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AN OPTIMAL MULTIPLIER THEOREM FOR GRUSHIN
OPERATORS IN THE PLANE, II

GIAN MARIA DALL’ARA AND ALESSIO MARTINI

ABSTRACT. In a previous work we proved a spectral multiplier theorem of
Mihlin—Hérmander type for two-dimensional Grushin operators —92 — V(:):)Bg,
where V' is a doubling single-well potential, yielding the surprising result that
the optimal smoothness requirement on the multiplier is independent of V.
Here we refine this result, by replacing the L°°-Sobolev condition on the mul-
tiplier with a sharper L2-Sobolev condition. As a consequence, we obtain the
sharp range of Ll-boundedness for the associated Bochner—Riesz means. The
key new ingredient of the proof is a precise pointwise estimate in the transi-
tion region for eigenfunctions of one-dimensional Schrédinger operators with
doubling single-well potentials.

1. INTRODUCTION

1.1. Statement of the results. In this paper we continue the analysis, begun in
[DM21], of two-dimensional Grushin operators

L:=-0?— V(z)ai, (1.1)

where V : R — [0,00) is a “single-well potential” satisfying a scale-invariant reg-
ularity condition of order 1 + 6. More precisely, we assume that V is continuous,
not identically zero, C'! off the origin, and that, for some 6 € (0,1), the estimates

V(—z) ~V(z) ~zV'(z), (1.2a)

V! (we") = V(@) S V()] [B]° (1.2b)
hold for all x € R\ {0} and h € [—1,1]. Here we use the standard notation A < B
to denote the estimate A < CB for some positive constant C', and A ~ B to denote
the conjunction of A < B and B < A; below we will also write A < B or A ~¢ B to
indicate that the implicit constants may depend on a parameter s. We refer to the
introduction of [DM21] for a discussion of the scope of the assumptions (L.2)); here
we limit ourselves to pointing out that they are satisfied by power laws V (x) = |z|¢
of any degree d > 0 and appropriate perturbations thereof.

In [DM21] we proved a spectral multiplier theorem of Mihlin—-Hérmander type
for £, whose smoothness requirement is independent of V' and formulated in terms
of an L*°-Sobolev norm of order s > 2/2, that is, half the topological dimension of
the underlying manifold. The independence from V of the smoothness requirement
is particularly striking when compared, e.g., to the classical results based on heat
kernel bounds [Heb95l [DOS02, RS08|, which would give instead a condition of
order s > (2 + d/2)/2 in the case V(z) ~ |z|¢. We refer to the introduction of
[DM21] for an extensive discussion of the relevance of such result, in the context of
a programme (see also [MMN21]) aimed at understanding the optimal smoothness
requirement in multiplier theorems for sub-elliptic operators.
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2 GIAN MARIA DALL’ARA AND ALESSIO MARTINI

While the result of [DM21] is optimal, in the sense that the smoothness threshold
2/2 cannot be lowered, it is still possible to refine it, by replacing the L°-Sobolev
norm with an L2-Sobolev norm. This is the main result of the present paper. We
write L4(R) to denote the L7-Sobolev space of (fractional) order s on R.

Theorem 1.1. Let L be the Grushin operator (1.1)) on R?, where the coefficient V
satisfies the estimates (1.2)). Let s > 2/2.

(i) For allm : R — C such that suppm C [—1,1],
sup [[m(tL) |11 Ss lml[Lz.
t>0
(i) Let n € C°((0,00)) be nonzero. For allm : R — C and p € (1,00),

Il Sosup f(e)allzz,  [m()llzorr Sop suplim()nlzz.
> >

To appreciate the nature of the improvement, one may notice that Theorem
gives the sharp L'-boundedness range for Bochner-Riesz means associated with the
Grushin operator £, a result that cannot be deduced from the multiplier theorem
of [DM21].

Corollary 1.2. Under the same assumptions as in Theorem[I.1], the Bochner—Riesz
means (1 —rL)?} of order X associated with L are bounded on L'(R?) uniformly in
r >0 whenever A > 1/2.

To deduce Corollary it is sufficient to apply part of Theorem to the
function m = (1 — )% x, where x € C*(R) is identically 1 on [0, 00) and zero on
(—00, —1], and observe that this m belongs to L2(R) whenever A\ > s — 1/2.

The sharpness of Theorem and Corollary follows by a standard “trans-
plantation” technique (cf. [Mit74] [KST82]; see also [Marl7, Theorem 5.2]). Indeed
L is elliptic (its principal symbol is a positive definite quadratic form) where x # 0,
and therefore the ranges of indices s and A for which the boundedness results in
Theorem and Corollary hold cannot be larger than the analogous ranges
when £ is replaced by the Euclidean Laplacian —d; — 82 on R?.

Theorem[I-1]is already known under more restrictive assumptions on V. Namely,
the case V(z) = 2? is in [MSI2, [MMI14] and the case V(z) = |z| is in [CS13].
Moreover, in a previous joint paper [DM20], we established the same result when
V is convex, C? off the origin, and, for some d € (1,2], the estimates

22V (@) + [2*V" (@)| S V(@) = V() = V(=2) = [a]”

hold for all x € R\ {0}. This appears to have been the first optimal multiplier
theorem for a nonelliptic (sub-elliptic) operator enjoying some form of stability
under perturbations of the coefficients of the operator. However, the restriction on
the power d cannot be removed using the methods of [DM20], and the desire to
overcome this limitation has been the main motivation for the development of a new
proof strategy in [DM21] and in the present paper. Notice that the aforementioned
works [RS08|, MS12, MM14l [CS13| [DM20] treat also higher-dimensional cases, and,
as a matter of fact, some higher-dimensional cases could be treated by adapting the
methods used here too. However, in the same spirit as in [DM21], here we consider
only two-dimensional Grushin operators.

1.2. Strategy of the proof. In order to present the main ideas of the paper,
it is convenient to recall the notation for the classes of single-well potentials de-

fined in [DM21] Definitions 7.5 and 8.3], which express the assumptions (1.2) in a
quantitative form.



GRUSHIN OPERATORS IN THE PLANE 3

Definition 1.3. Let x > 1 and 6 € (0,1). We denote by P;(k) the class of non-
identically zero continuous functions V : R — [0,00) which are C! off the origin
and such that

KW (z) <2V (z) < kV(z), V(—z) < kV(z)

for all x # 0. We denote by P11¢(x) the class of the V' € Py(k) that satisfy the
additional inequality

V' (e"a) = V'(2)| < &[h)°
for all z # 0 and h € [-1,1].

