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1. Introduction

The main purpose of this paper is twofold. On one hand we intend to walk
our first steps towards a representation theory of Lie semialgebras, in the sense
of [22, Section 8.3], by giving a closer look to the case of Clifford semialgebras,
introduced in Section 5, where we work out the first theoretical basics. Secondly,
we put our abstract picture at work in section 7 and 8, by providing a proper
framework to our Theorem 8.1, which computes, in the same spirit of [4] and [5],
within the classical algebra framework, the shape of a generating function that
describes the exterior A-semialgebra, introduced and studied in [7], as a repre-
sentation of endomorphisms of a free A—module. The aim is that of excavating
the semialgebraic roots of classical mathematical phenomenologies, to investigate
to which extent certain classical results in the theory of representation of certain
infinite dimensional Lie algebras can be extended to a tropical context, in which
one typically works with modules over semialgebras.

Tropical algebra has been used in a variety of applications; one of them, rel-
evant to this paper is the use of a tropical exterior algebra in matroid theory
in [12]. The approach here is in the more general framework of “triples,” “sur-
passing relations” and “systems,” as explained in [17, 22, 23], which unifies the
classical theory and tropical theory and other examples including hyperfields, as
explained in [2], and provides a framework for studying linear algebra and module
theory [16] in semialgebras, by providing a formal substitution for negation. In
brief, one starts with a semimodule spanned by a distinguished set of “tangible”
elements. “Triples” are endowed with an abstract negation map, and “systems”
are triples endowed with “surpassing relations,” which often replace equality in
classical theorems. Our main result is Theorem 8.1, in which we propose a more
transparent analog for the “Fermionic version” of the generating function that
Date, Jimbo, Kashiwara and Miwa (DJKM) [6] provided to describe the repre-
sentation of Lie algebras of matrices of infinite size having all but finitely many
entries zero. (See [18, Section 5.3] for a concise readable account and [9] and [5]
for generalizations.)

To be more precise, we explicitly describe the product of elementary matrices
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by the basis elements of our exterior semialgebra. To do so in a uniform way, we
use the actions on the basis elements by the generating functions of the elementary
matrices. This procedure which is classical and widely used, requires care in the
semialgebra situation, due to many minor verifications needed to show that many
equalities that hold true in the classical and well-established case can be replaced
by surpassing relations. We put the basis element in a generating function to get a

uniform (and not a case by case) description. See Section 8 for more explanation.

Additional abundant sources of motivation come from other places in well
established literature, showing the potential of our subject to interact with other
parts of mathematics. One first remark in this sense is that most scholars work-
ing in the theory of symmetric functions are nowadays familiar with the result
by Laksov and Thorup [20] showing that the ring S := Zley,...,e;] of (com-
mutative) polynomials in r indeterminates is isomorphic, as a Z-module, to the
r-th exterior power \"Z[X]. Recall that the former is endowed with its distin-
guished basis of Schur polynomials parametrized by partitions of length at most
r. A deep theorem says that the product of two Schur polynomials is an integral
non-negative linear combination of Schur polynomials [21, p. 142], i.e. all the
Littlewood-Richardson coefficients are non-negative. Since the Schur polynomi-
als are parametrized by partitions, one may define the module A" N[X] over the
semiring N, as the N-module generated by partitions of length at most r. There-
fore the direct sum A N[X] := P, -, /A" N[X] can be thought of as a prototype of
the exterior semialgebra to which v;e add a further structure of negation naturally
provided by the switch map defined in degree > 2, following the philosophy of
17, 22].

In the present paper the negation map is extended to degrees 1 and 0 via a
trick using operators. In conclusion, the construction of the exterior semialgebra
alluded to above, besides being interesting in its own right, is natural and mo-
tivated by the semialgebra of polynomials. This was performed in detail in [7],
giving as an application the extension of the Cayley-Hamilton theorem in the

case of endomorphisms of semialgebras.

Looking more closely at the semialgebra of endomorphisms of the exterior
semialgebra, it is easy to realize that it naturally satisfies certain properties
(namely, the axioms listed in Section 5) which inspired our construction of the
Clifford semialgebras as an abstract framework in which to put our concrete ob-
servations. On one hand this should not be surprising, because it agrees with the
known classical picture concerning usual exterior algebras, but on the other hand
we were impressed that the same yoga works, taking care about some delicate

technical detail, in a more encompassing context. Accordingly, in this paper some
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basic representation theory of the Lie semialgebra of the endomorphisms of the
free module A[x| over a semialgebra A is then proposed. This program could be
launched because the apparatus of Hasse-Schmidt derivations on exterior alge-
bras (as in [8]) and of the distinguished ones, called Schubert, can be extended
almost verbatim to the case of exterior semialgebras. The price we pay is in re-
placing (but nontrivially, see e.g., Proposition 7.13) equality by the surpassing
relation. Hasse-Schmidt derivations, in our context, are formal power series with
coefficients in the endomorphisms of the exterior semialgebra. The latter, in a
nutshell, can be roughly thought of as the free A module generated by the set
P of all partitions, additionally endowed with a negation. The reason why the
Schubert derivation o4 (z) = > ,5, 02" is so called is that o;A = > p, where p
runs over all the partitions (p1, 7 , i) such that pg > Ay > -+ > pup > Ay and
|e| = |A| + ¢; this is the classical rule of Pieri holding in Schubert calculus when
multiplying cohomology classes in Grassmannians.

In [10] one deals with finite wedge powers of possibly finite dimensional vector
spaces, and the DJKM representation translates to proclaim that the singular
cohomology of the Grasmannian is a module over the Lie algebra of nxn matrices.
We extend this result (and hence, in a sense, also DJKM) to the case of the Lie
semialgebra of the endomorphisms of A[x]. Most of the equalities are replaced by
surpassing relations, which are among the key notions of the theory of systems.
Another detail in the context of this paper — we develop a theory of power series

over the exterior semialgebra, viewed in terms of negation maps.

Plan of the Paper. The plan of the paper is as follows. Section 2 contains the
preliminaries concerning the systemic (and thus tropical) framework developed
along the lines of [22, 23] and references therein. Basic motivating examples are
given in Section 3.

Section 4 reviews the construction of the exterior semialgebra from [7], and
recasts it in terms of the regular representation (Definition 3.2), which utilizes
the endomorphism system of (§2.11). We are able thereby to show how the tensor
functor takes modules to triples (Theorem 4.12).

Section 5 is devoted to studying Clifford semialgebras in general, to provide
the appropriate framework for the second part of the paper. The definition of Clif-
ford semialgebra in Definition 5.6 is rather concise, and a generic construction is
proposed in 5.7, but, in contrast to the exterior semialgebra, complications arising
when attempting to introduce the negation map, cf. Construction 5.13. Thus we
must examine the situation both with and without a negation map. The abstract
construction is given in Construction 5.7, whereas the natural model of Clifford

semialgebras arising from the exterior semialgebra is given already in Section 4.
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(In contrast with other applications of systems, we need a generalization incorpo-
rating the “surpassing relation” =< in our negation map, to obtain what here we
call <-systems.) In the case of polynomial semirings, i.e. A[z!, ..., 2"], where A is
a semialgebra, we obtain the Weyl semialgebra, the “symmetric” counterpart of
the Clifford semialgebra seen as a semialgebra of endomorphisms of the exterior
semialgebra. The “base square-free” symmetric semialgebra (the Giansirancusa
tropical exterior semialgebra of [12]), an epimorphic image of A[z?!, ..., 2"], is
obtained by setting all the squares of basis elements to zero.

We then repeat the constructions of Section 5 in the case of the base square-
free symmetric semialgebra, and much of the combinatorial formalism for exterior
semialgebras can be mimicked in this case. We describe the semialgebra of endo-
morphisms of the tropical Grassmannian, and designate it as the tropical Clifford
semialgebra.

In Section 6 we study the relevant example of the exterior semialgebra as a
regular representation of a canonical Clifford semialgebra, which arises naturally
in a concrete context. As shown in the subsequent section, this is also relevant
for application to representation theory and mathematical physics.

Vertex operators are also defined in this context in Section 7, and they take
a classical familiar form over a semialgebra A which contains the non-negative
rational numbers. Our culminating result is Theorem 8.1, our version of [10,
Theorem 6.4] or [1, Theorem 5.9]. It provides a formula expressing the generating
function of the action of the Lie semialgebra of endomorphisms on fixed degree
elements of the exterior semialgebra by means of the elementary matrices E;;.
Clearly this suffices to fully describe the module structure as each endomorphism

is a finite linear combination of the elementary ones.

2. Preliminaries and Notation

As usual we denote as N the monoid of natural numbers (including 0), and
NT := N\ {0}. Throughout A denotes a fixed commutative associative base
semiring cf. [13] (i.e., satisfies all the axioms of ring except negatives, e.g. N or
Q4 or the max-plus algebra). Let n € NU {oco}. Modules are defined as usual.

(T,-,1) denotes an Abelian multiplicative monoid with unit element 1.

Definition 2.1. A (left) 7-(monoid) module is an additive monoid (V, +,0y)
together with scalar multiplication 7 x V' — V satisfying distributivity over T

in the sense that

a(vy + v2) = avy +ave, Ya €T, v; €V,
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also stipulating that a - Oy = Oy for all @ in T, 17v = v, and (a1a2)v = ay(agv),
forall a; € T and v € V.

T-semialgebras are 7T-modules which are semirings. A will always be a com-
mutative 7-semialgebra. End 4V denotes the semialgebra of module homomor-
phisms V' — V| i.e., group homomorphisms f : V — V satisfying f(av) =
af(v),Va € A,v € V. For notational convenience, we designate 0y € End 4V for
the 0 homomorphism, i.e., Oy - V' = 0. Also there are maps A — End 4V send-
ing a + l,, the left multiplication map v +— av, and when V is a semialgebra,

V — End 4V given by v+ [,.
Definition 2.2. The free A-module of countable rank is denoted as

V =Alz] := @Axi.

i>0

If J is any countable index set, we denote the factor module

|4
VJ'_ZA:EZ':Z'%J

If J = [n] = {0 <@ < n}, for n € NU oo, we write V,, for @, Az’, and its

base will be denoted x™.

Every element of V is a polynomial with coefficients in A, i.e. a finite linear
Alz] 3
SAxI :j > n.

