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Multilevel quadratic spline integration
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Abstract

In this paper we present new quadratures based on both quasi-interpolation
and multilevel methods by using bivariate quadratic B-spline functions, de-
fined on simple and multiple knot type-2 triangulations, improving classical
quadratures, based on quasi-interpolating splines. We also prove some sym-
metry properties that simplify their expression, study their approximation
performances, propose some numerical results and a comparison with other
known multilevel spline quadratures.

Keywords: spline integration, quasi-interpolation, multilevel B-splines, rate
of convergence, degree of precision
65D07, 65D15, 41A15, 41A25

1. Introduction

Spline quasi-interpolation (QI) [1, 2, 3] is a powerful tool to derive lo-
cal approximation methods that do not require the solution of any linear
system and whose resulting quasi-interpolating splines reproduce polynomi-
als of a certain degree to ensure good, and possibly optimal, approximation
properties.

Moreover, recently multilevel techniques have been introduced in both
univariate [4] and bivariate [5] settings to improve the performances of spline
QI results.
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Induced by these researches, in [6] we take advantage of both approaches
by submitting spline QI operators, generating quadratic splines on type-2
triangulations on simple and multiple knots [7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21], that provide good approximation properties, to multilevel
schemes.

Since in [6] multilevel quadratic spline QI seems to perform better than
quadratic spline QI as well as in [5] numerical integration based on quadratic
spline QI seems to provide better results than quartic spline QI, it is straight-
forward to wonder if numerical integration based on multilevel quadratic
spline QI can be better than the one based on multilevel quartic QI.

So in this paper we study such a question, first facing the problem of
completing the theory of numerical integration based on quadratic spline QI,
started in [11, 18|, and then moving to the multilevel setting.

The paper is organized as follows. Section 2 recalls multilevel quadratic
QI splines, citing three cases studied in the literature. In Section 3 we present
multilevel spline integration, after some remarks and new results on spline
integration. Simmetry properties, degree of precision and approximation or-
der are also studied. Finally in Section 4 some numerical results show the
new multilevel spline quadratures can provide better performances than the
ones based on just one-level spline.

2. Multilevel spline QI operators
Let R :=[0,1] x [0,1] and let {z;}1%, {y;}7—o, with 2; := L y; := L and

m,n two given integers. Let also XW x VY with

X(l):x,2<x,1<x0:0<---<1:xm<xm+1<xm+2,

YV iy o<y <yo=0<-<1=y, < Yr1 < Ynso,
and qu) X Yn@) with
Xg)2$,2:$,1:$020<$1<"'<1:l‘m:$m+1:l’m+2,

Y iy s=ya=yp=0<y1 < <1=yn=Yns1 = Uns2
be two partitions that divide R into mn rectangular subdomains.
We denote by AP the uniform type-2 triangulation of R, obtained by
drawing both diagonals in each subdomain defined on the uniform and inside-
uniform partitions X9 x Yn(z), 1 = 1,2, respectively.



Moreover we define the following sets of points
e O:={4,,=(z,y;),-1<i<m+1,-1<j<n+1},
o & :={M,;;=(s;,t;),-1<i<m+2,—-1<j<n+2}
with s; = 2L ¢, = =1 and the set B, = {Bi; : (1,7) € Kpn},

where B;j(x, ésn:: B (ma 2—nz + 3, ny—j+ 1) with B introduced in |7] and
Kpn ={(,7) : 0<i<m+1,0 < j <n+1}, of the (m+2)(n+2) B-splines
generating the space S%(Agzl) of all C'! piecewise polynomials of total degree
2 on the type-2 triangulation Ag%, associated with the partitions X,(,? X Yn(i),
i = 1,2 of the domain R (see Fig. 1, 2).
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Figure 1: Octagonal supports of simple knot B-splines B2 and Bt j41-

In order to get better approximation performances with respect to quasi-
interpolating spline operators @ : C(R) — SL(A%) of the form

Qf(w.y) =Y N7 (H)Bylw,y), (.y) € R M

with )\S})( f) = > yéij) f (PZ(U)), the Pe(ij)’s triangular mesh-points, the

Véij)’s non zero real numbers such that Qf = f for any f € P, for some
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Figure 2: Supports of multiple knot B-splines By and Bji1 j11.

0 < r <2, in |6] we define multilevel spline operators

p
QU =QUf+ Y QUIIAKITS 0<p<min{g,s}, (2
r=1

where

e p+ 1, with p := min {q, s}, is the largest number of levels it is possible
to define for any two even integers m and n such that m = wu - 29,
n=uv-2° u,v,q,s € N and u,v odd numbers;

o QU f .= B gart AIP(F)BY), with

1=K =K iy
(Qp) .
- i P(f) computed at 7®);
- Bg’) =B (2% - =1+ %, 2 —J T %) with support centre at Mi(f);
ST =M if Q= 5,,5, and T .= d) UOW if Q = W, where
o) — {Mi(;) = (i £,0) = (27‘51.,2%].)}
and
0 = {AD = (5,,5,0) = w2y}
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x5 x vV X5 x v
SO SO W T s r=1,...p, ST W r=1,...,p—1 [ SP WP
K 0 -1 -2
7 I 2 3 I

