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Abstract

We consider time-frequency localization operators with symbols a in the wide
weighted modulation space M;° (R2d), and windows ¢, @2 in the Gelfand—Shilov
space S (RY). If the weights under consideration are of ultra-rapid growth, we prove
that the eigenfunctions of A%"'%?* have appropriate subexponential decay in phase
space, i.e. that they belong to the Gelfand—Shilov space ¢ (R), where the parameter
y > lisrelated to the growth of the considered weight. An important role is played by
T-pseudodifferential operators Op; (o). In that direction we show convenient conti-
nuity properties of O p (o )when acting on weighted modulation spaces. Furthermore,
we prove subexponential decay and regularity properties of the eigenfunctions of
Op+ (o) when the symbol o belongs to a modulation space with appropriately chosen
weight functions. As an auxiliary result we also prove new convolution relations for
(quasi-)Banach weighted modulation spaces.
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1 Introduction

Localization operators can be considered as appropriate mathematical instrument for
studying the signals with prescribed characteristics in a given region of the time-

B Federico Bastianoni
federico.bastianoni @polito.it

Nenad Teofanov
nenad.teofanov@dmi.uns.ac.rs

Dipartimento di Scienze Matematiche, Politecnico di Torino, Corso Duca degli Abruzzi 24,
10129, Torino, Italy

Department of Mathematics and Informatics, University of Novi Sad, Novi Sad, Serbia

) Birkhauser



19 Page2of28 F. Bastianoni, N. Teofanov

frequency plane [36]. They are defined as integral transforms determined by a suitable
choice of a symbol a and window functions @1, ¢>. In this paper we examine the
conditions which the symbol and windows of an operator should satisfy to ensure an
ultra-rapid decay and regularity of its eigenfunctions. It is known that the eigenfunc-
tions of time-frequency localization operators, also known as Daubechies operators
and denoted by A?""*?, with Gaussian windows

@1(1) = @2 (1) = 7~ *exp(—*/2) and with a radial symbol a € L'(R??),

are Hermite functions, i.e. they have superexponential decay in phase space [16]. In a
different terminology, those eigenfunctions belong to the smallest projective Gelfand—
Shilov space S{1/2}(R) (cf. Definition 2.7).

The investigations in [16,36] are motivated by some questions in signal analysis.
However, localization operators appear in different mathematical contexts. For exam-
ple, they were used (under the name anti-Wick operators) in the study of quantization
problem in quantum mechanics, cf. [3,37]. In abstract harmonic analysis, localization
operators on a locally compact group G and Lebesgue spaces L”(G), 1 < p < oo,
were studied in [50]. We also mention their presence in the form of Toeplitz operators
in complex analysis [4]. Here we do not intend to discuss different manifestations of
localization operators and refer to e.g. [17] for a survey.

Our results fits in the framework of time-frequency analysis. An important step
forward in that direction was made by the seminal paper [9]. Thereafter the subject has
been considered by many authors including [1,5,10,13,26,41,44], where among others
one can find different continuity, Schatten class and lifting properties of localization
operators. The time-frequency analysis approach is based on the use of modulation
spaces as appropriate functional analytic framework. Another issue established in [5,9]
is the identification of localization operators as Weyl pseudodifferential operators.

The focus of this paper is to consider the properties of eigenfunctions of compact
localization operators. Our investigations are inspired by the recent work [2]. Indeed,

there it is shown that if the symbol a belongs to the modulation space Mz?f@l (R24),

s > 0 (see Definition 2.17) and @1, 9o € S(R?), then the eigenfunctions of A%"*#
are actually Schwartz functions. Moreover, similar result is proved for the Weyl pseu-
dodifferential operators whose symbol belongs to Ml?fé)lv, (R24), for some s > 0 and
every 1 > 0, cf. [2, Proposition 3.6]. Here v,(z) = (1 + |z]?)*/?,5s € R, z € R?.

We extend the framework of the Schwartz space of test functions and its dual space
of tempered distributions given in [2] by replacing it with a more subtle family of
Gelfand—Shilov spaces and their duals, spaces of ultra-distributions. This is motivated
by the fact that Gelfand—Shilov spaces describe smoothness and decay properties
which go beyond the scope of the Schwartz space, cf. [7,22,23,34,35,40,44]. To that
end, as an important technical tool, we consider a class of weights which contains the
weights of subexponential growth, apart from polynomial type weights. As explained
in [27], replacing polynomial weights with weights of faster growth at infinity is not a
mere routine. Indeed, weights of ultra-rapid growth and decay give rise to ultradistri-
butional framework for modulation spaces. To underline this difference, we sometimes
refer to ultra-modulation spaces when modulation spaces are allowed to contain such
ultra-distributions.
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One of the main tools in our analysis is the (cross-)T-Wigner distribution W (f, g),
£, g € L*(R?), see Definition 2.11. The relation between W ( f, g) and the short-time
Fourier transform V, (f) (another relevant time-frequency representation) serves as a
bridge between properties of modulation spaces and t-pseudodifferential operators.
More precisely, we extend the recent result [2, Theorem 3.3] to a more general class of
operators and weights (Theorem 3.3). Although this result follows from [47, Theorem
3.1]7and [45, Theorem A.2], our proof is independent and based on different arguments.