Definition 2.3. A negation map on a 7-module V' is an injective semigroup

combination of powers of . This can be thought of as

homomorphism (=) : V' — V of order < 2, together with a map (=) : 7 — T

also of order < 2, written v — (—)v, satisfying
(21) () =0, (2)aw = (-)av) = a((-)v), YaeT, veV,

When V is a semialgebra A, we require (2.1) for all a,v € A.

We write v(—)w for v + (—)w, and v° for v(—)v, called a quasi-zero. V° :=
{v° : v € V}. A submodule with negation map is a submodule W of V
satisfying (—)W = W.

Lemma 2.4. If a A-module V' has a negation map (—), then:
(i) V° is a submodule of V.

(ii) V x V is a module with negation, under the diagonal action.

3Technically we are dealing with congruences, so the notation, which we use repeatedly,
means that we are modding out the congruence generated by all (7,0), 7 > n.
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(i1i) End4 V' has a negation map given by

Proof. Easy verifications.

Definition 2.5. A triple is a collection (A, T4, (—)), where A is a T-module and

(—) is a negation map on A, and T4 is a subset of A closed under (—), satisfying:
(i) TanA° =10,
(ii) T4 U {0} generates (A, +) additively.
(We do not require in general that 74 is a monoid.)

Lemma 2.6. To verify that a group homomorphism f :V — V is in End4V it
is enough to check that (3> a;)v = > (a;v) and f(av) = af(v),Va;,a € T,v € V.

Proof. If b= a; for a; € T then

Fov) = fQaiw) =) flaw) =) aif (v) = bf (v).

By partial order we always mean a partial order < on A as a 7-module,

i.e., satisfying the following conditions for all b, b’ € A:
Conditions 2.7.

(i) If b<cand < thenb+V <c+¢.

(it) If a € T and b < b then ab < ab'.

A surpassing relation is a partial order, also satisfying

Conditions 2.8.

(iii) b < b" whenever b+ c® =1V for some c € A.

(iv) If b 2 then (—)b < (—)b'.

(In other words (—) is preserved under (—). If 0 < b/ then 0 = (=)0 < (—)¥.)
We also write b > V' to denote that ' < b.

A system (A, Ty, (—), <) is a triple together with a surpassing relation, also
satisfying:

(v) If a < d for a,a’ € Ty, then a = d'.

(vi) unique negation: If a + a’ > 0 for a,a’ € T4, then o’ = (—)a.
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A consequence of (i) and (iv) is ¢(—)c = 0. We have (v) in order to have
equality on 7 generalizing classical formulas.

The surpassing relation is of utmost importance, since it replaces equality in
many classical formulas.

The most common surpassing relation defined on a triple is =<,, given by
b <o b whenever b+ ¢® = b for some ¢ € A. In this case o' > 0 iff ¥ = ¢° for

some c.

Lemma 2.9. (i) Conditions 2.7 translate to: A partial order is a subset S of
A x A satisfying for all b,V c:

(a) (b,b) €S.
(b) If (byc) € S and (V',c) € S then (b+V,c+ )€ S.
(c) Ifa €T and (b,V/) € S then (ab,ab’) € S.

Conditions 2.8 for surpassing relation translate to:

(d) (bb+c°) €S.
(e) If (b,1/) € S then ((—)b, (—)V') € S.

(ii) Given any subset Sy C Ax A, we can obtain a partial order by taking S to be
the smallest T -submodule of A x A containing Sy. We obtain a surpassing
relation by taking S to be the smallest T -submodule (with negation) of Ax A
containing So + (0 x A°).

Proof. (i) Conditions 2.7 translate to these conditions of (i), under the familiar
interpretation of a relation on A as a subset S of A x A.
(ii) The conditions (a),(b) are the definition of submodule. (a), (d),(e) are

those involving the surpassing relation and negation map. "

Definition 2.10. A systemic module over a semiring with preorder (A, <)
is an A-module M together with a submodule T3, and negation map (—) and
surpassing relation < preserving 7Tas and satisfying (—)(ay) = a((—)y) as well as
ay = a'y fora<a € Aand y <y € M.

(When A has a multiplicative unit 1 and a negation map then the negation
map on M could be given by (—)y := ((—)1)y for y € M). In our applications,

M often will be an ideal of a semiring system A.

Proposition 2.11. If M is a systemic module over a semiring A, then taking
Tenanm to be the set of endomorphisms sending Tar to Ty and EndM to be the
subalgebra of EndM spanned by Tgnanr, (EndM, Tenan, (—), X) is a system where

we define (=) f:y = (=)(f(y)) and f = g when f(y) = g(y) for ally € M.
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Proof. Easy verification. "

(EndM, Tgnanm, (—), =) is called the endomorphism system of M.
Recall from [17, Definition 2.37] that the systemic .4-modules comprise a

category, where a morphism, which we will call a <-morphism
f : (Ma TM? (_)7 j) - (Mlv TM’v (_)/7 j/)

is amap f : M — M’ satisfying the following properties for a € A and c,¢;
in M:

(i) f(0)=0.
(i) f((=)er) = (=) f(er);
(iii) fer +e2) = fler) + f(ea);
(iv) flac) = af(c).
(v) fler) =" fle2) if 1 S e

2.12. The standard dual base. The standard dual base & = (8")jen C Hom(V, A)
of (%) is defined by &/x' = 0;;. In the classical case where A contains the pos-

itive rationals, it may be identified with the differential operator

1 0

Jo.— —
1ozt |, _,

which motivates the notation which we use to emphasize the analogy with the
Weyl algebra acting on A[z], generated by the multiplication by x and the partial
derivative &' subject to the relation 0! = d'x + id. V* := D,>o Ad7 is called

the restricted dual of V. Define an action » of V* on V as:
0.v=0(), V(0,v) € V¥ x V.

3. Main motivating examples
Here are the examples to be used throughout this paper.

3.1. The regular representation. We present a way of embedding a semial-

gebra into a system, using Proposition 2.11.

Definition 3.2. Suppose V is a module over an A-semialgebra A. The regular

representation ¥ : 4 — End 4V sends b € A to the map ¥ (b) : v — bv.

As in usual algebra, this maps A into End 4V, and is an injection when V' is

faithful over A, which will always be the case in this paper.
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Lemma 3.3. When (V, Ty, (=), X) is a systemic module, the image of A in the
system (End AV, Tend ,v, (=), X) is a subsystem.

Proof. (—)¥(b): v — (—)v. If b=3"'_ a; then U(b) = 3i_, ¥(a;) € End4V. u

Lemma 3.3 will be used to put our basic notions (exterior semialgebra, Clifford
semialgebra) in the context of systems. We turn to the notion of Lie semialgebra

with a preorder.

Definition 3.4. A Lie <-semialgebra with a preorder = is an A-module
L with a negation map (—), endowed with an A-bilinear <-Lie bracket [ ]
satisfying, for all x,y € L:

(i) [zy] + [ya] = Oz,
(ii) [zx] = Of,
(iii) ad[g, +ady, ad, < ad, ad,, where ad,(2) = [z2].
It is more intuitive to work with systemic modules.

Definition 3.5. A systemic Lie <-semialgebra is a systemic .A-module L with
a negation map (—), endowed with an A-bilinear <-Lie bracket [ | satisfying,

for all z,y € L:
(i) [zy] = (—)lya],
(i) [zz] = 0y,
(iii) adp, < ad, ady(—)ad, ad,, where ad, () = [2z].

Lemma 3.6. Any systemic Lie <-semialgebra is a Lie <-semialgebra in the sense
of Definition 3.4.

Proof. [zy] — [yz] = [zy](—)[zy] = O;
ad[y,) < ad,,) +ady ad.(—) ady ad, < ad, ad,(—) ad, ad, .

Lemma 3.7 (Jacobi =<-identity, [22, Lemma 10.5]). (i) [[bb/]v]+[b'[bv]] < [b[b/v]]
for all b,b',v € L for a Lie <-semialgebra.

(11) ady(ady (v))(—)[b'[bV]][b'[bv]] for all b,V ,v € L in a systemic Lie semialge-

bra.

Proof. (i) [[b0']v] + [V'[bv]] = adpy(v) + ady (ady(v)) =< ady(ady (v)) = [b[0'v]].
(if) [[bo'Jo] = [[ob]0] + [b'[bv]](—) = ady(ady (v))(=)[b'[bv]] [b'[bv]].



Clifford Semialgebras 11

Although (i) in Lemma 3.7 is put in greater generality, (ii) is the <-surpassing
version of Jacobi’s identity.

In any semiring with a negation map (—), we write [b,0'] for the Lie com-
mutator bb'(—)b'd.

Proposition 3.8 (][22, Proposition 10.7]). Any associative semialgebra A with
negation map becomes a Lie <o-semialgebra, denoted A7), under the Lie product
[bb'] = [b,V].

Define ad L = {ady : b € L}, a Lie sub-semialgebra of End 4L under the Lie
product.

Proposition 3.9 ([22, Proposition 10.6]). If L is a Lie semialgebra, then there
is a Lie <-morphism ad : L — ad L, given by b — ad, (In fact ad respects the

Lie product and preserves addition).

V, is the free module, as in Definition 2.2, over A generated by x" := {27 :
0 <j<mn}. Let

(3.1) S(V)=A[z": 0 <i<n]
be the symmetric (i.e., commutative polynomial) semialgebra of V,
Y Ta7aY SOV
.2 :: - = < .~
(32) W)= Gy

the base square-free symmetric semialgebra (which is the Giansirancusa tropical
Grassmannian of [12]). There is an obvious 7T -semialgebra epimorphism S(V) —
W mapping to zero all the words in x involving a repetition of a letter.

(This suggests that we could define a more general Weyl semialgebra in
End 45(V) associated to a bilinear form, cf. Definition 5.2.)

3.10. The tensor system and extended tensor system. Tensor products are
defined naturally in the semialgebra context, cf. [19]. Putting V0 := A, V&I .=
V,and V" := VOl @,V welet TH(V) = V& T22(V)=,~, V. The
direct sum -

(V) =Even

n>0
is called the tensor semialgebra, an important structure from which we extract
a natural negation map.
Motivated by the wish of getting a working notion of exterior semialgebra, we

define a negation map on T=2(V) by
(—)Ul®1)2®~' =1 RUI&....

Define 722 to be the multiplicative monoid of simple tensors at length at least

two of basis elements of V, ie., 2" @ 22 ® .. ..
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Lemma 3.11. As an A-module, (TZ2(V),T=22,(—), <o) is a system.