Table 1: Parameters  and ¢ involved in the variation of the indices (3), where Q(®) := Q
and Q") appear in the definition of multilevel operators, Q = Sy, S2, Wh.

with

(3)
#(Q, XF Y0 ), 0= 0@, X, v p), k=1,2

(see Table 1). Such a table shows the indices needed to Well define
all terms involved in (2), depending on @, X X0 v k= 1,2,
and r, i.e. in order to take into account all nonzero B- sphnes at
the evaluation points of the set 7"

o QU-DAPHLT L S 1+fzzr T )\(Q” D(ar+i- "f)B; (=) 6n the data
set 7=V r=p ... 1;

o APHITf o= ALAPTTF) = AP f — QUWAYTf, r=p—1,...,1, with
A}?f = f— QW f, is the (p+ 1 —r)-th error function. We remark that
all the error functions are well defined since they are based on points
where the function evaluations are known. Moreover they are easily
computed due to the B-spline local support;

o QO .= Q(O) = Q.
In particular in [6] we study the three following multilevel operators
SPESPE WPE | coming from

- the Schoenberg-type bivariate variation-diminishing operator S; [7, 11,
20, 21], where AV (f) := f(My;) in (1), with (i, ) € Ky

- the quasi-interpolating spline operator Sy [20], where )\(»52)( f) = bij f(M;;)+
a; f(Mi-15) + ¢if (Mit15) + @5 f(Mij-1) + ¢ f (Mij11) With

bz‘j =1 (aﬁ—cﬁ—@- +Ej),



2 2
_oloin o oiloi)? q = — T = Ti(T)

a; ‘= JZ+UZ+1 C; = Ui"!‘o';_‘_l 9 j o Tj+7—]/'+17 g o Tj—f—T],._'_l )
h ()
. h; /. i-1 1 .
i = hioathio 96T hiathi 1-o0i,
. ) (5)
Ky A S R
TS ok T Roah LT T
. _ 1 .
hi.—xi—xi_l—h—a,kj.—y—yjl—k —forallzy,le
_ 1
bij = % and a; = ¢; =a; = ¢ = —3 for partitions Xr(n) X Y( ), while

ho = hpms1 = ko = kpaqp = 0 for part1t1ons X,(n) X Yn( ),

- Wy [7,15,21), where A 2 () == 2 (M)~ S0 SS0_ 1 F(Aivngen),

respectively.

For such multilevel QI operators the following results on polynomial re-
production and approximation order are obtained in [6].

Let A :=max{X, 1} and | - ||z be the infinity norm over R.

Theorem 2.1. Let QPF be a (p + 1)-level QI operator with Q = Sy, Sy, W,
0 <p <min{q,s}. Then

o SVf=f if flz,y) =12y,
‘Qpo:f if fePy, and Q= Sy, Ws.

Theorem 2.2. Let QPF be a (p + 1)-level QI operator with Q = Sy, Sa, W,
0 <p < min{q,s}. If f € CHR), u=1,2,3, then QPLf at least has the
error estimate

If = QP flln < (L +[|QIDPCEA",
where ij’, pw=1240Q =251 and p = 1,2,3 1f Q = So, W5, are positive
constants.

We also obtained the following unexpected result for the multilevel oper-
ator S*, 0 < p < min{q, s}.

Theorem 2.3. Let AP, be defined on the partition X% vV, The operator
S , 0 < p <min{gq, s}, reproduces the polynomial space Py, i.e.

Sthf=f if feP,. (6)



Theorem 2.4. Let A2} be defined on the partition X\ x Y,V If f € CH*(R),
w=1,2,3, then Sfo, 0 < p < min{q, s}, at least has the error estimate

L
lf = ST fllr < 2°CLA"
with C), positive constant.

So Theorem 2.3 shows that the multilevel QI operator S{’L, 0 <p<
min{q, s}, gains in polynomial reproduction in case of partitions AP, de-
fined on X,(T}) X Yn(l). In this case data points outside the domain R are
needed. However either they could be not known or f could be not defined
outside R. For partitions AP defined on X,gf) x V(¥ all evaluation points are
either inside R or on its boundary, but SfL only reproduces bilinear polyno-
mials. However numerical evidence in [6] shows that, when m and n increase,

partitions X x v and X2 x Y,? tend to coincide, so that SfL, p>1
‘tends to reproduce’ Ps.

3. Multilevel spline numerical integration

In this section we consider the numerical evaluation of the integral

I(f) = I(f;R) = /R f(z.y)dedy, feC(R). (7)

Before moving to the multilevel setting and defining the corresponding quadra-
tures, we have to sum up some results, concerning the approximation of (7)
by replacing f with Qf, @ = Sy, Sz, Wa, obtained in [11, 18|, and state new
ones, all useful later.

3.1. Spline integration

Some theory of numerical integration based on bivariate quadratic spline
QU’s is already developed in [11] for @ = S; on triangulations AP based on
partitions X x v and in [18] for @ = Si, Sz, W5 on triangulations A2
based on partitions X x VY. However some new results on quadratures
based on ) = S, W5 on triangulations AP based on partitions xXW x v
still have to be obtained.