Our first main result concerns decay properties of the eigenfunctions of -
pseudodifferential operators. In fact, by using iterated actions of the operator we
conclude that its eigenfunctions belong to the Gelfand—Shilov space S (R¢) (Theo-
rem 3.7). As already mentioned, this gives an information about regularity and decay
properties of eigenfunctions which can not be captured within the Schwartz class.

Finally, we use Theorem 3.7 and convolution relation for modulation spaces (Propo-
sition 2.24) to show that the eigenfunctions of localization operators A%'*** have
appropriate subexponential decay in phase space ifa € Mg° R2), 01, 92 € SO(RY),
and if w is of a certain ultra-rapid growth. We use the representation of localization
operators as pseudodifferential operators. Evidently, the Weyl form of localization
operators suggests to introduce and consider r-localization operators by using t-
pseudodifferential operators and the (cross-)t-Wigner distribution. However, it turns
out the such approach does not extend the class of localization operators given by
Definition 2.15 (cf. Proposition 2.16).

We end this introduction with a brief report of the content of the paper. In Pre-
liminaries we collect relevant background material. Apart from the review of known
results, it contains some new results and proofs. In Sect. 3 we prove our main results:
continuity properties of t-pseudodifferential operators on modulation spaces, esti-
mates for eigenfunctions of t-pseudodifferential operators and decay and smoothness
properties of eigenfunctions of localization operators. Appendix contains the proofs
of two auxiliary technical results.

1.1 Notation

We denote the Euclidean scalar product on R? by xy :=x - y and the Euclidean norm
by |x|:=+/x - x. We put Ng :=NU {0}. A < B means that for given constants A and
B there exists a constant ¢ > 0 independent of A and B such that A < ¢B, and we
write A < Bifboth A < Band B < A.

We define the involution g* of a function g by g*(¢) := g(—t). Given a function f
on R its Fourier transform is normalized to be

Ff(w) = f(w):= / e 2T £y dx, we R,
R4

Given two spaces A and B, we denote by A — B the continuous embedding of
A into B. S(RY) denotes the Schwartz class, and its topological dual, the space of
tempered distributions, is indicated by S’(R?). By the brackets (f, g) we mean the
extension of the L?-inner product (f, g) := | f (1)g(t) dt to any dual pair.
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Consider 0 < p < oo and a positive and measurable function m on R4, then
L5 (R4) denotes the (quasi-)Banach space of measurable functions f : R — C such
that

1/p
11l = ( /R K f(x)lpm(x)pdx> < oo

modulus the equivalence relation f ~ g < f(x) = g(x) for a.e. x. When p = oo,
f e Lfno(]Rd) if || fllLoe := esssup yegal|f(x)|m(x) < +o00, up to the equivalence
relation defined above. If m = 1, we use abbreviated notation L?(RY) = L7 (R%). If
the restriction of f to any compact set belongs to L? (R?), then we write f € Ll’; . RY).

For given Hilbert space H and compact operator 7 on H its singular values
{sx(T)}72 | are the eigenvalues of (77*T) 12 whichis a positive and self-adjoint opera-
tor. The Schatten class S, (H), with0 < p < 00, is the set of all compact operators on
H such that their singular values are in £7. For consistency, we define Soo (H) := B(H),
the set of all linear and bounded operators on H. We shall deal with H = Lz(Rd).

By op(T) we denote the point spectrum of the operator 7. If T is a com-
pact mapping on L*(R?), then the spectral theory for compact operators yields
o (T)~{0} = op(T)~{0}, where o (T) is the spectrum of the operator. For com-
pact operators on L2(RY), we have 0 € o(T) and the point spectrum op (T)~{0}
(possibly empty) is at most a countable set.

A function f € Lz(Rd)\{O} is an eigenfunction of the operator T if there exists
A € Csuch that Tf = Lf. We are interested in the properties of eigenfunctions of
AP related to eigenvalues A € op(AL"%*)~ {0}, whenever op (A%""?)~ {0} # 0.