Proof. In fact 722 is a base of T=2(V'), where T=2(V)° is spanned by (7=2)°,

so unique negation is clear. m

This has the flavor of exterior algebras, so we call it the pre-exterior system,
which is a useful tool in representation theory. But this only works as a module,

not as a semialgebra, since
(—)(v1 ® v2)(v3 ®v4) = (v2 ® V1) @ (v3 @ v4),
whereas
(11 @ v2)((—)(v3 ®vyg)) = (V1 ®V2) ® (Vg @ v3).

To make (—) work for semialgebras we define
(33) (V) = THV)/%,

where R is the congruence equating v1 ® - - - @ v With v(1) @ - @ vy for every

even permutation 7 € Symy,.
Lemma 3.12. As an A-semialgebra, (T=2(V), T=2,(—), =) is a system.

Proof. We identify ((—)v1®- - -Qug) Qw1 ®- - -Quy = 12Q01 @+ - -QUE QW Q- - -Qwy
with (11 ® - Quk) (W WL R+ Qwy) = (V1R RUE) R ((—)w QWL R+ - - @ wy)
since the subscripts differ by a product of two transpositions, which is an even

permutation. m

As seen in [7], the system of Lemma 3.12 suffices for many applications, but
we would like to extend this to a system that also contains the degree 1 part.
Thus our pre-exterior system must be enlarged, using the regular representation.

Consider the maps:

id, (—) : A — End(TZ2(V))

and
l,r:V — Endg(T=2%(V))

defined by
id(a)(v1 ® v) = av; ®v and (—)a(vy ®v) = (—)avy @ v,
l(u)(v®@v) =u®v ®v and  r(u)(vi ®@v) =11 QU v,

for all (u,v; @ v) € V x A(V) such that v; € V.

We shall identify V' with Im(l), and also set (—)V := Im(r), which becomes
an A-module when one defines a((—)v) = (—)av € (—)V for all (a,u) € Ax V.
We write (—)u for r(u), and (—)((—)u) = u.
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Definition 3.13. The degree zero component for %(V) is the A-module

T (V) = Im(id) @ Im((-)). ) B
The degree one component for 7(V) is the A-module T' (V) := Im(l) @ Im(r).
T (V) =TV,

There is an obvious A-epimorphism p : T (V) — V, given by I(u) + u and
r(u) + u, so that p~!(u) = {l(u),r(u)}.

Definition 3.14. Define gl(%l(V)) as the set of all f € End4(T(V)) such that
(=)NUwW) = r(f(w) }

()W) = U(f(w))

i.e., the set of all A-linear maps f such that (—)f switches r and .

~1

gl(T (V) = {f € Enda(T(V))

~1
Proposition 3.15. If f,g € gl(T (V)), then

(fo(H)g)w) Av=0vAflg(u)) veV
Proof. Let u := I(u) € T1(V). Then

The map (—)v : V — End 4T (V) is given by
(-v=_@v:T(V)—=T(V)
mapping u1 ® u (for u; € V and u € T(V)) to
(—)v)(u1 @ u) = (u; ®v) R u.
We extend this to all degrees > 1.

Remark 3.16. The regular representation W.>1 . : T(V) — EndAT(V) (see

Definition 3.2) sends v; ® - -+ ® vy, to the map

V)

Ui@‘“@l},@l—>U1®--'®Um®U/1®-"®U;€.

V) 18 a homogeneous A-injection
=i+l

of semialgebras, of degree 1, i.e., v ®@ _ : TZ(V) — T

Lemma 3.17. The reqular representation \1’721

(V). Furthermore, the
negation map on 722(1/) induces a negation map on Wr (T(V)) by

(—)\I’T(V)(m@vg@---®vm)(v'1®---®v,/€) =V QR DUy QUVRRV] @ - @),

~1
which can be combined with our previous negation map on T (V).
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Proof. The analog of the usual regular representation also holds for semialge-
bras. The map switching the order of the tensors serves as the negation map
throughout.

More precisely, we extend the negation map defined on Tzz(V) to a negation
map

(=) : T(V) > T(V),
~0
by defining (—)a to be the element of 7' such that
((m)a)vy A= Avg = avg Avp A -+ A v,
~1

and defining (—)v to be the element of 7' such that

(m)0)Avr A Avg =v1 AVAVI A -+ AU

Notice that
(m)vAw=vA(—)w,

so the negation of T' (V) is compatible with that of Tzz(V). u

The upshot of this is:

Proposition 3.18. The data (T(V),T(V),(—), <o) is a system.

~0
Remark 3.19. T (V) is just the direct sum of two copies of A. In our applica-

tions, it is superfluous, since we take tensors of length > 1.

4. Exterior systems

In this section we refine the construction of the exterior semialgebra in [7,
Definition 3.1], first to obtain a system, but also because we want later to con-
struct a Clifford semialgebra as its semialgebra of endomorphisms. We start with

two constructions from [7].

4.1. Exterior semialgebras of types 1 and 2. We define

: T (V) A A A
AV = @@z ~0,icl) AV =@ AVi AVi= @ AV

Definition 4.2. The exterior semialgebra of type 1 is A(A[x]), considered with

respect to the juxtaposition product on the /\k V.

Definition 4.3. The exterior semialgebra of type 2 is:

N (V)
/\V " (v92 ~ 0,0 € Alz])
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Remark 4.4. The switch map on 722(‘/) induces a negation map (—) on 722(‘/’)

given by the formula

(4.1) (F)NR®®... U =120V ® ... R v,

~0 ~1
which combined with the negation mapson 7' (V') and T' (V') provides a negation
map on T(V).

Together with (3.3) we have
(4.2) Ur(1) @ - @ Up(k) = (=) QU ® ... R v,

Remark 4.5. In type 1 we are not requiring the elements of V' to be square 0;
for instance (z° + 27)%? = 2' ® 27 + 27 ® x°. The “exterior” structure is built in

via the switch map.

In both types we denote the product by A, abusing notation. In particular
(HuAv)=((—)u)@v=uA(—)v=0vAu, V(u,v) € V2.

Remark 4.6. (A\=2V,T22(V),(—),=.) is a system. It differs from the system
of Lemma 3.12 only insofar as we have modded out the v ® v, but the notation

remains the same.

4.7. Construction of the extended exterior system. The system of Re-
mark 4.6 suffices for the applications in [7], but we would like to have a system
that also includes the degree 1 part of the exterior semialgebra. To attain this,
our exterior system will be slightly bigger than the exterior A-algebra. We repeat
the argument used in constructing 7', modding out (z' ® z' ~ 0, i € I) for type

1, and modding out (v ® v ~ 0, v € V) for type 2.

Lemma 4.8. The reqular representation \II/\zlv is a homogeneous A-injection
of semialgebras of degree 1, i.e., v ® /\iV — /\iJrl V. Furthermore, as in
Lemma, 3.3, the negation map on N=*(V') induces a negation map on \I//\V(/\22 V)
by

(V1 @@+ R Up) (V] @ @V}) =12 RV @+ @V, DV] @ -+ @ U,
~1
which can be combined with our previous negation map on /\ V.

~k
We write A\ V for \I’/\kv. Then we have the negation maps (—)¥,(v1 ® v2 ®
) =0Ru ... fora € /\OV =Aand (-)V, (11 QUa®...) = VRVRVIX....

Definition 4.9. The extended exterior A-semialgebra of type 1 is

() — 7 BV o0

(4.3)

)

(' @zt ~0)

all viewed inside End4(/A\=? V) via the regular representation.
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(Note that in the classical algebraic situation, (—) AV = A'V.) We identify
AF(V) with A¥(V) for k> 2, so T>2(V) is viewed inside 7\V.

Definition 4.10. Let T(AV) = A'V U (=) A'V U Too(V) with respect to
the juxtaposition product that we denote classically by A. The extended

exterior system (type 1) is

(AV-TAY.().%)

The extended exterior semialgebra of type 2, with its system, is defined
analogously, with
_ ~0 ~1
Avny) = BV 2 AV e A1)
N) | =
(v®@wv~0)

Remark 4.11. Both cases were studied in [7] without the extension of degree

(4.4) , Vv e V.

1, and although we use the notation of Case I, the same observations hold for

Case II). In fact, there is a <-epimorphism from 7\V to 7\V, sending every quasi-

zero to 0.
Putting everything together, we have

Theorem 4.12. For any semiring I, there is a functor from F-modules to ex-
terior systems, sending V to (AV,T(AV), (=), =),

which is the main statement enabling us to view the exterior theory in terms of

systems.

4.13. Partitions. We can reinterpret the extended exterior semialgebra combi-

natorially via Young Diagrams. Let
PT’,N = {()\1 > 2)\7’) e N” ‘ A1 §n+1—7’}

be the set of all partitions (typically denoted as A) with at most r components,
whose Young diagrams are contained in an r x (n — r) rectangle. We write P,
for Py and P for P. The weight of a partition is |A| = > A;. The partition
M conjugate to X is the partition whose Young diagram is the transpose of that
of A. For example if A = (3,3,2,1,1) then X' = (5,3,2).

Let A be a semialgebra, n € Nt U {oo}, and 0 < 7 < n. Let n € N* U
{0}, and V,, be the free A-module of rank n with base x" := {2’ : 0<i<n}
(cf. Definition 2.2), i.e. V, = Py, Az’

Definition 4.14. Let 0 < r < n. The extended exterior .A-module E"(V},)
is defined as follows: E9(V,) := A, EY(V,,) := A", and for r > 2,

E"(V,) = E A

Aepr,n

the free A-module generated by P, .
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Following traditional notation we write

E"(V,) = P A-[x},

AEPrn

where [x]} = 2 and for r > 2,
(4.5) [x]y = 2" A A g2 AL A g

although this notation is redundant since r is understood from the partition.
By convention E"(V;,) = 0 if r > n. (This follows from x' A #* = 0.) The total

extended exterior A—module is, by definition, the free A-module of rank 2":

E(V,)=EP E" (V)

r>0

Let {e1,...,e,) be commuting indeterminates over .A.

Proposition 4.15. There is an A-module epimorphism
B.(A):= Aley,...,e;] = E"(V,),
given in the proof, which is an isomorphism if and only if n = co.

Proof. The natural base of B,.(A) is given by all the monomials €% - -- €. Let us
denote by A € P, the partition with at most 7 parts conjugated to (1% --. 7).