If fin (7) is approximated by Qf, to adopt an as compact as possible
notation, we can write

1(Qf) == I(Qf: R) = ZZ% P;)

m-+£y n+€1 m+£a n-&-éz (8>
—(Q -
zg zg 9
1=K1 J=K1 1=Kz J=K2

where
® Q =51, Sz, Wa;
. P” S Anzg, with P” — Ay, Mij;

f\p ii(z,y)dzdy are the weights of the cubature, depending on
Xfrlf) X Ynk), k = 1,2 and on the operator (). In fact ¥;; := =;; N R for
X,(ﬁ) x Y, and U,;; = & for X2 x YTSZ), where Z;; is the support of
the ij-th either B-spline or fundamental function, that is a suitable linear
combination of B-splines, NNV;;, depending on the definition of @:

- if Q = Sl, then U)Z(]Sl) = wzfl) with Nij = BZJ’

- if Q = S5, then w%%) E(SQ with

Ny = éij = bijBij + ait1Biy1j + cic1Bi—1j + @1 B j1 + 1B j_1;
- if @ = W5, then
TW2) s .- B y
(W) _ wl(] | with V;; : i QBfJ7
o W, " with Nj; == Bj; =-1 [Bij + Bijy1+ Biyij + Biy1j41];

the indices k;, ¢;, 1 = 1,2 are reported in Table 2, depending on () and
on the partition X x Yn(k), k=1,2.

Now, considering the uniform and inside-uniform partitions XP x Yn(k),

k = 1,2, then the weights can be written as w( ) = EJQ)iwll and ﬁ(]@ =
EEJQ); L for all i and j for which h; and k; are not zero, i.e. inside R.

In partlcular in [11] some symmetry properties of the weights are studied,
leading to a quadrature formula, depending on only six weights (see Table
3), when @ = S; for X0 xyW.



K1 61 K9 62 K1 61 K9 62
S50 1] —|—]01]—]-—
S | 12 - [—=[o[1]=-]=
Wel O |1 |—-1]1]0(1|0]O0

Table 2: Parameters x; and ¢;, i = 1,2, involved in the variation of indices in (8).

o |G et | et | | s
I A B U R
18 | 18| 18| 6 | 6

Table 3: The six weights 62(51), computed in [11].

Similar symmetry properties are studied in [18|, providing new quadra-

ture formulas based on @Q = S5y,S5;, Wy for X,(,f) X Y,SQ) (see Table 4,5,6,
respectively).

i [ e e [ [

1 1 ) 1 2 1
12 4 12 3 3

Table 4: The six weights 62(51), computed in [18].

In order to complete the theory on thls to%nc we still need to compute the
weights related to Q = Sy, W5 for X <yt (see Table 7,8, respectively).
Their expressions are obtained through similar tedious computations, as the
ones of Theorem 2 in [11], i.e. by directly examining by hand the symmetries
related to the supports of either B-splines or fundamental functions involved
in the integrals generating the weights.

Further details on this topic can be found in [11, 18|. Here we just re-
ported what is necessary for the following multilevel treatment.



e [l [ [t [l Tt [t [ [ [

1 7 2 1 8 37 1 7 73

—— | = = = = — — — — 1
12 | 36 3 9 9 36 9 8 72
Table 5: The ten weights 6552), computed in [18].
R e e I e e
7 9 11 2 ) 1
16 16 16 3 6
Table 6: The six weights Eg-%), computed in [18].
3.2. Multilevel spline integration
Let rewrite (2) as follows
P
Q=Y QUATS, 9)
r=0

where AY | f := f. Then, if now f is approximated by (9), inserted into (7),
we get

I(QPEf) := I(QP"f; R) ZZZU}QTA?!{ (P (10)

P aor +£1 or J"Zl o7 +£2 or +£2
,T s r QT r T
(}j S @A)+ Y S wmEAr A (1)
r= =K1 J=K1 i=K2 J=K2
where

o QPk = St SEE, Wit
. PZ-(;) e AP r=0,...,p, with Pi(jr) = Ag), Mz(J ). according to the different
QI’S as in Table 2
= (T) (x,y)dxdy are the weights of the cubature, depending
w!

on the operator QPL, on ng) X Y , k = 1,2, and on the level r. Here
the superscript (1) of all quantities refers to the level r and the definition
of such quantities is similar to the one of those at 0-level. Moreover we let

10



5(52) —(S2) —(S2) —(S2) | =(S2) | =(S2) | =(S2)

-1,-1 | €o,-1 Coo G,-1 | Go 11 Ca,—1
0 1 1 7 7 151 1

384 192 384 | 64 192 48
i | e | e [ e |t [ | e

0T % | 5 | 8D
384 128 24 48 48 48

Table 7: The fourteen weights Ez(fz) with Xr(r%) X Yn(l).

R e I e R e Dl e T I e e
1 1 1 15 11 161 1 1 11 1
192 24 4 192 24 192 12 2 12

Table 8: The ten weights ES%) with XV x v;(V.

wg) = wg-’?’r), when it is not necessary to specify the type of QI;
e the indices k;, ¢;, 1 = 1,2 are reported in Table 2.

