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Abstract: Precise pointing accuracy and rapid maneuvering are two key features for attitude
control missions of small spacecraft. Control moment gyroscopes (CMGs) are applied as ideal
actuator for large torque output capability but are usually limited due to the problem of
inherent mechanical singularity. This paper proposes a robust attitude control methodology,
based on Sliding Mode Control (SMC) techniques, in presence of CMG practical restrictions
and disturbances. Two second-order SMC techniques are designed, to guarantee accuracy and
limited convergence time. Moreover, attitude control torques are generated by means of four
single gimbal CMGs in pyramidal configuration, considering the design of an experimental
testbed. The effectiveness of the proposed methodologies are shown in simulations, for different
mission scenarios, including singularity points.
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Small satellites have begun to play an important role in the
space researches, especially in the study of rapidly attitude
change with high slew rate. Precise pointing accuracy and
rapid maneuvering are two key features for attitude con-
trol missions of small spacecraft. To perform the desired
mission, a control moment gyro (CMG) is proposed as
actuation system, since it can provide rapid slew capability
and high pointing accuracy without consuming propellant.
A minimum of three CMGs are employed for proper three
axis control of a spacecraft and, for redundancy, pyramid
configurations of CMGs are used. However, one severe diffi-
culty that prevents their wide application is their inherent
geometric singularity problem. Various efforts have been
made to overcome this troublesome problem, and many
CMG singularity avoidance methods have been developed,
with different advantages and disadvantages (Wie, 2005;
Lee et al., 2007; Chakravorty, 2012). Recent researches
mainly focus on the application of various modern robust
controllers to the attitude tracking problem. Several pa-
pers are focusing on the design of Sliding Mode Control
(SMC) in which CMGs are used as actuation system. The
authors of (Durga Nair et al., 2018) propose a quater-
nion based robust sliding mode attitude controller for
a spacecraft with Single Gimbal Control Moment Gyros
(SGCMGs), in presence of uncertainties. Although the au-
thors deeply explained the advantages of using this robust

1 This work was partially supported by JSPS KAKENHI Grant
Number 20H02171.

control technique for attitude tracking and regulation, a
first-order SMC is adopted in the controller design. In re-
cent years, higher order sliding mode controls (HOSMCs)
are mainly considered, which are more useful in handling
the chattering effect against external disturbances and
unknown friction effects. In (Hao and Matunaga, 2014;
Hao et al., 2015; Hao and Matunaga, 2016), HOSMCs are
applied on the attitude control system of nano-satellite
TSUBAME, developed at University of Tokyo. (Hao and
Matunaga, 2014) designed an HOSMC in which uncer-
tainties on the parameters are also included. Moreover,
a modified steering logic based on two-norm and least-
squares minimization method is introduced for solving
the singularity problem of CMGs. (Hao et al., 2015) is
proposing the same combination of SMC and steering law,
but is showing the real-time implementability of the SMC
scheme on hardware in the loop simulations. In (Hao and
Matunaga, 2016) an SMC control system is designed for
the attitude control, using Rodrigues parametrization, and
showing the effectiveness of the implementation by simula-
tions. In a similar way, in (Jia and Xu, 2016), starting from
Rodrigues parametrization of the attitude, a decentralized
adaptive SMC is designed, including an application to a
space manipulator.

In our paper, the main idea is to directly control the
nonlinear model, even if a steering law is considered.
Second-order SMC-based attitude control systems for the
CMG system are designed and the attitude control prob-
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lem is studied considering an experimental testbed with
four CMGs in pyramidal configuration. Two sliding mode
techniques are designed, in which disturbances due to
external torques are considered. Disturbances are strongly
affecting the performance of the attitude control systems
(Utkin et al., 1999). Particularly, the testbed focused in
this paper is affected by gravity torque. An adaptive
continuous twisting (Moreno et al., 2015; Edwards and
Shtessel, 2016) is introduced, to include gain adaptation
in function of the magnitude of external disturbances. The
adaptation law is based on the previous work (Mancini and
Capello, 2021), in which the controller gains are modulated
in function of bounded uncertainties, including limitations
of the actuation systems and of on-board hardware. This
controller is compared with a super-twisting SMC (STW-
SMC), which is widely used in space applications (Shtessel
et al., 2014; Capello et al., 2017; Torres et al., 2019;
Zhao et al., 2020), since it provides a continuous control
law, which steers to zero in finite time both the sliding
output and its first time derivative, in the presence of
smooth matched disturbances. Two different scenarios are
simulated to show the effectiveness of the two control laws.