As in other works on the subject, Theorem will be deduced from an ap-
propriate “weighted Plancherel estimate”. In the present case, in light of [DM21]
Theorem 4.1], it will be enough to prove that for all V' € Py i9(k), v € [0,1/2),
r > 0, and all continuous functions m : R — C with suppm C [1/4, 1],

ess b;élzp 272 max{V (r), V(x’)}l/%'y /]Rz ly — o/ |*7 |ICm(T2£)(z, z’)|2 dz
z'e

Somn Il (13)

Here z := (z,y) and 2’ := (z',%'), while Kp,(2,) denotes the integral kernel of
the operator m(r2£). Indeed, the estimate proves assumption (A) of [DM21]
Theorem 4.1] for ¢ = 2, while assumption (B) is already proved in [DM21], Theorem
9.1]. We point out that, in the special case V(z) = 22, the above estimate is
proved in [MM14], while the techniques of [MS12, [CS13| [DM20] lead to a different
Plancherel estimate, with a weight depending only on z, 2’ in place of |y —y'|*” and
L? in place of L?Y in the right-hand side.

Our proof of the weighted Plancherel estimate largely follows the lines of
the analogous estimate proved in [DM21, Theorem 9.1], with the addition of a key
new ingredient: universal pointwise estimates for eigenfunctions of one-dimensional
Schrodinger operators with potentials in the class Piyg(k). As in [DM21] Section
7], we consider the Schrédinger operator H[V] := —92 + V on R with potential
V € Piig(k), and we denote by E,(V) and ¥, (-;V) (n > 1) the corresponding
eigenvalues and normalised eigenfunctions. The eigenfunction estimates that we
need here have the form

[Yu(@; V)| S HV < En(V)Y™2 min{n®/2, B,(V)?2|V (2) = B, (V)| P2} (1.4)

for some 4, 5 € (0,1), and they have the crucial feature that the implicit constant
depends only on k and 6 and not on the specific potential V. The “universality” of
an estimate such as lies in the fact that the right-hand side is simply expressed
in terms of natural quantities such as V, E,,(V'), n and universal exponents §, 8, and
does not depend, e.g., on the degree of polynomial growth of V.

In the regions where V <« E, (V) and V > E,(V), the estimate is already
contained in estimates proved in [DM21], which actually hold for all V' € Py(x).
What is crucial for our present purposes is that also covers the “transition
region” {V ~ E,(V)}, where the eigenfunction 1, (-; V') exhibits a change in be-
haviour from oscillatory to decaying. Various techniques are available to deal with
the more general problem of approximating eigenfunctions in the transition region
(e.g., Olver’s method [Olv74, Chapter 11] and the WKB method, both yielding
approximations in terms of the Airy function), but it does not seem possible to use
any of them as a black box to prove in the required generality. The method
used here is in fact substantially different and of a more direct nature, establishing
the upper bound via a monotonicity argument inspired by what is dubbed
the “Sonin’s function” method in [Kr0§|, which in turn refers it back to the work
of Szegé on orthogonal polynomials [Sz75, §7.31 and §7.6].
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The importance of the pointwise estimate is that from it one can deduce
a variant of the “spectral projector bound” proved in [DM21, Theorem 8.5], which
plays a fundamental role in the proof of the weighted Plancherel estimate (1.3]).
Specifically, the desired spectral projector bound (Theorem below) is obtained
by summing instances of the eigenfunction estimate corresponding to different
values of n and suitably scaled versions 7V of the potential V', where the scaling
parameter 7 depends on n. In order to bound the resulting sum, another important
ingredient is an approximated Bohr—-Sommerfeld identity with logarithmic error
term (Proposition below) valid for Schrédinger operators with potentials in
the class Pi(k), which provides precise information on the “gaps” between the
quantities E,,(7V) involved in the estimate.

1.3. Structure of the paper. In Section [2] we prove the spectral projector bound
in a conditional form, namely, by assuming that suitable pointwise eigenfunction
estimates of the form hold.

Section [3] is devoted to the proof of the required pointwise eigenfunction esti-
mates. As discussed in that section, suitable pointwise estimates can be proved
for a larger class than P;y¢(x). Indeed, several variants of the above eigenfunction
estimates are discussed, which may be of independent interest, with different
values of § and S corresponding to different assumptions on the potential V.

Finally, in Section 4] we prove the weighted Plancherel estimate with L2-
Sobolev norm, which, in light of [DM21, Theorem 4.1], implies our main result.

1.4. Notation. 14 denotes the characteristic function of the set 4. We set R :=
(0,00) and Ry := [0,00). N denotes the set of natural numbers (including zero),
while N4 := N\ {0} is the set of the positive integers. For an invertible function
V, we write V< to denote its compositional inverse. # I denotes the number of
elements of a finite set I. For a measurable subset A C R we denote by |A4| its
Lebesgue measure. We write K to denote the integral kernel of the operator T

2. A VARIANT OF THE SPECTRAL PROJECTOR BOUND

2.1. Summary of the results. As before, let E, (V) and ¢, (;V) (n > 1) be
the eigenvalues and normalised eigenfunctions of the Schrédinger operator H[V] :=
—02 +V on R. We begin by recording an immediate consequence of the “virial
theorem” in [DM21 Theorem 7.3]. Under more restrictive assumptions on V/,
analogous estimates can be found in [DM20] eq. (5.5)].

Proposition 2.1. Let V € Py(k) and n € Ny. Then the function
RY 37+ E,(1V) € R
is a strictly increasing, real analytic bijection, and
E, (V) Sg 70 Ep(7V) < E,(TV)
for all T € R*. Moreover, if Z,(; V) : RT — RT denotes its inverse, then
(V) =g AWEL (N V).
for all X € RT.

The aim of this section is the proof of the following bound, which should be
compared to the “spectral projector bound” of [DM21], Theorem 8.5]. In the state-
ment below, by a conic subset of Pi(k) we mean a subset of P;(k) closed under
multiplication by positive scalars.
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Theorem 2.2. Let k,a > 1 and 6,5 € (0,1). Let P be a conic subset of Py(k)
such that the eigenfunction estimate

[ (2 V)| < al{V < E?L(V)}|71/2 min{n‘;/Q,En(V)(’/Q\V(x) - En(V)|70/2}
holds for allV € P, n € N, and z € R. Then, for all V € P and \, A € RY,

—_ —e\Y/2 ),
Z (U EHEMON V)V)2 Skia,0,6 )‘1/2(1V§8A +e ‘1V>8A)a
neNy
A En (N V)E[A24]
where ¢ = ¢(k).

The main difference between the previous result and [DM21], Theorem 8.5] is that
the above sum involves eigenfunctions corresponding to different potentials (that
is, potentials 7V where 7 depends on the summation index n), so cannot be imme-
diately related to properties of the spectral decomposition of a single Schrodinger
operator. A similar bound can be found in [DM20, Proposition 5.8], under more
restrictive assumptions on V.

The rest of the section is devoted to the proof of Theorem

2.2. A summation lemma. The following elementary summation lemma will be
a key tool in the proof of the spectral projector bound.

