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ABSTRACT

The performance-based design of pollutant containment systems, such as landfill bottom liners and cutoff walls,
requires the impact of pollutant migration on groundwater quality to be assessed. The effectiveness of pollutant
containment systems is indeed demonstrated through the verification that the risk for human health and the
environment due to the pollutant migration is limited to an acceptable level. This risk is quantified through the
calculation of the pollutant concentration in the groundwater, which is expected to remain less than some prescribed
level at a compliance point. The paper describes analytical and numerical solutions to pollutant transport, which
allow the pollutant concentration in the groundwater to be calculated under different boundary conditions. Based on
the results obtained from these solutions, the role played, not only by the hydraulic and diffusive properties of the
containment barriers, but also by the hydrogeological features of the site (e.g. the groundwater velocity and the

mechanical dispersion within the aquifer) is pointed out.
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1 INTRODUCTION

The design of pollutant barriers, such as waste
containment liners and cutoff walls, is aimed at
minimizing the impact of pollutant migration on
groundwater quality. A common performance criterion
for the design is that the barrier must ensure that the
concentrations of pollutants in the groundwater remain
less than some prescribed threshold level at a specified
compliance point, which is typically a monitoring well
that is located down-gradient from the landfill or the
polluted site. In fact, the pollutant concentration can be
related to a corresponding risk for human health and the
environment through a toxicological model that takes
into account the pollutant features and the exposure
paths (Manassero et al., 2000; Katsumi et al., 2001;
Foose, 2010).

The pollutant concentration in the groundwater is
obtained from a transport analysis, which considers the
migration process from the waste or the polluted soil to
the compliance point. Dominijanni and Manassero
(2019) and Dominijanni et al. (2020) derived analytical
and numerical solutions to pollutant transport from
landfills under the restrictive assumptions of
steady-state  conditions and  constant  source
concentration in the waste leachate. These conditions
exclude the possibility of modelling time-varying
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properties and time-dependent phenomena and typically
result in conservative predictions of the groundwater
contaminant concentration. As a result, such solutions
should not be considered as long-term, realistic
simulations of pollutant migration, but rather as
conservative estimates of the risk related to a given
contaminant concentration in the waste leachate or
polluted soil, in a similar way to a tier 2 analysis of the

ASTM risk-based corrective action (RBCA) standard.

The main assumptions that were adopted for the
derivation of these solutions are:

1) the pollutant mass is infinite and the source
pollutant concentration, ¢y (M/L3, M = mass units,
L = length units) is constant in time.

2) the analysis is conducted under steady-state
conditions.

3) the processes of sorption, radioactive decay and
biodegradation are conservatively neglected.

4) the only attenuation mechanisms that are taken
into account are the dilution in the groundwater
and the dispersion in the orthogonal direction to
the groundwater flow.

In this paper, the solutions are extended to the
analysis of pollutant transport through cutoff walls in
contaminated sites and to scenarios that involve
unconfined flow conditions in thick aquifers.



2 THIN AQUIFERS BENEATH A LANDFILL

If the thickness of the aquifer, 4, is no more than a
few meters, the vertical component of the groundwater
volumetric flux can be neglected with respect to the
horizontal one (Haitjema, 1995). The water balance
inside an aquifer volume of infinitesimal length, dx, can
be expressed as follows:

0,

= 1
dx awq ( )

where Q. (L3/T, T = time units) is the groundwater
discharge in the horizontal direction, a, (-) is the
portion of barrier area that is wetted by the leachate, ¢
(L/T) is the vertical water volumetric flux and x (L) is
the horizontal distance below the landfill taken in the
direction of the groundwater flow. After integration of
Eq. 1, the discharge QO results to vary linearly beneath
the landfill as follows:

0, =0, +a,qx @

where Oy is the groundwater flux upstream from the
landfill, i.e. at location x = 0.

If the barrier consists of a geomembrane overlying a
multi-layer mineral barrier, a,, represents the fraction of
the total area that is wetted by the leachate in
correspondence of the geomembrane holes.

Eq. 1 and 2 are valid for both confined and
unconfined flow conditions. However, under confined
flow conditions, the aquifer thickness, 4 (L), is constant
and the discharge is given by:

0,=q.h ©)

where ¢, (L/T) is the horizontal water volumetric flux.
As a result, g, can be expressed as follows under
confined flow conditions:

a.q
=qt
q} qu h

X 4

where g is the water volumetric flux upstream from
the landfill, i.e. at location x = 0.