Therefore the claimed epimorphism is given by
eil .. e
and the image is zero if and only if r > n. "

4.16. The action of the symmetric group. Let X" C N” be the set of all
r-tuples of distinct natural numbers, acted on by the subgroup Sym," of even
permutations of Sym, on {0,1,...,7 — 1} (whose action on X is switching the
first two components). Let p, := (r — 1,r —2,...,0) € X" (we write p when r
is understood), and fix the transposition 7 = (12) € Sym,. Then X" decomposes

into the disjoint union
(4.6) X" = Sym[ - (p+Pr) U T(Sym, - (p+ Pr)),

which also defines a map
AX — P,

given by
Aiy, ... yip) = AM7(i1, ... 00) = X, V(i1,...,4) € Sym) - (p+ A).

We also have a map X" /Sym; — {p, 7p} sending (p + X) = p, 7(p+ A) = 7p.
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4.17. The combinatorial construction. We define a negation map on X" by
putting
(=), yip) = 7(i1, vy i),

noting that 7(i1,...,4.)Sym} = (iz,1,...,i,)Sym,", and define (—)E" (V) to be
{va AV A= Avptvp Ava A= Aoy € E"(Vy) )
For all » > 2 we define
A V= BT (V) () (V)

where [x][_)y = (=)[x]} = a2 A gr A AL A A Tt s an algebra with

respect to juxtaposition

A A [T = B et

The map (—) : /~\TVn — /~\TVn interchanging the sheets over EJ (V) is the nega-
tion map of /\TVn. Define

T\ZQV = @T\Tvn.

r>2

~>2
Proposition 4.18. One can define two maps V,, x V,, — NV, which are
respective A-linear extensions of the set-theoretic maps (x%,27) + x* A 27 and

(2, 27) = (=)' Aad =27 At
Proof. Clear. "

We view our subsequent examples in this notation.

5. Clifford semialgebras

As in the classical case, Clifford semialgebras are obtained by generalizing
exterior semialgebras, using the <-version of a quadratic form motivated by [15].
Moreover, the semialgebra of endomorphisms of an exterior semialgebra provides

a natural example of Clifford semialgebra in our sense.
5.1. =<-Bilinear and quadratic forms. We begin by recalling the following:

Definition 5.2 (cf. [14, Definition 6.1]). A <-bilinear form on a systemic mod-

ule (V, Ty, (=), %) over a semiring A is a map
B:VxV—-A

which satisfies
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1. B(agvy + a1v1, w) = agB(vg, w) + a1 B(vy, w),

2. B(v,apwo + aywy) = agB(v,wo) + a1 B(v,wy),
Y, v, w,w; € V.

A <-bilinear form B : V x V. — A is symmetric if B(v,w) = B(w,v) for
all v,w e V.

Example 5.3. (i) A bilinear form is a <-bilinear form where = replaces =,
and as in the classical theory is obtained by an n x n matrix B; the form
is symmetric iff B is a symmetric matrix. In particular, one could take the

0 form.

(ii) Suppose A is zero sum free, in the sense that a +a’ = 0 implies a = a’ = 0.
Fix a base {z!,...,2"} of V and define ind(v) for a vector v = 3" a;x' to be
the number of nonzero coefficients. Given a =-bilinear form B : V xV — A,
define
B (v,w) = ind(v)ind(w)B(v, w)°.

Since ind(vg + v1) > max{ind(vg),ind(v1)} we see that

(5.1)
B (agvg + a1v1,w) = ind(vy + v1)ind(w)B(agve + aivy, w)°®

= ind(vo + v1)ind(w)(apB(vg, w)° + a1 B(vi, w)?)
> ind(vp)ind(w)agB(vy, w)° + ind(vy )ind(w)ai B(vy, w)°
= apB' (vo, w) + a1 B (v1, w).

(iii) The sum of two =<-bilinear forms is a =-bilinear form, so (ii) gives us a

considerable range of examples.

The reason we use = is to prepare for Construction 5.7, Construction 5.10,

and Construction 5.13 below; its use is consistent with the next definition.

Definition 5.4. A <-quadratic form on a systemic .4p-module (V| Ty, (—), <)
is a function ¢ : V — Ag with

(5.2) g(av) = a*q(v)

for any a € A, v € V, together with a symmetric <-bilinear form B: V xV — A

(not necessarily uniquely determined by ¢) such that for any v,w € V,
(5.3) 2q(v) = B(v,v),  q(v+w) = q(v) + q(w) + B(v, w).

We call (¢, B) a =-quadratic pair over A.
A quadratic pair is a <-quadratic pair (¢, B) for which B is a bilinear form

and q(v+ w) = q(v) + q(w) + B(v,w) for all v,w € V.



Clifford Semialgebras 20

5.5. Abstract definition of Clifford <-semialgebra.

Just as Clifford algebras are essential to the theory of quadratic forms, we need
a systemic version for this paper and for further research in quadratic forms. As
we shall see, this is a more delicate issue than exterior semialgebras. We start

with the desired defining properties.

Definition 5.6. A Clifford =<-semialgebra C(q, B,V) of a <-quadratic pair
(¢, B) over A, is a semialgebra C generated by A and V', together with a product
C x C — C satisfying

(5.4) v? = q(v) for velV,

(5.5) V1V + VU] > B(Ul,vg), Yv; € V.

Lacking negation, it could be unlikely to achieve equality in (5.5). Nonetheless

we have:

Construction 5.7. The standard Clifford semialgebra C(q, B,V) is defined
by imposing the relation < on T(V') via Lemma 2.9, taking

So = {(B(v1,v2),v1 ®v2 +v2 ®v1), (q(v),v@v): v,v; € V},
and S the T-submodule of T(V) x T(V') generated by Sp.

Thus a standard Clifford semialgebra becomes an exterior semialgebra of
type 1 when ¢ = B = 0. But this does not yet have a negation map when
q # 0. When A already possesses a negation map, we can define a negation map
by defining (—)v = ((—)1)v and (—)(v1 @ V3 ® -+ @ vg).

Accordingly, we equip A with a negation map. This can just be the identity,
as in tropical algebra, or else we use to the “symmetrization process,” which we
recall from [22, Definition 3.6]:

Definition 5.8. Define A = A x A with componentwise addition, with multipli-

cation given by the twist action

(ao,a1)(bo,b1) = (apby + a1b1, apby + arbo), a;,,b; € Ap.
The negation map on A is the switch map (—)sw given by
(5.6) (=)sw(bo, b1) = (b1, bo).

The surpassing relation =, is given by:

(5.7) (bo,b1) =o (b), b)) iff b =b; +c for some c € A, i =0,1.

(The same c is used for both components.)
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So we first symmetrize A and V to A and ‘7, and then form C = 5((], B, TA/)
and the Clifford system (C, T¢, (—), <o), with (=) as in (5.6).

Lemma 5.9. C as defined in the paragraph above is a Clifford semialgebra, and
(C7 72’7 (_)7 jo) 15 a System.

Proof. It follows from the fact that (5.6) defines a negation map. n

We can construct a Clifford semialgebra a little more efficiently using ideas of
§4.17.

Construction 5.10. The standard Clifford semialgebra with negation
map C(q, B,V,(—)) is defined as follows:

Define the tensor module T>o(V) of a free A-module V', as the submodule
of T(V) spanned by {z9* @ --- @ 2% : k € N, i1 < iy < --- < i} and take
T =A®T>0(V) @ (—)T>0(V) (where (—)T>o(V) is another copy of T>o(V))

under multiplication
(5.8) 2z’ = B(a'a?) + (=)' @ 2, V) >,

and inductively
(5.9)
$i1®"'®ﬂjik®3§j, E<j
(2" ® - -@a™)@a! = B(ak, al)ah @ - @ a1 + ((—)ah @ - @ a1 @ 2 @ a'k),
k>3j,

where (—)z* = 2%, extended distributively.

Theorem 5.11. C(q, B,V,(—)) of Construction 5.10 is a Clifford semialgebra

with negation map. Define

5.10) 3=V Je" @ @@ e e, q@h)et @ @t}
keNT

i running over NT, where 2% is deleted in the tensors on the right side. (In other
words we declare that x' ® x < q(xla))

Taking Te(q,B,v,(—)) to be the simple tensors and their negations,

(C((L B,V, (_))7 %(q,B,V,(—))v (_)7 j)
is a system. There is an injection P : C~(q, B,V)—C(q,B,V,(—)) given by
@@z s (_)Wxﬂ(il) R ® :Eﬁ(ik)’

where w is the permutation rearranging i1, ..., in ascending order.
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Proof. We start by verifying the conditions of Definition 5.6.

PR+t @2t = Bl a!) + (2f @ 27)° = B!, 27) for i < j, so we take
sums.

To prove associativity of multiplication, we need only check tensors of basis

elements, and thus, by induction on length, we appeal to (5.9). m

Unfortunately this construction is not finitely spanned over A, since the tensor
powers of z' are independent. We can reduce z‘ ® 2 to q(x%), at the cost of losing

associativity. Accordingly, we weaken associativity.

Definition 5.12. A nonassociative semialgebra C with a surpassing relation (=)

is <-associative if a;(aza3) + (a1az2)as = 0, and C is called a <-semialgebra.

Construction 5.13. The reduced Clifford <-semialgebra with negation
map C<(q, B,V,(—)) is defined as follows:

Define the tensor module T< (V') of a free A-module V', as the submodule of
T(V) spanned by {x"' @ -+ @™ 1 k €N, i <iy < - <ir}, and take

(where (—=)T (V') is another copy of T (V') ) under multiplication
(5.11) ' @2t = q(zh), 2zt = B(x',27) + ((—)2' @ 27), V] > i,

and inductively

(5.12)

@ty k<j

q(xj)xil ®---@ah-1, k=3

20 @ @z 1Bk ) + ((F)2t @ - @ a1 ®@ 2 ® 2k,
k> j,

(z"® - -@z*)0r) =

where (—)(—)x! = 2%, extended distributively.

Remark 5.14. Associativity in the reduced Clifford <-semialgebra with negation

map fails in general since

2@ (P ert) =22 @ Bzl 2?)(-)z! @ 2?) = q(2?)z! + B(z!, 2?)(2?)°
whereas (22 ® 2?) @ ! = ¢(2?)z'. Likewise

(@? @zt @' = Bat,2%)(-)2! @ 2®) @ 2t = g(ah)2® + (B(a', 2%) (a?)°
whereas 72 @ (2! ® 2!) = g(a!)2?.