Lemma 2.3. Let c€ RT, k € [1,00), 0,8 € [0,1). Let I CNy and, for alln €I,
let t, € [k, 00) be such that

tn —cn| < knP. (2.1)
Then
sup Z min{a’ !t — 7% a"?} Spcop 1. (2.2)
O<ab>§0f£atn<el
nSKa

The proof of Lemma [2.3] should be compared to that of [MMI4, Lemma 10]. In
the case 8 = 0, the condition implies that the t, are essentially equispaced,
and the estimate could be obtained, e.g., by using [DM20, Lemma 5.7] to
estimate a sum with the corresponding integral. The point of this lemma is to
show that a similar estimate can be obtained even when 8 > 0, that is, under a
weaker assumption on the gaps between the ¢,,, by taking advantage of the stronger
uniform bound ¢~? in the left-hand side of .

Proof of Lemma[2.3. Note that t,,,n 2, 1 for all n € I. Hence, from the assump-
tion (2.1)) and the fact that 5 < 1, we deduce that ¢, ~, g n for all n € I.
For a given a > 0, from the condition ¢,, < ka and t,, >, . g n, we deduce that

n Ske,B @ (2.3)
as well. Therefore, if I, :={n €I : t, < ka}, then implies that
[tn, —cn| < E
for all n € I,, where
E = E(k,¢,8,a) Spep a’. (2.4)

We now split I, into the three subsets
I_.={nel,:n+FE<b—c},
I, :={nel, :ecn— E>b+c},
Ip:=1,\ (I, UL).

Then, for all n € I_,
t, <en+ E <b-—c,
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and therefore
1 cn+FE+c
[t — b7 < inf [t —b7% < 7/ [t —b|=%at
t€len+E,cn+E+c] C Jen+E

(here we use that ¢ +— [t — b| =% is increasing for ¢ < b) and

1 b
> fta—b7" < E/ [t —b|7%dt Sepb' 70 S alf, (2.5)
0

nel_

since # < 1. In a similar way, one proves that

1 ra
S ltn =070 < f/ it — b0 dt Spco a0 (2.6)
CJy

n€I+
Finally, if n € Iy, then
b—cn| < E+cSkep aP

(here we used (2-4) and the fact that, by (2.3), a® 2..s n® > 1 >, ¢), which
implies that

# 1o Sn,c,ﬁ a. (27)
The estimate (2.2)) follows by combining (2.5)), (2.6) and (2.7). O

2.3. A consequence of Lagrange’s Mean Value Theorem. Let x > 1. Recall
from [DM21] Definition 6.1] the class HPi(x) of the C' functions W : Rt — RT
such that
KW (2) < aW'(2) < kW () (2.8)
for all z € R*. In other words, an element of HP1(k) is “half of a potential” in the
class Py (k). Indeed, if V € Py (k), then Vg, Vs € HP1(k), where Vg, Vo : RT — RT
are defined by
Vg () :=V(x), Vo(z) :=V(-x) (2.9)
for all z € RT.
We record here some useful properties of functions in the class HP1(k), including
an elementary consequence of Lagrange’s Mean Value Theorem, which will be used
multiple times later.

Lemma 2.4. Let W € HP1(k).
(i) For all x € Rt and A > 1,

AR (2) < W(Ax) < NW ().

(i) W is strictly increasing and invertible, and W € HP1(k) too.
(i1i) For all x,y € RT, if x >y then

Wiz
Wia) ~ Wiy) e D (o)
Proof. Parts|(i)|and are proved in [DM21] Propositions 6.4 and 6.5].
As for part if x > 2y, then W (x) > 2Y/%W (y) by part whence
T -y~ W(zx) — W(y) ~, W(x)

and the desired estimate follows. If instead x < 2y, then, by Lagrange’s Mean
Value Theorem,

W(z) = W(y) =W (&)(z—y)
for some & € (y, ), and moreover

W/(f) S T Sk

by (2.8) and part as ¢ ~ y ~ £ in this case, whence the desired estimate again
follows. 0
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2.4. Bohr—Sommerfeld approximation with logarithmic error. Let us recall
from [DM21, Theorem 7.6 and Proposition 7.11] some useful estimates involving
eigenvalues and sublevel sets of the potential of one-dimensional Schrodinger oper-
ators.

Proposition 2.5. Let V € Py(k). Then
E(V)2{V < En(V)}] = . (2.10)
for all n € N. Moreover, for all E,\ € RT,
{V < AB}| 2 {V < BY| =, {Va < B} =, |{Va < B},
In what follows we will need a sharper version of the estimate .
Proposition 2.6. Let V € Py(k). Then, for alln € N4,

/R(En(v) —V)Y? —wn| <y log(1+n).

The proof of the above estimate follows the lines of [Tit62] §7.4]. In the case V'
is convex, the logarithmic divergence in the right-hand side can be replaced by a
constant, as shown in [Tit62 §7.5] and [DM20, Theorem 4.2]; however the weaker
logarithmic bound does not require convexity and will be enough for our purposes.

Proof of Proposition[2.6 Let :E,jf € R* be such that V(+2t) = E, = E,(V);
in other words, the points 42 are the transition points corresponding to the
energy level E,. Let y € (0,z ) be points to be fixed later, and define @, (z) :=
(Ep — V()% for z € (— ;,mj).

By classical Sturm Liouville theory, v, := 1,,(; V) has n— 1 zeros, which are all
in the interval (—x;,,z;"). Note now that V — E,, > V(y;¥) — E,, on £y, 00), with
strict inequality away from +y;". Hence, by Sturm’s comparison theorem (see, e.g.,
[BS91, Chapter 2, Theorem 3.2]), if u is any nontrivial solution of —u" + (V (y) —
E,)u = 0 on an interval contained in £[y, 00), then we can find a zero of u between
any two zeros of ¢,,. This implies in particular that on +[y, 2¥) there are at most

1+ (2 — y)Qu(Fy) /7

zeros of 1,,. Note also that
[ B =) < (o = g)Qu ).
+lyi @it

Hence, if Z* denotes the number of zeros of v, in (0, yF), then

/(En — V)ir/2 —7n
R

<37T+2Z 7yn Qniyn +Z

/ (B, —V)Y?2 —nzE|.
j:(O,yT,)

On the other hand, by [Tit62] §7.3, Lemma)] (see also [DM20, Appendix]),

/ (B, — V)2 —rz* §w+1/ 1@l
i(O,y,j,,:) 2 ,yn Qn

Since @/, is increasing on (—y,0) and decreasing on (0, yF),

JRC A SO, P

= log = e I
+(0y%) Qn Qn(xyr) 2 °E,—V(tyi)
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and therefore
E,
/(En — V)ir/2 -
R

E, —V(xyr)]’

