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PROPAGATION OF EXPONENTIAL PHASE SPACE
SINGULARITIES FOR SCHRODINGER EQUATIONS
WITH QUADRATIC HAMILTONIANS

EVANTHIA CARYPIS AND PATRIK WAHLBERG

ABSTRACT. We study propagation of phase space singularities for
the initial value Cauchy problem for a class of Schrédinger equa-
tions. The Hamiltonian is the Weyl quantization of a quadratic
form whose real part is non-negative. The equations are studied in
the framework of projective Gelfand—Shilov spaces and their dis-
tribution duals. The corresponding notion of singularities is called
the Gelfand—Shilov wave front set and means the lack of exponen-
tial decay in open cones in phase space. Our main result shows
that the propagation is determined by the singular space of the
quadratic form, just as in the framework of the Schwartz space,
where the notion of singularity is the Gabor wave front set.

0. INTRODUCTION

The goal of this paper is to study propagation of singularities for the
initial value Cauchy problem for a Schrodinger type equation

(0.1) Owu(t,x) + ¢¥(z, D)u(t,z) =0, t>0, ze€RY
. U(O, ) = Up,

where ug is a Gelfand-Shilov distribution on R¢, ¢ = q(x, ) is a qua-
dratic form on the phase space (z,&) € T*R¢ with Req > 0, and
q“(z, D) is a pseudodifferential operator in the Weyl quantization.
This family of equations comprises the free Schrodinger equation where
q(x, &) = i|¢]?, the harmonic oscillator where q(z, &) = i(]z|* + |£]?) and
the heat equation where q(x, &) = |¢]2.

The problem has been studied in the space of tempered distributions
[24135] where the natural notion of singularity is the Gabor wave front
set. This concept of singularity is defined as the conical subset of the
phase space T*R%\ {0} in which the short-time Fourier transform does
not have rapid (superpolynomial) decay. The Gabor wave front set of
a tempered distribution is empty exactly when the distribution is a
Schwartz function so it measures deviation from regularity in the sense
of both smoothness and decay at infinity comprehensively.

Key words and phrases. Schrodinger equation, heat equation, propagation of
singularities, phase space singularities, Gelfand—Shilov wave front set. MSC 2010
codes: 35A18, 35A21, 35Q40, 35Q79, 35S10.
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In this work we study propagation of singularities for the equation
(@) in the functional framework of the Gelfand-Shilov test function
spaces and their dual distribution spaces. More precisely we use the
projective limit (Beurling type) Gelfand-Shilov space ¥,(R?) for s >
1/2 that consists of smooth functions satisfying

Vh>03C, >0: [2°0°f(z)] < CRhl“Pl(alB)*, z € R a,B € N<

This means that 3, (R?) is smaller than the Schwartz space, and hence
its dual 3, (R?) is a space of distributions that contains the tempered
distributions.

The natural concept of phase space singularities in the realm of
Gelfand—Shilov spaces is the s-Gelfand—Shilov wave front set. The idea
was introduced by Hormander [16] under the name analytic wave front
set for tempered distributions, and further developed by Cappiello and
Schulz [I] and Cordero, Nicola and Rodino [5] for Gelfand—Shilov dis-
tributions. These authors had an approach based on the inductive limit
Gelfand—Shilov spaces as opposed to our concept that is based on the
projective limit spaces.

A concept similar to the s-Gelfand—Shilov wave front set has been
studied by Mizuhara [I§]. This is the homogeneous wave front set of
Gevrey order s > 1. It is included in the s-Gelfand-Shilov wave front
set. Propagation results for the homogeneous Gevrey wave front set
are proved in [I8] for Schrodinger equations, albeit of a different type
than ours.

In this paper the s-Gelfand-Shilov wave front set W F*(u) C T*R%\
{0} of u € ¥, (RY) for s > 1/2 is defined as follows: W F*(u) is the
complement in 7*R?\ {0} of the set of 2y € T*R%\ {0} such that there
exists an open conic set I' C T*R?\ {0} containing z,, and

VA >0: sup eA‘Z‘l/S|V¥,u(z)| < 0.
zell

Here V,u denotes the short-time Fourier transform defined by ¢ €

2, (R%)\{0}. Thus the short-time Fourier transform decays like e~4/#"*
for any A > 0 in an open cone around z,. Note that this means that
the decay can be close to but not quite like a Gaussian e due to
our assumption s > 1/2.

For a tempered distribution, the s-Gelfand-Shilov wave front set
contains the Gabor wave front set, and thus gives an enlarged notion
of singularity.

Our main result on propagation of singularities for Schrodinger type
equations goes as follows, where e %" (*P) denotes the solution operator
(propagator) of the equation (LI]). Let ¢ be the quadratic form on
T*R? defined by q(z,&) = ((x,€),Q(z,€)) and a symmetric matrix
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Q € C?™*% Re@ >0, F = JQ where

(0.2) J = ( _0] é ) c R2dx2d

and s > 1/2. Then for uy € Y, (RY)
WES(e~"@D)yq) C (™ F (WF*(ug) N S)) NS, t>0,

where S is the singular space

2d—1

s=( ﬂo Ker [Re F(Im F)] ) N T"R! C T'R!
-

of the quadratic form ¢. This result is verbatim the same as [24, Theo-
rem 5.2] when uq is restricted to be a tempered distribution and when
the s-Gelfand—Shilov wave front set is replaced by the Gabor wave
front set (cf. [35, Corollary 4.6]). Thus it gives a new manifestation
of the importance of the singular space for propagation of phase space
singularities for the considered class of equations of Schrédinger type.

The singular space has attracted much attention recently and occurs
in several works on spectral and hypoelliptic properties of non-elliptic
quadratic operators [12HI4],2223,129,[30].

The paper is organized as follows. Section [I] contains notations and
background material on Gelfand—Shilov spaces, pseudodifferential op-
erators, the short-time Fourier transform and the Gabor wave front set.
Section [2 gives a comprehensive discussion on three alternative families
of seminorms for the projective Gelfand—Shilov spaces.

In Section [3] we define the s-Gelfand-Shilov wave front set and de-
duce some properties: independence of the window function, symplectic
invariance, behavior under tensor product and composition with sur-
jective matrices, and microlocality with respect to pseudodifferential
operators with certain symbols. In this process we show the continuity
of metaplectic operators on ¥,(R%) and on X/ (R%).

Section M gives a brief discussion on the solution operator to the equa-
tion (01), that is formulated for uy € L*(R%) by means of semigroup
theory. Exact propagation results are given for the case Re ) = 0. Sec-
tion [l treats propagation of the s-Gelfand-Shilov wave front set for a
class on linear operators, continuous on ¥,(R%) and uniquely extendible
to continuous operators on ¥, (R%).

In Section [6l we discuss shortly Hormander’s oscillatory integrals with
quadratic phase function, and we prove the inclusion of the s-Gelfand—
Shilov wave front set of such an oscillatory integral in the intersection
of its corresponding positive Lagrangian in 7*C¢ with T*R?. Section
[0 gives an account of Hormander’s description of the Schwartz kernel
of the propagator as an oscillatory integral and we show the continuity
of the propagator on Y (R%) and on ¥, (R9).
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Finally in Section [§ we assemble the results of Sections [, [0 and [7]
to prove our results on propagation of the s-Gelfand—Shilov wave front
set for equations of the form (0.1]).

1. PRELIMINARIES

1.1. Notations and basic definitions. The gradient of a function f
with respect to the variable x € R? is denoted by f/ and the mixed
Hessian matrix (9,,0y, f);; with respect to z € R% and y € R" is
denoted f/,. The Fourier transform of f € (R%) (the Schwartz
space) is normalized as

o~

FHO=FO)= | fa)e s,

where (x,¢) denotes the inner product on R¢. The topological dual of
(R?) is the space of tempered distributions .#/(R%). As conventional
Dj:—z'ﬁj fOI']_gjgd

We will make frequent use of the inequality

x4+ y['* < Cy(l]V* + [y['*), =,y € R,

o _ 1 ifs>1
ST 25l qfo<s< 1

where

Since this inequality will be used only for s > 1/2 we may use the
cruder estimate Cy = 2, which leads to the inequalities

(1.1) A+l < €2A‘x‘1/562A‘y|1/5, A>0, z,yeRY
(1.2) e~ Aletyl'/? < e_%‘x‘l/seA‘yP/s, A>0, z,yeR%

The Japanese bracket is (x) = (1+|z|?)*/2. For a positive measurable
weight function w defined on R?, the Banach space L. (RY) is endowed
with the norm ||f|z1 = |[fwl|/r:. The unit sphere in R? is denoted
S;1={r€R?: |z| =1}. For a matrix A € R¥? A > 0 means that
A is positive semidefinite, and A’ is the transpose. If A is invertible then
A~" denotes the inverse transpose. In estimates the notation f(z) <
g(x) understands that f(z) < Cg(x) holds for some constant C' > 0
that is uniform for all  in the domain of f and g. If f(z) < g(z) < f(x)
then we write f(x) < g(x).

We denote the translation operator by T, f(y) = f(y — ), the mod-
ulation operator by Mef(y) = %% f(y), z,y,£ € RY, and the phase
space translation operator by I1(z) = MT,, z = (z,&) € R%.

1.2. Gelfand—Shilov spaces. Let h,s,t > 0. The space Sf;,(R?) is
defined as all f € C*°(RY) such that
|2°0° f ()|

(1.3) 1fls;, = sup RlatBlals Bl
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is finite. The supremum refers to all a, 3 € N and z € R?. We set
Ssh =85y

The Banach space S;), increases with /1, s and ¢, and the embedding
87, € 7 holds for all h,s,t > 0. If s, >1/2, or s=¢t=1/2and h
is sufficiently large, then S;;, contains all finite linear combinations of
Hermite functions.

The Gelfand-Shilov spaces Sf(R%) and ¥33(R) are the inductive and
projective limits respectively of 7, (R?) with respect to 2 > 0. This
means on the one hand

SR =S8R and Ti(RY) =[] S;,(RY.
h>0 h>0
On the other hand it means that the topology for S§(R9) is the strongest
topology such that the inclusion S}, (R?) C S;(R?) is continuous for
each h > 0, and the topology for ¥§(R%) is the weakest topology such
that the inclusion Xj(R?) C S}, (R?) is continuous for each 2 > 0.
The space ¥$(R?) is a Fréchet space with seminorms || - s, h>0.

The Gelfand—Shilov spaces are invariant under translation, modula-
tion, dilation, linear coordinate transformations and tensor products.
It holds X5(R?) # {0} if and only if s, > 0, s+¢ > 1 and (s,t) #
(1/2,1/2). We set S, = 8¢ and 3, = 2. Then S,(RY) is zero when
s < 1/2, and X (R%) is zero when s < 1/2. From now on we assume
that s > 1/2 when considering ¥,(R?).