Fortunately in our application of representing the exterior algebra, we do have

associativity since B is zero where this difficulty would arise.
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Theorem 5.15. C<(q, B,V,(—)) is a Clifford <-semialgebra.

(Cﬁ (Q7 B,V, (_))7 7ZZ(q,B,V,(—))7 (_)7 j)
is a system, taking Te(q B,v,(—)) to be the simple tensors and their negations,

Proof. We start by verifying the conditions of Definition 5.6.
'@l + a2l @t = Bv,w) + (2' @ 27)° = Blv,w)

for i < j, so we take sums.
To prove =<-associativity of multiplication, we need only check tensors of basis

elements, and thus, by induction on length, we appeal to (5.12). "

Since the indices increase, there must be at most n of them in a product of basis
elements. Thus the dimension is 2”1 rather than 2" in the classical case, because

we need to count negatives as well. Note that C(q, B,V) — C<(¢, B,V,(—)) is no

longer an injection since z° ® 2 and ¢(z*) have the same image.

Remark 5.16. In summary, the standard Clifford algebra is associative but
lacks the important classical property of finite generation. The reduced standard
Clifford algebra seems more in line with the spirit of this paper, replacing equality
by = in the key property of associativity.

When A is taken to be a field, the formal negation map coincides with the
negation in the field, and thus both the standard and the reduced Clifford algebras

boil down to the classical Clifford algebra of a quadratic form over a field.

Example 5.17 (The standard reduced Clifford <-semialgebra with (—) for n = 2).
We consider the base {(+)1, x := z', (—)z, y := 22, (—)y} over A, and given
a quadratic pair (¢,B), put v = B(x,y). Then -z = ¢q(x), y -y = q(y), and
yrx= (=) y+7.

We turn to involutions.

Definition 5.18. A =<-involution (o) of a <- system A is a <-antihomomorphism
of order < 2, in the sense that (a?)? » a;

(5.13) (apar)? = afag, Va,a; €T.

Lemma 5.19. The standard Clifford <-semialgebra with negation map C(q, B,V, (—))

has an involution o given by the identity on A and v7 = (—)v and

(M@ ®u) = (—) e ®u .
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Proof. It is enough to check (5.13) for tensors of basis elements. For j > i,
(5.14) ' _ ' ' '
((le ® - ® IIJ‘Zk) ® $])O’ — (_)k$zk ® - ® e ® 2
— (_)k$zk ® ((_)k—lxik,l e® :Eiz ® :Eil) _ x]’U ® (:Eil R ® :Eik)U‘
For j =k,

(" @ - ®@z%) @a™*)” = q(a™) (2" @ -- @ 2%*1) =2F @ (" @ --- @ &)

For j < k,
(5.15) | | | | . o
(" @ @a™)@a!)” = (2" @ @™ 1) @ (B(a!,a')(-)(a) @ 2')”
= (—)* 1B(2d 2 )1 @@t + (D) e @t ®@a!
_ (_)k—lB(xj7xik)oxik,1 @ @12+ (_)k-i—lxik @@ @i
= (@)@ @ - @a™)’,
a

Example 5.20. The involution for Example 5.17 is given by 27 = (—)z, y? =
(—)y; (2y)” =y = (=)zy + 7, (yx)” = zy. Thus

(xy)” = ((m)zy +7)° =2y (=) +7v = zy

and

(o2

((zy)y)” = q(y)2” = 27q(y) = 2> + (v)° = y(zy) —vy) = y° (zy)°
((zy)2)” = ((—)2%y +v2)7 = q(z)y + y& = 2(zvy) — y2 = 27 (2y)°
6. The dual space and the Clifford semialgebra

We bring in our major use of the Clifford semialgebra, removing ® from
the notation. For simplicity, we continue to deal with the free A-module V =
Alx] of infinite countable rank with base x := (2°,z',22,...), the power of the

indeterminate x.

Definition 6.1. Suppose we are given an (A, <)-bilinear form B and a module
V = (V,Ty,(-))) over A. Define &’ : V. — A by & (v) := B(u,27) for all v € V.
In other words, the restricted dual V* will be the A-span of the B-dual basis
97 such that 97(z') = BY = B(z' 27). Symbolically we could also denote V*
by A[9]. If B(z%,27) = §;; then &’ is the element of the usual dual base. Write
Ty for {f|7, « f € V* with f(Tv) C Ta}.

Define the set W(x,0) = W(x) UW(0) of all the words in the union of the
two infinite alphabets W(x) = {z°, 2!, 22, } and W(9) = {9°,0',0?,...,}. Recall
that if v1,v9 € V and w € /\nV, then

(—)vr A (g Aw) = vg Avp Aw,
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which defines a negation map on V compatible with that on 7\221/.

Denote by C = C(V') the set of formal finite linear combinations of words of
W(x, (—)x, 0, (—)0) with 14 adjoined, with respect to the juxtaposition product
extended distributively, and with relations given (for i > j) by

(6.1) rled = (=)alxt, D' = (-0, It = B, al)(—)z'd.

Define C := C(V) as being the A-algebra generated by 14 UCq UC_, where
C+ and C_ are graded:

Ci =C1@p>1 A gt
+ 1 Dh>1 ; ,
words of length h

where
¢ = @D AT & P A((-)e)
j=0 Jj=0
and
C_=C_1Dp>1 A- .. g
words of length h
where
C.i=PA & DA,
j=0 j=0
defining

(—)aj(xhxk) = aj((—):nhxk) = aj(kah).

Ifu(z) =, a;at € V = Alx] we define its B-dual over V* as u(d) := >, a;0", i.e.
u(0)(v(z)) = B(u(z),v(x)). We make C into a semialgebra over A with respect
to the juxtaposition product, by imposing the following commutation rules on

the elements of degree +1:
uw(@v(z) + v(@)u(z) =0,
w(@)v(d) + v(9)u(d) = 0,

(6.2) w(@)---v(x) = u(d)(v(@))(=)v(z)u(d),

which basically descend from the fact that we are requiring the elements of V*

acting on C as skew-derivations, namely

(6.3) u(@)(v(z)w(z)) = (u(d)v(z))w(r)(=)v(r)u(d)w(w).
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To be more precise, equality (6.3) should be understood in the sense of operators,
i.e. for all f € Cy:

(u(@)v(x)w(@)(=)v(x)u(d)(w(x)))f = u(d)(v(x))f + u(@)(w(z)) fv(z).

Since each element of C is a finite linear combination of words of elements of

degree 1, the above suffices for the definition of the commutation relations on C.

Example 6.2. This example serves to motivate commutations (6.2). Let /N\V be
the exterior semi algebra. Any element of degree > 2 is a sum of elements of
the form w := wy A wy with wy,wy € V' (possibly equal to 1). Now u(9) acts on

w = w1 N\ wy as
w(0)(wr Awse) = u(9)(wy) A we(—)wy A u(d)(ws)
which means that
w(0) (w1 A we) A wg = u(d)(wy)(wy A ws) + u(d)(we)wy A ws.
This motivates our requirement (6.3). Furthermore a simple computation give:
(u(@)v(z) + v(z)u(0))w = Blu(z), v(z))w

i.e.

w(@)v(z) + v(x)u(d) = B(u(x),v(z))
or

w(@)v(z) = Blu(z),v(z))(—)v(x)u(0)
whence the commutation relation in the Clifford semialgebra

u(@)v(x) = u(d)(=)v(x)u(d)

6.3. For notational simplicity write v* := «(9) € V* and v := v(x) € V. We also
denote by “” the product of C to avoid potential confusions. The product u*v in

C defines a linear map C — C given by
(6.4) (u* - v)w = u*(v)(w) = u*(vw).

Then

which means that
[(u* - v) - wlz =u" (v)w -z +u*(w)z - v.

Notice that by construction the product in C is associative because we are com-

posing operators, and the composition of operators is associative.



Clifford Semialgebras 27

Remark 6.4. (Negation on A) . We endow A with a negation map, by setting
((—)14)u = (—u) in the sense of operators, namely ((—)u)v = vu. Write A =
Ad ((—)A. A has a negation map (—) given by the switch. Likewise, take a copy
(=)V of V, and view V :=V & ((—=)V) as an A-module via

(a1, a2)(v1,v2) = (a1v1 + agva, aguy + ajvz),

and (—)(vy,v2) := (vg,v1).

We take the dual V* of V which can be thought of as pairs w* := (w7, w3),

where for v = (vy,v9) € V,
w*(v) = (wi(v1) + wy(va), wi(v2) + w3 (v1)).

Then ((—)w)*(v) = (wi(v2) + wj(v1), wi(v1) + wi(v2))-
Notice that

(“Ju-v=v-u=(=)()o-u=mu-(-)

so that the relations (—)14(u-v) = (=)u-v = u - (—)v hold. We extend the
bilinear form B to V' & (—)V, by putting

B((x27 (_)xi/)v (xj7 xj/)) = (B(‘Tlv ‘Tj) + B(xil7 xj/)(_)(B(xi7 xj/) + B(‘Ti/7 x]))

Now we define (—)B(z%,27) := B((—)x%,27), and our negation map also induces

a negation map on V* in C, given by (—)(z%)*(27) = (—)B(2%, 27) = B((—)z", 27).

Definition 6.5. An element of C is in normal form if it is a finite linear com-

bination of words wyws such that w; € W(x) and wy € W(9).

Example 6.6. Here are a couple of examples of the basic yoga to put products

in normal form using the appropriate commutation relations.

1. To put ujusv in normal form we exploit the fact that the elements of V*

act as derivations on 7\V. One has

uiruzv = ui-(uyv) = ui(Blug,v) + ((-)v) - u3)

= B(ug,v)u] + B(uy, (—)v)us + v - uj - uj

where we agree that B(u,(—v)) = (—)B(u,v), acting on the product w —

1-ws as (—)B(u,v)wywy = B(u,v)ws - wy

2. As a second example we propose the usual expression one may happen to

deal with, such as the monomial z'97z*. To put it in normal form:
2k = :Ei(Bj (—) xkaj) = Bjkzni(—) poats

where B;j := B(z',27).
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Proposition 6.7. All elements of C can be put into normal form.

Proof. A matter of a routine induction. n

We do not claim that the normal form is unique, but we do have uniqueness
up to o: If Y- ajwy jwa; = ajwy ;wa; for a;,a) € A then each a;(—)a) € A°.