1
<5+ {2(5635 — U )@n(Eyy) + 7 log
+

We now choose y := zf — c(x;f/E,)'/? for a suitable ¢ > 0. Note that

o

1/3
B = 2/3 ~F 273
" (x%E}/ 2) "
by Proposition so, by choosing ¢ = ¢(x) sufficiently small, we can ensure that

s 1/3
yff ~,. xf, xf — yff ~, <"> .
Hence, by Lemma [2.4] we deduce that
Qn(yi)? = B, — V(+y)
V(ix'rﬂz:)( + :I:) ETL x’r‘:“L: 13 En 2/3
=k T Tn TUn) = 7 =\ =
x% Y x% E, =

and therefore

E
+ + N n ~ 2/3
n + n) —k 17 —K ’
(= yn)Qn(Fyy,) B~V y?f) n

which proves the desired estimate. O

2.5. A useful change of variables. The lemma below will be used to extract
and exploit the “rough gap information” from Proposition [2.6

Lemma 2.7. For V € Py(k), define Ky : RT — RT by

Ky (t) = t‘1/2/(t -V)Y?

for allt > 0. Then
Ko (8) 2 L3 (8) 2 [{V < 1)1,
Proof. Note first that, if Vg, Vo are defined as in (2.9)), then
{V <t} =|Ve <t} +{Ve <t} =V5 @)+ VI (1),
and moreover
Ky = Ky, + Ky,
where, for W : RT — R, we define

Kw(t) = t‘”/o (t—W)Y2

It is then enough to prove that, for all W € HP1(k),
Kw(t) ~, tKy, (t) ~, W (1).
Now, for all t > 0,

W (t) W (t) !
K (1) = t’1/2/ (t— W)2 ~, t’l/Q/ W) (4 W ()2 s,
0 0 W(x)

and the change of variables 7 = W (x)/t yields

T

K (1) ~s /0 Wt (=02 o e

the last equivalence is consequence of the fact (see Lemma that 7"W<* (t) <
W (rt) < 7Y5W*(t) for 7 € (0,1).
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Similarly, one readily sees that
W* () W (t) l
QtK{/V(t) — t*1/2/ L ~, t*1/2/ L(x) dx
0 (t—Ww)r? 0 (t = W(x))'/?
and again the change of variables 7 = W (x)/t yields

1
tK{y (1) ~, / W (rt) (1 — 1)~ Y2 dr ~, W (1),
0
as desired. O

2.6. Proof of the variant of the spectral projector bound. Here we prove
Theorem that is, the estimate

- —enl/2)y
Z G5 E0 (N VIV)? Spans A2 (Lyesa + e~ o1y 64)

neNL
A En(XNV)E[A2A]

forall Ve P, \,A€R", z e R.
Recall from [DM21), Theorem 7.7] that, for all V' € P;(x), there exists ¢ = ¢(k)
such that

[ (23 V)] Sn {V < Ea(V)} 2 exp(—clz]y/V (2)) (2.11)
whenever n € Ny and « € {V > 4F, }. Recall moreover that, by assumption, P is
a conic subset of P; (k) such that, for some 6,6 € (0,1) and a > 1,

[ (2: V)| < a|{V < B (V)HV2 min{n®/2, B, (V)?|V (2) — E, (V)| 7%} (2.12)
foralVeP,zeR, ne N,. For simplicity, in the rest of the proof, we will write
< and =~ instead of S, 0.0,6 and =~ 4,05

Fix V € P and let 2, := Z,,(+; V). First note that, if V(z) > 84 and A\/=,()) €
[A,24], then E,,(A\)V(z) > 4, and therefore by (2.11)) we deduce that
Un (222 (NV)? S HV < MEa (W} exp(=2¢]z]v/En(A\)V (2))
< {V < A}  exp(—4eA?|z)).

On the other hand, by Proposition [2.5

M2V < AY = M2V < NE, (W)} ~n (2.13)
so the number of summands is < AY2|{V < A}|, and we deduce that

> Un (22, (MV)2 < A2 exp(—4ert/?|z))

neNL
A/ En(NV)E[A2A]

whenever V(z) > 8A.
It remains to prove the uniform bound on {V < 8A4}. For this, we use (2.12) to
obtain that

Un(2;Za(NV)? S HV < A/ZaN)} ™ min{n’, N|E,(W)V (@) — A7}

2.14
~ {V < A} min{n’, A°|V(z) — \/Z, (V)| 7). (214)
Define Ky as in Lemma [2.7] and recall that

Ky (t) ~tK{ (t) ~ [{V < t}]. (2.15)

Since A/Z,,(A) ~ A 2 V(z), we deduce, by Lemma [2.4] that

- A =
V(@) = A/En(A)] = lev(V(w)) — Kv(A/En (V)]
A

= Sy vV @) = WKy (/2]
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Set now a := A\/2Ky (A), b:= A2Ky(V(2)), t, := A\Y2Ky(M\/Z,())), and observe
that ¢, ~a ~mn = b by (2.13) and (2.15]), so the bound (2.14) can be rewritten as
Un(2; 2, (NV)2 S A2 min{a® 1 a7t b — 1,70},

Furthermore,

o = AV2Ky (A/Z,(0)) = / (A —Z, (W)Y,

and therefore
|tn —mn| <log(l+n) <n'™?
by Proposition (applied to the potential =, (A)V) and the fact that 6 < 1. As

a consequence, we can apply Lemma [2.3| and obtain that

Z Un (22, (A)V)2 < A2 Z min{a’~!, a’ b —t,| 7%} < AV2,

neN4 neNL
A/Zn (A V)EA,24] th~a
as desired.

3. POINTWISE EIGENFUNCTION ESTIMATES IN THE TRANSITION REGION

3.1. Summary of the results. Let k > 1. Let us introduce the following sub-
classes of Py (k). Recall that a modulus of continuity is a function w : [0, 00] — [0, 00]
such that lim;_,ow(t) = 0.

Definition 3.1. If w is a modulus of continuity, let P; yc(k,w) be the class of
potentials V' € Py (k) such that

log(V'(xe!)/V' (£e))| <w(t —t|)  for all t,t' € R.
In other words, w is a modulus of continuity for the functions ¢ — log |V’ (%e’)|.

Remark 3.2. It is easy to see that, for all § € (0,1), Piyo(k) C P1uc(k,wn,0),
where wy ¢ is a suitable modulus of continuity such that wy ¢(t) ~ ¢ t? for ¢ small.

Definition 3.3. Let P; (k) be the class of the convex potentials in P; (k).

Definition 3.4. For k > 2, let Pi(k) be the class of the potentials V € P;(k)
which are C* on R\ {0} and satisfy the estimates

|2V ()] < KV () forallz #0and £ =2,... k.

The aim of this section is to prove the following pointwise estimates for the
eigenfunctions of H[V] := —02 4+ V.

Theorem 3.5. For all x € R and n € N4, the estimates

1
{V < E.(V)}'/2
En(V)1/2
TRV S El(V)}V2
hold in the following cases:
(i) with & = k and o = 1/2, whenever V € Py (k);

(i) with & = (k,w) and o € (1/4,1/2), whenever V € Py ye(k,w);

(#3) with & = Kk and o = 1/4, whenever V € Py v(K);

(iv) with & = Kk and o = 1/4, whenever V € Ps(k).

