POLITECNICO DI TORINO
Repository ISTITUZIONALE

Asymptotics of degrees and ED degrees of Segre products

Original
Asymptotics of degrees and ED degrees of Segre products / Ottaviani, G., Sodomaco, L., Ventura, E.. - In: ADVANCES
IN APPLIED MATHEMATICS. - ISSN 0196-8858. - 130:(2021), p. 102242. [10.1016/j.aam.2021.102242]

Availability:
This version is available at: 11583/2958175 since: 2022-03-11T16:54:13Z

Publisher:
Elsevier

Published
DOI:10.1016/j.aam.2021.102242

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

21 June 2026



Advances in Applied Mathematics 130 (2021) 102242

Contents

www.elsevier.com/locate/yaama

Advances in Applied Mathematics MarBNAHS

lists available at ScienceDirect

Asymptotics of degrees and ED degrees of Segre n

Check for
updates

products

Giorgio Ottaviani®, Luca Sodomaco ”*, Emanuele Ventura ¢

& Dipartimento di Matematica e Informatica “Ulisse Dini”, Universita di Firenze,

Ttaly

P Department of Mathematics and Systems Analysis, Aalto University, Espoo,

Finland

¢ Mathematisches Institut, Universitit Bern, Switzerland

ARTICLE INFO

ABSTRACT

Article history:

Received 26 August 2020
Received in revised form 12 April
2021

Accepted 19 May 2021

Available online 17 June 2021

MSC:
14NO07
14C17
14P05
15A72
58K05

Keywords:

Segre products
Tensors

ED degrees
Asymptotics
Hyperdeterminants
Dual varieties

Two fundamental invariants attached to a projective variety
are its classical algebraic degree and its Euclidean Distance
degree (ED degree). In this paper, we study the asymptotic
behavior of these two degrees of some Segre products and
their dual varieties. We analyze the asymptotics of degrees of
(hypercubical) hyperdeterminants, the dual hypersurfaces to
Segre varieties.
We offer an alternative viewpoint on the stabilization of the
ED degree of some Segre varieties. Although this phenomenon
was incidentally known from Friedland-Ottaviani’s formula
expressing the number of singular vector tuples of a general
tensor, our approach provides a geometric explanation.
Finally, we establish the stabilization of the degree of the dual
variety of a Segre product X X @, where X is a projective
variety and Q, C P"*! is a smooth quadric hypersurface.
© 2021 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

* Corresponding author.

E-mail addresses: giorgio.ottaviani@unifi.it (G. Ottaviani), luca.sodomaco@aalto.fi (L. Sodomaco),
emanueleventura.sw@gmail.com, emanuele.ventura@math.unibe.ch (E. Ventura).

https://doi.org/10.1016/j.aam.2021.102242

0196-8858/© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).



2 G. Ottaviani et al. / Advances in Applied Mathematics 130 (2021) 102242

1. Introduction

Let V® be a real vector space equipped with a distance function and let X C P(VE®p
C) be a complex projective variety. Two fundamental features of X are its degree and
its Euclidean Distance degree (ED degree). While the first is one of the basic numerical
invariants of an algebraic variety, the second was recently introduced in [6] and since
then has found several interesting applications in Pure and Applied Algebraic Geometry
[5,27,8,7,2,14,16].

The aim of this paper is to initiate a study of the asymptotic behavior of these two
important notions attached to some special varieties and their duals. These varieties are
Segre products, i.e. images of direct products of projective varieties through the Segre
embedding. Our perspective is naturally inspired by the recently emerging interest in
stabilization properties in Algebraic Geometry and Representation Theory, seeking for
results about large families of related varieties at once, rather than specific instances.
The discussion around [5, Conjecture 1.3] motivated this work. Indeed we found the
geometrical explanation sought in [5] (see Corollary 4.14 and its proof). We hope that the
specialization technique of this paper may open the road towards new results, including
the above conjecture.

Whenever a classical Segre variety P¥1 x - .. x Pk ¢ P(CMH1 ®-..@C*¢+1) is not dual
defective, i.e. its dual variety is a hypersurface, the polynomial defining the latter is the
hyperdeterminant [12, Chapter 14]. These higher analogues of matrix determinants are
of utmost importance and yet their properties are far from being completely understood.
Hyperdeterminants play a prominent role behind all the results in this paper.

We now showcase our results. We start off from the very classical (hypercubical)
hyperdeterminants of the Segre variety P(C"+1)*¢ establishing an asymptotic formula
of its degree as the dimension n + 1 of the vector space goes to infinity.

Theorem (Theorem 3.8). Let N(nl?) be the degree of the hyperdeterminant of format
(n+ 1)*9. Then asymptotically, for d >3 and n — +oo,

(d— 1)2d—2 (d— 1)dn
3d—6 d—3 .

n d ~
Nn1?) [27(d — 2)] %" d*% nz

This should be compared to the behavior of the ED degree (with respect to the Frobe-
nius inner product introduced in Definition 4.1) of the Segre variety X = P(C"+1)xd
for d > 3 and n — 400, found by Pantone [22]:

EDdegree,(X) ~

3d—1 d—2

(d—1)%! (d-1)™
(277)% (d—2)"z d= ns

The result is shown using a theorem of Raichev-Wilson [28] and performing a similar
analysis to the one of Pantone [22], for approximating the number of singular vector
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tuples introduced by Lim [17] and Qi [25]. Indeed, the source of this result is the sur-
prising similarity between two infinite series a priori unrelated: the generating function
of the degrees of hyperdeterminants [12, Theorem 2.4, Chapter 14] and the generating
function of Ekhad and Zeilberger [9, Theorem 1.2] resulting from the ED degree formula
of Theorem 4.6. Note that the hyperdeterminant grows faster, unless the trivial case
d = 2 of ordinary matrices, where both sequences collapse to n + 1 (here the hyperde-
terminant coincides with the determinant of a square matrix of order n + 1, whereas
EDdegreer(X) = n+1 by the Eckart-Young Theorem). This is in contrast with the first
nontrivial case of 2 x 2 x 2 tensors, where the degree of the hyperdeterminant is 4 and
EDdegreer(X) = 6.

Another asymptotic result is proved for n = 1, i.e., when X is a Segre product of d
projective lines, the basic space of qubits in Quantum Information Theory. In this case,
we let d — +00 (see Proposition 3.12).

The stabilization of the Frobenius ED degree of some Segre varieties is a very in-
teresting phenomenon. This is apparent from expanding Friedland-Ottaviani’s formula,
which expresses the number of singular vector tuples of a general tensor in a given for-
mat. However, to the best of our knowledge, a geometrical explanation was missing.
We fill this gap providing a geometric view of this behavior that is tightly related to
hyperdeterminants.

Theorem (Theorem 4.13 and Corollary 4.14). Let dim(V;) = n;+1 and dim(W) = m+1,
N = Zle n; and m > N. Let Det be the hyperdeterminant in the boundary format
(n1+1)x--x (ng+1)x (N+1). Consider a tensort € P(V,®---@V4@CN+t) c P(V;®
- @Va@W) with Det(t) # 0. Then the critical points of t in P (V1) x---xP(Vy) x P(W)
lie in the subvariety P (V1) x -+ x P(Vy) x P(CN*1),

Moreover, for all m > N, we have

EDdegreep, (P™ x - x P™ x P™) = EDdegreep (P™ x -+ x P x PN) .

Furthermore, Theorem 4.12 gives a rather detailed description of the critical points of
a tensor t in the hypothesis of the previous result: they exhibit an interesting behavior
as they distribute either on the subspace where the tensor ¢ lives or on its orthogonal.

Our last contribution deals with the stabilization property of the degree of the dual
varieties of some particular Segre products of projective varieties.

Theorem (Corollary 5.6). Let X be a projective variety of dimension m. Forn > 0, let
Qn C P be a smooth quadric hypersurface. Suppose that (X x Q)Y is a hypersurface.
Then (X x Q)Y is a hypersurface of the same degree as (X x Q)Y for alln > m.

