € Aut(M), there exists a unique x € M
and a unique A € GL(A) such that g = x o A. So

04 1 "
/ goyp— = |det(A” )If 8-

Then, a function g € C*°(M, R) that changes sign on M is the Chern scalar curvature
of a metric conformally equivalent to w if and only if [ M g“rj—'; < 0 and then, using
Theorem 2.13, if and only if g is the Chern scalar curvature of a metric conformal to
. So, we can construct functions changing sign on M but which are not Chern scalar
curvature of any metric conformally equivalent to w. For example, consider

2n
A = @ Ze;,
i=1

where {ey,...,ex,} is the standard basis of R?". If we consider the function
g(x1,...,x,) = cos(2mwx1), we note easily that fMg“rj—! = 0. So, g cannot be
the Chern scalar curvature of any metric conformal equivalent to w.

23 CaselN({®}) >0

This last case is the most difficult. We already said that, in this case, we do not
know if there exists a metric with constant and positive Chern scalar curvature within
the conformal class. On the other hand, the condition (2) guarantees that g must be
positive somewhere on M. The result we prove below follows from an application of
the Implicit function Theorem.

Proposition 2.16 Let M" be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that I’ ({w}) > 0. Let n € {w} be the only
Gauduchon metric with volume 1. Then, there exists ¢ > 0, depending on M and
n, such that, if||SCh(n)||Co_a(M), lgllcoepy < & where g € C*(M,R) is positive
somewhere on M and o € (0, 1), then g is the Chern scalar curvature of a metric
conformal to w.

Proof Fix a € (0, 1) and consider the Banach manifolds:

X = {(u, g,8) € C2*(M) x CO*(M)? | / <S — gexp (2”>> n_ 0}
M

n n!

n
Y — {weCO’“(M)}/ w”-:o}.
Consider the map F: X — Y such that

Ch 2u
Fu,g,8)=A"u+S—gexp , V(u,g,8) e X.

n
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Clearly, F'is C I Observe that F (0, 0,0) = 0 and that

gy =g
du 000
is invertible on TpY =~ Y. So, using the implicit function Theorem, there exists a
neighbourhood U < C%%(M)? of (0, 0) and a C' function ®: U — X such that

F(P(g,5),8.8) =0, V(g S)eU.

Choose ¢ > 0, depending only on M and », such that
{g c CO,O:(M) | mﬁxg >0, [Igllcoemn < s} X Beowp(0,6) S U.

So, if 7 is such that || S€" (Ml oy < € and g € C*(M, R) somewhere positive
on M and such that [|g[|coeyy < & we can choose u = ®(g, S) and verify that
SC" (exp (24)) = g. By Schauder estimates, we obtain that u € C*(M, R). o

The Proposition above is a generalization of [1,Theorem 5.9]. We observe that the
condition on S¢(57) in Proposition 2.16 is expressed in terms of &, which depends
itself on 5. So, a priori, the result may be empty. However, in [1,Remark 5.10], the
authors present some examples where the [1,Theorem 5.9] can be applied. In these
examples, Proposition 2.16 can also be applied.
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