The Gelfand-Shilov distribution spaces (S¢)'(R?) and (35)'(R%) are
the projective and inductive limits respectively of (S7,) (R?). This
implies that

(S)(RY) = [)(S)(RY) and () (RY) = [ (S5, (RY).
h>0 h>0
The space (S;)'(R?) is the topological dual of Sf(R%), and if s > 1/2
then (X¢)'(R?) is the topological dual of X§(R9) [§].
In this paper we work with the spaces ¥,(R%) and ¥, (R%) = (22)'(R%)
for s > 1/2. These spaces are embedded with respect to the Schwartz
space and the tempered distributions as

Y.(RY C YRY C 'R CY(RY, s>1/2

For s > 1/2 the (partial) Fourier transform extends uniquely to
homeomorphisms on .#/(R%), S/(R%) and ¥.(RY), and restricts to
homeomorphisms on .%(RY), S,(R?) and X, (R%).

1.3. Pseudodifferential operators and the Gabor wave front
set. Let s > 1/2. Given a window function ¢ € X, (R%) \ {0}, the
short-time Fourier transform (STFT) [9] of u € ¥,(RY) is defined by

V¢u(x,§) = (ua METxﬁp) = y(UTxE)(S)a z,§ € Rda
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where (-,-) denotes the conjugate linear action of ¥ on Y, consistent
with the inner product (-, -)z2 which is conjugate linear in the second
argument. The function R*? 3 z — V,u(z) is smooth.

Let ,1 € 3,(R%) \ 0. By [32, Theorem 2.5] we have
(1.4)  YueY,(RY) IM=0: |Vou(z) < M L e R
and by [9, Lemma 11.3.3] we have
(1.5)  Vyu(x)] < @m) " ell2|Voul = [Vpl(2), = € R*,

where Vo € 3,(R??).

If o € ,(RY) and ||| z2 = 1, the STFT inversion formula [9, Corol-
lary 11.2.7] reads
(1.6)

(Fa) = @0 | Vl()VgGldz, [ SR, g€ B (R

The Weyl quantization of pseudodifferential operators (cf. [7LI527])
is the map from symbols a € .7 (R??) to operators acting on f € . (R%)
defined by

(o D)) = )¢ [ et (T ) saye

2

The conditions on a and f can be modified and relaxed in various
ways. The Weyl quantization can be formulated in the framework of
Gelfand—Shilov spaces [2]. For certain symbols the operator a“(x, D)
acts continuously on ¥, (R%) when s > 1/2.

If a € ¥/ (R??) the Weyl quantization extends a continuous operator

Y.(RY) — XL (RY) that satisfies
(a“(z, D) f,g) = 27) U a, W(g, ), f.g € Bs(RY),
where the cross-Wigner distribution is defined as
Wig. D@8 = [ oot y/2T—o/De @9y, (2. € R
R
We have W (g, f) € 3,(R?!) when f, g € 3,(R?).
We need the following symbol classes for pseudodifferential operators

that act on .(R%) in order to define the Gabor wave front set and
explain its properties.

Definition 1.1. [27] For m € R the Shubin symbol class G™ is the
subspace of all a € C*°(R??) such that for every a, 3 € N9

050 alx, &) S (@, &))" 1P (2,6) € R

Definition 1.2. [I5] Form € R,0< p < 1,0 < 6 < 1, the Hormander
symbol class ST is the subspace of all a € C>=(R?) such that for every

a, 3 € N?
(1.7) 0507 alz, ) S (§m Al (2,¢) € R
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Both G™ and S} are Fréchet spaces with respect to their naturally
defined seminorms.

The following definition involves conic sets in the phase space T*R%\
0~ R*\ 0. A set is conic if it is invariant under multiplication with
positive reals. Note the difference to the frequency-conic sets that are
used in the definition of the (classical) C*° wave front set [15].

Definition 1.3. Given a € G™, a point z, € T*R?\ 0 is called non-
characteristic for a provided there exist A, > 0 and an open conic set
[ C T*R%\ 0 such that 25 € I" and

a(2)| > (2", 2 €T, | > A

The Gabor wave front set is defined as follows where char(a) is the
complement in 7*R%\ 0 of the set of non-characteristic points for a.

Definition 1.4. [I6] If u € /(RY) then the Gabor wave front set
W F(u) is the set of all z € T*R?\ 0 such that a € G™ for some m € R
and a"(z, D)u € . implies z € char(a).

According to [16], Proposition 6.8] and [25, Corollary 4.3], the Gabor
wave front set can be characterized microlocally by means of the STFT
as follows. If u € ./(R%) and ¢ € . (R%)\0 then 2, € T*R\0 satisfies
20 ¢ WF(u) if and only if there exists an open conic set I",, C T*R%\ 0
containing 2, such that

(1.8) sup (2)N|V,u(z)] < 0o VYN > 0.

ZGFZO

The most important properties of the Gabor wave front set include
the following facts. Here the microsupport psupp(a) of a € G™ is
defined as follows (cf. [26]). For 2o € T*R?\ 0 we have 2, ¢ psupp(a)
if there exists an open cone I' € T*R% \ 0 containing z, such that

sup(2)V[0%a(2)| < 00, a € N* N >0.
zel

(1) If u € ' (R?) then WF(u) = 0 if and only if v € .(R?) [16],
Proposition 2.4].
(2) fu € ' (R% and a € G™ then

WF(a¥(z,D)u) € WF(u)N psupp(a)
CWF(a"(xz,D)u) U char(a).
(3) If a € 5§y and u € .7/ (R?) then by [25, Theorem 5.1]
(1.9) WF(a"(z, D)u) C WF(u).
In particular W EF(I1(2)u) = W F(u) for any 2z € R*.

As three basic examples of the Gabor wave front set we mention
(cf. 25, Examples 6.4-6.6])

(1.10) WF(,) = {0} x (R*\0), zcR%
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WF(@E) = R\ 0) x {0}, ¢e€R’
and
WF(@AD/2) = {(z, Az) : z € R\ 0}, Ac R symmetric.
The canonical symplectic form on T*R? is

o((2,€), («,)) = (2,€) = (x,€), (2,),(«',§) € T"R".
With the matrix (0.2)) this can be expressed with the inner product on
R* as

o((,€), (¢,€)) = (T (2,6), («",€)), (2.€),(«,¢) e T'R".
To each symplectic matrix y € Sp(d,R) is associated an operator

u() that is unitary on L?(R%), and determined up to a complex factor
of modulus one, such that

(L11)  u()™'a"(@, D) p(x) = (a0 x)"(z, D), a€ S (R*)

(cf. [7I5]). The operator p(x) is a homeomorphism on . and on ..

The mapping Sp(d,R) 3> x — u(x) is called the metaplectic repre-
sentation [7,28]. Tt is in fact a representation of the so called 2-fold
covering group of Sp(d, R), which is called the metaplectic group and
denoted Mp(d, R). The metaplectic representation satisfies the homo-
morphism relation modulo a change of sign:

pxx') = £u00r(x’), x,x" € Sp(d,R).

According to [16, Proposition 2.2] the Gabor wave front set is sym-
plectically invariant as

WF(u(x)u) = xWF(u), x€Sp(d,R), ue. (R

The work [4] contains a study of the propagation of the Gabor wave
front set for linear Schrodinger equations, and [19,21] contain studies
of the same question for semilinear Schrodinger-type equations.

2. SEMINORMS ON GELFAND—SHILOV SPACES

We need to work with several families of seminorms on ¥,(R?) for
s > 1/2 apart from the seminorms defined by (L3]). The next result
shows that there are three families of seminorms for ¥,(R%) that are
each equivalent to the family of seminorms {|| f||s, ., h > 0} defined by

(L3). The three families of seminorms are firstly {||f]/'s, ||]/“\||§5, A B >
0} where

(2.1) 171y = sup et (),
zeR4
secondly {|f]a, A > 0} where
AlBleAl=l* | DB £ (1))

(2.2) |fla= sup ,
z€R4, BeN (BY)s
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and thirdly {||f]|’s, A > 0} where
(2:3) 115 = sup eV 1(2)],

zeR2d

for p € ¥ (R?)\0 fixed. It will turn out that the choice of ¢ € ¥,(R%)\0
in the definition of the seminorms {||f]|’y, A > 0} is arbitrary (see the
proof of Proposition 2T]).

The essential arguments in the proof of the following proposition can
be found in several places, e.g. [3,811,20,33]. Nevertheless we prefer
to give a detailed account since it is a cornerstone for our results, and
in order to give a self-contained narrative.

Proposition 2.1. Let s > 1/2. Then
(24) YAB>0 3h>0: [[flla+ 1715 S Ifls...  f € SR,
and
(25) Yh>0 JA,B>0: |f
Likewise
(26)  VA>0 3n>0: |flaSfls,. f e S(RY,
and
(2.7) Vh>0 JA>0: | f
Finally
(28)  VA>0 3h>0: [IfI4 S fls.. f€S(RY,
and
(29)  Vh>0 34>0: [fls, S 4 feS(RY.
Proof. We start with (Z4). Let f € X,(R?Y). From (L3]) we have for
any h >0

22 DP f(2)| < || flls,, (!B BT a e N, zeR™

This gives for any n € N and any 3 € N¢
(2.10)
2D f ()] < 4 max |2 D7 f ()] < 4|

Son S I+ 1A, f € Zo(RY).

s SIfla fEN(RY).

s, (IBYTRTAL 2 e RY,

which in turn gives with 8 = 0 and A = 271s(d/2h)~Y/*
A s o\ 2L @)@ 2Ry e AR\
exp (Slal ) 171 = Y
n=0

n! S

o0
<145 > 2 weR”
n=>0

For any A > 0 we thus have

(2.11) LA S 11

Ss,hy f € 28<Rd)7
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if hy = (s/(24))*d1/2.
Since the Fourier transform is continuous on ¥,(R%) we get from
(ZI0) for any B >0

(2.12) 1715 S 1180y S 15 sy

for some hg, hy > 0. Addition of (ZII) and (ZI2) proves (Z4]) for
h = min(hl, hQ)

The second and longer argument of this proof serves to prove (2.
The argument follows closely that of the proof of [20, Theorem 6.1.6].
For completeness’ sake we give the full details.