At first glance, the two stabilization phenomena described in Corollaries 4.14 and 5.6
seem to be independent. Surprisingly, a relationship appears when X is a Segre product
Pkt x ... x P*¢_ In this case the variety X x Q,, is the largest irreducible component of
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isotropic elements in Y = X x P"*! and it is, for large n, the only irreducible component
such that its dual is a hypersurface. If we could apply [20, Theorem 6.3] which states
2EDdegree(Y) = deg(Y N @)Y, then the equivalence between Corollaries 4.14 and 5.6
would follow. Although [20, Theorem 6.3] cannot be directly applied in this case, this was
a guide for our study. Indeed, from the study of the ED polynomial of the Segre variety
X xP™*! (with respect to the Frobenius inner product), we observed in various examples
that EDdegree (X x P"*1) stabilizes for n — +oo if deg[(X x @Q,,)"] stabilizes too, and
vice-versa (see §5.1 for some related open problems). In a second step, we generalized
Corollary 5.6 to an arbitrary projective variety X using an explicit description of the
polar classes [15, §3] of X x @, showing several binomial identities involving them.
The paper is organized as follows. In §2, we fix notation and introduce the terminology
used throughout the article. In §3, we derive the asymptotic formula for the degree of the
(hypercubical) hyperdeterminants. As an additional result, in §3.2 we give an asymptotic

2%4 as d goes to infinity. In

formula for the degree of the hyperdeterminant of format
§4, we first provide a description of critical points for tensors of boundary format as
in Theorem 4.12. Thereafter we show Theorem 4.13 and Corollary 4.14, along with
recording other observations. In §5, we recall polar classes and utilize them to establish
the stabilization of the degree featured in Corollary 5.6. In §5.1, we mention some by-
products of the stabilization above and formulate some intriguing conjectures, naturally

emerging from our experiments.
2. Preliminaries

Throughout the paper, we let Vi,...,V; be complex vector spaces of dimensions
dim(V;) = n; + 1, respectively. A (complex) tensor of format (ny +1) X -+ X (ng+1) is
a multilinear map ¢t: Vi* x --- x V. — C, i.e., an element of the tensor product (over C)
V= -V

Definition 2.1. A tensor ¢ € V is of rank one (or decomposable) if t = v1 ® --- ® vq for
some vectors v; € V; for all j € [d] :={1,...,d}. Tensors of rank at most one in V' form
the affine cone over the Segre variety of format (n1+1) x -+ x (ng+1), that is the image
of the projective morphism

Seg: P(V4) x -+ x P(Vy) = P(V)

defined by Seg([v1],...,[v4]) = [1 ® - - - ®vq] for all non-zero v; € V;. The Segre variety
introduced above is often denoted simply by P(V71) x --- x P(Vy).

For the ease of notation, in the rest we will abuse notation identifying a tensor t € V
with its class in projective space.

Definition 2.2 (Dual varieties). Let X C P(W) be a projective variety, where dim(W) =
n + 1. Its dual variety XV C P(W?*) is the closure of all hyperplanes tangent to X
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at some smooth point [12, Chapter 1]. The dual defect of X is the natural number
dx =n—1—dim(XV). A variety X is said to be dual defective if 5x > 0. Otherwise,
it is dual non-defective. When X = P (W), taken with its tautological embedding into
itself, XV = 0 and codim(X") =n + 1.

Of particular interest are dual varieties of Segre varieties, whose non-defectiveness is
characterized by the following result.

Theorem 2.3. [12, Chapter 14, Theorem 1.3] Let X = P (V1) x --- x P(Vy) be the Segre
variety of format (nq1 +1) X --- x (ng + 1), and let n; = max{n; | ¢ € [d]}. Then X is
dual non-defective if and only if

n; §an Vje [d]
7]

Definition 2.4 (Hyperdeterminants). Let X = P(V}) x --- x P(V}) be the Segre variety
of format (ny + 1) x -+ x (ng + 1). When X is dual non-defective, the polynomial
equation defining the hypersurface XV C P(V*) (up to scalar multiples) is called the
hyperdeterminant of format (n; + 1) X -+ x (ng + 1) and is denoted by Det. When the
format (n1 + 1) x -+ x (ng + 1) is such that n; = 37, n; for n; = max{n; | i € [d]},
the hyperdeterminant is said to be of boundary format. The hyperdeterminant of format
(n + 1)*4 is said to be hypercubical.

3. Asymptotics of degrees of some hyperdeterminants

In this section, we establish the asymptotic results for hyperdeterminants of formats
(n+1)? (as n — +o0) and formats 2¢ (as d — +o0).

3.1. Asymptotics for the hyperdeterminant of (P™)*<¢

Let x = (21,...,74) be a coordinate system in C%. Let a = (ay,...,aq) € N? be a
d-tuple of natural numbers. Define x* := z{* - - -z,

Raichev and Wilson [28] gave a method to find the asymptotic behavior of the co-
efficients of a multivariate power series ) _na foX® in the variables x1,..., 24, which
is the Taylor expansion of a function F' = G/HP, where G and H are holomorphic
functions in a neighborhood of the origin of C¢. They showed that the asymptotics of
fra, for a € N9 is governed by special smooth points of the complex (analytic) variety
V= {H(x) =0} c C%

Definition 3.1 (Strictly minimal point). Let ¥V C C™ be a complex variety. For a point
c € C4, its polydisc is D(c) := {y € C% such that |y;| < |¢;| for all i}. A point ¢ € V is
strictly minimal if it is the only point in V N D(c).
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Definition 3.2 (Critical point). Let V C C™ be the variety defined by H(x) = 0. A
smooth point ¢ = (¢1,...,¢q) € V is critical if it is smooth and ¢;01 H(c) = c20:H(c) =

- = cq0qH (c). Tt is isolated if there is a neighborhood of ¢ € V where it is the only
critical point.

Theorem 3.3 ([28, Theorem 3.2]). Let d > 2 and let F = G/H?, whose Taylor expansion
in a neighborhood of the origin is ) na faX®. Suppose ¢ € V = {H(x) = 0} is a
smooth with cqOqH (c) # 0, strictly minimal, critical, isolated, and non-degenerate point.
Then, for all N € N, as n — 400,

_%C)(nl—W—1V2—N>

In the original formula of Raichev-Wilson, we substituted « = (1,...,1) =1 and p = 2.

Theorem 3.4 ([12, Theorem 2.4, Chapter 14]). The generating function of the degrees
Ny(k1,...,kq) of the hyperdeterminants of format H?zl(ki +1) is given by

d -2
> Nalky,... ka)x* = [Z(l—i)ei(x)] :

keNd 1=0

where k = (k1,...,kq) and e;(x) is the i-th elementary function in the variables
TlyeeoyXd.

Henceforth, we let H(x) == Efzo(l —i)ei(x) and V := {H(x) = 0}.

Lemma 3.5. For all i € [d] we have 0;;H(x) = 0. If additionally we consider the point
(L1 ay g
c= (g1 a1 a=1)s then

d d—k—1

Proof. The first part follows immediately from the definition of H. For the second part,
we have

s T0) = 3 0 = ey = S+ k1) (‘7 (ﬁ) 7

j=k i=0
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where ¢;,..;, denotes all the variables ¢; except c;,,...c;,, and ej_j is the (j — k)-th
elementary symmetric function in d — k variables. Consider the (d — 1) x (d — 1) matrix
M = (Mij)i,j7 where

d—k 1 \7 k2
M;; (j—k+2><d—1> V0<i,5<d—-2,

where we use the convention ( ) = 0if b < 0. The matrix M just defined has equal rows.
We found this construction convenient for visualizing the sums. By a direct computation,
one verifies that the sum of the entries strictly below the diagonal of M is

ZMU_ZMU > My =(d-1) ZMU > M

i>7 i<j 1<j

= (d—1) (%)d ' + 05y H(c) .

On the other hand, the sum of the entries strictly below the diagonal of M is
d—3 j— k42
d—k 1\’
o= San a7 ) (o)
= o j—k+2/\d-1
_(d_k)§ d—k—1\ [/ 1 \/7F?
B e \j—k+2)\d—1 -
7=0
d—3 j—k+2 d—k—1 s
d—k—-1 1\’ d—k—-1 1
=(d-k — (d—k) =
-0 3 (i "kre) (75) > () E)

S=

= (d—k) (dilykl :

Hence
g \4k g \dk1 g 4kl
-0y, Hlc)=(d—-1) [ —— —(d—k)| —— =k|—— .
Ontie) == (757)  — @0 (75) (757) o
Proposition 3.6. The point ¢ = (75, 715,..., 727) € V is smooth with cq04H (c) # 0,

strictly minimal, critical, isolated, and non-degenerate.

Proof. We first show that the point ¢ = (ﬁ, ﬁ, cee ﬁ) sits in V. This choice of ¢

is the one made by Pantone in [22]. We have
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namely ¢ belongs to V. Moreover, by Lemma 3.5 we have that

04 (c) = (d%‘ll)d 40,

namely c is a smooth point of V. The criticality of ¢ follows from the symmetry of both
c and H. Furthermore, the point c is strictly minimal and isolated by the proofs of [22,
Proposition 2.3, Proposition 2.6].