Now we can provide a more detailed expression of quadrature formulas
based on multilevel operators QPF = SP* SPY WPt

The following theorems show the above quadrature (11) can be conve-
niently simplified by considering some symmetries among the weights for the
three QI multilevel operators. Their proofs are carried out similarly to the
ones of the particular case r = 0, described in Section 3.1 and in [11, 18] and

included in them.

Theorem 3.1. The weights wg), r=20,...,p, in (11) satisfy the following
symmetry properties:

o if 5,55 > o, then

. (r)y _ . _ () ()
() Wiy =Wa_ip; =Win jig=Wn_iign_jig
— w\ = ) — ™ — ™

Jt o —J+Bsi Jryar —i+8 o+ —J+B,5r —i+B’

2277 '757.]:77 7/1:7
() () () _

1) Wi = wz,%fﬁﬁ W5 J="7 -6
U)Z(g) = wl(jd%_p = wé?) 1 = a,..., 2mr —T;



o if ay < < g, 5 > g, then (i), (iii), (iv) hold;

o if >y, a1 < g5 < g, then (i), (ii) hold;

o if ay < 3, 5r < g, then (i) holds,

where the greek parameters are reported in Table 9, according to the different

QI’s.

arlag | Bl v |[d|lelplo|T]| n
St 13510 (21132 0
So | 5 711 —-1(13[2(24]|3]| -1
Wol 416 |0]—-1|2]1[2[3]3| 0

Table 9: Parameters involved in the symmetry properties of Theorem 3.1.

Remark 3.1. Since the following relations between the r-level, r =0,...,p,
and the 0-level hold:
' T 2T N
W = 2@ — g =W == =1, Dy
m 27
") ) ) ) g 2 o T
K =yl g = RO =2k = = 2,
except for X2 x VP where
W) =0, i=—1,0, = 41, 2 42
i , s Yy 2r + ) 27’ + )
KD =0, j=—1,0, = +1, = 42
] ) j ) Y 2T + ) 27. + Y

then we can write

(T) = Cijhl(r)]{?(~7‘) = 4TCijhik'j = 4TU}Z(;)),

Wi j
with:
-1 and 7 gwen in Table 10, according to the ty e of QI and XP x Yn(k),
=1,2. It s Zmportant to keep in mind that w” ,r=20,...,p, is splitted
into w( and w. wl , as in (11), according to the type of QI;
Z(jo) : w( 0 — wl(jQ), as in (8) and according to Tables 3-8.

12



—g) —Z(;") @g) —E;)
L J ¢ J ¢ J ¢ J
S, 0.2 10, - - 0,....2]0,....i| ~— -
Sy | —=1,...,3 | —1,...,1 - - 0,...,3]0,...,7 — —
Wy | 0,...,2 0,...,¢ | —1,...,2 | —1,...,2(0,...,210,...,2 |0, ,210,...,1
Table 10: Variation of indices ¢ and j of the weights wl(]), =0,...,p.

From the above symmetry properties of Theorem 3.1 and the above Re-
mark 3.1, we can state the following

Theorem 3.2. For any function f € C(R), for 5,55 > a1 and for X x
Yn(l), we can write

QW f) = Z Z w, (p)) + Z Z ﬁg)tz(?) (f@)
B Z Z 4p_£JQ ZJ + Z Z 410—2(]@ zg ))7

(12)

where the variation of i and j is described in Table 10 and ZZ(]Q), tgj ) are listed
below, depending on the type of QI:

13




W) = LR+ 1 e+ B e 8 s s

' 2P

3 —€ 20 —¢€

Z‘gg)(f(p)) = Z('flk + f f*k+1 + Z fk] ﬂ—k+1,3>7 k= -6
i=0
(S2)
() = f“+fm4k+ﬂ%4ﬁ+f@,f%H+f@+f@hH2
+fk) 7_1+f7_k+172p k:_1,07 1,
z(ff)(f(p)) — fp) + fm L+ f(zvl_’ngl + fQ—p,Q——kH + f(ﬁ) + féi;f)_kﬂ,l + flgpz%

+ fm_,ﬁr1 o k=-1,0, for Sy, k=0, for Sy, W,
S
Zé,ﬂ(f(p)) = f +f n1,—1 +f0 +2+fp+1 242 +f 1,0 +f ™ 190 f(p1),2ip+1

T f%+2,2%+17

m n
op € ap €

Z(JQ)(f(p)) = Z Z fz’gp)a

=6 j=4
(Wa) — @ (p)
tkk2 (f(p)) = ki +f2mi—k‘k fk‘l—k‘_'_fm k‘,%—k’
« = (p)
Ww-
te (fP) =3 (0 + 1) + (fk] + 8 ), k=-10.1,
=2 j=
\i%
i (f9) = f 2+ f*_l P f*_l,?p_,f

19P

1%
té7721)(f(p) = fp) +f— 7]_ +f0 T;;‘i’]- +f2p’217+1

+ U 10+f +10+f +f2p+1

721)

W,
thy ) (f7)) = i
=2 j=2
with
Fo) . f(M u) if f® is the argument of zw),
e f(A u) if f® is the argument of t(Q)

Remark 3.2. For X\2 x V) Theorem 3.2 has to be modified as follows:

14



o for 25k (f(p) =1,...,€ changes to k =0,1,2;
o for zéiQ)(f(p)) and t%@)(f(p)), k= —1,0,1 changes to k =0, 1;
e for z (f(p)) and t(W2)(f( )), k= —1,0 changes to k = 0;

. Z(SQ) (f®) and t (W2) (f(p)) are no more included in the computation be-
cause the correspondmg weights are zero.