First we deduce two estimates that are needed. From (2.4)) it follows
that |||/, < oo and ||f|; < oo for any A, B > 0 when f € ,(R%).
Thus for any A > 0 we have

n/s 1/5 " A
Z'x' HIZ () e (Sl ) 1f@l e < (1. e

f S ES(Rd)7

which gives the estimate
n s S sn
2" @] < Ifla@)* (), s €RY neN.
Using |a|! < d®a! (cf. 20, Eq. (0.3.3)]) this gives in turn

ds s|al
@l < Iflat () weRL aen

Finally we take the L? norm and estimate for an integer k > d/4
with e =4k —d > 0O:

2% fllz2 S sup ()20 (@) S sup [T f(2)]
zeR4 zeR4, |y[<2k

s slaty|
2.13) <Ifltaa+ v (5)

s [ 2ds sl
Sl (%) et

using (a+7)! < 21*Flaly! (cf. [20]) and considering k a fixed parameter.
From 213)), ||f||s < oo for any B > 0, and Parseval’s theorem we

obtain
(2.14)

2ds

1D fllze = @m) 21" Flle < 1711 (8 (—

s|Bl .
N“.
SR

Since || f||’s < [[f|'44a, when Ag > 0 and A > 0 we may use B = A
when we now set out to prove (2.H]). It suffices to assume h < 1
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We have for a, 3 € N¢ arbitrary and f € ¥,(R?), using the Cauchy—
Schwarz inequality, Parseval’s theorem and the Leibniz rule

(2.15)

2 D? f(z)| = (27) / x@ﬂs)e“f@ds' < (1) @25 DAY 1
Rd

< max | D7(2 D)

lvl<2
< max Z (fy) (&) )|z DR f | e, 2 € RY
<2k p<min(o,y) K H

In an intermediate step we rewrite the expression for the L? norm
squared using integration by parts and estimate it as

oD |2,
= |(DF ka2 D)
= |(f, DFH (DI )|

Z (ﬁ + v — M) (2& — 2#) KJ!|(ZL‘2a—2M—/@f’ D26+2y—2u—/@f)|

N

K K
r<min(B+y—p,2a—2p)

B+y—p\[(2a—2u a—2r 2k
2 ( ) Rl || D2

/N

K
r<min(B+y—p,2a—2p)

Setting h = 2%75/2(2ds/A)* and using @I3), 2I4) and ! = !*~°
where § = 2s — 1 > 0, we get

lz# DR F 2
S 22 AN > Al(200 = 20 — R)N2B + 27 = 2p — K)1)°
r<min(B4+y—p,2a—2u)
% (2,5/2723}7/) [2a—4p—2k+26+27|

<2722 FI 1 > (k1) 7°((2a = 21)/(28 + 2y — 2u)1)°
k<min(S+vy—p,200—2p)

SEIERAFLITL S (2a— 2028+ 2y — 2)1)°

w<min(B4+y—p,20—2p)

S @722 FIIF A (20 = 20)1(28 — 2p)1)°
since we have assumed h < 1, since |u| < 2k which is a fixed constant,
and since

(/‘i!)ié (275/2723}11) —2[x| < exp (5d (h7125/2+2s)2/5) . KE Nd.
We insert this into (ZIH) which gives, using p! < p!?* and
(2(a = p))! < 22 ((a = p)1)?,
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|2 D f ()]

S A ma S () () at(2a - 228 - 200
SO cmin(ay)

- a Nl v « s
SR 2w Y (7) (%) e

p<min(a,y)
SHA @) (I + A1), = eRY a5 e N
This finally proves (Z3]), since for any h > 0 we may take A =
23+5/2sh71/sd8'

Next we show (2.6) and (Z7). We start with (2.6]).
From (2.I0) it follows that we have for A > 0

exp (élﬂ” ) Do e = 3 IR @ Py (A<d1/2h>1/s)

n! S
n=0

<A S "2 r e RY, BeN?,

n=0

provided A < 27's(d"/2h)~"/*. Thus
A D @) S IS

s (B R 2 e R, BeN,

which gives
|f‘A S ”f Ss,no f S ES<Rd>7
provided h < min(A~!, (s/(2A))*d~*/?). Hence we have proved (Z0).
We continue with the proof of ([27). From (Z8]) we know that |f|4 <

oo for any A > 0 when f € ¥,(R%). Hence for any A > 0, 3 € N¢ and
r € R4

o0 xn/s DB T 1/s A n A s 3

n!

n=0
which gives
2"lDf(@)| < |fla(ig) A (3) 7, neN, geN’ zeR

and thus

d sl
\fDW@HévumwwAm<f) . wBEN, zeR'

From this it follows that
1fllson S 1fla, [ € DR,

for any h > 0 provided A > max(h~!, sdh='/%). This proves (Z7).
It remains to show (Z8) and ([2.9). We start with (2.5).
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Let A >0 and ¢ € 3,(R%) \ 0. We have for f € ¥,(R%)

Vol (2.0 = IFT2()] S 1]« IT21(6) = /R FE ==l dn

A

Il | expl=saie =) [F(=n)l dn

S Il exp(—44161") [ exp(sAln) 1Bl dn

S on exp(—4A[E]Y*),  x,¢ € RY,

using (L.2) and (2.4]). From this estimate and |V,, f(z,§)| = (27?)*d|V¢f(§, —)|

we also obtain
Vo f (2, O] S I fllsa exp(—4AJz]'*),  x,& € RY.
With the aid of (ILIl) we may conclude
x 1/s z|1/s 1/s
AN fa, P < eV f (2, €)| TV f (2, )]
S I llsa 11/l
which gives
LA S Ll IFNEY S I lsa + 1T

Combining with (2.4]) we have proved (2.8]).

We now show (29). For that purpose we use the strong version of
the STFT inversion formula (.6) and its Fourier transform, that is

(2.16) flz) = (27r)d/2d Voo f (y, )M, T, p(x) dy dn,

R

17)  J(6) = (0 /

- Vo f (y,n)T,M_,0(§) dy dn,

where f € ¥,(R?) and ¢ € X, (R?) satisfies ||¢||;2 = 1. From (2.I0)
we obtain for any A > 0

2|1/s z|1/s
NS [ Vel M oo~ o) dy
R
_ 1/s xl/si r— 1/s
< ”ngA/Qde Bl pAlal /=240yl g, g
R

<171 / e SO A gy gy
R2d
<l eRY

which gives [|f[[’s < [|f134-
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From (2.I7) we obtain for any A >0
1/s | 7 1/5) ~
AT [ Vel 15l ~ )] dy
R
< ||f||gA/ e 3AlwmI'/* Al =24le=nl g
R2d

SIflsa €€RY

which gives |[f[[y S [[fll5a- Thus [|f]s + [[f[Is < [If]l54 so combining
with (2.5) we have proved (2.9).

Finally we show that the seminorms {|| ||y, A > 0} are equivalent to
the same family of seminorms when the window function ¢ € ¥,(R%)\0
is replaced by another function ¢ € ¥ (R%) \ 0. From (LH) we obtain
for A>0

2|1/ 2|1/
WIS [ VoS = )l Viptw)] du
Zl/s_ Z_,wl/s
SUFIs [ e Wit du

1/s
S [ e
R?2d
Sl =R,

using (Z.8) applied to ¢ € I (R?), ie. [l < oo for all C' > 0.
This proves the claim that the window function ¢ € ¥ (R%) \ 0 gives
seminorms equivalent to those of ¢ € ¥,(R%) \ 0. O

Vip(w)] dw

3. DEFINITION AND PROPERTIES OF THE $s-GELFAND—SHILOV
WAVE FRONT SET

For s > 1/2 and u € ¥/ (R%) we define the s-Gelfand—Shilov wave
front set W F*(u) as follows, modifying slightly Cappiello’s and Schulz’s
[T, Definition 2.1]. This concept is a coarsening of the Gabor wave front
set W F(u) in the sense that W F(u) C W F*(u) for all s > 1/2 and all
u e .S (RY.

Definition 3.1. Let s > 1/2, p € X,(R%) \ 0 and u € ¥/ (R?). Then
20 € T*R®\ 0 satisfies 29 ¢ W F*(u) if there exists an open conic set
I'., € T*R%\ 0 containing 2y such that for every A > 0

sup eA‘Z‘l/SWq,u(z)\ < 00.
ZEFZO

It follows that W F*(u) = () if and only if u € ¥/ (RY) satisfies
Vou(z)] S e 2 e R,

for any A > 0. By Proposition 2] (cf. [32] Proposition 2.4]) this is
equivalent to u € 3, (RY).
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The following lemma is needed in the proof of the independence of
W F*(u) of the window function ¢ € ¥,(R%) \ 0.

Lemma 3.2. Let s > 1/2 and let f be a measurable function on R?
that satisfies

(3.1) f(2)] S M 2 e RY,

for some M > 0. Suppose there exists a non-empty open conic set

' C R4\ 0 such that

(3.2) sup e 7"
zel

f@)] < oo
for all A > 0. If

(3.3) 9 € [ L s ®RY

A>0

then for any open conic set I' C R\ 0 such that T"NS;_; C T, we
have

(3.4) suIE) eA‘“"l/S|f x g(x)] < o0
zel”

for all A > 0.
Proof. By ([LT)) and the assumptions ([B.]) and (8.3]) we have

If * g(z)] S MBI 4 e RY

so it suffices to assume |z| > L for some large number L > 0.
Let € > 0. We estimate and split the convolution integral as

|f*g(:c)|</ |f<:c—y)\|g(y)\dy+/ @ — )] lg(w)] dy.

Jy)<e(@) L Jy)>elx) P

=1 =1

Consider I;. Since (y) < e(x) we have z —y € T'if x € IV, |z| > 1, and
e > 0 is chosen sufficiently small. The assumptions ([32), (33), and
([C2) give

—Alx 1/s _A T 1/s 1/s
I 5/ e~ AT g(y) | dy S e 2l / e g(y)| dy
(3.5) (y)<e(a) Ré
< 6*3‘5’3‘1/3, rel’, |z|>1,

for any A > 0. Next we estimate I using ([B.1]) and (y) > (). The
latter inequality implies that |y|'/* > |z|"/*¢'/*/2 when |z| > Lif L > 0
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is sufficiently large. This gives for any A > 0

(3.6)

I < eMlz—y|'/*
(y)>e(x)

1/s 1/s _9.—1/s 1/s —1/s 1/s
< Ml / 2MI[V* —2e- Vo @MA Ay 261/ @M+ Ay
()><(o)

9(y)l dy

9(y)| dy

N

o(2M—2M—A) x|/ /Rd CM+2TH M+ Ayl l9(y)| dy

< efA\:v\l/S’ rc Rd, 2| > L,

again using (33]). A combination of (B.X) and (3.6]) proves (3.4) for
A > 0 arbitrary. O

Using Lemma we show next that Definition B.1] does not depend
on the choice of the window function ¢ € ¥,(R?) \ 0.

Proposition 3.3. Suppose s > 1/2 and u € ¥, (R?). The definition
of the s-Gelfand—Shilov wave front set W F*(u) does not depend on the
window function ¢ € N4(RY)\ 0.