It remains to show that the point ¢ is non-degenerate. By [28, Definition 3.1], the
point ¢ is non-degenerate whenever the quantity det g’ (0) # 0. By [28, Proposition 4.2],

3ddH(C) — aldH(C)
(9dH(C)

det§’(0) =dq*", q=1+ac
By Lemma 3.5, we have the identities

d

BaaH(c) =0, —81gH(c) =2 <d_1>d "

Substituting these values in the expressions for ¢ and det §”(0), we observe that c is
non-degenerate:

qg=1- <di = ;
(d—l) (dl)d d

_ d—1 _ on\d—1
S (L) R P
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Proposition 3.7. The following identity holds true:

o ~ d—1 2d—2
Lo(tio, §) = 1o(c) = (dT)—‘l

Proof. The quantity Ly (;, §) is defined in the statement of [28, Theorem 3.2]. For k = 0,
we have Lo(@;,§) = @;(c). By [28, Proposition 4.3], we have @g(c) = %, which
gives the second equality in the statement. O

Theorem 3.8. Let N(nl?) be the degree of the hyperdeterminant of format (n + 1)*¢
Then asymptotically, for d > 3 and n — 400,

N(n1?) ~ (d—1)*7 N Dl )
2n(d—2)]F d*5°  n%F
Proof. By Theorems 3.3 and 3.4, for N =1 and ¢ = (714, ..., 775), we have

[ 1
(27n)“z" det 3 (0) 2

voik)].

as n — oo. Define

N(n1%) =~ (d— 1) (n Lo(io, §) + Lo(fio, §) + Lo(i1, ))

1
(27)“F" det §7(0)z

Ma =

Then

N(nld) ~ (d— 1)dn Td LO(ﬂ/Oag)n + nd(LO(aO,g) +LQ(’L~L1,§)) L0 <;):| .

d—1 d—1 d—1

n 2 n 2 2

Since the second and third summand in the square brackets are both O(n 2 ) then

N(m?) m (d - 1yt | 1 Lol 9)n ij@’g) "yo (n})}
e ayn [1a Lol g, (mlotio)
— (d—1yin |1 - dL?(gol,g) n dLo( ~) 0 (l)]
ndLo(ao,;)(d;dTlﬁd 1ot )]

Conclusion follows by plugging in the identity for Lo(@o, J) of Proposition 3.7. O
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Remark 3.9. For d = 3 and d = 4 we recover the approximations

ot =gz o ()], ot~ e ()]

The approximation formula for d = 3 appears also in [29, A176097] and it is interesting to

compare it with the asymptotic result proved by Ekhad and Zeilberger for the EDdegree
which is (see [9,22])

C(n1?) ~ \/23731 [1+o(n>] .

Remark 3.10 (A Segre-Veronese hyperdeterminant). Theorem 3.8 can be generalized
further to a special class of Segre-Veronese varieties, with essentially the same calcula-
tions. We preferred to keep the statement for hypercubical hyperdeterminants of Segre
varieties for the ease of notation.

Given w € Z>g, the degree w Veronese embedding of P(W) is the image v,P (W) of
the projective morphism

v, P(W) = P(S“W) (3.1)

defined by v, ([2]) == [2*], where SYW is the degree w symmetric power of W.

Segre-Veronese varieties are obtained combining the Veronese embedding v, already
defined with the Segre embedding Seg introduced in Definition 2.1. More precisely, let
(Wi, --.,wq) € N4 The degree (wy,...,wq) Segre-Veronese embedding of P(Vy) x - -+ x
P(Vy) is the Segre embedding of the product v, P (V1) X - -+ x v,,P(Vy), which we keep
calling v, P(V1) x - -+ x v,,P(Vy) for simplicity.

Now let N(ki,...,kq;wi,...,wq) be the degree of the hyperdeterminant, namely the
polynomial defining the dual hypersuperface, when defined, of v, P (V1) x - - - x v, P (Vg).
Assume that w; = - -+ = wg = w for some w € N. Applying [12, Theorem 2.4], one verifies
that the generating function of the degrees Ny(ky, ..., kq;w?) is given by

-2

d
Z Na(ky, ... kgwhxk = lZ(l - wi)ei(x)]

keNd =0

In order to apply again Theorem 3.3, a possible choice of a point is ¢ =

(ﬁ, ..., =7 ). Then asymptotically, for d > 3 and n — 400

(wd — )2‘1*2 (wd — 1)d”
N(n]_d; wd) ~ 1d—5 ,3d—6 a-3
[27(wd — 2)] Wi d™s nz

Remark 3.11 (The case of the discriminant). Now we focus on a special case of Re-
mark 3.10, namely when d = 1. Here, the number N(n;w) is the degree of the dis-
criminant polynomial A, ,,, i.e., the degree of the dual variety of the Veronese variety
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X = v,P(V). It is interesting to recall that when w is even, denoting by ||z||? the squared
Euclidean norm of z, for any f € S“V the polynomial

Pr(A) = Bnw(f (@) = Allz([*), (3-2)

where [|z||¥ = (Hx||2)w/2, vanishes exactly at the eigenvalues of f (see [26, Theorem
2.23], [30, Theorem 3.8]). This is a beautiful result first discovered by Liqun Qi, who

called 9¢ the E-characteristic polynomial of f. Its degree is equal to

n+1 forw =2
EDdegreen(X) = n 3.3
r(X) {7@_3;1_1 for w > 2, (33)

where the quantity EDdegreer(X) is recalled in Definition 4.2. The identity (3.3) was
proved in [4, Theorem 5.5] and is a particular case of [11, Theorem 12]. However, this
result had already essentially been known in complex dynamics by the work of Forneess
and Sibony [10].

From equation (3.3), we see that EDdegree(X) is much less than the degree of A,, ,,
which is N(n;w) = (n + 1)(w — 1)™. The reason of this huge degree drop in (3.2) is
that the polynomial ||z||“ (for w > 2) defines a non-reduced hypersurface, hence highly
singular, where A, ,, vanishes with high multiplicity: having a root of high multiplicity
in (3.2) for A = 400 corresponds to a large degree drop. Our asymptotic analysis for the
hyperdeterminant originally arose from the desire to understand whether some analogous
result could have been true in the non-symmetric setting. One has the ratio

N(n;w) w2
EDdegree,.(X) ~ w—1

n asn — 4+oo.

One might also analyze the asymptotics of N(n;w) and EDdegreer(X) for n fixed and
w — +o00. In this case, we have the ratio

N(n;w)

_— 1 — .
EDdegreep(X) nloaswe e

Instead of EDdegreer(X), we might consider the generic ED degree of X, recalled in
Definition 4.3. It was shown in [6, Proposition 7.10] that

(2w — 1) — (w — 1)L
w

EDdegree,,, (X) =

gen
(see Remark 4.21 for a more general case). From the last formula, we obtain the ratio

N(n;w) o on+1
EDdegree,, (X) ~ 27+l —1

as w — +00.
gen
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3.2. Asymptotics for the hyperdeterminant of (P1)*?

The degree of the hyperdeterminant of X = (P!)*? is denoted by N(1¢). Here we
analyze the asymptotics with respect to d. By [12, Corollary 2.10, Chapter 14], the
exponential generating function for N(1¢) is

+oo xd
ZN(ld)a —e (1 —x)"2.
d=0 ’

Proposition 3.12. For d > 0, we have

425
N(ld) ~ \/27TT.

Proof. We have

F00 _ogyi  Foo +oo d  oyi 24
e (1 —x)? = 3 ( ;) ng(j—kl)ﬂ :d_o ldvgg( Z,!Q) (d—i+1) T
Therefore,
N (=2)
N =dy (A =it 1) =
i=0 ’
, ~ (—2) (-2)° | (-2 (2
= (d“); i *;(i—m = (dH); TR

Both the inner sums converge to e~2 as d — +oo. Using the Stirling approximation for
the factorial

2d+1

d! ~ \/2r dez : (3.4)

we obtain the desired asymptotic formula. O
Remark 3.13. Applying Theorem 4.6, one verifies that
EDdegree(X) =d!.
Moreover, the generic ED degree of X is (see Remark 4.21 for a more general formula)

d i d i d
EDdegreegen(X):d!Z(_;) (211 1) = d! 2d+lz(_ﬂ1) 72(_2,?) . (3.5)
i=0 ’ i=0 ’ i=0 ’
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The two inner sums converge to e~ and e~2 as d — +o0, respectively. Using (3.4) we
obtain the asymptotic formulas

d2d+1 2d+1
EDdegreep(X) ~ V271 Z ,  EDdegreey,,(X) = V21 —— (2%e — 1),
€ e
so that
N(1¢ d N(1¢ d
(19 ~ +3 (1) ~ 3 as d — +00.

EDdegree(X) e2 ' EDdegree,. (X) ~ e2(2¢+le —1)

gen(
In particular, the degree of the hyperdeterminant N (1¢) grows faster than EDdegree (X)
and slower than EDdegree,,, (X) as d — +o0.

4. Stabilization of the ED degree of some Segre varieties

Throughout the section, we let V¥ ..., V¥ be real vector spaces of dimensions
dim(V;®) = n; + 1, respectively. Recall from §2 that a real tensor of format (ny 4+ 1) x

- X (ng+ 1) is a multilinear map ¢: (V{*)* x --- x (V})* — R, i.e., an element of the
tensor product (over R) VF =VF @ .. @ V.

Suppose each VjR comes equipped with an inner product (and so with a natural
distance function). Their tensor product V® inherits a natural inner product defined as
follows.