Finally from Theorem 3.2 and Remark 3.2 (11) can be written as

@9 =3 3w zzv AL
+ZZw” 24%@ (APTT O,

where i, j are given in Table 10 and z (Ap o) t(Q)(Aer; N,r=0,...,p—

) 1]
1, are defined similarly to Z(Q)( Fo) 4t > @/(f®) in Theorem 3.2, with AP
the function AP;!f, evaluated at the points B = M), AL involved in
the definition of ZZ(JQ )(Af:{ ), tEJQ)(Afﬁ f™), respectively. An idea of such
a computation is shown in the proof of Theorem 3.3 of [6].

(13)

3.3. Precision degree, convergence and computational complexity

From Theorems 2.1 and 2.3 it immediately follows that the precision
degree of (13) is at least 2. Moreover by Corollary 1 of [18] the precision

degree is at least 3, since X,Sf ) % Yn(k), = 1,2 are symmetric partitions, as
confirmed by numerical results of next section.

Moreover we can state the following

Theorem 3. 3 Let QP be a (p + 1)-level QI operator with Q = Sy, Sy, Ws
and X x VP k=1,2. If f € C*(R), u=1, 2, 3, then I(QPFf) at least
satisfies

| EQYEf) [:=] I(f) = 1(Q f) |[= O(A"), (14)
with A = max {%,%

15



Proof. Since
| E@f) | =] I(f) = 1@ f) |=| I(f — Q" f) |

(15)

<I(| f-Q"™f)),
then from Theorems 2.2 and 2.4 on the approximation power of QP f [6], we
obtain (14). O

Concerning the computational complexity, we remark that for any Q")
k =p,...,p—r, appearing in (9), we can approximatively count a number

of O <2ﬂk . 2%) operations for function evaluations, for multiplications and for

algebraic sums. Then it is clear that, running from p to 0, we sum up a
number of operations whose leading term goes

mn mPTipptl
from O(ﬁ) to o(22(p+(p—1)+(p—2)+...+1+o)>’

so that the total number of operations is of the order of

p i+1,,i+1
mTn .
> 0(Ssrip) 0= p < winfa.s)

1=

which provides the particular classical case when p = 0, i.e. O(mn).

On the other hand, from (13) the computation of the weights is performed
just considering the classical ones, unless for a factor 4".

Moreover we can remark that, according to the definition of each QI, also
symmetries can be taken into account to reduce the computational complex-
ity both in the classical and in the multilevel case.

However we finally underline that, increasing p, the computational com-
plexity increases. That is perhaps why we get the best results when we
balance multilevel technique and computational complexity. From numerical
results, given in next section, we can conclude this is obtained for Si¥, not
only thanks to this balancing, but also for the simple definition of S;.

4. Matlab numerical results

For the numerical evaluation of (7) we tested the multilevel QI operators
QPL = SPE SPE WP on the following functions with different values of 0 <
p < min{q, s} and for triangulations A based on both X\¥ x ¥,V i =1,2
partitions for (z,y) € R,
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o filz,y) =[2*+y*—025],

o fo(z,y) =y’sinz,

In the following
- ExQPL(X? ) Y") denotes the absolute error |I(fy) — [(QPLfi)|, k =

L. T.i=12
- 0xQPL(X? YY) denotes the corresponding observed approximation or-
der, i.e. o
BQHXY)
08 i vy
? EkaL(X2m7 }/277,)

) % eri), t = 1,2, computed for increasing

for partitions AZ) based on X\
values of m and n.

Tables 11-22 are related to triangulations AP, based on partitions X0 x
Yn(l), while Tables 23-34 show the results with triangulations AP based on
partitions Xr(,f) X Yn(2). In particular Table 17 shows a numerical confirmation
that the multilevel QI operator SfL, 0 < p < min{g, s}, gains in precision
degree in case of triangulations AP defined on X x Yn(l), while Tables
19-22 underline the augmented degree of precision, due to the symmetry of
the partitions. Similar argument can be carried out for Tables 29-34 with

partitions X,(f) X Yn(2).
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=N EQSl EQSllL EQS%L EQSQ EQS%L E2W2 E2W21L
1.49(-3) | 2.86(-5) | 2.46(-5) | 4.39(-6) | 5.29(-7) | 8.18(-6) | 5.81(-6)
16 | 3.74(-4) | 1.79(-6) | 1.48(-6) | 2.75(-7) | 3.17(-8) 5 12( 7) | 3.64(-
32 19.35(-5) | 1.12(-7) | 9.14(-8) | 1.72(-8) | 1.97(-9) | 3.20(-8) | 2.28(-
64 | 2.34(-5) | 7.03(-9) | 5.70(-9) | 1.08(-9) | 1.33(-10) | 2.01(-9) | 1.41(-
128 | 5.85(-6) | 4.49(-10) | 3.66(-10) | 7.77(-11) | 1.83(-11) | 1.36(-10) | 7.84(-11)
256 | 1.46(-6) | 3.80(-11) | 3.28(-11) | 1.48(-11) | 1.11(-11) | 1.84(-11) | 5.06(-12)