9o (2; V)| Skoe min{n®*/%, |1 =V (z)/E.(V)| Y,

W@ VIS max{n(e=V/3, (1 V(2) /B, (V){* )
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We point out that, well inside the classical region (say, where V(z) < E,,(V)/2),
the above bounds reduce to the uniform bound stated, e.g., in [DM21], Proposition
6.2], which applies to any V' € P;(k); similarly, far from the classical region (say,
where V() > 4E,,(V)), a much better (exponentially decaying) bound is known to
hold, again for arbitrary V' € Pi(k) (see, e.g., [DM21], Theorem 7.7]). As anticipated
in the introduction, the relevance of the above bounds is therefore their validity in
the transition region, where V(z) ~ E,, (V).

We also point out that the bound for 1, in Theorem matches the one
obtained in [DM20, Proposition 3.4] under the additional assumption V(z) ~ |z|¢
for some d > 1. The method used in [DM20] is based on a theorem by Olver
[OIv74], which essentially allows one to approximate 1,, with a suitably rescaled
Airy function, so the bounds for v, can be reduced to known bounds for the
Airy function. The method presented here, instead, does not go through such an
approximation, but yields the desired bounds directly. Moreover it allows us to
treat potentials V(x) ~ |z|¢ for arbitrary d > 0, or even potentials that are not
comparable to a single power law (provided they belong to one of the classes of
potentials defined above); see also the discussion in the introduction of [DM21].

Here and in the following sections, we shall write E,, and 1, in place of E, (V)
and v, (+; V) when the potential V is clear from the context.

3.2. Pointwise estimate in the classical region: C' potentials. Here we
assume that V' € P (k) and prove the pointwise estimate

s, W BuBa-V)
"B, -V ™ {V<E}
in the classical region {V < E,,}.
The key to the proof is the monotonicity information provided by the following
elementary identity, valid on R\ {0}:
(Bn = V)i + (00)%) = ~V'uy (32)
(cf. [DM21l Proposition 5.7]). As the right-hand side is positive on (—o0,0) and

negative on (0, 00), we conclude that

(En = V)tn + (1) < Enthn(0)® + ¢7,(0)? (3.3)

(3.1)

on the whole R.
To bound the right-hand side of the latter, we use another monotonicity argu-
ment, based on the following counterpart to (3.2)):

!
2 _(¥)? v’ /2
= 3.4
(24 2205 ) = e (34
on the region {V # E,}\ {0} (cf. [Tit62] §8.3]). As the right-hand side is negative
on (—o00,0) and positive on (0,00), we can control (cf. [DM21] Section 6.4]) the
7\2
value of ¥2 + éw%)v at 0 with its average on {V < E,,/2}, thus obtaining that
U (0) 1 2, 2 1
n 0 2 n < N c 712 <K s
by Proposition [2.5]
The desired estimate (3.1)) then follows by combining (3.3)) and (3.5).

We record here an elementary consequence of (3.1)), that is, a uniform estimate
which is valid well within the classical region: namely, for any 6 € (0, 1),

(¥n)? 1
<H9
E,—-V ™~ {V<E,}

(3.5)

¥i o+ on {V < (1-0)E,}. (3.6)
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3.3. Pointwise estimate in the classical region: C® potentials. In this sec-
tion we assume that V' € P3(k), and prove the following “improvement” of (3.1)):

—2/3 7\2 1/2 _1v)\-1/2
in the classical region {V < E,, }.
As in Section above, the proof is based on a monotonicity argument. Specif-

ically, the method used here is inspired by what is referred to as the “Sonin’s
function” method in [Kr08]. The main idea is to consider the function

fni=(En — V)1/47/}na
which is well defined and C? in the punctured classical region {V < E,} \ {0}.
From the differential equation

-3

(3.7)

_wx + Vi = Enthy (38)
satisfied by 1, one readily obtains that
in the punctured classical region, where
1V 5 (V') 1 v
e B, =E,-V+ — - .
4E, -V’ +16(En—V)2+4En—V
We now consider the “Sonin’s function” for f,, namely,
’\2
Sn = 2 (fn)
£+
which is defined and C! in the subset {V < E,,, B,, # 0} of the punctured classical
region. A quick computation shows that
4A,B, — B!
! n+=n
Sp = Tn(
that is, the derivative of .S,, has the same sign as
15 (V)3 9 Vv 1 v

A, =

)% (3.10)

4A, B, — B = - =z :
" 16 (B, —V)® 8(E,—V): A4E,-V

To study the sign of B,, and 44, B, — B}, we rewrite them as

5 (V') 4V
B, =E, -V +— 142 E, - V)|,
T E e P! )
15 (V)° 6 V" 4 v
4AB, — B, =2 ) 1142 B, — = B, —V)?|.
: = Em v | s B VI B V)

This is convenient because, for V € P3(k),
V"V S 1V VIV S 1/VE

Hence, we can choose € = ¢(k) > 0 sufficiently small to guarantee that
v _w
(En - V)z’ (En - V)3
in the region Q, := {(1 —€)E,, <V < E,}. In particular, B,, > 0 there, and S},
has the same sign as —V".

Define now ;= > 0 as the points such that V(£yX) = (1 — ¢)E,. Then, using
the fact that S, is decreasing on €, N (0,00) and increasing on Q,, N (—o0,0), we
conclude that

(fn)? fa(Fye)?
R smps (e EEEE) oo )

B,~FE,—V+ 4A,B, — B, ~ — (3.11)
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Note now that
1/4 / yal o 1V
fn:(En*V) wna fn:(Enfv) 1/) wn .

" 4FE,-V
In particular, by (3.11)),

(f)? / (¥n)?
fr+ B = (B, — V)12 [wi + Bn} (3.13)

in the region (,,, and
! ()2
B, (yn )

the last inequality is consequence of the fact that +y* € {V < (1 — ¢)E,}, that
is, :I:yﬂlE are well inside the classical region, so the uniform estimate (3.6)) applies.

From (3.12) and (3.13) we then deduce that
72 1/2 _y\-1/2
B, ™ {V < Enj

As |V ~, {V < E}|7'E, ~ n1EY? on Q, by Proposition from (3.11))
we deduce that

42 12 iy, V() B
Ful)? + e L e o TE

Pp +

on . (3.14)

72 —2/3p \?
By~ B, -V V) 2~H(En—V)(1+n ”)

(B, —V) E,—V

so from ([3.14)) the desired estimate (3.7)) follows on £2,,. Actually the same estimate
(3.7) holds on the whole classical region {V < E,}, because on {V < (1 —¢€)E,} it
simply reduces to the uniform estimate ([3.6]).

3.4. Pointwise estimate in the classical region: convex potentials and
potentials with uniformly continuous derivative. A variation of the method
presented in the previous section allows us to show that, if V' € P; yc(k,w), then
the following pointwise estimate holds for all « € (1/4,1/2):

—2/ -3 ’ a B —2a
n 2 3Eﬂ> (1/%)2 <_ E'r21 (Eﬂ V) 2 (315)

2
¢n+(1+En_V EyoV o TV <E.]
in the classical region {V < E,}, where & = (x,w); in addition, we will prove the
analogous estimate for o = 1/4 and & = & in the case V € Py ¢y (k).