Definition 4.1. The Frobenius inner product of two real decomposable tensors t = x1 ®
®1'd andtlzy1®...®yd is

ar(t,t') = qi(z1,91) - qa(@a, Ya) » (4.1)

and it is naturally extended to every vector in V®. When V]R is equipped with the
standard Euclidean inner product for all j € [d], one finds that

qF(t’t/): Z til;vwidt’/il,‘..,id (42)
7

15-005%d

for all t,#' € V®. The (squared) distance function is then 0p(t,t") = qp(t —t',t — t') for
all t,t' € VR,

Analogously to what happens in a Euclidean space, it is natural to look at critical
points of the distance function 0z (¢,-): X® — R from a given tensor ¢t € V® with respect
to some special sets X® C V®. The most relevant for our purposes is the real affine cone
over the Segre variety X® = P(V¥) x --- x P(V}). This leads us to the more general
definition of ED degree of an affine variety to be discussed in a moment.
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Let V® be a real vector space equipped with a distance function §: V® x VF — R.
Let X® C VR be a real affine variety and let u € V be general. Consider the complex
vector space V := VE ® C and the complex variety X := X . The distance function ¢ is
extended to a complex-valued function : V' x V' — C (which is not a Hermitian inner
product). The point is that even though the function ¢ is truly a distance function only
over the reals, the complex critical points of § on X are important to draw all the metric
information about the real affine cone X*®.

Definition 4.2 (ED degree [6]). The Euclidean distance degree (ED degree) of X is the
(finite) number of complez critical points of the function d(u, ): X \ Xgng — C, where
Xsing 1s the singular locus of X. We denote it by EDdegrees(X) in order to stress its
dependence on §.

Definition 4.3 (Generic ED degree). The isotropic quadric associated to ¢ is the quadric
hypersurface Qs := {x € V | §(v,v) = 0}. When X is transversal to Qs (this assumption
holds for a general Q)s), the ED degree of X with respect to ¢ is called generic ED degree
of X and it is denoted by EDdegree,., (X).

gen

In the following, we focus on the case when V=V, ®---@Vy, X =P(V1) x---xP (V)
and 0 = dp. We write EDdegreer(X) to indicate EDdegree;, (X ). The elements of the
isotropic quadric Q)s, are called isotropic tensors of V.

Given a tensor t € V, we refer to (complex) critical points of dr(¢,-) on X simply
as critical points. Lim [17] and Qi [25] independently defined singular vector tuples of
tensors and associated them to non-isotropic critical points of the distance function from
the affine cone over the Segre variety X™. The next result is a reformulation of [17, Eq.
(9)] and of [11, Lemma 19].

Theorem 4.4. Given a real tensor t € VX, the non-isotropic decomposable critical points
of t correspond to tensors v = o (:r:(l) R ® J:(d)) € V such that g; (x(j),x(j)) =1 for
all j € [d] and

ar (620 ® @i Ve _©it e 0a@) =g («V, ) Vicld *3)

for some o € C, called a singular value of t corresponding to v. The corresponding d-ple
(a:(l), e ,m(d)) is called singular vector d-ple of t. (In view of these results, we shall refer
to singular vector tuples simply as critical points.)

For each j € [d], equation (4.3) may be written as
¢ (a:(l) 2020 D g g. .. g m(d)> =0, (4.4)

where, on the left-hand side, we have a contraction of the tensor ¢ along the j-th direction.
In analogy with matrices, the best rank one approximation problem for t is solved as
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indicated in the following result by Lim [17, Eq. (9)] which we reformulate similarly to
[11, Theorem 20].

Theorem 4.5. Let t € V® be a real tensor. Then t admits real singular values and real
critical points. Suppose & is a real singular value of t such that % is mazimum, and
assume v = 0 (5(1) R ® 5(‘1)) is a critical point corresponding to o. Then v is a best
rank one approximation of the tensor t. Moreover, a best rank one approximation of t is
unique if t € V is general.

The number of singular vector d-ples of a general tensor t € V, i.e., the ED degree of
the Segre variety X = P(V;) x -+ x P(Vy) with respect to the distance function g in
VE is the content of the next result.

Theorem 4.6. [11, Theorem 1] The ED degree of the Segre variety X = P(Vy) x -+ X
P(Vy) C P(V) with respect to the Frobenius inner product dp in V® equals the coefficient
of the monomial hi* ---hj* in the polynomial

d Tni+1 i+l d

[[*5 =y =3
-~ ’ 1 ]

i=1 hi — h; J#i

Now assume that the tensor ¢ € V is expressed in coordinates by the multidimensional
array (t;,...;,), where i; € [n; + 1] for all j € [d]. Then the critical points of ¢ are of the
form o(zM) @ ---®@2(@) € V, with no zero component, and satisfy equations (4.4) which
can be rewritten as

Z tiyoijoig :6511) . acgj) - -acl(-j) = O'CCEj) Vij € nj+1].
ig€[ng+1]

Eliminating the parameter o € C, one derives the multilinear relations (for all 1 < k <
s <nj+1and for all j € [d]) that all critical points must satisfy:

Z (til...k.. ; xl(ll)~-~azgj)--~x(d) —til...s...idxm-~-x,(f)-~-xl(4d)) =0. (4.5)

ld id d
ig€[ng+1]

Definition 4.7 (Critical space of a tensor). The critical space (or singular space) Hy of
the tensor ¢ € V is the linear projective space defined the equations (in the unknowns
Ziy...i, that serve as linear functions on V)

Z (til---k-uid R seerig _ti1~--s---id Zil---k-~id) =0 V1<k<s< nj—l—l, VJ € [d] .
ig€[n+1]

Remark 4.8. The tensor ¢ belongs to its critical space H; [19, §5.2]. For a general tensor
t, let Z; denote the set of critical points and consider its projective span (Z;). Then
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(Zyy C H, and [7, §3.5] shows that they coincide for formats (nq +1) X --- X (ng + 1)
satisfying a triangle inequality (i.e. the so-called sub-boundary format). However, they
do not coincide in every format. For the Segre variety of format 2 x 2 x 4, Z; consists of
8 critical points with (Z;) = PS, but H; = P”.

Lemma 4.9. Let X = P(V}) x - -+ x P(Vg) x P(W) with dim(W) =m+1. Lett e VW
be a non-concise tensor, i.e. there exists a proper subspace L C W such thatt € V ® L.
Then either a critical point is in X NP(V ® L) or its singular value is zero.

Proof. Fix bases for the vector spaces V; and a basis {y;} for W, and assume dim(L) =
{+1 < m+ 1. By assumption, there exists a change of bases such that we may write the
tensor t € V@ W as

¢
t:Zti®yi-
i=1

Now,let v =21 ® - ®xq® 2z € X be a critical point of ¢ with a non-zero singular value
o # 0. By their defining equations (4.4), we have

(1 ® - Quayg)=o0z.

Denote by {y5} C W* the dual basis of {y; }. Since t € V®L, and since z is the result of a
contraction of ¢, this vector satisfies y; (z) =0forall £4+1 < j < m. However, in the given
basis, these are the defining equations of P(L) C P(W) andsove X NP(V®L). O

Remark 4.10. Let d = 3 and n; = no = m = 1. A general tensor t € V @ W has 6
distinct singular values. Assume that ¢ is non-concise, in particular t € V ® L, where
L ¢ W with dim(L) = 1. We consider the ED polynomial EDpoly xv ,(¢2) of the dual
variety of X = P(V1) x P (Vo) x P(W) at t (see §5.1 for the definition of ED polynomial).
It turns out that the roots of EDpolyxv ;(¢?) are the squared singular values of ¢ (see
[31, Proposition 5.1.4]). The second author computed symbolically in [31, §5.4] the ED
polynomial EDpoly Xv7u(€2), for any u € V®W, as a univariate polynomial in €2 of degree
6 whose coefficients are homogeneous polynomials in the entries u;; of u. In particular,
when v = ¢t and assuming that V' ® L has equations t119 = t122 = t212 = t220 = 0, one
verifies by direct computation that

EDpoly yv 4(¢?) = ¢(t) det(AA" — 1) &®

where ¢(t) is a homogeneous polynomial in ¢;;; and A € V is the 2 x 2 slice (¢;;1) of ¢.
On one hand, det(AA” —e2I) = EDpolyyv _4(¢?), where

Y=XNP(V®L)=P(W) xP(Vh) x P(L) =P x P! C P?,
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Table 1
Singular vector triples and singular vectors of a non-concise 2 X 2 X 3 tensor.

ag 0.844 0.222 0.980 0.194 0.785+0.443 /—1 0.785-0.443 v/—1 0.755 0.892
ai 0.536 -0.975 -0.200 -0.981 -0.86240.404 /—1 -0.862-0.404 /—1 -0.656 0.452

bo 0.898 0.275 0.077 0.974 0.846-+0.265 v/ —1 0.846-0.265 v/ —1 0.382 0.410
by 0.440 -0.961 -0.997 -0.225 -0.681+0.329 v/—1 -0.681-0.329 /—1 0.924 -0.912

co 0.751 0.999 0.356 0.512 0.995+0.146 v/ —1 0.995-0.146 v/ —1 0 0
c1 0.660 0.054 -0.935 -0.859 -0.40140.361 /-1 -0.401-0.361 v/ —1 0 0
c2 0 0 0 0 0 0 1 1
o 5.161 2.446 -0.715 -2.321 -2.946-0.495 v/ —1 2.946-0.495 v/ —1 0 0

i.e., the variety of 2 x 2 matrices of rank one. In particular, two of the singular values
of t are non-zero and correspond to critical points in Y. On the other hand, the factor
e® = (¢2)* tells us that the remaining 4 singular values of ¢ are zero, thus confirming
Lemma 4.9.