Table 11: Absolute error EoQPE (X} V1) for the evaluation of I(fy) = 0.1532325647.

m=n 0251 02511L OQS%L 0252 OQSQHI OQWQ OQWzlL

16 1.9988 | 3.9961 | 4.0595 | 3.9980 | 4.0607 | 3.9982 | 3.9956
32 1.9997 | 3.9989 | 4.0156 | 3.9987 | 4.0081 | 3.9991 | 3.9995
64 1.9999 | 3.9977 | 4.0015 | 3.9866 | 3.8914 | 3.9927 | 4.0099
128 2.0000 | 3.9676 | 3.9612 | 3.8022 | 2.8633 | 3.8900 | 4.1725
256 2.0000 | 3.5622 | 3.4791 | 2.3912 - 2.8796 | 3.9537

Table 12: Observed approximation order O2QPL (X}, V;!) in the evaluation of I(fs).

4.1. Comparing numerical integration based on multilevel both quadratic and
quartic quasi-interpolation

Since in [6] multilevel quadratic quasi-interpolation seems to perform bet-
ter than quadratic quasi-interpolation as well as in [5] numerical integration
based on quadratic quasi-interpolation seems to provide better results than
quartic quasi-interpolation, it is straightforward to wonder if numerical inte-
gration based on multilevel quadratic quasi-interpolation can be better than
the one based on multilevel quartic quasi-interpolation. Therefore in the
following we present some results obtained by using StZ in (7), the most
promising multilevel QI operator among the studied ones, comparing them
with the ones proposed in [5] and generated by a two-level QI operator of

the form
Wit f=wf+wOAly,

where the corresponding classical QI operator Wy : C(R) — S;f’?’(Ag?l) is
defined by

Wif = Z f (i, yj)Bij
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m=n E3Sl EgsllL EgS%L Egsg E3521L E3W2 E3W21L
8 5.93(-3) | 1.23(-3) | 1.57(-3) | 2.63(-4) | 3.24(-4) | 1.96(-4) | 1.60(-4)
16 1.47(-3) | 4.99(-5) | 8.55(-5) | 1.19(-5) | 1.94(-5) | 9.29(-6) | 1.52(-5)
32 3.66(-4) | 2.64(-6) | 3.77(-6) | 7.09(-7) | 6.29(-8) | 5.56(-7) | 1.79(-7)
64 9.14(-5) | 1.60(-7) | 7.72(-8) | 4.38(-8) | 5.08(-9) | 3.44(-8) | 1.05(-8)
128 2.28(-5) | 9.95(-9) | 4.06(-9) | 2.73(-9) | 3.20(-10) | 2.15(-9) | 6.55(-10)
256 5.71(-6) | 6.21(-10) | 2.43(-10) | 1.71(-10) | 2.01(-11) | 1.34(-10) | 4.09(-11)
Table 13:  Absolute error E3QPL(X),Y,l) for the evaluation of I(f;) =
0.2865833317293664.
m=n 0351 03511L 03512L 0352 03521L O3W2 03W21L
16 2.0154 | 4.6197 | 4.1980 | 4.4738 | 4.0633 | 4.3984 | 3.4040
32 2.0037 | 4.2426 | 4.5034 | 4.0638 | 8.2691 | 4.0606 | 6.4077
64 2.0009 | 4.0403 | 5.6094 | 4.0151 | 3.6305 | 4.0144 | 4.0909
128 2.0002 | 4.0097 | 4.2506 | 4.0037 | 3.9873 | 4.0036 | 4.0002
256 2.0001 | 4.0024 | 4.0618 | 4.0009 | 3.9991 | 4.0009 | 3.9993

Table 14: Observed approximation order O3QPL (X}, Y1) in the evaluation of I(f3).

with

- SP(A

(2)

mn

) the space of piecewise polynomials of degree 4 with C?

smoothness on the rectangular subdomain grid segments and C® smooth-
ness on the diagonal grid segments;

- B,; the quartic B-spline with centre at (z;,y;).

Both classical W, and two-level W1 operators possess the property of linear
polynomial reproduction and, if f € C*(R), u = 1,2, then ||f — Wi*f||r =
o(A"), 7=0,1.

In Table 35 we show a comparison among the operators Sy, S, W, and
WL, when used for the numerical evaluation of I(f;,), k = 1,2.