1. SYSTEM MODEL DEFINITION

In this Section, the attitude dynamics of spacecraft in
which CMGs are used as actuation systems is detailed.
Moreover, since the present work focuses on the study of
a testbed (Higashiyama et al., 2020) (see Fig. 1), which
is affected by gravity gradient disturbance, the gravity
torque model is also included.

v
Air floating
table v,

Spherical air
bearing

Counter weight

Fig. 1. Testbed with 4 CMGs in pyramidal configuration

1.1 Attitude dynamics and kinematics

The Body Reference Frame (Fig. 2) has been adopted
to describe the attitude dynamics once introduced the
CMGs to the equations of motion. The origin of the Body
Reference Frame is in the CoM of the spacecraft and it is
rigidly attached to the body. The Euler’s equation can be
defined as

Mp = wp x hg +hg, (1)
where wp € R? is the angular velocity, hg € R? is the
total angular momentum, Mg = Mg + u € R? is the
total torque applied on the body, Mg € R? is due to the
external disturbances and u € R? is assigned by a control
system. The subscript (-) 5 indicates that the quantities are
written in the Body Reference Frame. The total angular
momentum can be split into two terms (Srinivasan et al.,
2014), as follows

hB:hg—i—JBwB. (2)

Fig. 2. Configuration of a pyramidal testbed equipped with
4 CMGs

The first term h§ € R3 refers only to the CMG system,
while the second one Jpwp is the angular momentum of
the spacecraft without considering CMGs, with Jg € R3*3
tensor of inertia matrix. The angular momentum related
to the CMG system h$ can be written as function of the
angular momentum of each wheel and of the gimbal angle

hg = hy, Zhi(ei)v (3)

where 6; € R is the gimbal angle, for ¢ = 1,...,4, and
hy = Juw, € R denotes the angular momentum of each
wheel (constant). The control input u € R? can be defined
as function of the time derivative of h§

u=-h% —wxh§. (4)

For a cluster of four CMGs, the internal momentum vector

h§ and hg are function of the gimbal angle 6; of each
wheel, so

h§ = h,A(6)6, (5)

where A ()€ R3*4 transforms the four component vectors

derived from CMG cluster in body axes. Considering s =
sin 8 and ¢f3 = cos 3, we have

—cfBcosl; sinfy; cBcosfs —sinby
A(f)=| —sinh; —cBcosby sinfs cBcosbs|. (6)
sBcosf; spcosby sPcosbs sBcosby

So, the desired control torque can be switched into a
command for CMGs in order to have an attitude control
by tracking 6, where 8 € R* is the gimbal rate, and is
given by

6= hiAT(AAT)—l(—u —wx h§). (7)

w

The matrix A (6) is not square, so a singularity can occurs.
A steering law, as in (Ciavola et al., 2019), is introduced
1 .
h—AT(AAT + Auzul)th§, (8)
w
where A\ is a positive scalar parameter related to the
Singular Direction Avoidance (SDA) steering law and ug €
R3 denotes the eigenvector corresponding to the smallest
singular value of A. Moreover, in this paper, quaternion
representation is used for the definition of the kinematic
equationsas

é:

q=:%(qw 9)

with ¢ = [q0,¢ 1" = [q0,q1,92,¢3]" € R, where ¢, =
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gravity torque weight
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Fig. 3. Gravity torque in the experimental setup (Hi-
gashiyama et al., 2020)
[q1, g2, 93] € R3 is the vectorial part of the quaternion,
and qq is the scalar one. The matrix Y(q) € R*3 is defined
as
g0 —43 42
Sa)=| B D —Q
(a) —4q2 q1 4o
—q1 —q2 —43
The quaternion tracking error ¢ is evaluated as
q= |:(i~;):| = q_1 ® qyr.
The subscript (-), indicates the desired vector and the
symbol ® shows the quaternion multiplication. Further-
more, the quaternion inverse is

a'l=lw - —¢ —gl".