Example 4.11. Keep the notation from Lemma 4.9. It is possible that a given non-concise
tensor ¢ possesses critical points outside X NP (V ® L) as shown by the next example. Let
d=3,n1 =ne =1 and m = 2. Consider the following non-concise tensor t € V ® L C
V ® W, where L is the hyperplane L = {22 = 0}:

t =4x0yozo + 0.1 x1y020 + 0.556 xoy120 + 2.5 x1Y120 + 2 XoYo21 + 2.667 1Yo 21

+ Xoy121 + T1Y121 -

We list in Table 1 the 8 singular vector triples [(ag,a1), (bo,b1), (co,c1, c2)] of t, to-
gether with their corresponding singular values o. Observe that ¢ possesses two critical
points with singular value zero in the orthogonal L+ = (z5).

For the convenience of the reader, here we collect a piece of code we used to compute
numerically the singular vector triples and the singular values of a format 2 x 2 x 3 tensor
shown in Table 1, which inspired our results of §4. The following code is written in the
software Macaulay2.

R = CC[a0,a1,b0,b1,c0,cl,c2,sigmal;

aa = matrix{{a0,a1}}; bb = matrix{{b0,b1}}; cc = matrix{{c0,cl,c2}};

for i to 1 do for j to 1 do for k to 2 do t_(i,j,k) = 100*random(CC)

for i to 1 do for j to 1 do t_(i,j,3) =0

T = sum(2, i -> sum(2, j -> sum(3, k -> t_(i,j,k)*aa_(0,i)*bb_(0,j)*cc_(0,k))));

-- I is the ideal of the singular vector triples and the singular values of T

I = ideal(apply(2, i -> sub(contract(aa_(0,i),T),aa_(0,i)=>0)-sigma*aa_(0,1i)) |
apply(2, i -> sub(contract(bb_(0,i),T),bb_(0,i)=>0)-sigma*bb_(0,1i)) |
apply(3, i -> sub(contract(cc_(0,1),T),cc_(0,1)=>0)-sigma*cc_(0,1i)) |
sum(2, i-> aa_(0,i)"2)-1, sum(2, i -> bb_(0,i)"2)-1, sum(3, i -> cc_(0,i)"2)-1);

H = first entries gens I;

-- Now we compute numerically the zeros of I using PHCpack

needsPackage "PHCpack";

elapsedTime solutions = solveSystem H;

triples = apply(#solutions, j -> (solutions#j).Coordinates);



18 G. Ottaviani et al. / Advances in Applied Mathematics 130 (2021) 102242

The list triples stores the eight singular vector triples of T (up to sign) and their
singular values.

Recall that the Segre variety P™ x --- x P x PN where N = Z?:l n;, and the
corresponding hyperdeterminant are said to be of boundary format. This format turns
out to be important for our purposes.

Keeping the notation from above, let dim(V;) = n; + 1 and dim(W) = m + 1. Let
teV®LCV®W, where L C W is a hyperplane, namely ¢ is non-concise and has the
last slice zero. Then the hyperdeterminant vanishes on ¢, i.e. Det(t) = 0.

By definition, this means that the tensor t is degemerate: there exists a non-zero
decomposable tensor 11 ® -+ - Q@ vg ® z € V ® W such that

t(vi,...,Viy...,04,2) =0 Vie[d and #(vi,...,vq,W)=0. (4.6)

The kernel K (t) of a tensor ¢ is the variety of all non-zero v; ®- - -®vs®z € VW such
that (4.6) is satisfied. The description of the critical points of ¢ outside the hyperplane
L can be given in terms of K(t), this is the content of our next result.

Theorem 4.12. Let dim(V;) = n; + 1 and dim(W) =m+1, N = Z?Zl n; and m > N.
Lett € V@ W be a tensor such that the flattening map

Tw:V = W* (4.7)

has rank N, i.e., t € V ® L where L C 'V is a subspace of dimension N. Assume that t
is general with this property. Then

(@) the kernel K(t) of t consists of ——— linear spaces of projective dimension m — N
corresponding to the intersection of the kernel of the flattening map (4.7) with the
Segre variety of rank one matrices X = P(Vy) x -+ x P(Vy), which has degree HNn T

(it) the points of K(t) are exactly the critical points oft with zero singular value. More-
over, the latter critical points of t are the only ones not lying on V ® L. In fact, they
lie on its orthogonal complement V @ L.

Proof. (i) The projectivization P(Ker(my/)) of the kernel of the flattening map (4.7)
has codimension N in P (V). By the genericity assumption on ¢, the intersection
P (Ker(r)) N X is given by deg(X) = HN;' points.
For each one of these points v; ® ... ® vg, consider the linear equations in the

unknown z € W
t(vi, .., Viyooiyug,2) =0 Vield]. (4.8)

These are N linear homogeneous equations, which define a linear subspace of P (W)
of projective dimension m — N [21, Theorem 3.3(i)]. Note that the decomposable
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tensors satisfying the linear system (4.8) are critical points. On the other hand, they
are points of K(t) by definition of the kernel of a tensor.

(7i) By Lemma 4.9, each critical point of ¢ is either in V' ® L or it has zero singular value.
On the other hand, since the tensor ¢ is general in V ® L, we may assume Det(t) # 0.
This implies that every critical point of ¢ in V' ® L has a non-zero singular value.
As a consequence, the only critical points outside V' ® L are the ones with singular
value zero.

To see where they are located and thus establishing the last sentence, we proceed
as follows. Since our vector spaces V and W are equipped with an inner product,
they come with an identification with their duals: V = V* and W = W*. Therefore
the flattening map my above may be regarded as a linear map my : V' — W. Note
that the other flattening map my: W — V induced by t is dual to 7wy . In bases,
this amounts to say that my = mfi,.

Now, suppose that ¢ has a critical point v® z € V @ W with singular value o, where
v =1 ®- -+ ®uvy is a decomposable tensor and z € W. By definition, this means
that v and z are non-zero with 7w (v) = oz and 7i,(2) = ov. Assume 2z ¢ L. As
noticed above, this critical point has singular value ¢ = 0. Since t € V ® L, we have
Im(my ) = L. Note that Ker(n;,) = Im(mw )+ = L. Since 7l (2) = ov = 0, one
finds z € Ker(w{v) = L*. In conclusion, the critical points of a general tensor ¢, that
are outside V' ® L, lie on its orthogonal complement. O

Using directly equations (4.4) satisfied by the critical points, we also show the following
result.

Theorem 4.13. Keep the notation from Theorem 4.12. Let Det be the hyperdeterminant
in the boundary format (n; + 1) X «-+ x (ng + 1) X (N + 1). Consider a tensor t €
V @ CN+L C V@ W with Det(t) # 0. Then the critical points of t on the Segre product
P(V1) x - x P(Vy) x P(W) lie in the subvariety P(V1) x --- x P(Vy) x P(CN+1),

Proof. We show that the critical space of ¢t in P(V ® W) lies inside P(V ® CV*1). We
may assume dim(W) = N + 2.

Consider the equations (4.4) for j = d, s = N+2. Since by assumption ¢;,...;, n+2 = 0,
these relations simplify and we obtain:

Z Liyerig xgll) . -~x§j) x%i;) =0 Vke[N+2].
ig€[ng+1]

The equations inside the brackets have no non-zero solutions by the assumption Det(t) #

0 and by the description in [12, Chapter 14, Theorem 3.1]. Hence xg\c,lg) = 0, which proves

the statement. 0O
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Corollary 4.14. Let N = Z?:l n;. For allm > N, we have
EDdegreep, (P™ x - - x P™ x P™) = EDdegree, (P™ x --- x P x PV) . (4.9)

Proof. Note that, given a smooth projective variety X C P(V'), when the number of
critical points (of the distance function with respect to X) of a given point ¢t € V
is finite, it coincides with EDdegree(X). In other words, we may consider convenient
specializations in order to compute the ED degree. To evaluate the ED degree on the
left-hand side of (4.9), we specialize t as in Theorem 4.13. Then the result of Theorem 4.13
shows that the critical points of ¢ are the same as the ones needed to compute the right-
hand side of (4.9). O

Theorem 4.13 generalizes to the partially symmetric case. The proof is analogous,
following the critical space in the partially symmetric case, as defined in [7].

Theorem 4.15. Keep the notation from Theorem 4.12. Let w; € Z>o for all i € [d]. Let
Det be the hyperdeterminant in the boundary format space SV, ® - - ® S¥Vy @ CNFL,
Consider a tensort € S“' Vi ®@---@ S¥V; @ CNtl € SV} ® -+ - @ SwaV; @ C™H1 with
Det(t) # 0. Then the critical points of t in vy, P(V1) X - X v,,P(Vy) x P(C™FY) lie in
the subvariety v, P(V1) x - - x v,,P(Vy) x P(CN+1).