For thin aquifers, the variation in the vertical
direction of pollutant concentration can be assumed to
be negligible, and transport by advection is dominant
relative to transport by longitudinal hydrodynamic
dispersion/diffusion in the horizontal direction (Rowe
and Booker, 1985). Under steady-state conditions, the
pollutant mass balance inside the aquifer can be
obtained by combining the horizontal advective mass
flux with the vertical mass flux derived from the
landfill, Jys (M/L?/T) as follows:

20c)_, .
dx -
where ¢ (M/L%) is the pollutant concentration in the
aquifer beneath the landfill (Fig. 1).
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Fig. 1. Reference scheme for the water balance and contaminant
mass balance within a thin aquifer beneath the landfill.

The steady state mass flux that is released from the
landfill, Jis, is given by (Dominijanni et al., 2020):

PL —
cet —c,

J,=a,
qu ePL—l

R +(1—aW)Ad (co—cx) (6)
where Py, (-) is the Peclet number of the barrier system,
co (M/L3) is the pollutant source concentration, c
(M/L?) is the pollutant concentration in the groundwater
and Aq (L/T) is the equivalent diffusivity of the barrier
system outside the wetted area.

The vertical volumetric flux, ¢, is related to the
hydraulic head loss across the multi-layers barrier, Ak
(L), as follows:

1 Ah
q= - (M

&L L
20

i=1 i

where L (L) is total thickness of the barrier, L; and ; are
the thickness and the hydraulic conductivity of the i-th
mineral layer, respectively, and N, is the number of the
mineral layers that are included in the barrier.

The Peclet number, P;, represents the ratio between
the advective and the diffusive transport trough the
barrier and can be expressed as follows:

N, L
P = L 8
) q;niD,- ®)

where n; (-) and D, (L¥T) are the porosity and the
effective diffusion coefficient of the
respectively.

The equivalent diffusivity outside the wetted area,
Ag, 18 given by:

i-th layer,

1
e T ©)

g
+ *
K,D, Zl nD,

where Lg (L) is the thickness of the geomembrane that
is placed at the top of the barrier, K, (-) is the partition
coefficient between the geomembrane and solute, D,



(L?/T) is the diffusion coefficient of the geomembrane.

The mass balance given by Eq. 5 can be solved
numerically when a., g, Pr and Ag vary with the
distance x, or analytically when all the parameters are
constant (or are given by piecewise-defined constant
functions). The analytical solution, associated to the
boundary condition

c.(x=0)=c, (10

where ¢yo (M/L?3) is the initial groundwater contaminant
concentration that comes from upstream of the landfill,

is given by:
RC=1—( N ] (11
n+X
where
RC=5"5 (12)
€ ~Cxo
X
Xx=2 13
/ (13)
n=Lo (14)
a,q!
£ 1- A
K=—o -J @) Ay (15)
et —1 a.q

being ¢ (L) the reference distance in the aquifer (e.g.
the length of the landfill in the groundwater flow
direction).
The following limit conditions can be met:
1) aw = 0, when the geomembrane is perfectly
intact, i.e. without holes. In such case, Eq. 11
reduces to:

RCzl—expf—Ang) (16)

x0

2) aw =1, when the geomembrane is assumed to
be completely degraded. In such case, if P, >
4, K — 1 and Eq. 11 becomes:

RCzl—( N ]. (17)
n+X

3 THICK AQUIFERS UNDER CONFINED
FLOW CONDITIONS

When the thickness of the aquifer is not limited to a
few meters, the variation in pollutant concentration in
the orthogonal direction to the groundwater flow
becomes significant, and a two-dimensional geometry
needs to be taken into account. Two different scenarios
can be considered. The first one is the case of a thick
aquifer beneath a landfill, as shown in Fig. 2.
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Fig. 2. Reference scheme for the first considered scenario, in
which the pollutant released by the waste migrates vertically
through the barrier system to the underlying aquifer.

The second one is the case of a contaminated site
that is isolated from the surrounding groundwater by a
vertical barrier that consists of a cutoff wall, as shown
in Fig. 3.

In both the considered scenarios, x is the direction of
the groundwater flow, whereas y is the orthogonal
direction to the groundwater flow.

If the aquifer is sufficiently thick to be considered
semi-infinite in the y-direction and the transversal
dispersion is dominant over the other transport
mechanisms, the mass balance can be approximated as
follows (Dominijanni and Manassero, 2019):

_@_aﬁz (18)
x ot
where o7 (L) is the transversal dispersivity.

The associated boundary condition at y = 0 is given

by:

0
_aTqXOa_;:[é_l—(l_aw)Ad](cO _C) (19)

where the velocity factor, & (L/T), is given by:

et

C=a,9—
e

20
1 (20)
for the landfill scenario that is represented in Fig. 2, and
by:

PLI ePLZ

E=q—57—+%— 1)
et —1 e —1

for the cutoff wall scenario that is shown in Fig. 3.