As in Section [3:3] we apply the Sonin’s function method. We only discuss the
estimates for > 0, as the case x < 0 can be be treated analogously. Let z,, € Rt
denote the positive transition point, i.e., V(x,) = E,,.

Let oo € R*, and consider the function

ful@) = (20 — 2)"Pn(2),

which is well defined and C? in the classical region. From the differential equation
(3.8) satisfied by 1, one readily obtains that f, satisfies (3.9) in the classical

region, where
Ay, = —a(z, — )7, B, :=E, -V +ala+1)(z, —z)"% (3.16)

Since o > 0, clearly B, > 0 in the classical region. We now consider the Sonin’s
function for f,, namely,
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which is defined and C* in the punctured classical region. By arguing as in (3.10]),
we deduce that the derivative of S;, has the same sign as

E,-V _
4A,B, — B, =V' —4a —2a(a+1)(2a + 1) (2, — )72
Ty —
To study the sign of 44, B,, — B}, we observe that, by Lagrange’s Mean Value
Theorem,
E,-V
V'(z) — 4ax73(3x) =V'(z) —4aV' (&) = =V'(z)(4aV'(&)/V'(x) — 1) (3.17)
n—

for some & € (x,x,).
Now, if V' € P1 ye(k,w), then

log(V'(£)/V'(2))] < w(log(&/x))

and therefore

4aV'(§)/V'(z) = exp(log(4e) +log(V'(€)/V'())) = exp(log(4ar) — w(log(¢/x)))-

If we take o € (1/4,1/2), then log(4a) > 0. Since lim;_,ow(t) = 0, we can find
d = 6(a,w) > 0 such that

w(t) < log(4a) whenever 0 < t < 4.

Consequently, whenever 0 < z,,/z < e°, we have 4aV'(£)—V’(z) > 0, and therefore
4A, B, — B!, < 0. As a consequence, S, is decreasing in the interval [e =%z, x,).

If instead V' € Py ¢y (k), then an even simpler argument applies. Indeed, one can
go back to (3.17), and observe that V'(¢)/V’(z) > 1 in this case, because V' is
increasing; consequently we obtain that 44, B,, — B!, < 0 on the whole RT N{V <
E,} whenever o > 1/4. In particular, we can take a = 1/4 and 6 = 1 in this case,
and again conclude that S, is decreasing in the interval [e“sxn, Tn).

The fact that S,, is decreasing on [e~%x,,, z,,) implies that

(fn)® 2, Ju(e’zn)?

5 < fule %xn)? + By e 02y, 2). (3.18)

fat
Note now that
Jn= (xn - x)awvu fr/L = (xn - x)a ['(/J;L - Oé(.]?n - x)_lwn] .
In particular, by (3.16),

fh+

(¥, )2] (3.19)

~q (T, — x)%* {1/13 + #
on [e~%z,,,), and

I (=98 2
2 fn(e l‘n) < 2« —0
+ By(e 0z,) ~° Tn [wn@ Tn)
x2e

Ske T T
V< B}

¢y Vil tn)

fn(e_‘sxn) E

these inequalities are consequence of the fact that ez, is well within the classical
region (see Lemma [2.4(i))), so E,, — V(e~%z,) ~& o E, and the uniform estimate
(3.6) applies. From (3.18]) and (3.19) we then deduce that

/1\2 1,2(1 T, — T —2a _
V7 + (1/)5%) Sk n|{(Vn<E)}| on [e 6xn7xn)' (3.20)
We now observe that, by Proposition [2.5

Tn = {V < B}
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and, by Lemma [2.4]

~ En

T HV < B
on [e~%x,, x,); hence, from and Proposition we deduce that

n*2/3En 8

=

on [e";xn,xn). As a consequence, the estimate gives on [e"sxn,xn).

On the other hand, the interval [O,e“sxn) is well within the classical region, so
on that interval the estimate (3.15]) follows from the uniform estimate (3.6). In
conclusion, (3.15) is proved on [0,z,) = {V < E,} N[0, 00), as desired.

E, —V(zx)

(xn - I)

B, ~. (E,-V) <1+

3.5. Zeros and local extrema of eigenfunctions and their derivatives. In
this section we prove the estimates for ¢/, of Theorem on the whole R, as well as
the corresponding estimates for 1,, within the classical region. These estimates will
be derived from those proved in the previous sections, combined with information
on the location of the extremum points of ¢, and 1/,.

Assume at first that V' € Pi(k). We recall a few basic facts about zeros and
local extrema of 1, and v/, which are easy consequences of the fact that v, is a
square-integrable solution of .

(a) 1, and 9, do not vanish simultaneously at any point.

(b) The zeros of ¥, and 1)), are contained in the classical region {V < E,,}; outside
of the classical region, x4, (z)9. (z) < 0, which implies that both 2 and
(¢!)? are strictly increasing on {V > E,} N (—00,0) and strictly decreasing
on {V > E,}N(0,00).

(¢) ¥ has n — 1 zeros in the classical region, which are all simple, so 1,, changes
sign at each zero.

(d) The zeros of v}/ are the zeros of 1, and the two transition points (i.e., the
points where V' = E,,); these are the inflexion points of v,,.

(e) Between two consecutive zeros of 1!/, the function 1, is strictly concave or
strictly convex according to whether 1), is positive or negative.

(f) Between two consecutive zeros of 1!/, there is exactly one zero of 1)/ ; these are
all the zeros of 1/,, which has n zeros, and they are all simple.

(g) Similarly, between two consecutive zeros of v/, , there is exactly one zero of ,,.

(h) The zeros of 1!, are the local maximum/minimum points of v, that is, the
local maximum points of 2.

(i) Similarly, the zeros of !/ are the local maximum/minimum points of ¢/,, that
is, the local maximum points of (¢,)%.

Since |97, | attains its maximum in the classical region {V < E,,}, from (3.1) we
derive the following uniform estimate for 1 :

EL?

—\{V < B2 (3.21)

[Wnlloo = sup [¥5] Sk
{V<E,}

This proves the estimate for ¢/, in Theorem and moreover implies a rough
uniform estimate for ,:

lnlloe = sup [l < [on(0)] + /
{V<En} {

.
{V < B3V

where (3.5)) and Proposition [2.5] were used. Notice that the estimate (3.22) is worse
than the uniform estimate for v, in Theorem |3.5(i); to prove the latter, a more
careful analysis of the local extrema of v, and 1)/, is needed.

, Wnl Sw (3.22)

V<E,
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Further important information about local extrema is deduced from the mono-
tonicity identities (3.2) and (3.4). These identities give us precise information on
7\2
the sign of the derivatives of the two functions (E,, — V)2 + (},)? and 2 + }(;ﬁn_)v;
by evaluation at the zeros of ¢! = (V — E, )¢, and 1/, these yield the following
information.