(10)

(11)
1.2 Gravity torque disturbance

The main disturbance related to this experimental setup is
the torque caused by a misalignment between the center
of rotation and the center of gravity of the testbed. In
order to minimize this gravity effect, the experimental
setup is equipped with three counter weights, which are
attached to the testbed by ball screws shown in Fig. 1. The
position of the three counter weights has to be adjusted
manually, hence it is difficult to obtain a perfect alignment
of the center of gravity and of the center of rotation.
See Fig. 3 for the scheme of the experimental testbed.
During maneuvering, the center of gravity moves, so its
position changes with time altering the moment arm. The
starting vector which represents the deviation of the center
of gravity in the body frame is experimentally estimated
as p = [—10,5, —30] pm.

In order to always have the right gravity torque, the vector
p € R? is multiplied by a rotation matrix L;p € R3*3, so
it can be converted in body axes taking into account the
rotation of the testbed p = Ly7p. The rotation matrix
L; g is a generic transformation matrix, with three rotation
angles and 3-2-1 rotation order. From this position vector,
the gravity torque is evaluated as Mg = mp x g, with g
acceleration of gravity. As said before, this disturbance is
included in Eq. (1) for the evaluation of the total moment
acting on the body.

2. CONTROL SYSTEM DESIGN

Sliding mode is a nonlinear control approach, which is
able to ensure high accuracy and excellent robustness
against external disturbances and parameter variations

with simple design (Levant, 1993; Shtessel et al., 2014).
First order SMCs design discontinuous control laws and
guarantee the convergence of the sliding surface, denoted
by o, to zero in a finite time (Utkin, 1992). Considering
a generic system of states [z, 2], a first order SMC can be
designed as

oc=cr+x (12)
u = —ksgn(o),
where o is defined as function of both the state and its time
derivative with a constant ¢ > 0, u is the control input and
k > m is the control parameter, where m denotes a known
constant bound of the uncertainty.

In many cases high-frequency switching control is impos-
sible to apply and continuous control is necessary. In the
analyzed case, i.e. spacecraft applications, a continuous
control input is required due to the actuation system
characteristics. For this reason, two second-order SMCs
are proposed. Higher order SMCs can steer to zero the
sliding output as well as its higher order time derivatives.

2.1 Super-Twisting Sliding Mode Controller

The super-twisting sliding mode control (STW) is a
second-order control law and characterized by the follow-
ing advantages:

o the effect of chattering with STW is reduced com-
pared to classical first-order SMC techniques (Levant,
1993; Shtessel et al., 2014),

e the STW steers to zero both the sliding surface o and
its first time derivative ¢ in finite time (Evangelista
et al., 2013)

e The controller does not need measurements of ¢.

Moreover, the STW-SMC is a continuous controller, which
is able to provide all the main SMC properties for systems
affected by smooth matched uncertainties/disturbances
with bounded gradients. The sliding output for the STW
controller is defined as