In the cutoff wall scenario, the volumetric flux is
composed by two contributions, ¢; and ¢, which
represent the volumetric flux passing through the wall
and the volumetric flux passing through the embedment
layer around the wall, respectively.
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Fig. 3. Reference scheme for the second considered scenario, in
which the pollutant migrates from a contaminated site that is
laterally contained by a cutoff wall that is embedded in a
low-permeability layer.

The volumetric flux, g, is given by:

Ah
9, =k, T (22)

‘W

where k, (L/T) and L, (L) are the hydraulic
conductivity and the thickness of the cutoff wall, as
shown in Fig. 4.

The volumetric flux, ¢, is given by:

. Ah 23
q, =K, 2d, (
where k. (L/T) is the hydraulic conductivity of the
embedment layer and d. (L) is the depth of embedment
of the cutoff wall, as shown in Fig. 4.

Similarly, Pr;represent the Peclet numbers that is
related to the solute migration through the wall and Pr>
is the Peclet number that is related to the solute
migration through the embedment layer, respectively.

As aresult, P;;is given by:

q.L,,
P, = p ‘ o (24)

w w

where n,, (-) and D, (L*T) are the porosity and the

effective diffusion coefficient of the cutoff wall,
whereas Py is given by:

— q22de

By =t
ne’ e

(25)

where 7. (-) and D, (L*T) are the porosity and the

effective diffusion coefficient of the embedment layer.

An analytical solution to Eq. 18, associated with the
boundary condition given by Eq. 19 and the initial
condition given by Eq. 10, can be derived from the set
of solutions provided by Carslaw and Jaeger (1959) and
Crank (1975) for heat conduction and mass diffusion
problems as follows:
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Fig. 4. Vertical section of a cutoff wall embedded in a
low-permeability layer. Lw = cutoff wall thickness, Ah = loss of
hydraulic head across the cutoff wall; d = depth of embedment;
co = source pollutant concentration, qi volumetric flux through
the cutoff wall, q2 = volumetric flux through the embedment
layer, kaq= hydraulic conductivity of the aquifer, kv = hydraulic
conductivity of the embedment layer, kw = hydraulic
conductivity of the cutoff wall.

Y 2
RCzerfc(z\/Y]—exp(FY+F X)-

(26)
erfc( \)/]} +F\/}j
where
y=—2 7)
o -l
oy’ [e+(1-a,)A,]. (28)
Ord,

The solution given by Eq. 26 allows the pollutant
concentration to be calculated as a function of the space
variables, x and y, in the semi-infinite aquifer. The
same solution can be adapted to both the landfill
scenario of Fig. 2 and the cutoff wall scenario of Fig. 3.
The attenuation mechanisms that are taken into account
are the dilution due to the mixing with the groundwater
and the dispersion in the orthogonal direction to
groundwater flow.

4 THICK AQUIFERS UNDER UNCONFINED
FLOW CONDITIONS BENEATH A LANDFILL

The aquifer beneath the landfill can be characterized
by unconfined flow conditions, as shown in Fig. 5. The
thickness of the saturated flow, 4 (L), varies with the
horizontal distance beneath the landfill and the phreatic
surface represents a free boundary for the flow
problem. The Dupuit-Forchheimer approximation can
be adopted for the calculation of /# and the horizontal
discharge, Q., without assuming a nil vertical velocity,
as pointed out by Haitjema (1995).
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Fig. 5. Reference scheme for a thick aquifer beneath a landfill,
under unconfined flow conditions. h(x) = saturated thickness of

the aquifer, h; = h(x = 0), h2 = h(x = ¢), q = vertical volumetric
flux, co source pollutant concentration , Qxo = horizontal

discharge upstream from the landill, cxo pollutant concentration
upstream from the landfill.

The saturated thickness, /4, can be determined as a
function of the values %; and %, measured at x = 0 and x
=/, respectively:

h* =h Bl
0

x+%(f —X)x (29)

aq

where k., (L/T) is the hydraulic conductivity of the
aquifer.

The horizontal discharge can be expressed as
follows:

k aql

_ __ 499 2 _ 2 _ wq
0, =qh="1 (i =13) = ragx G0)
where ¢. (L/T) is the horizontal velocity of the
groundwater.

The vertical groundwater velocity, ¢. (L/T), taken
positive in the upward direction, such as the z axis in
Fig. 5, can be derived from the continuity equation of
flow:

0
9., %9 _. 31
ox Oz

After integration of Eq. 31, ¢: is found to be given
by:

z( 0. dh
== =g 32
q. h(h 0 q] (32)

where the following boundary conditions have been
assumed: ¢-(z =0) =0and g-(z = h) = .

Using Eq. 29 and 30, ¢. can be calculated as a
function of the space variables x and z in any point of
the aquifer. The first term between the round brackets is
due to the curving phreatic surface and was also found
by Polubarinova-Kochina (1962) and Haitjema (1995).
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When 4 = constant and dh/dx = 0, g. assumes the same
expression that was provided by Dominijanni and
Manassero (2019) for confined flow conditions.