Proof. Let p,v € ¥,(R?)\ 0. By (L) we have for some M > 0
Voulz) S MF, e R
and by (LH) we have
Vau()] < @) lplalVoul  Vopl(2), = € R,
By Proposition 211 (cf. [32] Theorem 2.4]) we have
Vep(2)| S e 2 e RY,
for any A > 0, and hence

Vip € [ Lexpiar sy (R,
A>0
From Lemma we may now draw the following conclusion. If
[V, u(z)| decays like e=AF1""* for any A > 0 in a conic set I' € T*R4\ 0
containing zg # 0 then we get decay like e~ Al for any A > 0 in a
smaller cone containing z, for |Vyu(z)|. Hence, by symmetry, decay of

order e~ A" for any A > 0 in an open cone around a point in T*R%\ 0
happens simultaneously for V,u and Vu. 0

The s-Gelfand-Shilov wave front set W F*(u) decreases when the
index s increases:
(3.7) t>s = WF'(u) CWF(u).
From W F(u) C WF*(u) for u € .#/(R?) and ([LI0) we have for any
s>1/2
WE*(5) 2 {0} x (R*\ 0).
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To see the opposite inclusion we note that if zo € R4\ 0 and & € R?
then (x9,&) € I' = {(z,&) € T*R*\ 0 : [£] < C|z|} for some C > 0,
which is an open conic subset of T*R?\ 0.

Let ¢ € S,(RY) \ 0 and let € > 0. Since |V, do(z,&)| = |p(—x)| it
follows from Proposition R.J] that for any A > 0

sup eV, 60(2)] < sup A0 60| < o
zel’ zel
This shows that (g, &) € WF*(dy), and proves
WE*(8) C {0} x (R*\ 0).
Hence
(3.8) WE*(6) = {0} x (R*\0), s>1/2.

Next we show continuity of the metaplectic operators when they
act on ¥ (RY) for s > 1/2. We note that continuity of metaplectic
operators acting on S,(R?) for s > 1 is contained in [6, Proposition 3.5],
and G. Tranquilli [34, Theorem 32] has shown continuity on S,(R?) for
s > 1/2. Our proof is inspired by hers.

Proposition 3.4. If s > 1/2 and x € Sp(d,R) then the metaplectic
operator () acts continuously on ¥,(R?), and extends uniquely to a
continuous operator on ¥, (R?).

Proof. By [7, Proposition 4.10] each matrix x € Sp(d,R) is a finite
product of matrices of the form

A7 0 I 0
o (5 5) (49)

for A € GL(d,R) and B € R%9 symmetric. To show that u(x) is
continuous on ¥,(R?) it thus suffices to show that () is continuous
on ¥,(R?) when y has each of these three forms.

We have u(J) = (27)"%2.%, and u(x)f(z) = |A|Y?2f(Ax) when

A € GL(d,R) and
(A0
=L o a )

The Fourier transform and linear coordinate transformations are con-
tinuous operators on X, (RY). Therefore it remains to prove that ()
is continuous on Y (R?) when B € R is symmetric and

(3.9) Y= ( oY ) .
We have () f(z) = e“B=®)/2 f (1) when (33) holds (cf. (TII) and [7]).

Due to the continuity of coordinate transformations on ¥,(R%), it
suffices to consider diagonal matrices B with non-negative entries. By
an induction argument applied to the seminorms ([L3]) it further suffices
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to work in dimension d = 1 and prove continuity on X4 (R) of the
multiplication operator f — gf for g(x) = e°/2.

It may be confirmed by induction that for any & € N we have D¥g =
prg where py is the polynomial of order &

Lk/2] xk—Qm(_i)m

pil) =K1 ml(k — 2m)l2m”

m=0

Using k! < 2%(k — 2m)!(2m)! we can estimate |py(z)| as

Lk/QJ‘ |k 2m<2 )' k/2J

| = Z 19m— oo 1om—k Z ‘x|k 2,
m

By Leibniz’ rule we have for any A > 0 and any B > A

an@l < X (} )@l

< Ut 45 (it (250

k<n
s —Alx|t/s n —Blz|l/s —s
< sl e 4 3 () e 2
k<n
neN, zeR.

As an intermediate step we compute and estimate, using m! = m!>~¢
where e = 2s — 1 > 0,

Lk/2]
(@) AR ()™ < 3 [l 2t A (k)

m=0
[%/2] s _ s
k—2m)\* [ (Ala])k-2m)/s
< 2m+kA2m ! (
mz::O " ( k! (k — 2m)!

Lk/2] 2m/e \ € 12 1\
SAI/S‘:L“I/S m+k A m! (k: — 2m)
s ¢ 2.2 ( ml ) ( k!

m=0
14/2) o &
sAL/8|g|1/s E m+k A
< ’ m=0 ’ ( m!

1/s|p|1/s 2/e
56514 || eeA 22k.

If B > sAY* we thus obtain

1D"(gf)(x)] < | flap(nl)’e el (4/5)
< |flep(nl)fe AP (4/5) " neN, zeR.
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Hence we have shown that for any A > 0 we have

9fla S 115

for B > max(2s(54)Y/,10A). In view of Proposition 2] this shows
that the multiplication operator f — ¢gf with g(z) = €™ */2 is continu-
ous on Y4(R).

Thus p() is continuous on ¥,(R%) when y has the form ([339) with B
symmetric. We may now conclude that () is continuous on ,(R?)
for all x € Sp(d,R).

Finally the unique extension to a continuous operator on ¥, (R%)

follows from the facts that u(y) is unitary and 3,(R?) is dense in
Y (RY). O

The combination of Propositions and B4 gives the symplectic
invariance of the s-Gelfand—Shilov wave front set, as follows.

Corollary 3.5. If s > 1/2 then
WF(u(x)u) = xWF*(u), x €Sp(d,R), ue (R
Proof. By the proof of [35] Lemma 3.7] we have
Vitow (B00W) (x2)| = [Vou(z))]

for p € ¥(RY), u € ¥, (RY), x € Sp(d,R) and 2z € R*. By Proposi-
tion B4l () € 3B5(RY) so the result follows immediately from Propo-

sition B.3 O
Example 3.6. A combination of (38) and u(J) = (27)"%2.% gives
(3.10) WFE*(1) = (R*\ 0) x {0}, s>1/2.

If B € R™ is symmetric then x defined by (3.3) defines the metaplec-
tic multiplication operator u(y) = €!#»#/2 Corollary B.5 combined

with (B10) yields
(3.11) WEFs(e!B2e)/2) — {(z, Bx) : z € RT\ 0}, s>1/2.

Next we show a result on the s-Gelfand-Shilov wave front set of a
tensor product. The corresponding result for the Gabor wave front set
is [16, Proposition 2.8]. With obvious modification of the proof given

below you get an alternative proof of the latter result. Here we use the
notation x = (2/,2”) € R™™ 2/ € R™ 2" € R".

Proposition 3.7. If s > 1/2, u € ¥.(R™), and v € ¥, (R"™) then

WE(u@wv) € (WF(u) U{0}) x (WE*(v) U{0}))\ 0

={(z,&) e "R\ 0: («/,&) € WF*(u) U{0}, (2",&") € WF*(v)U{0}}\0.
Proof. Let ¢ € ¥(R™)\ 0 and ¢ € ¥,(R™) \ 0. Suppose (xg,&) €

T*R™*™\ 0 does not belong to the set on the right hand side. Then

either (z(, &) ¢ WF*(u)U{0} or (z7,&) ¢ WE*(v)U{0}. For reasons
of symmetry we may assume (xp, &) ¢ WF*(u) U {0}.
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Then (z(,&,) € I C T*R™ \ 0 where I'" is an open conic subset, and

sup ANy, u(r', €] < oo

(x',&")eT”
for all A > 0. Define for C' > 0 the open conic set
N = {(Jf, g) € T*Rm+n : (.T}/, g/) c ]‘-xl7 ‘<xl/’£l/>| < C|(.I’/,£I)|} C T*Rm+n\0

Then (x,&) € I' for C' > 0 sufficiently large since (zg,&)) # 0. By
(T4)) we have for some M >0

Vyo(z)] < MY 2 e R
This gives for any A > 0
sup OV u@ (e, )] = sup O Vu(a!, &) [Vyo(a”, )]

(z,§)el (x,£)er
< sup PAEON AL EN |1 (01 1)
(x,8)er
< sup e(2A+C1/5(2A+M))\ &N/ s |V u( f )‘
(z!,&")er”
< OQ.
It follows that (z¢,&y) € WEF*(u ® v). O

We need in Section [@] the following result which is an adaptation
of [16, Proposition 2.3] from the Gabor wave front set to the s-Gelfand—-
Shilov wave front set. Modified naturally the proof can be considered
an alternative proof of the latter result.

Proposition 3.8. If s > 1/2, u € Y, (RY) \ 0 and A € R™" is a
surjective matrix, then

WF*(uoA) = {(z, A%€) € T*"R™0 : (Az,€) € W F*(u)}UKer A\0x {0}.
Proof. Due to Corollary B35, and u(x)f(x) = |B|*/?f(Bx) when B €

GL(d,R) and
(B! 0
X = 0 Bt )

it suffices to assume k:=n—d >0 and A = (I; 0) where 0 € R¥*,
We split variables as x = (2/,2”) € R" with 2’ € R? and 2" € R*. We
need to prove

(3.12)

WF(u®1)

={(z;¢,0) e T"R"\ 0: (2/,&) € WF*(u)} U ({04} x R*\ 0 x {0,})
where we use the notation 0,, =0 € R".

The inclusion

WF(u®1)
C{(z:;¢,0) e T"R"\ 0: (2/,¢) € WF*(u)} U ({04} x R"\ 0 x {0,})



PROPAGATION OF EXPONENTIAL PHASE SPACE SINGULARITIES 21

is a particular case of Proposition B.7 combined with (B.10).
To prove the opposite inclusion, we first show

(3.13) WE(u®1) D {04} x R¥\ 0 x {0,}.

Let ¢ € X (R?) \ 0 satisfy (u,) # 0 and let ¢ € S, (R¥) \ 0 satisfy
QZ(O) # 0. If 2”7 € R\ 0 then due to

(3.14) Voo ®1(2,6)] = Voula', €)] [9(=€")

we have for any ¢ > 0

Voswu ® 1(8(0,2";0)] = [Vu(0,0)[ [$(0)] = |(u, @)| [$(0)] # 0.

Thus V,zpu®1 does not decay in any conical neighborhood of (0, 2”;0) €
T*R"™, which proves (B.13).
To prove ([B.I2]) it thus suffices to show the inclusion

(3.15) WF(u®1)D{(z;&,0) e T"R"\0: (2/,&) € WF*(u)}.

Suppose 0 7 (z0;&,0) ¢ WE*(u @ 1). 1f (2, &) = 0 then (z5,&y) ¢
W F*(u), so we may assume (x(,&)) # 0. We have (z¢;¢[,0) € I' C
T*R"™\ 0 where I is an open conic set such that

P 1/s -~
sup e Vou(a!, &) [9(=€")] < oo
(z,8)el

for all A > 0, cf. (B14).