Corollary 4.16. Let N = Z?:l n; and w; € Z>q for all i € [d]. For allm > N, we have

EDdegreep (v, P™ x -+ X v, P x P™)
= EDdegreey (v, P™ X -+ x v, P x PNV .

Remark 4.17. Corollary 4.16 does not hold if the last factor P™ is replaced by v,P™
for some integer s > 2. This can be checked also from the formula in [11, Theorem 12]
(generalizing Theorem 4.6 to the case of partially symmetric tensors) which does not
stabilize anymore for m — +4o0.

Conjecture 4.18. Let X = P(V}) x - x P(Vg) € P(V) and let W be an (m + 1)-
dimensional complex vector space W, where m > 0. Then

EDdegree(X x P(W)) =~ EDdegree,(X N H;), (4.10)
j=0

where H; C P(V') is a general subspace of codimension j.

Example 4.19. As an illustration of Conjecture 4.18, we consider the Segre products
X x P™ for m > 0 and for some choices of X. The values of EDdegreep (X x P™) are
listed in Table 2 for the different varieties X. The entries of the i-th column in Table 3
correspond to the values of EDdegreer (X N H;_1). The numbers in Table 2 as well as
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Table 2
Values of EDdegree (X x P™) for different choices of m and X.
X XxP® XxP' XxP? XxP? XxP* XxP°
P! x P! | 2 6 8 8 8 8
P! x P2 | 2 8 15 18 18 18
P2 x P2 | 3 15 37 55 61 61
P2 xP3 | 3 18 55 104 138 148
Table 3
Values of EDdegree (X N H;) for different choices of X and j.
X X N Hy X N H; X N Hy X NHs X NHy X NHs
P! x P! | 2 4 2 0 0 0
P! x P2 | 2 6 7 3 0 0
P> x P* | 3 6] 0
P2xP3 | 3 15 37 49

in the first column of Table 3 are computed according to Theorem 4.6. The boxed ED
degrees in Table 3 have been checked numerically with the software Julia [3], and the
remaining ones with the software Macaulay?2 [13].

Observe that each number in the i-th column of Table 2 is the sum of the first ¢ entries
in the corresponding row of Table 3, thus confirming Conjecture 4.18.

Remark 4.20. Using the notations of Theorem 4.12, we assume d = 2. Let t € V ® L,
where L C W is a linear subspace. The critical points of ¢ generally fill up several
components of different dimensions, forming the critical locus. These components are
either in V ® L or in V @ L*. By the description of the critical points in Theorem 4.12,
the critical locus of a general t sitting inside V ® L+ coincides with the contact locus
of t, see [21, §3] (these last two observations apply to all formats with any number of
factors). For a general tensor ¢t € V ® L, define Cy, and Cp1 to be the critical loci inside
V ® L and V ® L*, respectively. In Table 4 we collect the dimensions and the degrees
of these loci for the first few cases of boundary formats and where the linear subspace L
is varying.

Remark 4.21. One might also compute the ED degree of a Segre-Veronese product of
projective spaces X = wiP™ x --- X wyglP™, with respect to a metric that makes X
transversal to the isotropic quadric (i.e., the generic ED degree of X). The next formula
is obtained by a Chern class computation made by the second author [31] and applying
[6, Theorem 5.8] (here N = dim(X) =n1 + -+ + ng):

nl +1) wn, 1

N
EDdegree,,, (X Z J(2NFI=I 1) (N —7)! Z H

=0 i1+ t+ig=j [=1

. (411
(=) (4.11)

For example, if d =2, n; = w; = we = 1 and ny = n, then the identity (4.11) simplifies
to
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Table 4

Dimensions and degrees of the critical loci C, and Cy. for boundary for-
mats. The blue dimension is when L is a hyperplane. (For interpretation
of the colors in the table, the reader is referred to the web version of this

article.)

(n1,n2,m) dim(L) (dim(Cr), deg(CL)) (dim(Cp1),deg(Cp1))
(1,1,2) 3 (0,8) Cri=0
(1,1,2) 2 (0,6) (0,2)
(1,1,2) 1 (0,2) (2,2)
(1,2,3) 4 (0,18) Cri=0
(2,3,4) 3 (0,15) (0,3)
(1,2,3) 2 (0,8) (2,3)
(1,2,3) 1 (0,2) (4,2)
(2,2,4) 5 (0,61) Cri =0
(3,3,5) 4 (0,55) (0,6)
(2,2,4) 3 (0,37) (2,6)
(2,2,4) 2 (0,15) (4,4)
(2,2,4) 1 (0,3) (6,2)
(2,3,5) 6 (0,148) Coi =0
(3,4,6) 5 (0,138) (0,10)
(2,3,5) 4 (0,104) (2,10)
(2,3,5) 3 (0,55) (4,7)
(2,3,5) 2 (0,18) (6,4)
(2,3,5) 1 (0,3) (8,2)

n+1 ‘ . (n+1) 2(n+11)

EDdegree,,, (P! x P™) =Y " (=1)'(2""7 = 1)(n+ 1 —i)! o + ST +11 T
=0
A
n+1
) . 1
— Z(ily 2n+271(n 41— Z) <TL + >
=0 L
B
n+1
- (n+1
—Y (—Di(n+1-19) (" ‘ )
=0 v
C D

n+1 n+1
, . +1 (n+1
2 _1 7 27L+2—1 n _2 _1 K]
* Z( ) <z‘1 Z( ) i—1)7
i=0 =0
where one might check easily that
A=4(n+1), B=0, C=(-1)""—1, D= (-1)"".
Therefore

EDdegree, ., (P! x P*) = A~ B+2C -2D =4(n+1) —2=4n+2.

gen

In particular EDdegree,,, (P* x P") diverges when n — +oo, in contrast with
EDdegree (P x P™) = 2 for all n > 1.
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5. Stabilization of the degree of the dual of a special Segre product

In this section, we start introducing classical material on dual varieties. We refer to [12]
for details on the rich theory of projective duality. We shall demonstrate Theorem 5.4,
showing a stabilization property of dual varieties to some Segre products.

Definition 5.1 (Segre products). Let X; C P(V1) and Xy C P(V4) be two projective
varieties. Their direct product X; X X5 may be embedded in P(V; ® V) via the Segre
embedding introduced in Definition 2.1. The image of this embedding is called the Segre
product of X7 and X5 and it is again denoted by X; x Xs.

Definition 5.2. Let Y C P(V) = P™ be an irreducible projective variety of dimension
m, where V is a Euclidean space. The Euclidean structure of V' allows us to naturally
identify V' with its dual V*. The conormal variety of Y is the incidence correspondence

Ny ={(21,22) €V XV | 21 € Yy, and 23 € N,, Y},
where IV,, Y denotes the normal space of Y at the smooth point z;.

A fundamental feature of the conormal variety is the content of the biduality theorem
[12, Chapter 1]: one has Ny = Nyv. The latter implies (YV)¥ = Y, the so-called
biduality.

The polar classes of Y are defined to be the coefficients 6;(Y") of the class in cohomology

Z[s,1]
(sn+1 gnt1)’

12

Ny] = 00(Y)s"t 46, (Y)s" 12+ 46,1 (YV)st" € A*(P(V) x P(V))

where s = 77 ([H]), t = 73 ([H']), the maps 71, 72 are the projections onto the factors of
P(V)xP(V) and H, H' are hyperplanes in P (V). If we assume Y smooth, 6;(Y") may be
computed utilizing the Chern classes of Y. These are the Chern classes of the tangent
bundle Ty of Y. One computes [15, §3]:

)= Sy ("7 Yoty = Sy (" F ) dert .

1+1 = 1+ 1
(5.1)
The right-hand side of (5.3) is always a nonnegative integer. The integer codim(YV) — 1
equals the minimum ¢ such that §;(Y) # 0. Whenever YV is a hypersurface, one has

deg(YY) =00(Y) = > (1) (m+1—j)c;(V)- k™7 = (=1) (m+1—j) deg(c;(Y)).
j=0 Jj=0

(5.2)

When Y is not smooth, we can replace Chern classes with Chern-Mather classes. They

are constructed as follows. Let Y C P(V) = P™ be a projective variety of dimension m.
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We denote by G(m + 1,V) the Grassmannian of (m + 1)-dimensional vector subspaces
of V. Consider the Gauss map

vw: Y -—» G(m+1,V)
Yy — T,Y

which is defined over the smooth points of Y. The Nash blow-up of Y is the closure
Y of the image of vy . It comes equipped with a proper map v: Y — Y. Now let U —
G(m+1,V) be the universal bundle over G(m+1,V) of rank m+1, where U == {(v, W) €
VxG(m+1,V) | ve W} The vector bundle U gives a short exact sequence

O%UAOP(V)@)V%Q%(L

where Q denotes the quotient bundle. From this it follows that Q ® /V is isomorphic to
the tangent bundle 7g(;n1,v). The push-forwards under v of the Chern classes of the
universal bundle restricted to the Nash blow-up Y are the Chern-Mather classes ¢ (Y)
of Y. They agree with Chern classes whenever Y is smooth.