Next, we apply some material from [17, §9] to the Clifford semialgebra.

Remark 6.8. (Vj,7;,=) is a systemic module, where we define v =< v3 if
v (w) <X v3(w) for every w e V.
6.9. The action on /N\V (and on AV)

We have the following:

Definition 6.10. Define a left action s (possibly depending on the choice of the
= bilinear form B) of V" on AV, by:

0.v=0(), V(0,v) € V7 x V,,
and for (u1,...,ux) € V¥,
o) dug) ... B(u)| AT
(6.5) O(ur A+ Aug) = R, e/\A Vi,

where the expression in the RHS of (6.5) means the linear combination
_ ~k—1
Z(—)W(uj)ul AN ANUujy ANUjpr A--- Ay € /\.A V.
j
The cases k = 2 and 3 merit explicit descriptions.

Example 6.11. Let uAv € A’V and d € V;*. Then

—~1
d(uAv) = = (u)v(=)d(v)u € /\Avn,

where
(O(uw)v(—=)0(v)u)(wAwy ) = d(u)-vAwAw+0(v)- wAUAw; (w,wy) € an/\ V.
Similarly:

Jdi(unvAw) =

‘a(uu) d(v) a(w)' = 0(u)v Aw(=)d(v)w Au+ O(w)u Av.

v w

Lemma 6.12. For all 0 € V¥, and vy, v, ... v, (k> 2), denote

o(v) . Av1) -+ O(vp)
v U1 Vk
Then
0 3 (uAvLA- - Nog) = ‘8(uu) 55)111) 8(2:]“) = d(uw)vi A+ Ao (=) u/\‘i?(vv)
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Proof. By direct substitution. "

The notation of (6.5) is useful in simplifying the combinatorics.

Proposition 6.13. For0 € V;}, the map 0 _ : /~\V — /~\V s a V -skew derivation,
~1
ie., forue NV andve \*V,

(6.6) di(unv)=0u)v (=) uA(0v).
Proof. The map 8 is clearly A-linear. On u A v € A?V,, one has:

da(unv) =

Assume that the assertion holds for k—1> 1 and let v € /\j V with j > 2. Then

D Av) = O(u)v(—) u A ‘3(:)

)

which proves the assertion for k. m

Another way of interpreting (6.6) is 9 u = 9(u)(—) ud, which implies that for
all j >0,
P u+ud = & (u) = Blu,z?).

This is our desired connection with Clifford algebras, which we now formulate.

6.14. The Clifford Algebra action on A V. The words of the form z% - - - 2
act on A\ V by wedging:

gt () = 2 A A2 A, VuG/\V.
The words involving only the 9; act by contraction:
8j1'--ajlu:8j14('--4(8jk_:u))'-')
Define <,>: C+ — A by
< up ®vy,ug @ vy >= B(uy,vs) + Blug,v1)
This is a nondegenerate inner product on V & V*.

Proposition 6.15. The inner product possesses an orthogonal base.

Proof. Let us consider 2 := (z' ©0), (27)* := (0@ d;), so that z° @ (27)* = 2’ +
(z7)* and 0j(e;) = B(ei, ;). Then (z°,... 2z~ 20" ... 2"~1%) is an orthogonal

base.

6.16. The Clifford representation of an exterior semialgebra.
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Theorem 6.17. The exterior semialgebra is an irreducible representation of the
Clifford semialgebra C.

Proof. First of all we show that for any choice of a =<-bilinear form B, the
exterior semialgebra represents C. It is obvious that each word of of C defines
an A-endomorphism of /~\V. We have to check the commutation relations. It is
obvious that the relation u-v 4 v-u is mapped to the endomorphism u Av+v Awv
of /~\V, which is a quasi-zero in End 4 ( /~\) The same holds with u*v* +v*u* acting
on w as u* J(v*_w)+w* J(v*sw) > 0. It remains to check the action of u*v+v-u*.

Let us consider w := wy A wy where wy € V and wsy € /~\V. Then
u (v Awp Aws) + v A (u*(wg Aws)) = u*(v)wg Awy+ v Au(w)wa(—)

To prove the irreducibility, suppose on the contrary that the exterior semial-
gebra has a proper invariant sub-module W under the action of C. Let U be the
submodule of W of elements of minimal degree, say r, whose typical elements are
finite A-linear combinations of uj A- - - Au,. But for any v € V', vU is a submodule

of elements of degree r 4+ 1, and thus W cannot be invariant. "

Proposition 6.18. There is an A-semialgebra homomorphism

1

~1 ~1 ~1
g\ V)=V oa\ Vi—Enda(\V).

Proof. A general element of V' ® 4 V* is of the form
Yo @@ +ey(()a)+ D (22 @ (aji + &((-)d)),
0<i,j<n—1 0<i,j<n—1

which gives the endomorphism

wes Y aag(u) ey (DI )+ Y (=)' (afd (u)+ci; ()9 (w))).

0<i,j<n—1 0<i,j<n—1

Conversely each ¢ € End 4(V') can be uniquely written as a 4-linear combination
of

@0,  (F)'e, @), (H)'®(-)d)
since, writing u = Z w4 ul((—)z?),

0<i<n—1

ou) = ¢| Y wa' +ui((F)at) | = Y widla') +uid((—)a!)

0<i<n-—1 0<i<n-—1

= Z uiagia? + aj;((=)a’) + ujea? + ujch;((—)a?)
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n—1
= ' ® (ai;0; + ci5((—)9;))
4,7=0
+ (—)2' @ (a;05 + ¢ ((—)0)))] (w) .

~1
Proposition 6.18 defines a natural action of gl(A V) on V.

~1
Definition 6.19. The Lie bracket [¢, 1] of ¢,¢ € gl(/\ V) is defined by:

[0, 0] =potp (=) Yoo

Proposition 6.20. The A-semialgebra gl(T*(V)) is a Lie <-semialgebra with a

negation map in the sense of Definition 3.5.
Proof. Ttems (i),(ii) are obvious, by construction. For all v € V

[6,9)(w) Av = ((e(w) (=) ((w)) Av=d(¥(u) Av+vA(d(u)),
and

[, ¢lw) Ao = (¥(d(w)(—)e(¥(w)) Av=1p(¢(u) Av+vAdth(u)).

Thus
[, 1(w) A v = (5[ ¥](w)) Aw.

(iii) is a routine verification, done in [22]. u
Example 6.21. Let b€ V and 9 € V*. Then b ® 0 acts on v € 7\V as:
(b®d)(v) =bA (0uv).
It is a A-derivation, i.e. is trivial on A and
b)) (unv)=((b@I)(u) Av+uA ((b®d)(v)).
The critical case to verify is for v = v1 and v = vy € /~\1V, for which we have
(b ® 9)(v1 Avg) = 9(v1))b A vy + A(ve)vy Ab.
The general case follows by induction. In fact, if u € /~\1V:

b®d)(unv) = bA(O(u)v(—)ud(v))d(u)b Av+ d(v)u Ab
= JubANv+uAbi(v) =(b®0J)(u) Nv+uA (b®d)(v).
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~1 ~
6.22. Extending the gl(/\ V)-action to A ,V.

Consider the map

5 ¢ g(AV) — Enda(AV)
(6.7)

¢ 5(¢)

defined by §(¢)(u) = ¢(u) if u € /~\1V and inductively

—~1 ~ k-1
3(P)(uAv) =0(d)(u) Av~+uAd(P)(v), Yu € gl(/\ V), ve gl(/\ V).

Proposition 6.23. The exterior A-semialgebra /~\AV is a module over the Lie
semialgebra gl(\' V) (we say in short that it is a gl(\' V)-module), in the sense
that

(6.8) P(1h(u)) (=) (¢ (u)) = (&, ¥](u).

Proof. For all v € V,

(@) (=) (e(w)) Av = () Av+vA($(u) = [¢,¥](u) Av.

By induction,
6([, ¥]) = [6(¢), 6(¥)]
where the Lie bracket of End4( 7\V) is defined analogously. .

In the sequel we consider the action of V' ® V* on /N\V given by:
(u®d)(v) =uA(0av).
which corresponds to the case B(z',27) = §;;.

Proposition 6.24. The following commutation rules hold for any u € /~\V:

(6.9) g Axd Au 4+ af Axt A= 0,
(6.10) 82-4(@ _I’LL) + 8j4(8i4u) =0,
(6.11) Oi (27 Au) + 2" A (95 Ju) = 6Bz, 27 )u.

Proof. For u € /~\V, the first rule
AN Nuta? At Au =0
is immediate. As for (6.10),

82-4(8j4u)+8j4(82-4u):(8iA8j+8jA8i)Ju50.
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Let us finally check (6.11). For u € /~\1V we claim that
(6.12) (2 Au) + 3t A () = 6B, 3 ).
Since both sides are elements of 7\1V, (6.12) means that

(07 3(2" Au) + 2" A (& u)] Av = 6;B(a", 27 )u Ao

~>1
for all v € A~ V. Without loss of generality we may assume that v € V. Then:

(6.13)
Y@ Au) Ao+ 2t A (8 u) Av =6;B(z", 2 u Av+ & (u)o Azt + & (u)z Av

= 6Bz, 2 u A,

whence (6.11), since v is arbitrary.
For u € /\22 V', the proof consists in writing © = u; A v for vy € V, and is

analogous to that for u e A' V:

(@ Au)+3ANY su = 6Bt 2 ) u (=) 2t A (ug Av) + 2t A L (ug A)
= 0Bz’ 2 u+ & (ur)v Azt 4+ & (ug)z' Av
= 0Bzt 27 u.

7. Schubert Derivations on exterior semialgebras of type 1

Definition 7.1. A Hasse-Schmidt (HS) derivation on (7\AT/, (—)) is a map

D) AV AV

such that
D(z)(u Av) = D(2)u AD(2)v.

Definition 7.2. Let f € End4(\' V). We denote by (—)f the map such that

In other words ((—)f)(u) Av = v A f(u). Then Df(z) and Dy(z) are mutually

inverses, where, according to 3.14

(—f)w) Av=1vA f(u).

Definition 7.3. Let D(z) be a HS—derivation on /N\AV. Its transpose D(2)7 is
defined by

D(2)1(0)au = d.D(2)u V(u,0) € KV X 7\AV*.