Define the open conic set
I'={(,¢) e T"R*\0: J2" e R": (2/,2",¢,0) e T} C T*R*\ 0.
Then (x,&)) € 1" since (zf,&,) # 0. Let A > 0 be arbitrary. Define
the functions
f@, &) = MO Vou(a!, &) [9(0)],  (of,€) € TR,
g(w, &) = NN Wl )] (=)
< Aol &) [0(=€")],  (x,€) € T'R™

For some sequence (), & Jnen C IV, where for each n € N there exists
2" € R* such that (2, 27,£,0) € F we have

n’ n’

sup eAl(x < )Il/s |V<pu(x/a §,)| = |{D\(O)|_1 hm f(x:N S;L)
n—ro0

(a,8")el”

= [$(0)| lim g(a,.2,,.0)
Voule!, )] [9(~€")

< sup e ‘(1,76)‘1/5
(z,£)€T
< Q.

This means that (z(, &) ¢ W F*(u) which proves (3.15]). O
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Let s > 1/2 and suppose a € C*(R??) satisfies the estimates
(3.16) 10%(2)| < hll(a))®, aeN* e R,

for all h > 0. According to [2, Theorem 3.4] a"(z, D) is then a con-
tinuous operator on ZS(Rd) that extends uniquely to a continuous op-

erator on ¥/ (R%). In particular W EF*(a®(x, D)u) is well defined for
u € Y (R?). The next result shows that these pseudodifferential op-
erators are microlocal with respect to the s-Gelfand—Shilov wave front
set. First we need a lemma.

Lemma 3.9. If p € 3,(R*)\ 0 and a € C°°(R??) satisfies the esti-
mates [BIQ) for all h > 0, then for any A > 0

Vea(z,&)] S e 9" 2 e R, ¢ € R¥.

Proof. We start by estimating a seminorm (L3]) of 7" a. From (B.16])
we obtain for any h > 0

v D2 (aly + 1)) < 3 (f) Y DPp(y)] | Daly + )

V<

S (f) (h/2) =744 ((8 — 7)iylal)"

v<B
< w2 a3 (V)
v<B "
SR, 2y € R, a,8 € N™.

Sy

It follows that for any h > 0 we have the estimate
[P T_salls,, < Ch, z€R*,

where C), > 0. Note that the estimate is uniform over z € R*?.
By Proposition 21, or more precisely (2.4]), we have for any A > 0

[T valls < Car x € R¥,

for some C'y > 0. This gives finally for any A > 0
Via(e, )] = [aT5(9)] = [Ta(6)| S e,z e R¥, ¢e R™
O

Proposition 3.10. If s > 1/2 and a € C*(R??) satisfies the estimates
BI8) for all h > 0 then

WE*(a"(z, D)u) C WF(u), ue€ X, (RY).

Proof. Pick ¢ € Y (R?) such that |||z = 1. Denoting the formal
adjoint of a¥(z, D) by a*(x, D)*, (L6) gives for u € ¥, (R%) and z €
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o
V(a®(z, D)u)(2) = (a(z, D), TI(2)p)
~ (u,a®(z, D) TI(2)¢)
=) [ Voutw) [(w)p.a* (o, D)) du
= Cr) [ Viutw) (@@ D) () 1)) d

=) [ Vouls = w) (@ (o, D) e — w), 1)) do
By e.g. [0, Lemma 3.1] we have
(a"(z, D) (= = w)e, (=))| = (27) 7 |Vaa (= = 5. Tw)|
where @ is the Wigner distribution ® = W (yp, ¢) € ¥,(R?*®). Defining
g(w) = sup |(a"(z, D)1(z — w)p,T(2)p)], w e R™,

z€R?2d
we thus obtain from Lemma
1 2d
9 € (] Lexpapm (B*)
A>0

and
(3.17) Vo (a®(z, D)u)(2)] < [Voul % g(2), =z € R,

If 0 # z € T*R\ WFE*(u) then there exists an open conic set I' C
T*R?\ 0 containing 2, such that for all A >0

sup e#""” |Vou(z)] < oo.
zel

By (I4]) we have for some M > 0
Vou(z)] < eMA 2 e R
‘ %2} ~ )

It now follows from (B.I7) and Lemma that for any open conic set
I containing zg such that IV N Syy_; € T' we have for all A > 0

A‘Z‘I/S

sup e
zel”

which proves that zy ¢ W EF*(a"(x, D)u). We have thus shown
WF*(a”(x,D)u) C WF°*(u).

Ve(a® (2, D)u)(2)] < oo,

t

Corollary 3.11. Let s > 1/2 and u € X, (R?). For any z € R*® we
have W F*(I1(z)u) = W EF*(u).
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Proof. Since T(—2)II(z) = €& for z = (x,€) € R, it suffices
to show WF*(II(2)u) € WF*(u). The latter inclusion follows from
Proposition if we succeed in showing that the Weyl symbol for
I1(z) is smooth and satisfies (BI6) for any h > 0.

We have II(z) = a¥(z, D) where

a(w) = @EOPHT L2 (pg), w e RY

(cf. the proof of [35, Lemma 3.7]). Thus
jal/s\ ®
07 (w)] < |2/ = hlel (at)? (M)

al

(d(|2|/h)1/3)°")3

jal!

< hll(al)® (
< hll(al)® exp(sd(|z|/h)?), o e N* —weR*,
for any h > 0. The estimates (3.10) are thus satisfied. O

4. SCHRODINGER EQUATIONS AND SOLUTION OPERATORS

As stated in Section [ the ultimate purpose of this paper is to prove
results on propagation of the s-Gelfand-Shilov wave front set for the
initial value Cauchy problem for a class of Schrodinger equations. More
precisely we study the equation

owu(t, z) + ¢“(z, D)u(t,z) =0,

u(0,-) = up,

where s > 1/2, up € ¥, (R%), t > 0 and z € R%. The Hamiltonian
q"“(z, D) has the quadratic form Weyl symbol

q(2,6) = ((2,€),Q(x,¢)), =, £ €R,

where Q € C??*%d i a symmetric matrix with Re Q > 0. The special
case Re ) = 0 will admit to study the equation for ¢ € R instead of
t>0.

According to [2, Theorem 3.4] ¢“(z, D) extends to a continuous oper-
ator on Y/, (R%), and we will later prove that also the solution operator
is continuous on Y,(RY) for each ¢ > 0 (see Corollary [T2).

The Hamilton map F' corresponding to ¢ is defined by

oY, FX)=q(Y,X), X,Y cR*

where ¢(Y, X) is the bilinear polarized version of the form ¢, i.e. ¢(X,Y) =
q(Y,X) and ¢(X, X) = q(X). The Hamilton map F' is the matrix

F = jQ c C2d><2d

where J is the matrix (0.2]).
For uy € L*(RY) the equation () is solved for t > 0 by

u(t, z) = e 1" @Dy (z)

(4.1)
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where the solution operator (propagator) e~%"(®P) is the contraction

semigroup that is generated by the operator —¢"(z, D). Contraction
semigroup means a strongly continuous semigroup with L? operator
norm < 1 for all £ > 0 (cf. [3I]). The reason why —q¢"(z, D), or
more precisely the closure M_, as an unbounded linear operator in
L*(RY) of the operator —q“(z, D) defined on .%(R?), generates such a
semigroup is explained in [I7, pp. 425-26]. The contraction semigroup
property is a consequence of M_, and its adjoint M_; being dissipative
operators [31]. For M_, this means

Re (M_,u,u) = (M_gequ,u) <0, we D(M_,),

D(M_,) € L*(R%) denoting the domain of M_,, which follows from
the assumption Re@ > 0. Note the feature M_; = M~ that holds for
the Weyl quantization.

Our objective is the propagation of the s-Gelfand—Shilov wave front
set with s > 1/2 for the Schrédinger propagator e~ (®P), This means
that we seek inclusions for

WFs<eftqw(:v,D)u0)

in terms of WF*(ug), F and t > 0 for ug € ¥, (R9).

If Re @ = 0 then the propagator is given by means of the metaplectic
representation. To wit, if Re Q = 0 then e %" ®P) is a group of unitary
operators, and we have by [7, Theorem 4.45]

e—tqw(ar,D) _ ,u(e—ZitF)’ teR.

In this case F' is purely imaginary and iF" € sp(d, R), the symplectic
Lie algebra, which implies that e ?*" € Sp(d,R) for any ¢t € R [7].
According to Corollary we thus have if s > 1/2

WFs(e 1" @Dy = e 2 "FWES (uy), teR, wug € UL (RY).

The propagation of the s-Gelfand—Shilov wave front set is thus exact
when Re@ = 0. In the rest of the paper we study the more general
assumption Re @ > 0. Under this assumption we will show in Section [7
that the propagator e**@P) is a continuous operator on ¥,(R%) and
extends uniquely to a continuous operator on Y. (R?) when s > 1/2.

5. PROPAGATION OF THE s-GELFAND—SHILOV WAVE FRONT SET
FOR CERTAIN LINEAR OPERATORS

In this section we prepare for the results on propagation of the s-
Gelfand-Shilov wave front set for e ") in Section®. We show prop-
agation of singularities for linear operators in terms of their Schwartz
kernels.

For s > 1/2 a kernel K € Y/ (R??) defines a continuous linear map
A N,(RY) — YL(RY) by

(5.1) (£ f.9)=(K,g@f), fg€I(RY.
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Let o € Y (RY) satisfy ||¢|lr2 = 1 and set ® = ¢ ® ¢ € X (R*).
By [35, Lemma 4.1] we have for u, ¢ € ¥,(R%)
(5.2)

() = ) [ VR (o6, —0) Ve, Vouly, 1) da dy d .

In the following results we need a definition from [16], adapted from
the Gabor to the s-Gelfand-Shilov wave front set. For K € ¥/ (R*)
we define
(5.3)

WEH(K) = {(2,6) € T"R?: (2,0,£,0) € WF*(K)} CT*R%\0,

WE(K)={(y,n) € T"R*: (0,9,0,—n) € WF*(K)} CT*R*\O0.

Lemma 5.1. If s > 1/2, K € ¥, (R*)) and WF(K) = WFy(K) =0,
then there exists C > 1 such that

WF(K) € {(z,y,&n) € T'R* . C7Y(2,9)| < [y, )| < Cl(,€)[}.
Proof. Suppose
WK*(K) € {(z,y,&n) € T'R* : |(y,n)] < C|(z, [}

does not hold for any C' > 0. Then for each n € N there exists
(Tny Yny Eny ) € WEFS(K) such that |(yn, )| = n|(zn, &) We may
assume that |(x,,Yn, &, Mn)| = 1 for each n € N since WF*(K) is
conic. Thus (z,,£,) — 0 asn — co. Passing to a subsequence (without
change of notation) and using the closedness of W F*(K) gives

(T, Yns &ny ) — (0,9,0,m) € WF(K), n — oo,

for some (y,n) € Saq—1. This implies (y, —n) € WF;(K) which is a
contradiction.
Similarly one shows

WE(K) C{(z,y,&n) € T'R* : |(2.€)| < Cl(y, )}
for some C' > 0 using WF;(K) = (). O

In the next result we use the conventional notation (cf. [16L[17]) for
the reflection operator in the fourth R¢ coordinate on R*?