The pollutant mass balance can be expressed as
follows under steady-state conditions:

na iiDh r%)—i_na E(th%j_
Tox\ " ox “oz\' "oz
0

o
— — —_—— = O
o (4:€) =5 (a:0)

(33)

where n4 is the aquifer porosity, Dy, and Dj,: are the

horizontal and vertical hydrodynamic
dispersion/diffusion coefficients in the aquifer,
respectively.

If the horizontal volumetric flux in the aquifer is
appreciably greater than the vertical volumetric flux,
then the transverse mechanical dispersion can be
assumed to be dominant relative to molecular diffusion
and the longitudinal mechanical dispersion. As a result,
the pollutant mass balance can be simplified as follows:

0 doc 0
—(g.c)=0a,q.,~—-—1(q.c). 34
ax (qr ) quO azz aZ (qz ) ( )

Taking into account the continuity equation of flow,
given by Eq. 31, the pollutant mass balance becomes:

qx ax TqXO 822 QZ 82 *
The main difficulty in solving Eq. 35 is related to
the presence of a free-boundary at z = &, where the

following boundary condition must be imposed:

C
4.~ 0rq =

Oz

P
c,et —c¢

=—a q—
"o -1

(36)
-(I-a,)A,(c,—¢c,)

In order to solve such a problem, a possible strategy
is to employ a coordinate transformation to map the
domain onto a fixed region (Crank, 1987).

Passing from the coordinates (x,z) to the coordinates
(1. ¢) that are defined as follows:

X=X (37a)

¢= (37b)

z
; 9
the pollutant mass balance equation must be modified

using the following rules of derivation:

6h6

—=h— 37
o " ox G7

0 0 dh 0

— =t . (37b)

oy Ox dx Oz

The pollutant mass balance becomes:
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This last equation can be solved in a rectangular
domain (0,0) x (¢,1) with the following boundary
conditions:

C
q4.¢— 04— =

% (39)
cOePL—c
=_awqﬁ_(l_aw)[\d(00_cx) at (=1
% _ at{=0. (40)
aq
c=c, aty=0. (41)

The condition given by Eq. 40 assumes that the
pollutant flux is nil at the bottom of the aquifer. A
solution of Eq. (38), associated with the boundary
conditions given by Eqs 39-41, can be obtained by a
numerical method, such as that developed by
Dominijanni and Manassero (2019).

5 CONCLUSIONS

The paper presents analytical and numerical
solutions to assess the contaminant concentration in an
aquifer that is located beneath a landfill or around a
cutoff wall, taking into account both advective and
diffusive transport through the containment system.

These solutions are derived under the restrictive
assumptions of steady-state conditions and constant
source concentration in the waste leachate or the
contaminated groundwater. However, unlike the
currently available steady-state solutions that can be
found in the literature (Guyonnet et al., 2001; Foose,
2010), the proposed solutions allow the progressive
increment of the contaminant concentration that occurs
along the direction of the groundwater flow to be
appreciated. Moreover, we have presented analytical
solutions, which also allow the effect of transversal
dispersion to be taken into account in semi-infinite
aquifers. For the free-boundary problem of an
unconfined groundwater flow that takes place in an
aquifer beneath a landfill, a specific solution has been
developed by performing a coordinate transformation to
map the domain onto a fixed region.

The principal benefit of using such solutions is the
possibility of conducting an analysis that involves a
limited number of parameters and allows the influence
of the barrier properties (e.g. hydraulic conductivity,
thickness, defects) and the field conditions (e.g. aquifer
thickness, groundwater velocity) on the final result to
be evaluated. Since the assumed boundary conditions
are conservative with respect to the evaluation of the
contaminant concentration within the aquifer, the
proposed analysis can be compared to a Tier-2 risk
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assessment of the ASTM risk-based corrective action
(RBCA) standard for a polluted site.

A possible interesting development of the proposed
steady-state analysis is its application in the frame of a
probabilistic approach, in which the boundary
conditions and the model parameters have a random
nature. In fact, a significant difficulty in the analysis
arises from the uncertainty that is encountered in the
evaluation of the representative values that need to be
assigned to various parameters, such as the source
contaminant concentration, the hydraulic conductivity
of the landfill liners or the cutoff wall, and the number,
size and location of the geomembrane defects. In a
deterministic approach, the designer must trust in his
own good judgement to make the most opportune
choice of the parameter values, but cannot know the
combined effect of the variance of the various
parameters on the final result of the analysis. The
adoption of a probabilistic approach instead allows the
random nature of the involved parameter to be
considered explicitly. In such a way, the final results
may be related not only to the most representative
values of the involved parameters, but also to their
variance.
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