Proposition 7.4. If D(z) is a HS-derivation on /N\AV, then D(2)T is a HS-
derivation on 7\AV*.
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Proof. D(2)T(0Ay)a(uAv) = (OAY)ID(2)(uAv) = (OAY)2AD(2)u AD(2)v) =
01D (2)u A yoD(2)v = D(2)T(0)u A D(2)T (7)(v). .

Proposition 7.5 ([7, Theorem 3.12]). If f(z) € Enda(V)[[z]], there is a unique
HS-derivation Dy(,)(z) on 7\V such that Dy(2)jy = 350 fizt.

Proposition 7.6. The unique HS-derivations D¢(z) and Dy(z) such that

Dy(z) = Zf"z" and Di(z)=1(—)f-=

n>0

are quasi—inverses.
Proof. Let (u,v1,v2) € A Vx AV x AV. Then

(Ds(2)Ds(2)u) A (v1 Ave) = (Dy(2)u(=)Dy(2)f(w)) Avy Ave
= (Dy(2)u Aoy + v ADf(2)f (1)) Avy

= (uAvr+ 2Dy (2)f(u) A vy +v1 ADs(2)f(u)) Ave
= A (v Av).
Similarly
(Dy(2)Dy(2)u) A (vi Awvz) = [Dp(2)(u(=)f(w)2)] Avi Ava
= [Dr(2)u(=)Ds(2)f ()] Avr Awg

= (Di(z)u ANvi +vi ADyg(2)f(u)) A v
= (Df(z)u ANvi +v1 ADy(2)f(u)) Ao
= uAv+2Df(2)f(u) Avr +vi ADyg(2) f(u)) A v
= uA (v Avg).

Definition 7.7. The Schubert derivation of /N\ 4V is the unique HS-derivation
0+(2) == D50 02" € End (A 4V)][[2]] satisfying

oy (2)r) = Zazjﬂzi, (2% = 0if k> n),
i>0

and

or(2)(uAv) =0 (z)uNop(z)v € 7\AV[[Z]].
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Proposition 7.8. For alli > 1,

i
oi(uNv) = Z oju N oi_jv.
j=0

Proof.
(7.1)
uAv+ o (uAv)z+og(uAv) 4 =c
(utou-z+ogu-224+-- YAN(v+0w-24+00-22+---)
The result follows by matching the coefficients of the powers of z. "

In particular o1(u Av) = o1u A v+ u A ov shows that o7 is an A -derivation.
Example 7.9.
o33 Aat)y =2 Aat +ad A Lt A L3 At =2 At 2t ALt

Definition 7.10. Let z,w be two formal variables. The respective generating

series of the bases x and @ are
x(z) := Zazizi e V[[#]] and A(w) = Zﬁjw_j € V*{[w™1).
i>0 >0

Remark 7.11. Because of definition 7.7 we have

(7.2) x(2) = o4 (2)2°.
Moreover:
(7.3) A(w™) =o_(w)Tdy.

In fact o_(2) = Y, 0—iw ™", where o_;a/ = 277" if j > i and 0 otherwise. Now,

by definition of transpose:
ol,0;(x%) = 9j (o) = 9;(a*") = 9, 4(a").

Therefore:
o_(2)Toy = Zafjaow_j = Z Hw.
=0 J=0
Definition 7.12. We denote by o_(2),7_(2) : //\\T// — A V[z!] the unique HS
derivations on AV such that

and

with the convention that ' = 0 if i < 0.
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Notice that 7_(2)2? = o_(2)z" = 2%, i.e. _(2) and o_(2) act as the identity
on 2. By general facts proved in [7] we know that o_(2) is a quasi-inverse of
_(z), and as defined in this broader context we obtain the other side. Let us
check it again in this particular case. By Proposition 7.6, the Schubert derivations
o_(z) and o_(z) are quasi-inverses of each other. We offer here an extra check

to focus better the proof of Proposition 7.6.

Proposition 7.13. The Schubert derivations G_(z) and T_(z) are mutual quasi-

mverses, i.e.,

and
Proof. Let v be any test element of the form v; Avy with v1 € V and vy arbitrary

in AV. Then
o ()@ (2)) Av = ( i :”i_l) Av

o_
1 i1
= x/\v1+v1/\ O' (2)z A Uy

. 1 .
' A+ 0 ()2 Aoy 4+ v A —J_(z)$’_1> N
z

>~ xi/\vl/\vg ::EiAv,
which proves the property for r = 1. If r > 2
o ()@ ()} = o_ (7 ("N Ao ()7 () = [,
where AV := (A\y > ... > \,). Conversely

F_(2)(op (D)) Avi Avy = (04(2)2(=)z  op(2)z ) Avp Ay

= (@ AvF2z o ()2 Av Fup Az o (2)2Y) Ay

>~ xiAlevg =z Aw.
Theorem 7.14. We have
(7.4) o1 (2)a’ A} X 2o (2)7- (2) XI5
for all A € P, such that \y <n —r.

Proof. We argue by induction. We first check the claim for » = 1, i.e., by ana-
lyzing
o4 (2)2° Az, A< n.



Clifford Semialgebras

We have

2o (2)a_(2) (M A 20) =

=

37

204 (2)(F_ (2)a™ AT (2)20)

oo [(PH 0L 25)

2o, (2) <x)‘+1 Al + %:EO A x)‘>

204 (2)2M N 04 (2)2° + 04 (2)2° A oy (2)2

201 (2)a Ay (2)2° + (04(2)2° A oy ()2 )

204 (2)2 N0y (2)2° + 04 (2)2° A 2 + 2oy (2)20 A oy (2)2E

o4 (2)2® A2,

and the property is verified for r = 1. Assume now that » — 1 > 1. Then:

o4 (27— ()

r+1

= 2 Hop(2)a_(2)a™ M A A 22T A 2o (2)F - (2) (21T A 20)

Y

o (2)T_(2) (@M A AT Aoy (2)20 A2

= 2 lop(2)F_(2) (@M A A A g0 At

Y

(o4 (2)a® A" A A A TP At = g (2)20 A X5

~1 ~1 ~1 -
Definition 7.15. The Lie semialgebra gl(A 4A[z]) = AV ® A V* acts on AV

as follows:

(p©9)(u) =p A (0u).

A standard procedure in representation theory is using generating functions.

Definition 7.16. Let x := {z':i > 0} and 8 := ({9, : j > 0} be the bases of V

and V*. The generating functions of x and @ are by definition:

x(z) = Z:L"izi and A(w™) = Z dw .

i>0

i>0



Clifford Semialgebras 38

~k ~k
In particular x(2) ® d(w™!) defines a map A 4V — A 4V[[z,w™']]. The image

of a basis element is prescribed as follows:
(7.5) (x(2) @ d(w Ny = x(z) A @w ™) [}

By definition 8(w™') = 8° 4+ d'w™!' + 9*w=2 +---. So A(w ')z’ = w for
all 0 <147 < n. Now we apply Definition 6.10 of contraction, obtaining

w k1= w—k w—k+1=M1
x(2)A(@(w ™) [x]5 = x(2)A =0, (2)2°A

$k‘—1+>\1 IIJ‘)\k xk_l"")‘l
where in the last equality we used 7.7. "

Example 7.17. The image of [x]?37271) through the endomorphism x? ® 93 of V
is easily computable by hand:

(93($5) 83(%3) ag(xl)
(* ® 83)X?37271) =22 A (O3u(z® A3 Azh)) = 22 A
x5 3 r!
0O 1 0
= 22/ =22 Azt AP,
25 23 2!

On the other hand (2% ® 83)[)(]‘?372’1) should be the coefficient of z?w™3 of the
expansion of

-5 w—3 -1

0 w
(7.6) o (z)z” A R B

The coefficient of w3 in expression (7.6)
o (2)x® A (2t A 2P)
whose coefficient of 22 is precisely 22 A 2! A 2%, as expected.

Remark 7.18. Let us consider the standard bilinear form B(z?,27) = §;;. Recall
by formula (6.11) that
:Ei A 8j_l[X]§\ b 52][X];
which are Clifford semialgebra relations. Passing to the generating series:
Z 22" A w T [x]y = 62w [x]
i,5>0
from which, remembering Definition 7.16 for 8(w™!) and Definition 7.7 for the

Schubert derivation:

x(2) A D)} + B )(x(z) AR = 0 s = (1- 2)
i>0

W

Ak
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a relation providing the connection of the commutation rules of Schubert deriva-

tions to Clifford semi Algebras.

Remark 7.19. If A contains the positive rational numbers then

0u(z) = exp | Y0 1oz |

i>1

where left multiplication z- : V' — V is defined by 2’ +— 2! if i < n — 1 and
2" 10, and § : Endy(V) — End4(A V) is defined as in Example 6.21.

Theorem 7.20. We use (7.3). Then

o ()T 8 s [x] = w1y (1) (@ o (w) [}

Proof.

o_(w) T8 bl = dw )bl =

Ty
(o (w)z"~ 1) 9o (w)a?r)
i ZritM zr
0% (o—(w)a"~+A) 3" (o—(w)a?r)
- o (w)z"—1+M o (w)z

)

7.21. The explicit description of the /N\AV representation of gl(T!(V)).

Theorem 8.1 below gives a first version of the structure of /~\V as a representation

~1
of gl(A V). To this purpose we need a few preliminaries.