(ﬂfayafﬂl)/: (l’,y,f, —77)7 x7y7£77]€Rd'
Lemma 5.2. Supposes > 1/2, K € ¥\ (R*!) and WF(K) = WEF;(K) =
0. Suppose that the linear map # : $,(R?) — Y.(R?) defined by (G
is continuous K : Y,(RY) — Y, (RY) and extends uniquely to a contin-
uous linear operator & : ¥ (R?) — Y. (RY). If p € L, (RY) satisfies
l¢llz: = 1 and ® = ¢ ® ¢ then (B2) extends to u € Y. (R?) and
Y e S(RY).

Proof. Let ¢ € ¥,(R?) satisfy ||¢|z2 = 1 and let v € ¥, (R%). By (L4)
we have for some M > 0

(5.4) Vou(z)] < M 2 e R
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Define for n € N
Uy = (27r)d/ Vou(2)II(2)p dz.
|z|<n

In order to verify u,, € ¥ (R%) we use the seminorms ([Z3) for A > 0.
We have for any A > 0

w1/ w1/
A |V ()] < / V()] e Vool — 2)] d

|z|<n

1/s 1/s__ _|1/s
g / eM|z| +Alw| 2A|w—z| dz
|z|<n

/ M2
|z|<n

1, weR*.

It follows that u, € ¥,(R?) for n € N.
To prove that u, — u in ¥, (RY) as n — oo we pick ¢ € ¥, (R?).
From (54)), the estimate (cf. Proposition 21l and [32], Theorem 2.4])

(5.5) Vop(z)| S e e R¥ Ao,

we obtain by means of dominated convergence and (L))

N

AN

() = 2 [ Vou(o) Vo) d

[z]<n

— (27T)_d /de Vou(z) Vob(2) dz
= (u,v), n— 0.

This proves the claim that u, — u in ¥, (R%) as n — oo.
We also need the estimate (cf. [0, Eq. (11.29)])

[Viun(2)] < (27)|Vyul % Vgl (=), = € R,

which in view of (5.4]) and (5.5]) with ¢ replaced by ¢ and conjugation
of the window function gives the bound

(5.6) |Vaun(2)| S MY e R¥ neN,

that holds uniformly over n € N.

We are now in a position to assemble the arguments into a proof of
formula ([5.2) for u € ¥, (R?) and ¢ € ¥,(R%). Using (5.2)) for u,, gives
(5.7)
() = lim (2 [ Vel (o, &) Ve ) Vi) dadyds d.

n—oo R

Since Vzu,(y,n) — Vsu(y,n) as n — oo for all (y,n) € R?, the
formula (5.2)) follows from dominated convergence if we can show that
the modulus of the integrand in (B.7) is bounded by an integrable
function that does not depend on n € N.
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For C' > 1 define the open conic set
U= {(z,y,&n) € T'R* . C7Y(z,6)| < |(y,n)| < C|(x,8)[} € T*R*\0.

If C' is chosen properly then we have WK*(K) C I' by Lemma [B.1]
Let € > 0. For the integral in (5.7]) over IV we may estimate, using
the estimate

(5.8) VoK (w,y,& —n)| S ePlEveml 0 (zy, €n) € R,
for some B > 0 (cf. (IL4))), and (&.H), (&.6), for any A > 0

/ VK (2, . & —m)| [Vith(, €)| [Vistn (g, )| e dy d€ iy
(59) < / el (2B O B gy g de dn
I_‘/

< / e=elwmlV* ((2B-ALCUSEBAMN @O gy gy 4 diy < oo,

in the final inequality assuming that A > 0 is sufficiently large.
Since I' € T*R* \ 0 is open and WK*(K) C I' we have for any
A>0

VoK (z,y,6, —n)| S e Mol gy ¢ —n) € R\ T.
This gives for the integral in (5.7) over R* \ ", again using (5.6),

o 1V Vs, 1Vt ) ey
RA4d\ 1V

Y

(5.10) < / e~ Al M g g de dn
R4d\1—v

< / 6(4M*A)|(:v,y7£ﬂ7)|1/s da dy dé dn < 0o
R4d

provided A > 0 is sufficiently large.
Combined, (5.9) and (5.I0) show our claim that the modulus of the

integrand in (B5.7)) is bounded by an integrable function that does not
depend on n € N. O

Since
VIt 0)p(,€) = eVt — 2,0 =€), t,2,0,£ €RY,
we obtain from Lemma with ¢ = TI(t,0)¢ for (t,0) € R* u €
YR, ¢ € Xy (RY) and |||l =1

(5.11)
V(A u)(t,0) = (F u,11(t,0))

= (27T)‘2d/ ) Oy K (m,y, & —n)Vip(t — 2,0 — €) Vau(y, n) da dy d€ dn.
R4

This formula will be useful in the proof of Theorem 5.3l
The following result concerns propagation of singularities for lin-
ear operators and is a version of Hormander’s [16, Proposition 2.11]
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adapted to the s-Gelfand-Shilov wave front set. We use the relation
mapping notation

WFE*(K) o WF?*(u)

= {(z,6) e T'R": 3(y,n) € WF*(u) : (2,9, —n) € WF*(K)}.
Theorem 5.3. Let s > 1/2 and let & be the continuous linear op-
erator (B0 defined by the Schwartz kernel K € Y, (R*). Suppose

K 3,(RY) — X, (RY) is continuous and extends uniquely to a con-
tinuous linear operator & : X (RY) — ¥/ (R?), and suppose

(5.12) WE(K)=WEF;(K)=0.
Then for u € ¥, (R?) we have
(5.13) WEF (A u) C WEF(K) o WF(u).

Proof. 1t follows from ([4) that (58 is satisfied for some B > 0 if
® € T,(R¥)\ 0.
Denote by
p1,3($, Y, ga 7)) = (l‘, g)a
p2,74<x7 Y, ga 77) = (y7 _77)7 T, Y, 57 ne Rd7

the projections R* — R?? onto the first and the third R? coordinate,
and onto the second and the fourth R? coordinate with a change sign

in the latter, respectively.
By Lemma [B.1] there exists ¢ > 1 such that

WF*(K) STy = {(z,y,&n) € T'R*: ¢ (2, 8)] < |(y,n)| < cl(z, )},
and, defining

Pis={(z,y.6,n) € T'R*: c[(2,6)] < (v, )]},
Doq = {(z,9,&m) € T'R* : cl(y, )| < |(z, 9]},
we thus have
(5.14) [ CRM\ ([ 3UTyy).
We show the inclusion (BI3]) by showing that
(5.15) 0 # (tg,00) ¢ WF*(K) o WF*(u)

implies (¢, 0y) ¢ W F*(#u). Thus we suppose (5.15). By [35, Lemma 4.2]
we may assume that (tg,0p) € Q and Qo N W EF*(K)" 0 Qy = ) where
0, Qs € T*R4\ 0 are conic, open and W F*(u) C €. (The assumption
of [35, Lemma 4.2] corresponds to the assumption (5.12]).) Here we use
the notation Q2 C T*R?\ 0 for the closure in the usual topology in
T*R4\ 0 of a conical subset  C T*R?\ 0.

Hence

ﬁo ﬂp1,3 (WFS<K) ﬂp££4§2) = @,
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or, equivalently,
prs Qo NWEF(K)Npyt, Qs =0.
Due to assumption (5.12]) we may strengthen this into
P13 (QU{0H) \ONWE(K)Npy L4 (Q2U{0})\ 0 =0.
Since py 3 (2 U{0})\ 0 and p; 1, (Q2U{0})\ 0 are closed conic subsets

of R*\ 0, decreasing I'; € R\ 0 if necessary, there exist open conic
subsets I'g, I';, Ty € R4\ 0 such that
WE*(K) C T, P32 Sl  pyl Qs CTy,
and
(5.16) FoNyNTy=0.

Let ¥y € T*R%\ 0 be an open conic set such that (ty,6) € Xy and
Yo N Saq_1 C Q. Let o € X (RY), ||ollrz =1 and ® = p ® ¢. From
Lemma we know that formula (5.IT]) holds. Therefore we have for
any A > 0
(5.17)

1/s
ATV (2w (t, 0)]

< / VaK (2,y, & =) MO [Vt — 2,0 = )] [Viuly, )| dar dy d .
R4

We will show that this integral is bounded when (¢,0) € ¥, for any
A > 0 which proves that (tg,60y) ¢ WF*(J¢ u).

Consider first the right hand side integral over (z,y, &, —n) € R*\T;.
We have for any b > 0
(518) |VCI’K('T7 Y, ga _77>| 5 e_b‘($7y7§’n)‘l/s7 (SU, Y, 57 _77) S R4d \ Fla

due to WEF*(K) C Ty and I'; € R* \ 0 being open. By (L4) we have

(5.19) Vou(z)] < M 2 e R,
for some M > 0, and by Proposition .1l we have
(5.20) Vap() S e, 2 e R,
for any ¢ > 0. Thus

(5.21)

VoK (2, y,&, =) 1O Voot — 2,0 — )| [Visu(y, n)| da dy dE dn

R4\

< / oM@y Em Mo +2A] @ 1Y+ M| ()| 2A|(t—,0-€)[/*
~Y
R4I\T,

Vep(t —x,0 — &)| du dy dé dn

- / o (2A+M=b)|(zy.em)[V/* g, dy d€ dn < oo
R4d

if b > 0 is chosen sufficiently large. The estimate holds for all (¢,0) €
R
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[t remains to estimate the right hand side integral (5.17) over (x,y, &, —n) €
I'y. By (B14) and (B16) we have I'y C G U G5 where

G1 — R4d \ (F173 U 1—‘274 U Fo), G2 — R4d \ (F173 U 1—‘274 U Fz)
When (z,y,£,—n) € T'y we have |(z,€)| < |(y,n)|. First we study
(x,y,€,—n) € G1. Then (z,y,&, —n) ¢ [y which implies (x,&) ¢ €.
There exists 0 > 0 such that

(2, 8) = (£,0)] = o[(x,8)],  (2,6) & Qo,  (¢,0) € Xo.
Let ¢ > 0. For (¢,0) € ¥y we obtain with the aid of (E.8) using

|(z,€)] < |(y,n)], EI9) and (520), where B, M > 0 are fixed and ¢ > 0
is arbitrary, with B; > 0 a new constant that depends on B, M ¢, s,
(5.22)

VoK (2,y, €, —n)| O
G

< / Bl o 4241 @O o+ M|y
G

/
1

Vop(t —x,0 — §)| [Vouly, n)| de dy d€ dn

2A|(t—2,0—€)|'/*

X e Vop(t —x,0 — &)| dox dy d€ dn

< / o—cl @y e +Bi|(z. )| | (t—z.0-E)|"/* .. dy d¢ dn
G

/
1

< / el @y eI+ Br=ed @O g0 gy de dn
~ R4d
< 0

provided ¢ > By§~1/*.