5. Final remarks

In this paper we obtained new results on the numerical evaluation of
integrals, based on quadratic QI, generalizing and collecting them and other
known ones in the literature into a whole theory of the multilevel setting.
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m =nmn E4Sl E4811L E4S%L E4SQ E4521L E4W2 E4W21L

1.16(-2) | 1.78(-4) | 1.73(-5) | 4.22(-5) | 3.11(-6) | 4.22(-5) | 3.11(-6)
16 | 2.88(-3) | 1.11(-5) | 4.05(-7) | 2.63(-6) | 1.89(-7) | 2.63(-6) | 1.89(-7)
32 | 7.21(-4) | 6.92(-7) | 1.51(-8) | 1.64(-7) | 1.18(-8) | 1.64(-7) | 1.18(-8)
64 | 1.80(-4) | 4.33(-8) | 7.86(-10) | 1.03(-8) | 7.34(-10) | 1.03(-8) | 7.34(-10)
128 | 4.51(-5) | 2.70(-9) | 4.66(-11) | 6.41(-10) | 4.58(-11) | 6.42(-10) | 4.58(-11)
256 | 1.13(-5) | 1.69(-10) | 2.88(-12) | 4.01(-11) | 2.86(-12) | 4.01(-11) | 2.86(-12)

Table 15: Absolute error E4QPL (X}, YV, for the evaluation of I(fy) = (e — 1)2.

m=n 0451 04511L 04512L 0452 04521L O4W2 O4W21L

16 2.0017 | 4.0075 | 5.4159 | 4.0031 | 4.0359 | 4.0031 | 4.0359
32 2.0004 | 4.0019 | 4.7449 | 4.0008 | 4.0100 | 4.0008 | 4.0100
64 2.0001 | 4.0005 | 4.2646 | 4.0002 | 4.0026 | 4.0002 | 4.0026
128 2.0000 | 4.0001 | 4.0195 | 4.0000 | 4.0007 | 4.0000 | 4.0007
256 2.0000 | 4.0000 | 4.0195 | 3.9999 | 4.0010 | 3.9999 | 4.0010

Table 16: Observed approximation order O4QPX (X}, Y,}) in the evaluation of I(fy).

We compared the integration error using multilevel QI spline operators
to the one using classical QI spline operators and also among the different
multilevel QI spline operators.

We confirm the conclusion of [6], where it is stated that the best im-
provement from classical to multilevel operators is given by SiL. also for
numerical integration. It combines the performances of multilevel setting
with the simplicity of its definition and this fact let it compete with the
other both classical and multilevel operators.
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m=n E4Sl E4511L E4S%L E4SQ E4521L E4W2 E4W21L
8 1.05(-2) | 1.17(-3) | 2.55(-4) | 1.91(-5) | 8.94(-7) | 3.62(-5) | 3.76(-6)
16 2.75(-3) | 1.53(-4) | 3.82(-5) | 1.28(-6) | 6.79(-8) | 2.44(-6) | 1.44(-8)
32 7.05(-4) | 1.97(-5) | 5.00(-6) | 8.31(-8) | 8.03(-9) | 1.58(-7) | 5.59(-9)
64 1.78(-4) | 2.50(-6) | 6.33(-7) | 5.28(-9) | 6.19(-10) | 1.01(-8) | 5.44(10)
128 4.48(-5) | 3.15(-7) | 7.93(-8) | 3.33(-10) | 4.23(-11) | 6.36(-10) | 3.99(-11)
256 1.12(-5) | 3.95(-8) | 9.92(-9) | 2.12(-11) | 2.75(-12) | 4.02(-11) | 2.68(-12)
Table 27: Absolute error E,QPL(X?2,,Y,?) for the evaluation of I(f;) = (e — 1)%.

m=n 0451 04511L 04512L 0452 O4S2IL O4W2 O4W21L
8 - - - - - - -
16 1.9319 | 2.9316 | 2.7396 | 3.8945 | 3.7179 | 3.8900 | 8.0347
32 1.9668 | 2.9582 | 2.9329 | 3.9487 | 3.0792 | 3.9465 | 1.3612
64 1.9836 | 2.9773 | 2.9829 | 3.9747 | 3.6992 | 3.9736 | 3.3603
128 1.9918 | 2.9882 | 2.9960 | 3.9874 | 3.8717 | 3.9869 | 3.7672
256 1.9959 | 2.9940 | 2.9992 | 3.9761 | 3.9400 | 3.9834 | 3.8983
Table 28: Observed approximation order O4QPX(X?2,,Y;2) in the evaluation of I(fy).

m=n| E;S EsSit | EB5S?L E5S, E5Sit EsW, EsWiE
8 | 3.58(-3) | 4.07(4) | 1.02(-4) | 6.66(-16) | 8.88(-16) | 6.66(-16) | 4.44(-10)
16 | 9.36(-4) | 5.00(-5) | 1.27(-5) | 6.66(-16) | 8.88(-16) | 4.44(-16) | 2.22(-16)
32 | 2.39(-4) | 6.36(-6) | 1.59(-6) | 4.44(-16) | 6.66(-16) | 2.22(-16) | 2.22(-16)
64 | 6.04(-5) | 7.95(-7) | 1.99(-7) | 2.22(-16) | 6.66(-16) | 2.22(-16) | 2.22(-16)
198 | 1.52(-5) | 9.93(-8) | 2.48(-8) | 2.22(-16) | 4.44(-16) | 2.22(-16) | 2.22(-16)
256 | 3.80(-6) | 1.24(-8) | 3.10(-9) | 2.22(-16) | 2.22(-16) | 2.22(-16) | 2.22(-16)