0 = Werr + k2€17 (13)
where we, = w, — w is the difference between the desired
angular velocity w, and the current one w in body axes
defined by the Euler equations. ko is a positive constant
and the quaternion tracking error q is defined in Eq. (10).
One of the control objective is keeping the tracking error
on the sliding surface o = 0. So, the sliding surface must
be invariant and its time derivative has to be null. The
control input is defined as

u, = —\o|Zsgn(o) + w (14)

w == —asgn(o),
where o is the sliding variable in (13) and the control
parameters are chosen such that A > 1.5L%7 a > 1.1L,
with L > 0 known constant bound of the uncertainties
(Levant, 1993). According to (Utkin et al., 1999), the
performance of sliding mode controllers can be improved
including the equivalent control u., € R* in the control
law definition. It consists in a relation between the control
input u, € R? and the system dynamics when the sliding
mode is reached. Thus, including the equivalent control
makes the sliding surface to be more attractive. Finally,
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we obtain that the control law applied to the system is
the sum of two contributions

u = Us + Ueq.

Starting from the definition of the first time derivative of
the sliding surface and substituting & of Eq. (1),

=W, —w+kq=
k
Wy + T o x Jw — T tug + 5[@)&; +qx (W 4+w)]=0
Note that Mp = u, in this case, no external disturbances

are included. The equivalent control u., can be defined as

. k.. .
Ueg =T |w,p + —[Go@ + @ X (wr +W)]| +w x Jw. (15)

2

2.2 Adaptive continuous-twisting Sliding Mode Controller

Starting from the works (Shtessel et al., 2014; Moreno
et al., 2015; Torres-Gonzalez et al., 2017), the adaptive
continuous twisting has the ability to change its gains
in real time to track controlled variables, even if system
parameters are unknown or if they change over time. This
ability increases the robustness of the control system, since
it is able to handle disturbances and adjust the gains.
First, the external disturbance is assumed to be Lipschitz,
so it is differentiable with bounded derivative, d(t) <
w. Considering the kinematics equation (Eq. (9)) and
manipulating Eq. (1), the following equation is obtained

w=J u, —wx Jw) +d(t), (16)

where d(t) € R3 is the disturbance and u, € R? is designed
as in (Mancini and Capello, 2021)

~1 ~ 1
us= —k1|q|3sgn(q) — ka|werr|2sgn(werr) + 1 (17)
”7 :—k3|61|sgn(61) - k4|we7‘r|sgn(wer7‘) ’
where we,, and q are defined as in the previous case, k; >
0, j = 1,...,4 are the controller gains. Since in practical
cases the Lipschitz disturbances are usually bounded by

d(t) < p* = Lpu, control gains can be scaled as follows
(Torres-Gonzalez et al., 2017)

kpt = k1L kyp = koL? kys = ksL kpy = ksL  (18)
Gains k; can be substituted by k,;. The adaptation
mechanism consisting in varying the gain L, as in (Mancini
and Capello, 2021),

L(t) =1, if |x.(t)] >€ and L(t) < Lmaz,

Lt) =0, if |xe(t)]<e and t—to<T,

L(t)=—1, if |x(t)| <e and t—ty>T

and L(t) > Lyn

where [ is a positive constant, and x.(t) = [qe,w.]? is
the state error. When the state error exceeds the required
tolerance, L grows until z.(t) returns to be less than e.
After that, if the state errors remain less than e for a time
equal to 7, L starts to decrease. The value of | must be

chosen in order to compensate the growth of disturbances
d, as detailed in (Mancini and Capello, 2021).

(19)

As for the previous case, the control law is the sum of two
contributions

u = U + U,
where u; is defined in Eq. (17) and u.q is in Eq. (15).

3. SIMULATION RESULTS

The performance of the proposed control laws are tested
in simulations, starting from the characteristics of the
testbed of Fig. 1. The testbed simulates a spacecraft using
a metal plate equipped with the four CMGs in pyramidal
configuration, a PC, two microcomputers, and three sets
of counter weights, as detailed in (Higashiyama et al.,
2020). The principal testbed physical properties and input
constraints are given in the Table 1. Hardware limitations
and limited frequency of control laws are included in
simulations. The constraints of the testbed are included
to simulate the real behavior of the system and test the
performance and the computational effort, for on-board
implementations.