Finally we study (z,y,&,—n) € Gs. Then (x,y,£,—n) ¢ 'y so we
have (y,n) ¢ Q. Hence (y,n) € G where G C T*R? is closed, conic
and does not intersect WF*(u). We obtain with the aid of (5.8) for
any (t,0) € T*R%, using |(z,€)| < |(y,n)| and E20), for B > 0 fixed
and B; > 0 a new constant that depends on A, B, ¢, s,

(5.23)

VoK (2,y, €, —n)| MO
Gy

< / Bl +24](z.6)|"/*
G

/
2

Vop(t —x,0 — §)| [Vauly, n)| dx dy d€ dn

Vau(y,n)| dz dyd€ dn

< / o<l @ &)+ Bl ()
G

~

/ Veu(y, n)| dx dy d§ dn
2

g Sup eBl|w‘1/S
welG

Vzu(w)| < oo.

We can now combine (B17), (B21)), I'y € G U Gy, (B22) and (523)

to conclude

1/s

(t,0)eX0

V(A u)(t,0)] < oo
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for any A > 0. Thus (tg,6y) ¢ WF*(F u). O

6. THE s-GELFAND—SHILOV WAVE FRONT SET OF OSCILLATORY
INTEGRALS

6.1. Oscillatory integrals. We need to describe a class of oscillatory
integrals with quadratic phase functions introduced by Hérmander [17].
This is useful due to the fact that the Schwartz kernel of the Schrodinger
propagator e *"(®P) is an integral of this form, as we will describe in
Section [l Our discussion on oscillatory integrals is brief. For a richer
account we refer to [17,24].

Let p be a complex-valued quadratic form on R,

(6.1) p(x,0) = ((x,0), P(x,0)), =cR? 60cR",
where P € C+N)*x(@+N) ig the symmetric matrix
P.. P
6.2 P = ey
(6.2) ( P Pro )

where P,, € C¥™¢ P, c C»N and Py € CN*V,
Suppose P satisfies the following two conditions.
(1) Im P > 0;
(2) the row vectors of the submatrix

( PG:): ng ) c CNX(d+N)

are linearly independent over C.

Under these circumstances the oscillatory integral
(6.3) u(z) :/ PO dh, e R
RN

can be given a unique meaning as an element in .#/(R¢), by means of
a regularization procedure [I7,24]. Due to the embedding .7/ (R%) C
YR (s > 1/2), the oscillatory integral defines a unique element
u € Y (RY).

An oscillatory integral of the form (63) is, up to multiplication with
an element in C\ 0, bijectively associated with a Lagrangian subspace
A C T*C9, that is positive in the sense of

ioc(X,X) =0, XeEM

The positive Lagrangian associated with the oscillatory integral (6.3])
is
(6.4)

N={(z,p,(2,0)) € T"C*: p(z,0) = 0, (x,6) € CTV} C T°CY.

The integer N in the integral (€3] is not uniquely determined by w.
In fact, it may be possible to decrease N and obtain the same u times
a nonzero complex constant. This procedure may be iterated until the
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term that is quadratic in 6 disappears. The form p is then (cf. [I7)
Propositions 5.6 and 5.7])

(6.5) p(x,0) = p(x) + (L, x)

where p is a quadratic form, Imp > 0 and L € R™¥ is an injective
matrix. The matrix L is uniquely determined by the Lagrangian A
modulo invertible right factors, and similarly the values of p on Ker L
are uniquely determined.

The oscillatory integral is (cf. [I7, Proposition 5.7])

(6.6) u(z) = (20)Noo(Liz)e?™ | z e RY,
where dy = §o(RY).

6.2. The s-Gelfand—Shilov wave front set of an oscillatory in-
tegral.

Theorem 6.1. Let u € .7'(RY) be the oscillatory integral ([63) with
the associated positive Lagrangian A given by (64). Then for s > 1/2

(6.7) WE*(u) C (ANT*RY)\ 0.
Proof. First we assume N > 1 in (€3] and in the end we will take care
of the case N = 0.

As discussed above we may assume that p is of the form (G.5) where

p is a quadratic form, Imp > 0 and L € RV is injective, and v is
given by (66]). The positive Lagrangian (6.4]) associated to u is hence

6.8)  A={(z,p(x)+ LO) : (x,0) € CN L'z =0} C T*C"

By [24] Proposition 3.4] and the uniqueness part of [I7, Proposition
5.7] we may assume

Re (Ranp') L RanL, Im(Ranp’) L RanL.

IfzeRY 0 e CNand0=1Im(p(x)+ L) =Im(p)(z) + LIm0, we
may thus conclude Im (p’)(x) = 0 and LIm# = 0, so the injectivity of
L forces § € RY. Hence

(6.9) ANT*R? = {(x,Re(p)(x) + L) : (z,0) € RN Liz =0}.
According to Proposition and ([B.8)
WE*(0o(L")) = {(x, L&) € T*"RIN\0: L'z =0, £ € R\ 0} UKer L'\ 0 x {0}
= (Ker L' x LRM)\ 0 C T*R*\ 0.
We write p(x) = p,(x) +ip;(x) and
(6.10) pr(@) = (Roa,z),  pil) = (Rez, )

with R,, R; € R™? symmetric and R; > 0. The function ¢” ) con-
sidered as a multiplication operator, is the metaplectic operator

e = p(x)
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where
I 0
(6.11) X = ( ORI ) € Sp(d,R).

The function g(z) = =) satisfies the estimates (3.16)) for all & > 0.
In fact, since R; > 0 it suffices to verify the estimates for g(Ux) =
H;‘Zle*“ﬁ? where U € R is an orthogonal matrix and p; > 0 for
1 < j < n<d The function x — ¢g(Ux) clearly satisfies (B.16) for all
h > 0 since it is a tensor product of a Gaussian on R", that belongs to
¥,(R"), and the function one on R4,

If we consider e?(*) as a function of (x, &) € T*RY, constant with re-
spect to the £ variable, then the corresponding Weyl pseudodifferential
operator is multiplication with e=?(*). Proposition gives

(6.12) WE(e Piu) CWF(u), ue X, (RY.
Piecing these arguments together, using Corollary and ([€9), gives
WES(u) = WE(e Pie (L))

C WE*(e'6o(L"))

= XWF*(d(L"))

= {(z,2R,x + L) : (z,0) € RN, L'a =0} \0

= {(z,pl.(x) + LO) : (z,0) € RN Lz =0}\0

= (ANT*RY\ 0.

This ends the proof when N > 1.
Finally, if N = 0 then the (degenerate) oscillatory integral (63 is

u(z) = eP()

where p = p, +ip; is given by (6I0) with R,, R; € R symmetric
and R; > 0. By (€4) the corresponding positive Lagrangian is

(6.14) A= {(z,2(R, +iR;)z) : x € C} C T*C*

which gives

(6.13)

ANT*RY = {(x,2R,x) : v € R}

Since WF*(1) = (R4\ 0) x {0} (cf. ([BI0)) we obtain, again using
(612) and recycling the argument above,

WEFS(u) = WF* (e Fier)
C WES(e'r)
— W (1)
= {(x,2R,x) : » € R*\ 0}
= (ANT*RY\ 0.
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Remark 6.2. From WF(u) C WF*(u) for u € ./(R%) and s > 1/2 it
follows that Theorem [G.1]is a sharpening of [24, Theorem 3.6].

7. THE SCHWARTZ KERNEL OF THE SCHRODINGER PROPAGATOR

Let ¢ be a quadratic form on T*R? defined by a symmetric matrix
Q € C**2 with Hamilton map F = JQ and Re@ > 0. According
to [I7, Theorem 5.12] the Schrédinger propagator is

4w
e @.D) — t%/efmF

where J, 2ur @ S (R?) — '(R?) is the linear continuous operator
with Schwartz kernel

(7.1)

Z : Z
Krlz,y) = (27T)7(d+N)/2 \/det < pf,(’/Z Poy ) / ciP@0) g0 ¢ (R
RN

/!
Pz Zpa:y

with 7' = e~2#" This kernel is an oscillatory with respect to a qua-
dratic form p on R?**V as discussed in Section The positive La-
grangian associated to the Schwartz kernel K,-zitr is

(7.2) A={(z,y,&,—n) € T°C*: (1,&) = e > (y,n)}.

By [24, Lemma 4.2] the Lagrangian A = A\ —2ir given by ([L.2)) is a posi-
tive twisted graph Lagrangian defined by the matrix e=2" € Sp(d, C).
When a twisted graph Lagrangian defined by a matrix 7" € Sp(d, C) is
positive, also the matrix is called positive [I7]. This means

i(o(TX, TX)—0(X,X)) >0, XeT*C%.

Since K, ur € .%'(R??) the propagator is a continuous operator
e~t"@D) . Z(RY) — .#(RY). We have in fact continuity e~*"@P) .
Z(RY) — Z(R%). This follows from [I7, Proposition 5.8 and The-
orem 5.12] which says that 7 : .Z(RY) — .Z(RY) is continuous
for any positive matrix 7' € Sp(d, C). The next result shows that
Jr o T(RY) — 3, (RY) is continuous and #7 extends uniquely to a
continuous operator 7 : ¥\ (RY) — ¥/ (R?).

Proposition 7.1. Suppose T € Sp(d,C) is positive and let Hp :
S (RY) — Z'(R?) be the continuous linear operator having Schwartz
kernel Kr € ' (R?Y) defined by (TI). For s > 1/2 the operator Jr
is continuous on Y4(RY) and 7 extends uniquely to a continuous op-
erator on Y., (RY).

Proof. Due to the above mentioned continuity of #7 on .#(RY), we
have for some integer L > 0

sup | f(@) £ S0 sup [#*DP f ()]

d d
zeR ‘a+6|<L$ER
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Using the seminorms ([[L3]) it can be seen readily that the operators
f — DPf and f — 2“f are continuous operators on Y (RY). By
Proposition 2.I] we therefore have for any A > 0

z|V/5 )« for 7
M 2 DO ()| < e D2 I S I+ s, latBl < L,z € R,
for some B > 0, where we use the seminorm (21). This gives

(7.3) | f Iy = sup e Lot f(2)] S U1F s+ 1 7%

z€R4

which gives a desired continuity estimate for one of the two families of
seminorms {[f[4, [ fll5. A, B > 0}.

To prove that 7 is continuous on Y, (RY) it remains to estimate
|7 (rf)|y for any A > 0. The Fourier transform has Schwartz
kernel K (x,y) = e~"®¥ which is a degenerate oscillatory integral with
N =0, cf. ([€3). The corresponding Lagrangian is by (6.4))

A= {(z,y, —y, —x) € T*C* : (x,y) € T*C%}
={(z,y,6,—) € T"C* : (2,£) = T (v, )}

Due to the uniqueness, modulo multiplication with a nonzero complex
number, of the correspondence between oscillatory integrals and La-
grangians, it follows that .% = (27)¥2u(J) = c¢.#; for some ¢ € C\ 0.