Table 29: Absolute error E5QPL(

X2Y?

m) - n
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) for the evaluation of I(f5) = 4/3.




m =n 0551 05511L O5S%L 0552 05521L O5W2 O5W21L
] _ _ _ _ _ _
16 1.9359 | 3.0000 | 3.0000 - - -
32 1.9690 | 3.0000 | 3.0000 - - -
64 1.9847 | 3.0000 | 3.0000 - - -
128 1.9924 | 3.0000 | 3.0000 - - -
256 1.9962 | 3.0000 | 3.0000 - - -
Table 30: Observed approximation order OsQPX(X?2,,Y,2) in the evaluation of I(f5).

m? n
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m=n E@Sl EGSllL EﬁS%L EGSQ EGS%L E6W2 E6W21L
8 1.79(-3) | 2.03(-4) | 5.09(-5) | 2.74(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
16 4.68(-4) | 2.54(-5) | 6.36(-6) | 2.74(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
32 1.19(-4) | 3.18(-6) | 7.95(-7) | 2.74(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
64 3.02(-5) | 3.97(-7) | 9.93(-8) | 2.73(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
128 7.59(-6) | 4.96(-8) | 1.24(-8) | 2.73(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
256 1.90(-6) | 6.21(-9) | 1.55(-9) | 2.73(-14) | 2.73(-14) | 2.73(-14) | 2.73(-14)
Table 31: Absolute error EgQPL(X2,,Y;2) for the evaluation of I(fs) = 1/6.
m=mn 0651 OGSllL OGS%L OGSQ OGSQIL OGWQ OGWQIL
3 B B B B B B
16 1.9359 | 2.9999 | 2.9999 - - -
32 1.9690 | 3.0000 | 3.0000 - - -
64 1.9847 | 3.0000 | 3.0000 - - -
128 1.9924 | 3.0000 | 3.0000 - - -
256 1.9962 | 3.0000 | 2.9999 - - -
Table 32: Observed approximation order OgQPL(X2,,Y,2) in the evaluation of I(fs).




m=mn E7Sl E7811L E7S%L E7SQ E7SZIL E7W2 E7W21L
8 1.25(-2) [ 1.42(-3) [ 3.56(-4) | 1.11(-16) [ 1.11(-16) | 1.11(-16) | 1.11(-16
16 | 3.28(-3) | 1.78(-4) | 4.45(-5) | 1.11(-16) | 1.11(-16) | 1.11(-16) | 1.11(-16
32 | 8.37(-4) | 2.23(-5) | 5.56(-6) | 1.11(-16) | 1.11(-16) | 1.11(-16) | 1.11(-16
64 | 2.11(-4) | 2.78(-6) | 6.95(-7) | 1.11(-16) | 1.11(-16) | 1.11(-16) | 1.11(-16
128 | 5.31(-5) | 3.48(-7) | 8.69(-8) | 1.11(-16) | 1.11(-16) | 1.11(-16) | 1.11(-16
256 | 1.33(-5) | 1.35(-8) | 1.09(-8) | 1.11(-16) | 1.11(-16) | 1.11(-16) | 1.11(-16

Table 33: Absolute error E;QPE(X2,,Y;2) for the evaluation of I(f;) = 11/12.

m=n 0751 07511L O7S%L 0752 07521L O7W2 O7W21L

16 1.9359 | 2.9999 | 3.0000 - - - -
32 1.9690 | 3.0000 | 3.0000 - - - -
64 1.9847 | 2.9999 | 3.0000 - - - -
128 1.9924 | 3.0000 | 2.9999 - - - -
256 1.9962 | 3.0000 | 3.0000 - - - -

Table 34: Observed approximation order O7QPL(X2,,Y,?) in the evaluation of I(f7).

m? n

(m,n) EkW4 Eksl EkWiL EkSllL
il (8,6) [1.36(-2) [ 1.11(-2) | 1.09(-4) [ 2.29(-4)
(10,10) | 6.23(-3) | 5.12(-3) | 3.05(-4) | 1.26(-4)
(20,20) | 3.96(-3) | 3.18(-3) | 9.22(-5) | 1.89(-5)
(40,30) | 5.61(-4) | 4.38(-4) | 6.35(-5) | 4.19(-6)
fa | (8,6) |3.85(-3) | 2.89(-3) | 3.16(-4) | 5.25(-5)
(10,10) | 1.27(-3) | 9.56(-4) | 1.20(-4) | 1.18(-5)
(20,20) | 3.19(-4) | 2.39(-4) | 4.13(-5) | 7.36(-7)
(40,30) | 1.54(-4) | 1.15(-4) | 2.31(-5) | 8.43(-8)

Table 35: Absolute error E,QPY (X}, V1) with Q = Wy, S, Wit SHE p=0,1 and k =
1,2.
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