Lemma 7.22. For all A € P,,
(7.7) 2" A bl ) =
Proof. For r = 1 one has

1

2% A X4y = 2O A2 < 2P AT (w)o_ (w)a T =20 AT
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(a (W) () + - >m0:l(5 (w)o_(w)a™) A 2°
+Hw)o— W o O\ Wo-

gl— Elr

as desired. For » > 1 we argue by induction. Suppose the formula holds for
r—1>1. Then

:170 A [X]S\-l—(lr) — :EO A :Er—l—)q A $7‘—1+)\2 A A l‘1+)‘r
1 _ TN .
= EOJF(U))J_(w);ET AL A 20 A [X]€T—1+>\2,...,1+)\T)
1
- F?.;_(ZU)O'_ (w)"ET—H—)\l NO 4 (w)a_ (w)(;ﬁ‘“)‘? Ao A x)‘r) A xO
1

7 (2)7 (w)[[x)]5 A 2® =T (w)T - () [x]}

Proof. We first prove the case r = 1. If A > 0 one has

T ()7 (w)at =7 (2)(@} ()2 2) = o (w)T(2) x5 A2’

from which it is obvious that 7 (2)o_ (w)z* Az® = o_ (w)7 4 (2)2* AzC. It remains

to check the commutations of the two oprators against V. In this case

o (2)T_(w)z’ A2 = 2P Aalz =5 (w)F L (2)2° A 2P

as a straightforward check shows. It remains to check the general case for which

we argue by induction. Suppose the property holds for » — 1 > 0. Then

o (27 (w)[x]} A2

= T_(2)FL(w)z" M A AT (2)T4 ()2 A A (T (2)T 4 (w)a A 20)
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= T_(2)FL(w)z" M A AT (2)T4 (w)z A (T (w)T— (2)2™M A 20)

= (9)7_(2)FL(w)z" M A AT (2)T (w) 2T A 20 AT ()T (2)a
from which, by induction

(=) @r(w)a_(2)z" M A AT (w)T_ (2)2 A1 A 20) AT (w)F_ ()2

8. The Main Theorem

In this section we will present and prove our main theorem after relating it
to previous literature in the classical context of QQ-algebras. To begin with, a
rather easy, though non trivial, observation shows that the polynomial ring B :=
Q[z1,x2,...] in infinitely many indeterminates x = (x1, z32,...) is a module over
the Lie algebra gloo(Q) = €D, ;7 Q- Eij, where E;j; : Zx Z — Q is the elementary
matrix with all entries zero but 1 in position (7,7). This fact comes from the
fact that the ring B is isomorphic to a suitable projective limit, gn A" Q[X], in

the category of graded Q-algebras, called Fermionic Fock space. Tile result then
basically follows from the fact that a) the polynomial ring in r < oo variables is
a vector space isomorphic to the r-th exterior power of Q[X] and b) the latter is
a module over gl(Q[X]) := €D, ;cn Q- Eij.

It is more difficult to give an explicit description of B as a representation
of gloo(Q). This was achieved in the 1980’s by Date, Jimbo, Kashiwara and
Miwa in [6], who computed the action of the generating function F(z,w) =
Zm.ez Ei,jziw_j on a polynomial in the variables x1,xo, ..., in such a way that
to know the product E;;p amounts to looking at the coefficient of z'w™ in the
expansion of E(z,w)p, for all p € B. The description relies on some vertex opera-
tors which first arose in the Skyrme model [Sk] of the interaction of a meson-like
field. The result by Date, Jimbo, Kashiwara and Miwa was put in a more gen-
eral framework in the paper [10], where a generating function of the action of
the elementary matrices on the ring B, of polynomials in 7 < co indeterminates
has been computed. In our case partial derivatives with respect to the variables
(z1,x2,...) are no longer available anymore for describing the module structure.
This is an issue which has compelled us to find suitable substitutes. These are

provided by the essential use of the Schubert derivations as defined in e.g. [9] and
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in Section 7.7 in the context of exterior semialgebras. The elementary matrix £; ;
can be identified, using our notation, with the basis element 2* ® 87 of V @ V*,
and then the generating function F(z,w) is nothing but x(z) ® 8(w™!), acting
on A"V according to the rule

x(2) ® d(w™ ) [x]} = x(2) A d(w™ ) [x]}.

The last member can be computed as o (2)2? Ad(w™) A[x]}, and this was done
in [10] (with substantial improvement in the preprint [3]), where the generating
function of the Clifford algebra basis element z' ® 8’ against [x]}, z* A (7 J[x]})
was computed. The resulting expression explicitly involves Schubert derivations
which, when r goes to oo, take the shape of the vertex operators occurring in
the DJKM representation of glo(Q), as shown e.g. in [9]. Our main Theorem
8.1 shows that the same results hold in the semialgebra context and then it is a
substantial generalization of [10], which motivates further investigation to check if
even the more general pictures as in [4, 5] can be reproduced in the more general

systemic framework.

Therefore our main result is the following transparent tropical version of [10,
Theorem 6.4] for the Grassmann semialgebra, describing precisely the multipli-

cation of an elementary matrix by a basis element of /~\ ne

Theorem 8.1. For all r > 1 the following formula holds:

(8.1)
x(2) A D) s = 04 (2)2° A (o ()T 30 [x]3)
w—r—i—l—)\l ’LU_)\T
< Zr—lwr—l
o (274 ()T (o (WM oy ()7 ()T (o (w)
r—1 w A w A 0
- j)r_lo--‘r(z)
T4 (w)T_(2)o_ (w)z" M Gy (w)a_(2)o_(w)z' 20

The formula means that the image of the element [x]} through z' ® &7 is

surpassed by the coefficient of zw™ in expression (8.1).

Proof. We have

x(2) AB(w™h)x]}
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= oy (2)a" A (definition of o (2z) and

Proposition 7.6)

w0

IA
N
3
L
Q
+
—~
N
~—
lql
O

(Theorem 7.14)
x'f“l')\l e xl“l‘)\r

IA
N
3
L
Q
+
—~
N
~—
|Q|
O

IA

S

it

t
Q
_l’_
O

54 ()T (Jo_(W)a™™ - T (w)F- (w)o_ (w)

or, using the fact that o (z) is a HS derivation

—r—1—X\1 —Ar

1 w w

o+ (2)74(w)F_(2)o_(w)a™M o o (2)F4 (w)T_ (w)o_ (w)x A

References

1]

O. Behzad, A. Nasrollah, Universal Factorisation Algebras of Poly-
nomials Represent Lie lgebras of Endomorpisms,, J. Algebra and
Its Applications, 2021, doi: 10.1142/S0219498822500724; Available at
(ArXiv:2006.07893.pdf.)

M. Akian, S. Gaubert, and L.-Rowen Examples of systems, preprint (2021).

O. Behzad, A. Contiero, D. Martins, On the Vertex Operator Representation
of Lie Algebras of Matrices, , ArXiv:2108.12895, 2021.

O. Behzad, A. Contiero, L. Gatto, R. Vidal Martins, Polynomial Ring Rep-
resentations of Endomorphisms of Exterior Powers, Collectanea Math. 2021,
doi.org/10.1007/s13348-020-00310-5.

O. Behzad, L. Gatto, Bosonic and Fermionic Representation of Endomor-
phisms of FEaxterior Algebras, Fundamenta Mathematica, 2021, to appear,
ArXiv:2009.00479.

(Proposition 7.13)

0
(Theorem 7.20)

(Lemma 7.22)

oy (2)2?


https://arxiv.org/abs/2108.12895

Clifford Semialgebras 44

[6]

[10]

[11]

18]

E. Date, M. Jimbo, M. Kashiwara, T. Miwa, Transformation groups for soli-
ton equations. III. Operator approach to the Kadomtsev—Petviashvili equa-
tion, J. Phys. Soc. Jpn 50(11), 3806-3812 (1981).

L. Gatto and L. Rowen, Grassman semialgebras and the Cayley-Hamilton
theorem, Proc. Amer. Math. Soc. (2020), arXiv:1803.08093v1.

L. Gatto and P Salehyan, Hasse-Schmidt derivations on Grassmann algebras,
IMPA monographs 4, Springer, 2016.

L. Gatto and P. Salehyan, Schubert Derivations on the Infinite Wedge
Power, Bull Braz Math Soc, 52 (2021), no. 1, 149-174. New Series,
DOI:10.1007/s00574-020-00195-9 2020.

L. Gatto and P Salehyan, The Cohomology of the Grassmannian is
a glp-module, Communication in Algebra, 48, no. 1, 274-290 DOI:
10.1080,/00927872.2019.1640240, 2020, ArXiv:1902.03824.pdf,

L. Gatto and 1. Scherbak, Cayley-Hamilton Theorem in Exterior Algebra,
Functional analysis and geometry: Selim Grigorievich Krein centennial, 149—
165, Contemp. Math., 733, Amer. Math. Soc., [Providence], RI, 2019;

J. Giansirancusa and N. Giansirancusa, A Grassmann algebra for matroids,
Manuscripta Math. 156 (2018), no. 1-2, 187-213, arXiv:1510.04584v1 (2015).

J. Golan, Semirings and their Applications, Springer-Science + Business,
Dordrecht, 1999. (Previously published by Kluwer Acad. Publ., 1999.)

7. Izhakian, M. Knebusch, and L. Rowen. Supertropical linear algebra, Pacific
J. of Math. 266(1):43-75, 2013.

7. Izhakian, M. Knebusch, and L. Rowen, Supertropical quadratic forms I,
J. Pure Appl. Algebra 220, no. 1 (2016), 61-93.

J. Jun, K. Mincheva, and L. Rowen, Homology of module systems, Journal
of Pure and Applied Algebra 224 (5), (2020), 106-243.

J. Jun and L. Rowen, Categories with negation, in Categorical, homologi-
cal and combinatorial methods in algebra, 221-270, Contemp. Math., 751,
Amer. Math. Soc., [Providence], RI, 2020, arXiv 1709.0318.

V. G. Kac, A. K. Raina, and N. Rozhkovskaya, Bombay lectures on high-
est weight representations of infinite dimensional Lie algebras, second ed.,
Advanced Series in Mathematical Physics, vol. 29, World Scientific, 2013.



Clifford Semialgebras 45

[19]

[20]

[21]

23]

Y. Katsov, Tensor products and injective envelopes of semimodules over ad-

ditively regular semirings, Algebra Colloquium 4 no. 2, 121-131, (1997).

D. Laksov, A. Thorup, A Determinantal Formula for the Exterior Powers
of the Polynomial Ring. Indiana Univ. Math. J. 56, No. 2 (2007), 825-845.

I. G. Macdonald, Symmetric functions and Hall polynomials, Second edition.
The Clarendon Press, Oxford University Press, New York, 1995.

L.H. Rowen, Algebras with a negation map, European Journal
of Mathematics, Oct. (2021), FEuropean Journal of Mathematics
https://doi.org/10.1007/s40879-021-00499-0

L.H. Rowen, An informal overview of triples and systems, Rings, modules
and codes, 317-335, Contemp. Math., 727, Amer. Math. Soc., [Providence],
RI, 2019.

[Sk|] T. H. R. Skyrme, Kinks and the Dirac equation, J. Mathematical Phys. 12

(1971), 1735-1743.



	1 Introduction
	2 Preliminaries and Notation
	3 Main motivating examples
	4 Exterior systems
	5 Clifford semialgebras
	6 The dual space and the Clifford semialgebra
	7 Schubert Derivations on exterior semialgebras of type 1
	8 The Main Theorem