We may hence write for some ¢ € C\ 0, using the semigroup property
of T'— J#r modulo sign, when T' € Sp(d, C) is positive (cf. [I'7, Propo-
sition 5.9])

F (A f) = ForFFf=EH 000, F 1 f
= :i:CQJi/jTJﬁ_lf.
Since JTJ € Sp(d, C) is positive, and since the estimate (Z3) holds
for any positive 1" € Sp(d, C) for some B > 0, we obtain for any A > 0
(7.4) 17 (A )a S N+ 11/ 15

for some B > 0. Combining (Z.3]) and (7.4]) and referring to Proposition
211, we have proved that J#7 is continuous on 3, (R?).

Finally we show that J#; extends uniquely to a continuous operator
on 3 (R%). The formal adjoint of J#7 is J#-1 which is indexed by the

inverse conjugate matrix T e Sp(d, C) [I7]. The positivity of T 'is
an immediate consequence of the assumed positivity of 7. Thus Jr
may be defined on ¥, (R%) by

(Hru, ) = (u, ), uwe TR, e (RY), s>1/2
which gives a uniquely defined extension of J#7 as a continuous operator

on ¥ (RY). O

Corollary 7.2. The Schrédinger propagator e'4"®P) has Schwartz
kernel Ko-—2ur € ' (R?*!). Fort > 0 and s > 1/2 it is a continuous
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operator on ZS(Rd), and it extends uniquely to a continuous operator

on YL (RY).

8. PROPAGATION OF THE s-GELFAND—SHILOV WAVE FRONT SET
FOR SCHRODINGER EQUATIONS

Since the Schwartz kernel of the Schrédinger propagator e~%"(®P) ig
an oscillatory integral corresponding to the positive Lagrangian ([Z.2]),
an appeal to Theorem gives the following result. For s > 1/2 the
s-Gelfand—Shilov wave front set of the Schwartz kernel K, -2ir of the
propagator e %" @D) for t > 0 obeys the inclusion
(8.1)

WFS<K672itF)

C {(z,y.&—n) € T'R¥\ 0: (2,€) = e " (y, ), Ime™ " (y,7) = 0}.
Combining this with Corollary and Theorem now gives a re-
sult on propagation of singularities. The assumptions of the latter the-
orem are satisfied for # = J#, 2ur = 74" @) since W F§ (K, 2ur) =
W F3 (K -2r) = 0 follows from (B1]) and the invertibility of e~ ¢
C2x2dof (B.3).
Corollary 8.1. Suppose q is a quadratic form on T*R? defined by a
symmetric matriv Q € C*2 Re@Q > 0, F = JQ, and s > 1/2.
Then for u € ¥ (R?)

WFs(e~t"@Dly) C o= 2t (WF*(u) N Ker(Ime ")), t>0.

As in the proof of [24, Theorem 5.2], the latter inclusion can be
sharpened using the semigroup modulo sign property of the propagator

7]

e~ (MiFt2)a"@D) — 4 o—tig"(@ D)=t @D) ¢ 4 > ).

In fact, using this property and some elementary arguments one
obtains the inclusions

WFS(G—tqw(x,D) ( 2tImF WFS( )ﬂ S)) NS
e (WF*(u) N Ker(Ime™""))

N

where the singular space
2d—1

= () Ker [Re F(Im F)'] ) N T"R? C "R
=0

of the quadratic form ¢ plays a crucial role.

Corollary 8.2. Suppose q is a quadratic form on T*R® defined by a
symmetric matriv Q € C*>2 Re@Q > 0, F = JQ, and s > 1/2.
Then for u € ¥, (R?)

W ES(e7'"@Ply) C (2™ F (WF*(u)n S)) NS, t>0.



38

[1]

7]
18]
19]
[20]
21]
22]

23]

E. CARYPIS AND P. WAHLBERG

REFERENCES

M. Cappiello and R. Schulz, Microlocal analysis of quasianalytic Gelfand—
Shilov type ultradistributions, Complex Variables and Elliptic Equations 61
(4), 538-561, 2016.

M. Cappiello and J. Toft, Pseudo-differential operators in a Gelfand—Shilov
setting, larXiv:1505.04096 [math.FA], 2015.

J. Chung, S. Y. Chung and D. Kim, Characterization of the Gelfand—Shilov
spaces via Fourier transforms, Proc. AMS 124 (7), 2101-2108, 1996.

E. Cordero, F. Nicola and L. Rodino, Propagation of the Gabor wave front
set for Schréodinger equations with non-smooth potentials, Rev. Math. Phys.
27 (1) (33 pp.), 2015.

, Wave packet analysis of Schrodinger equations in analytic function
spaces, Adv. Math. 278, 182-209, 2015.

, Exponentially sparse representations of Fourier integral operators,
Rev. Mat. Iberoamer. 31 (2), 461-476, 2015.

G. B. Folland, Harmonic Analysis in Phase Space, Princeton University
Press, 1989.

I. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol. 2, Academic
Press, New York, London, 1967.

K. Grochenig, Foundations of Time-Frequency Analysis, Birkhauser, Boston,
2001.

, Time-frequency analysis of Sjostrand’s class, Rev. Mat. Iberoamer.
22 (2), 703-724, 2006.

K. Grochenig and G. Zimmermann, Spaces of test functions via the STFT,
J. Funct. Spaces Appl. 2, 25-53, 2004.

M. Hitrik and K. Pravda—Starov, Spectra and semigroup smoothing for non-
elliptic quadratic operators, Math. Ann. 344, 801-846, 2009.

, Semiclassical hypoelliptic estimates for non-selfadjoint operators
with double characteristics, Comm. Partial Differential Equations 35 (6),
988-1028, 2010.

, Eigenvalues and subelliptic estimates for non-selfadjoint semiclassi-
cal operators with double characteristics, Ann. Inst. Fourier 63 (3), 985-1032,
2013.

L. Hérmander, The Analysis of Linear Partial Differential Operators, vol 1,
ITI, TV Springer-Verlag, Berlin Heidelberg NewYork Tokyo, 1983.

, Quadratic hyperbolic operators, Microlocal Analysis and Applica-
tions, Lecture Notes in Math. 1495, Eds. L. Cattabriga, L. Rodino, pp.
118-160, Springer, 1991.

, Symplectic classification of quadratic forms, and general Mehler
formulas, Math. Z. 219, 413-449, 1995.

R. Mizuhara, Microlocal smoothing effect for the Schrédinger evolution equa-
tion in a Gevrey class, J. Math. Pures Appl. 91 (2), 115-136, 2009.

F. Nicola, Phase space analysis of semilinear parabolic equations, J. Funct.
Anal. 267 (3), 727-743, 2014.

F. Nicola and L. Rodino, Global Pseudo-Differential Calculus on Euclidean
Spaces, Birkh&user, 2010.

, Propagation of Gabor singularities for semilinear Schrodinger equa-
tions, Nonlinear Differ. Equ. Appl. 22 (6), 1715-1732, 2015.

K. Pravda—Starov, Contraction semigroups of elliptic quadratic differential
operators, Math. Z. 259, 363-391, 2008.

, Subelliptic estimates for quadratic differential operators, Amer. J.
Math. 133 (1), 39-89, 2011.



http://arxiv.org/abs/1505.04096

PROPAGATION OF EXPONENTIAL PHASE SPACE SINGULARITIES 39

[24] K. Pravda—Starov, L. Rodino and P. Wahlberg, Propagation of Ga-
bor singularities for Schrédinger equations with quadratic Hamiltonians,
arXiv:1411.0251 [math.AP], 2015.

[25] L. Rodino and P. Wahlberg, The Gabor wave front set, Monatsh. Math. 173,
625-655, 2014.

[26] R. Schulz and P. Wahlberg, Microlocal properties of Shubin pseudodifferential
and localization operators, J. Pseudo-Differ. Oper. Appl. 7 (1), 91-111, 2016.

[27] M. A. Shubin, Pseudodifferential Operators and Spectral Theory, Springer,
2001.

[28] M. E. Taylor, Noncommutative Harmonic Analysis, Mathematical Surveys
and Monographs 22, AMS, Providence, Rhode Island, 1986.

[29] J. Viola, Non-elliptic quadratic forms and semiclassical estimates for non-
selfadjoint operators, Int. Math. Res. Notices 20, 4615-4671, 2013.

, Spectral projections and resolvent bounds for partially elliptic qua-
dratic differential operators, J. Pseudo-Differ. Oper. Appl. 4, 145-221, 2013.

[31] K. Yosida, Functional Analysis, Classics in Mathematics, Springer-Verlag,
Berlin Heidelberg, 1995.

[32] J. Toft, The Bargmann transform on modulation and Gelfand-Shilov spaces,
with applications to Toeplitz and pseudo-differential operators, J. Pseudo-
Differ. Oper. Appl. 3 (2), 145227, 2012.

, Images of function and distribution spaces under the Bargmann
transform, larXiv:1409.5238 [math.FA], 2015.

[34] G. Tranquilli, Global normal forms and global properties in function spaces
for second order Shubin type operators, PhD thesis, Universita di Cagliari,
2014.

[35] P. Wahlberg, Propagation of polynomial phase space singularities for
Schrodinger equations with quadratic Hamiltonians, accepted for publica-
tion, Math. Scand., larXiv:1411.6518 [math.AP], 2016.

33]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TURIN, ViA CARLO AL-
BERTO 10, 10123 TorINO (TO), ITALY
E-mail address: evanthia.carypis@unito.it

DEPARTMENT OF MATHEMATICS, LINNEUS UNIVERSITY, SE-35195 VAXJO,
SWEDEN
E-mail address: patrik.wahlberg@lnu.se


http://arxiv.org/abs/1411.0251
http://arxiv.org/abs/1409.5238
http://arxiv.org/abs/1411.6518

	0. Introduction
	1. Preliminaries
	1.1. Notations and basic definitions
	1.2. Gelfand–Shilov spaces
	1.3. Pseudodifferential operators and the Gabor wave front set

	2. Seminorms on Gelfand–Shilov spaces
	3. Definition and properties of the s-Gelfand–Shilov wave front set
	4. Schrödinger equations and solution operators
	5. Propagation of the s-Gelfand–Shilov wave front set for certain linear operators
	6. The s-Gelfand–Shilov wave front set of oscillatory integrals
	6.1. Oscillatory integrals
	6.2. The s-Gelfand–Shilov wave front set of an oscillatory integral

	7. The Schwartz kernel of the Schrödinger propagator
	8. Propagation of the s-Gelfand–Shilov wave front set for Schrödinger equations
	References