(j) The local maxima of 12 (that is, the values of ¥2 at the zeros of /) on
[0, 00) form a strictly increasing sequence, while on (—o0, 0] they form a strictly
decreasing sequence.

(k) The local maxima of (¢,)? (that is, the values of (/)% at the zeros of v!)
on [0,00) form a strictly decreasing sequence, while on (—o0, 0] they form a
strictly increasing sequence.

In particular, the global maximum of 12 is attained at an outermost zero of 1,
(that is, a zero closest to one of the two transition points). Similarly, for n > 1,
the global maximum of (v,)? is attained at an innermost zero of 1, (that is, the
origin if 1,,(0) = 0, or the positive and negative zeros of ¢, that are closest to the
origin if 4,,(0) # 0). For this reason, it is useful to investigate the location of the
zeros of 1, and ], within the classical region.

To this purpose, as in [Sz75, §6.31], we can fruitfully use Sturm’s comparison
theorem. Namely, for any E € (0, E,,), we have that V —E,, < E—E, on {V < E}.
Hence, we can find a zero of v, between any two zeros of a nontrivial solution of
—u" 4 (E — E,)u=0on {V < E}; in other words, we have proved the following.

(1) For all E < E,, there is a zero of ¢, in any interval of length /v E, —E
fully contained in {V < E}.

In order to be able to apply this result, we need to ensure that such an interval
exists, that is, we need to choose E so that

{V<E}VE,-E>m
‘We now observe that, by Proposition
E, \? ,
(Z5) " 1V < Buy2dl =,
This means that there exists ng = ng(x) € N4 sufficiently large that
% < %, (nE;?’) v {V < E,/2}| >n forall n > ny.

Consequently, if we take E := E,, — %, then

Ey

1/2
2/3) ‘{VSEn/QH >m for aﬂnZnO’
n

v < BE -5 (

and the previous result can be applied.
We now observe that, if =7, yF € (0,00) are such that V(+z) = FE, and

V(yt) = E, then, by Lemmaand Proposition

+ . V<E 1/3
wE Y (B, — B) =, . 273 2 = n1/2 = —.
Ey n E, E, - E

In conclusion, for all n > ng = ng(k):
(m) There are >, n?/3 zeros of 1,, within the region {V < E,, — E,/n?/3}, and

~K
the outermost of them have distance ~, n=2/3|{V < E, }| from the transition
point with the same sign.
(n) Any two consecutive zeros of v, within the classical region have distance <,

n=2PHV < B}
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By using the above information, we can improve, for all V' € P;(k), the uniform
estimate (3.22). Indeed, we know that the maximum of [¢,| is attained at one of
the outermost zeros of v ; let us call this point wy,, and let {, be the outermost
zero of 1, with the same sign. From the above discussion, we deduce that, for all

n > ng, (G — wn| Spn 23V < Ep}| ~, n'/3/EY? hence, by (3.21),
Wy 1/3
/
ol < \/ o,
Cn

o
HV < E 3V

< |Cn - wnlllw;znoo Sk (3-23)
The same estimate for n < ng is already contained in , since n ~, n'/3 for
n < ng. Combining this estimate with proves the validity of the estimate for
1, of Theorem within the classical region.

The above information on the location of the zeros and extrema of ), and v,
can also be used to prove the estimates for ), of parts to |(iv)| of Theorem (3.5
on the whole real line, as well as the corresponding estimates for v, in the classical
region. Indeed, under the assumptions on V and « in any of parts to of
Theorem |3.5] we know from and that the improved pointwise estimate

—2/3E -3 (w/ )2 EQO/(E _ V)—2a
2 1 n n n <R « n n 3.24
A5 %) By e ey 52
holds in the classical region {V < E,}. In particular,
E2a En -V 1-2«
W) So D o v < B B (329

{V < En}

If we now apply this estimate at the two outermost zeros +zF of v, within the
region {V < E,, — E, /n*/?}, we obtain that, for all n > no,

EX (B, — V(£25)) % En —2(1-2a)/3

! + £)2 <7< >~
UnlEa)” Sne TR B <&y

where we used that E,, — V(£2zF) ~, n=?/3E,, due to the fact that the distance
between 42z and the transition point of the same sign is ~, n~2/3|{V < E,}| (see
and above).

As previously discussed, the 427 are local maximum points of (¢/,)?, and be-
cause of the monotonicity properties of the sequence of local maxima of (¢/,)? (see
(k)| above), we conclude that, for all n > ny,

En

(¥n)? < mfx¢é(izf)2 Skia m”_z(l_zaw on R\ (—z;,27); (3.26)
here we can go beyond the classical region, because (v,)? is increasing on {V >
E,}N(—00,0) and decreasing on {V > E,,} N (0, 00) (see[(b)|above). By combining
(3-25) and (3.26)) we deduce the estimates for ¢/, of Theorem (iv)| on the
whole R.

As for the bound on v,,, we can argue as in (3.23)), but use the improved bound
on !, from (3.26). Namely, let w, be an outermost zero of ¢/, where |, | attains
its maximum, and (, be the outermost zero of v, with the same sign. Then

Costn € R\ (=27, 2F) and |2, — wn| S n 23V < Ep}| =, n/3/EY? . s0
n2a/3

{V < En}t?

Wn
ol = onCa < | [ 05 5. (327)
Cn
for all n > ng. The same estimate for n < ng is already contained in ((3.22), since
n =, o n2%/3 for n < ng. Combining this estimate with (3.24) proves the validity

of the estimates for 1, of Theorem [3.5(i1){(iv)| within the classical region.
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3.6. Estimate outside the classical region. In order to complete the proof of
Theorem it remains to prove the estimate

1
P —
|wn($)| ~k,x |{V < En}|1/2

outside the classical region. We only discuss the case x > 0, since the case x < 0
is treated analogously. So we need to prove the above estimates for z > z;}, where
x,} is the positive transition point.

Here we use the estimate from [Tit62) §8.2],

nlo)] < alexo (= [ = B2) < Wolwen (= [ = B72).

n

(V(2)/En—1)7"

valid for all z >z}, together with the estimates for ||1), || obtained previously.
Let &7 > 0 be such that V(Z,) = 4E,,. Then, for z > 7},

/&va@V%%vam)z@uﬁﬂ¢vuyﬂﬁ¥n¢V@yal

n

(see [IDM21], eq. (6.11)] and Proposition and both factors in the last product
are greater than or equal to 1. Hence, for some ¢ = ¢(k), if we use the estimate for

[|tn |loo from (3.22), then we deduce that

[Un ()| S WGXP(_C”) exp(—cy/V(z)/Ey)
1 _ 1 _
SK,N W(V(I)/En) N >N W(V(Q:)/En — ].) N,

for any N > 0, since V(z)/E,, > 4 for > .
For x € (x}, 7)), instead,

x V < En xr
/(V—Emﬂgmﬂ—i—ﬂ +(V—En)l/z’v’
V<E,

~,. HE*”(V(:E) _ E‘n)?’/2

> n (V(x)/En = 1),
by Proposition So, if we use the estimate for ||, ||~ from and (3.27),
then s
MV < B2
S TEET

[t ()] S exp (—cn (V(z)/E, — 1)3/2)

(V(z)/En — 1),
as desired.