Table 1. Physical properties of the testbed

Variable Numerical value Units
Mass of testbed m 21.2 kg
0.464 O 0
Inertia matrix J 0 0534 0 kg/m?
0 0 0.610
Angular momentum
of each wheel hy, 0.0576 kgm?/s
Skew angle 3 45 deg
Gimbal speed const. 6 rad/s
Gimbal acceleration const. 6 2 rad/s?
@ const. of the testbed 25 deg/s

The simulation time step and the control laws sample time
is 25 ms, which is the sample time of the testbed. Fixed-
step simulations are performed in Matlab/Simulink, with
ode4 solver. The initial conditions are in terms of angular
velocities wy = [0,0,0]7 and in terms of quaternions q =
[1,0,0,0]7. Moreover, null initial gimbal angles are con-
sidered. The desired maximum angular velocities are set
to w = [7,3,1]7 deg/s. A trapezoidal reference variation
is considered: (1) in the first 5 seconds of simulation the
angular velocity vector is increased to reach the maximum
desired angular velocities, (2) the maximum values are
maintained for 5 seconds, and finally (3) the angular veloc-
ities are decreased to reach the null final values. The ref-
erence signals for the vectorial part of the quaternion have
been suitably calculated from the kinematic equations, Eq.
(9). A simulation time of 20 seconds is considered. The
performance of both controllers are shown in simulations,
where the gravity torque is considered as an external
disturbance. Since the adaptive continuous twisting is able
to adapt gains in function of the disturbances, better
performance can be observed in terms of angular velocities
from Figs. 5 and 7. Instead, the disturbance is not affecting
the performance of both controllers in terms of quaternion
time history as Figs. 4 and 6 indicate. The control inputs,
in terms of gimbal rates as in Eq. (7), are shown in Figs.
8 and 9. The gimbal rates applied by the STW SMC is
smaller, compared to the ones applied by the ACTW SMC.
Indeed, less control authority is required by the STW
SMC when a constant value of angular velocity should
be maintained (from 5 to 10 seconds and at the end of
simulations). The steady-state errors for both quaternion
and angular velocities are analyzed. As deeply explained in
(Torres-Gonzélez et al., 2017), considering the controller
sample time At.,,, the accuracy of the steady state error
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can be evaluated as O(At2,,,) for ¢, and O(At2,,,) for wep.
Since the time histories of the quaternion vector are similar
for both controllers, the tracking error is about 1075,
which is lower than 19AT2 = 2.97-107%, as in (Torres-
Gonzélez et al., 2017) and considering At.,, = 25 ms.
Instead, an oscillatory behavior of the steady-state error
for the angular velocities is observed in Fig. 10, showing
the residual chattering. The use of smoothing techniques
may mitigate, or even eliminate the residual chattering.
In Fig. 11, the residual chattering is relaxed, though the

residual error is greater than in the STW SMC case.

Fig. 4. Vectorial part of the quaternion, when a STW
SMCrbance is applied

w
=

' [degls]
Noe @

1, [degis]

“y
-
f

[degis]
/

w

Fig. 5. Variation of the angular velocities, when a STW
SMC is applied

4. CONCLUSIONS

In this paper a mathematical model of a CMG-based
testbed is developed. A steering law for solving the sin-
gularity problem of CMGs and the gravity torque distur-
bance are introduced. Then, two second order sliding mode
strategies are designed to perform the attitude tracking
maneuver. Future works will focus on the implementation
of the controllers on the testbed and on performing ex-
periments in order to verify the results of simulations.
Moreover, to adapt SMC to continuous actuators, some
smoothing techniques can be introduced in order to com-
pute a continuous signal by using the hyperbolic tangent
or other similar functions, instead of the sgn function.

a4

a2
\

Fig. 6. Vectorial part of the quaternion, when an ACTW
SMC is applied
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. \ :
S \
/
/

Fig. 7. Variation of the angular velocities, when an ACTW
SMC is applied

6 [rad/s]
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Fig. 8. Time history of gimbal rates, when a STW SMC is
applied
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