The polar classes d;(Y) may be written in terms of the Chern-Mather classes ¢}’ (Y),
thus generalizing the classical formula in (5.1). This generalization is due to Piene ([24,
Theorem 3] and [23]), see also [1, Proposition 3.13]:

5,(Y) = %(—1)]‘ (mf L j) (Y)W = nf(—l)j (m - j) deg(c}' (V).

= t+1

(5.3)
In equation (5.3) we use a slightly different convention than in [1]. Indeed, for us ¢}*(Y")
is the component of dimension m — i (as with standard Chern classes), while in Aluffi’s
paper it is the component of dimension i. We have also the following generalization of
equation (5.2), when YV is a hypersurface:

deg(Y") = =Y (1Y (m+1—j) e (V) b
7=0
=Y (=1 (m+ 1 —j) deg(c}'(Y)) - (5.4)

Jj=0

Lemma 5.3. Let X be a projective variety of dimension m. For every integer n > 0, let
Y,, C P"t be a smooth hypersurface of degree d. Then

(X xY,) Zazdeg (X)),

where for all i € {0,...,m}
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ai(n,m,d) = %(_1)8(7” +n+1-5s) rz_f (n Z 2) (_d)sik] (”; j ZHS) . (5.5)

s=1 k=0

Proof. Write ¢ (X) = Y7, c(X)z® and ™ (Y,) = c(Y,) = uf_len;z for the Chern-
Mather polynomials of X and Y,,, respectively. The expression for ¢(Y;,) is derived from

the short exact sequence of sheaves

0— TY,,/ — 7]-Pn+lly'n — NYn/]p?nJrl — 0,

and applying Whitney formula. Keeping into account the relations 2! = 0 = y"*1,
we have

IR DS

n+m n+m-—s [s—m
s=n-+1 7=0

where ps(X) is a homogeneous polynomial of degree s in the variables x and y. Using
(5.4), the polar class §o(X x Y,,) is given by

n+m

0o(X X Ya) = D (=1)*(m+n+1—s)pa(X) - (z+y)" """
s=0

A computation reveals that ps(X) - (z + y)" "™ = a4(X) 2™y™, where
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350 [Shoo () (dy ] (e ()
for0<s<m,

5o [Sise Y () (I e ()
form+1<s<n,

Zm—‘rn—s |: 2;gl+j (n+2)(7d)sfm+jfk:| ( m+n—s )CM (X)

as(X) =

7=0 k m+n—s—j/ m—j
forn+1<s<n+m.

Plugging in the relations above in the definition of §o(X x Y;,) and factoring out the
Chern-Mather classes ¢}’ (X) we derive that

n

So(X xY,) = {Z(—l)s(m +n4+1-ys)

s=0
. lz (") (M } deg(ct/ (X))

X E;; (n Z 2) (—d)>—i~* (”; i’ Z;:) } deg(c (X))
" {§<—1>S<m fntios) [gjn (") (—d)s-m—’f] } deg(cie(X)).

Therefore, for all i € {0,...,m} the coefficient of deg(c}' (X)) is
aig T n+2 m+n—s
J(n,m,d) = —1)° 1— —d)sik )
(o d) = 3 (1)t >[z( )ea ](n_+)

Theorem 5.4. Let X be a projective variety of dimension m. For every integer n > 0, let
Y,, C P"t be a smooth hypersurface of degree d. Then

So(X X Yy) = (d—1)""™6y(X x Vin) V1 >m.

Proof. For all i € {0,...,m}, let a; = a;(n,m,d) be the coefficient of deg(cM (X))
introduced in (5.5). In what follows, we use that (}) = 0 if b is a negative integer and
we shall sometimes use the formalism of gamma functions [32, §6] for convenience.

In order to prove the statement, it is sufficient to show that

OéZ(TL—F 1ama d) = (d - 1)az(n7m7d)

for all n > m and for all i € {0,...,m}. We have that



G. Ottaviani et al. / Advances in Applied Mathematics 130 (2021) 102242

n+m-+1 s—i
a;(n+1,m,d) = Z (=1)*(m+n+2—s) [Z (n Z 3) (_d)Sik]

s=1 k=0

o m+n+1—s
n+1l—s4+1

; m+n+1—1
— (1) 2 i
2= ("
n+m+1 s—i
3
+ Z Y(m+n+2—ys) Z n—]: )( d)*~* k}
s=i+1 k=0

o (™ +n+1-s
n+l—s+i/’
For the ease of notation, set p :== (—1)(n +m +2 — )(m+:++11 ‘). Then

n+m
ai(n+1,md)=p+ Y (1) (m+n+1-r)

r=i

£ (P )

k=0

X

n+m

*erZ D™ m+n+1—7)

£ (P )

k=0

X

n+m

r—1i 2 )
—i—Z D m+n+1-7) l <n+ ) yroizk
0

m+n-—r
P n—r-+i

n+m

*erZ D™ m+n+1-7)

Tif n+ 2 (—d)y+i=i=k 4 n+2’ m+n—?ﬂ
k r+1—1 n—r-+1

k=0

(AiC = n+2 m+n-—r
_ 1— _drfifk

> (Wrmens1-n (") )< e G

il = n+2 m-+n-—r

— 1— Tzk
p+dz "(m+n+1—r L=O< N (n_rﬂ,)
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_%Sn )"(m+n+1-—r) [g(nZZ)(_d)”k] (szfﬂr)
_p_g(—n’“(ww“”(ﬁﬁi) (ng:)

n+m

+(d—-1) Z(—l)r(m—kn—kl—r)

[E ] )
= (d— Dai(n,m,d) + p — g(—nr(m fndlor)

« n+2 m+n-—r
r+1—di)\n—r+i/°

To finish off the proof, we have to show the binomial identity

g(—ly(m—i—n—kl—r) <T Z—;i z) <TZi_:;;) = (=1)"(n+m+2—1i) <m ‘1‘::-11 — z)
(5.6)

for all n > m and for all ¢ € {0,...,m}.
Case i = 0 of (5.6). We have to show the identity

i<1>r<m+n+1r>("+2)(m+"‘r) —<n+m+2)(m+"“) n > m.

r+1 n—r n—+1
r=0

(5.7)
Since (m:fr_r) =0 for r > n, we let r run from 0 to n. The summand on the left-hand

side of (5.7) is

n+2\/m+n—r
1_
metnt+1-n (7] )( 2

+1)! (m+n—r)!
(n—r—|—1) (r+ 1! (n—r)m!
(n+1)! (m+n+1-r)!
(n—r+ !+ ml(n—r+1)!

:(mz)(’jﬁ)(’””ﬂjl”).

Therefore, setting f(n) := > 7_o(=1)" (1)) ("*"+17") and dividing (5.7) by n + 2, we

=(n+2)

(m+n+1-7)

=(n+2)

get that (5.7) is equivalent to
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m-+n-—+2
m

f(n) = ( ) Vn>m. (5.8)
We prove (5.8) by induction on n. Our base case is n = m. We invoke Zeilberger algorithm
[34] with the Maple [18] code
with(SumTools [Hypergeometricl) ;

T1 := (-1) "r*binomial (m+1,r+1)*binomial (2*m+1-r,m);
ZeilbergerRecurrence(T1,m,r,f,0..m)

and the output gives the identity

2I'(2 + 2m)

Jm) = G T + 192

where I'(2) is the gamma function, whose value on a positive integer n is I'(n) = (n—1)!
[32, §6]. Since m € N, we see that

2'(2m+2)  22m+1)!  2@2m+1D!'(m+1)  (2m+42)!

(m+2)L(m+1)2  (m+2)m!m!  (m+2)m!m!(m+1) (m+2)!m!
_ <2m+2>

which establishes the base case. Suppose now n > m. Again, using Zeilberger algorithm,

we find the recurrence

2'(n+3+m)

F'(n+2)L'(m+1)° (5.9)

(I+n—m)f(n)+(n+3)f(n+1) =

Using (5.9), we derive

1 [ 2(n+3+m)
fint+1) =103 _r(n+2)r(m+1)_(H”_m)f(")}

_ 1 r2(m+n+2) ) F(n
" n+3 | m!(n+1) (14n ) )}

1 I 2
- — _2(n—|—2)(m+£+ ) —(1+n—m)f(n)] .
By induction hypothesis, one has f(n) = (m‘x”“) and hence

fn+1) =

2 +2)+m—-—n—1/m+n+2\ m+n+3/m+n+2
n+3  n+3 m

_(m+n+3
= o ,

which verifies the assertion.

m
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Case i = m of (5.6). We have to show the identity

n+m
;(_1)r(m+n+1—r)<rfl+2m> =(-1)"(n+2). (5.10)

Let s = 7 — m. Thus the left-hand side of equality (5.10) becomes

o N S T TRV
;(_1) Tt - 8)(54— 1> = (=1 ;(—1) (n+2) (s+1)(n—s+1)!
= 1) Y0 = o) (1)

s=0 s=0

as Yu_o(—1)*("1]) = L. This proves equality (5.10).