4. PROOF OF THE SHARPENED WEIGHTED PLANCHEREL ESTIMATE

We are finally in a position to prove the desired sharpened version of the weighted
Plancherel estimate of [DM21, Theorem 9.1]. We restate it as a separate theorem.

Theorem 4.1. Assume that V € Piig(k) for some § € (0,1). Letm:R — C be a
bounded Borel function such that suppm C [1/4,1]. Then, for all v € [0,1/2) and
all >0,

ess sﬂélzp 272 max{V (r), V(m’)}1/2_7 /]RZ ly —o|*" ‘Km(rzg)(z, z’)‘2 dz
z'e

S0 22,
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where z := (z,y) and 2’ := (&, y).

Proof. We follow the set-up and notation of [DM21] Section 9], but assume addi-
tionally that suppm C [1/4,1]. For A € R", define Ga(\, 7) := m(\)x (A7), where
x € C°([1/4,1]) is such that >, x(27) =1 on RT, and set K¢, := K ac,—o2)-
Then '
447 - dr
[ Ko aP a5 a7 [ M) g P
R2 A-1 T
(4.1)
2
-

4 4471
L =Pl e s 2SIy
j=1

(see [DM21], egs. (9.11) and (9.15)]), where

M; (7) = diag(m(E(7V))),

M,(7) := diagm’(E(7V)) @ diag F(7V),
M;s(7) := N O A(rV) © incm(E(rV)),
My (1) :=F © A(7V) @ incm(E(rV)).

Here E(1V) = (En(TV))n, F(TV) = (10, En(TV))p, 0(57V) = (0 (57V))n; the
matrices A(7V), P(7V), N, F, are given by A,,,,,(7V) := (70; U, (5 7V), o (55 7V)),
an(TV) = <7-an(a TV), ¢m('; TV)>, Nnm = ln/2§m§2n, an = 1n>2m +
1,,52n; moreover ® is the Schur product between matrices, | -|| is the £2-norm, and

diagf:: (fnénm)n,mv iIle?ZZ (fn - fm)n,m-

In the proof of [DM21], Theorem 9.1], the integrals in d{ in are bounded
by the corresponding suprema, which eventually results in estimates involving L°°-
Sobolev norms of m. In order to obtain sharper estimates with L?-Sobolev norms,
here instead we crucially take advantage of the integration in 7.

Let us first consider the term involving the diagonal matrix M (7):

4471
R T

4471 dr
:/Aﬂ D Im(En (7V) P 7V

— [T oy = 2 ASaY) dA
S RO SEEENAI G

n:1/2,(A\)€[A/4,4] Sn

> 2 .= 2@
S omor Y wn@Eoves

n:A/E,(N)E[A/16,A]

by Proposition In light of Theorem and Remark we can apply
Theorem [2.2) with P = Py 1¢(x) to bound the above sum, and deduce that

4A™1
e dr —c|z
/ ML) (@ V)P S [mll3 (Ty<aa +e #11y24a). (4.2)
-

As observed in [DM21] Section 9.3], Mx(7) is also a diagonal matrix, with diag-
onal entry m’(E,, (7V))70, E,(7V), and

I (B (1V))70- En(TV)] < [W(Ey (7)),
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where m(A) := Am’(\) (see Proposition [2.1)). So the same argument as above, with
m in place of m, yields

4A~1
- dr
/ 1 IIMz(T)w(:E;TV)H27 Sow [Im'[I3 (Ty<an + ey saa). (4.3)
A

We now deal with the “near-diagonal” term Mgj(7). As discussed in [DM21]
Section 9.5], the absolute value of the (n,m) entry of Ms(7) is
Loj2<ms<on [Anm (TV) [ [M(En(TV)) = m(Ep (7V))].

Note that, since suppm C [1/4,1] and E,(7V) =~ E,(7V) for n/2 < m < 2n,
there is S = S(x) > 1 such that the above entry vanishes unless E,,,(7V) € [S~1, S].

Now,
E, (V)
/ m’(\) dA
E,,(tV)

<|EW(TV) = En(TV)] M(m/)(Em (TV)),

(m(En(rV)) = m(En(rV))]| =

where M denotes the uncentred Hardy-Littlewood maximal function on R. Con-
sequently, if we set m := 1;g-1 gyMm’, then
1n/2SMS2n |Anm(7—v)‘ |m(En(TV)) - m(Em(TV))‘
< 1 j2<m<zn | Pam (TV)[W(E,, (TV))
1

<Ii —AEm V b)
kL0 11 [m — n|t+e m( (V)

where € = €(k, 0), and we applied [DM21], Proposition 8.1 and Theorem 8.4]. Since
the matrix ((1+ |m — n|[**€)71), ,n>1 is £2-bounded, we conclude that

M3 (7).00(2; 7V) || S0 || diag(B(E(TV))).(w; 7V)]]-
So, the same argument that proves (4.2)), applied with m in place of m, yields, for

some T1 = T1(k),

A1
- dr . _

| IMa(r) s 7V Soe 5008 (veria + € 1y, a)

4

A (4.4)
S5 (vera + ey a),
where the last bound follows from the L?-boundedness of M.
Finally, from [DM21] eq. (9.19)], we already know that
4a7t - dr
/ M4 (7) (5 7V) | = S Iml|2 Qvma + e 1y omy a)
A-1 T (45)

S (mll2 + [l f|2)*(Ly<pa + e~y smya)

for some Ty = To(k) > 4, where the last estimate follows from Sobolev’s embedding.

In conclusion, from , , , and , we deduce that
[ 1Keale R & S ARl (v <ra+ e~ 1)
/]R2 (¥ = 9)? |Kaa (2, 2)]P d2’ Sup AV2([mllz + [m[|2)? (Ly<mya + e Lysma),
where T5 := max{T1,T>}. These two estimates are analogous to the ones stated at

the beginning of [DM21], Section 9.6], with L?-norms of m and m’ instead of L°-
norms. As in [DM21] Section 9.6], by interpolating these two estimates and then
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summing them for A = 27, j € Z, one eventually deduces that, for all v € [0,1/2),

1/2
</]R2 [y =¥/ Kne) (2, 2)? dz,) Souny |l g max{V (1), V() /2714,

which is the case r = 1 of the estimate in Theorem [I.I] The estimate for arbitrary
r > 0 follows by rescaling, that is, by replacing V (x) with V,.(z) := r?V (rz), as
explained at the end of [DM21], Section 9.6]. O
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