Cases i € [m — 1] of (5.6). We have to show the identity

S5 ) (17 e (U

(5.11)
foralli € [m—1] and n > m. Put j = m—iand s = r—m+j. Then (5.11) is equivalent

r=t

to the equality

n+j ) ‘
s (n+175+])! B (n+2+])'
;(—1) Pn+2-s)(s+D!IT(n—s+1) (n+LI(n+2)’ (5.12)

for all j € [m —1] and n > m. Since j =m —¢ > 1 and 0 < s < n + j, the last index
we are summing over is > n + 1. Note that the summands on the left-hand side vanish
whenever s > n + 1, therefore we may define

) (n+1—s+7)!
= —-1)°
g(n,7) §< ) I(n+2—s)(s+1)!T(n—s+1)
and rewrite (5.12) as
) (n+2+3)!
=— - 5.13
9019 = G D + 21 (5:13)
Zeilberger algorithm gives the recurrence relation
. ) _ 2I'(n+3+j
(n+1—7)g(n,j)+ n*+5n+6)g(n+1,5) = M (5.14)

I'(n+2)2
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Now, the function

(n+2+3)!

S R )]

is seen to satisfy the same recurrence (5.14). One checks g(j,7) = h(j,j) for all j € N
by induction. For all n > j, one has g(n,j) = h(n,j) using (5.14) and ¢(j,7) = h(j, ) as
base case. O

A result due to Weyman and Zelevinsky detects the dual defectiveness of Segre prod-
ucts [33, Theorem 0.1] assumed in Corollary 5.6.
Theorem 5.5 (Weyman-Zelevinsky). Let X1 and X5 be (embedded) irreducible projective
varieties. The dual variety (X1 x X2)V is a hypersurface if and only if

(i) codim(Xy) —1 < dim(X»), and
(i) codim(Xy)—1 < dim(X7).

We are finally ready to state the main result of this section.

Corollary 5.6. Let X be a projective variety of dimension m. For n > 0, let Q,, C P11
be a smooth quadric hypersurface. Suppose that (X X Q)Y is a hypersurface. Then
(X x Qn)Y is a hypersurface of the same degree as (X X Q)Y for all n > m.

Proof. By Theorem 5.5, the variety (X x Q)Y is a hypersurface if and only if m >
codim(X V) —1. If this condition is satisfied, then it is satisfied for all n > m. In addition,
equation (5.2) gives deg[(X X Q)Y ] = do(X x Q). The statement follows by Theorem 5.4
withd=2. O

Example 5.7. Let X = P' x P! C P2 and Q,, be a smooth quadric hypersurface in P"+1!.
Thus dim(X) =2 > 1 = codim(X"). By direct computation, one finds that

4 forn=0
deg[(X x Qn)Y]=¢12 forn=1
24 forn=2.

Theorem 5.4 implies deg[(X x @Q,)Y] = 24 for all n > 2 = dim(X).
5.1. The ED polynomial of a Segre product of two projective varieties
The stabilization behavior highlighted in Corollary 5.6 has an interesting counter-

part related to the ED degree and the ED polynomial of the Segre product between a
projective variety and a projective space.
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For a polynomial function f on a complex vector space V, we denote by V(f) the
variety defined by the vanishing of f. Let V; and V5 be two complex vector spaces
equipped with (real) quadratic forms ¢, go. As in §4, Vi and V5 are complexifications
of two real Euclidean spaces. Let n; + 1 = dim(V;) and denote @1 and Q3 the isotropic
quadric cones defined by the vanishing of ¢; and ¢q, i.e. Q;(x) = V(¢;(z, z)).

As above, V := V] ® V, itself is equipped with an Euclidean structure given by the
Frobenius inner product q := g1 ® g2, see Definition 4.1. Note that this can be regarded
as the familiar space of matrices. Denote by @ the induced isotropic quadric in V3 ® V5.

Consider two affine cones X; C V; and X; C V5. We also denote by X; and X,
the corresponding projective varieties in P(V;) and P(V2). Let X; x X» be their Segre
product, see Definition 5.1.

The (squared) distance e? = q(t — p) between t € V; @ V3 and a point p € (X7 x Xo)¥
satisfies an algebraic relation of the form

co(t) +er(t)e? + - +en()eN =0, (5.15)

where N = EDdegreey (X1 x X2) = EDdegreey (X1 x X2)V), and the ¢;(t)’s are ho-
mogeneous polynomials in the coordinates of the tensor ¢t € V; ® V5.

Definition 5.8 (ED polynomial). The polynomial on the left-hand side of (5.15) is the
ED polynomial of (X; x X3)¥. This is a univariate polynomial in &2 and is denoted
EDpoly x, x x,)v,+(€°)-

A consequence of [20, Corollary 5.5] is the following result.

Proposition 5.9. Assume that (X1 X X3) N Q is a reduced variety. Then the locus of all
t € V1 ® Vo where EDpoly x,  x,)v +(0) vanishes is

(X1 x Xo)" U[(X1 x X2) NQ]Y = (X1 x X2)" U[(X1N Q1) x Xo]V U[X1 x (X2NQ2)]".

Furthermore, by [31, Proposition 4.4.13], whenever (X1 x X2)Y is a hypersurface, then
its defining polynomial appears with multiplicity two in the term cg.

A similar argument used in the proof of [31, Proposition 5.2.6] leads to the following
inclusion.

Proposition 5.10. The following inclusion holds true:
Vien) C[(XiNQ1) x (X2NQ2)]".

In other words, if t € V7 ® V5 admits strictly less critical points than N, then it is
forced to have a specific isotropic structure.



G. Ottaviani et al. / Advances in Applied Mathematics 130 (2021) 102242 33

Summing up, we may write the extreme coefficients of EDpoly(Xlxxz)v’t(EQ) as
CO:f2 a’ CN:hﬁa
for some square-free polynomials f, g, h, where

V(f) = (X1 x X3)Y,
V(g) = [(X1NQ1) x Xo]Y U[X; x (X2 N Q2)]Y,
V(RP) = [(X1NQ1) x (X2nQ2)]Y,

whenever the varieties on the right-hand side are hypersurfaces. (The polynomials are
set to be 1 if the corresponding varieties have higher codimensions.)

Note that when X; = V; and X5 = V5 we are looking at the distance function from
a Segre product of projective spaces. An immediate consequence of the Eckart-Young
Theorem tells us that (assuming n; < ns)

EDpOlY(]P’(Vl)X]P’(Vz))v,t(€2) = det(t tT — E2In1) .

In particular, EDpOIY(]P(Vl)X]P’(VQ))V,t(62) is a monic polynomial, i.e. the exponent /5 of
h is zero. On the other hand, the lowest coefficient is det(¢t”). When n; = ns, then
det(tt”) = det(t)? = f2, whereas g = 1 because its corresponding variety is not a
hypersurface. Otherwise n1 < ng and then det(¢t*) = g, whereas in this case f = 1
because (P(V1) x P(V2))Y is not a hypersurface. That means that the exponent of g is
a=1

These observations lead to the following more general conjecture, confirmed by ex-
perimental data from the software Macaulay?2.

Conjecture 5.11. Assume that (X1 x X3) N Q is a reduced variety. Then the extreme
coefficients co and cn of EDpoly(Xlxxz)v’t(g) are respectively

co=f*g, cn€ER,
where V(f) = (X1 X Xg)v and V(g) = [(Xl N Ql) X XQ]V U [Xl X (Xg N Qg)]v.

The validity of Conjecture 5.11 implies the stabilization of the ED degree of X xP(V5)
for ns increasing.

Proposition 5.12. Assume Conjecture 5.11 is true. Let X C P (V1) be a projective variety
and assume that X N Qq is reduced. Then EDdegreep(X x P(V2)) stabilizes for ng >
dim(X) + 1.
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Proof. By Definition 5.8, we have the equality
deg(en) + 2EDdegreer (X x P(V3)) = deg(co) ,

where V(cp) and V(en) are described respectively in Proposition 5.9 and Proposi-
tion 5.10.

By Theorem 5.5, the varieties (X x P(V3))Y and [(X N Q1) x P(V2)]Y are not hyper-
surfaces for all ng > dim(X) + 1, whereas the variety (X x Q2)V is a hypersurface for all
ng > dim(X) + 1. Therefore, for all ng > dim(X) + 1 we have ¢y = g* for some positive
integer a, where V(g) = (X1 x Q2)".

By the assumption on the Conjecture 5.11, we conclude that a« = 1 and deg(cy) = 0.
In particular, we derive

2 EDdegree (X x P(V3)) = deg((X x Q2)") Vng > dim(X) + 1.
Conclusion follows from Corollary 5.6. O

The previous result proves a stabilization property of the ED degree of the Segre
product X xP(V3). Furthermore, some experiments with the software Macaulay?2 suggest
the following conjecture which is a somewhat more general version of Conjecture 4.18.

Conjecture 5.13. Let X C P(V7) be a projective hypersurface such that X NQ1 is reduced.
Consider the Segre product X x P(Va). Then

nlfl
EDdegree,, (X x P(V3)) = Y EDdegreer(X N L;),
J=0

where L C P(V1) is a general subspace of codimension j.
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