2 Preliminaries

In this section we collect background material and prove some auxiliary results.
More precisely, we provide definitions and basic facts on weights, sequence spaces,
Gelfand-Shilov spaces, time-frequency representations, pseudodifferential and local-
ization operators, modulation spaces and Gabor frames. We also give some new results
and proofs (Lemma 2.4, Proposition 2.16, Proposition 2.24) which will be used in
Sect. 3.

2.1 Weight functions

By weight m on R (or on Z?) we mean a positive function m > 0 such that m €
Ly, (R and 1/m € L. (R). A weight m is said to be submultiplicative if it is even
and

m(x+y) <mx)m(y), VxeR?.

oo
loc

Given a weight m on R and a positive function v € L (RY), we say that m is
v-moderate if

m(x +y) Sv@m(y), Yx,yeRd
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Therefore submultiplicative weights are moderate and the previous inequality implies
the following estimates:

v(—x)"! Smx) Svlx), Vxe RY.

For a submultiplicative weight v there are convenient ways to find a smooth weight
vo which is equivalent to v in the sense that there is a constant C > 0 such that

Cilvo <v < Cuy,

see e.g. [15,25,44].
Next we introduce some weights which will be used in the sequel. Given k, y > 0

we define y
Y
w,’;(x) = x e RY.

Sometimes we shall use the above expression for k = 0 also, with obvious meaning.
If y > 1 the above functions are called subexponential weights, and when y = 1 we
write wy instead of w,l. Note that (sub-)exponential weights w}(’ are submultiplicative
[this follows from (29)]. When 0 < y < 1| we obtain weights of super-exponential
growth at infinity. We shall work with the following weight classes defined for y > 0:

P (Rd) := {m weight on R | mis v — moderate for some submultiplicative v},
PE.y (Rd) := {m weight on RY | mis w,): — moderate for some k > 0},

,@gy (Rd) := {m weight on R4 | mis w,): — moderate for every k > 0}.
For 0 < y» < y1 we have

0 0
@anl gt@E’V] ge@E’)Qg«@E.

Moreover, for 0 < y < 1 we have Zg = Yg, = @ ; see [6, Remark 2.6] and
[49]. The next lemma states that if m € S, then it is wk moderate fore some k > 0
large enough. This implies Zr = P ;.

Lemma 2.1 Let m € Pg. Then m is wy-moderate fore some k > 0.

Proof The lemma is folklore, and we refer e.g. to Grochenig [25], Cappiello and Toft
[6], and Toft [47,48] for its proof. O

We remark that &g contains the weights of polynomial type, i.e. weights moderate
with respect to some polynomial.

In the sequel &7} , means Py or @ E,y- The following lemma follows by easy
calculations and we leave the proof for the reader (see also [44]). Observe that due to
the equality Zg | = P, = f@E,y, 0 < y < 1, it is sufficient to consider y > 1.

Lemma 2.2 Consider y > 0. Then yz’y(Rd) is a group under the pointwise multi-
plication and with the identity m = 1.
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Given a function f defined on R?? we denote its restrictions to R x {0} and {0} x R¢
as follows:

i) :=fx,0), fh):=f0,0), x,oecR (1)

Given two functions g, i defined on R their tensor product is the function on R4
defined in the following manner:

gRh(x,w):=gx)h(w), (x,w)e R,

The families &7}, |, turn out to be closed under restrictions and tensor products in the
sense of the following lemma. The proof is omitted, since it follows from definitions
and properties of the Euclidean norm.

Lemma 2.3 Consider y > O:
G) ifm e @gy(ﬂz{%), then m|y, m|y € @;’V(Rd);
(i) ifm,we 25 (RY), thenm @ w e 25 (R*).

Next we exhibit alemma which will play a key role in the sequel, see Proposition 3.7.
The proof is given in the appendix.

Lemma 2.4 Considery > 1, r,s >0, 7 € [0, 1] and

_ {r+sr1/y if12<t<1, o

r+s(1+H)V% ifo <t < 1/2.

Then for every x, w, v, n € R the following estimate holds true:

Wl (x, o)

o sul el (- ox+ oo+ - o) (@=ny =) @

We finish this subsection by introducing some polynomial weights which will be
used in Theorem 3.4 and Lemma 3.5. Let t € [0, 1] and u > 0, then we define the
weights of polynomial type

v (X, 0) = ((x, o))" = (1 +|(x, 0)[H"?, (x,0) € R¥, 4

ml((x, ), (v, )=+ x —nl +lw+ (1 -0)yD* (x,0), 1 eR¥.
5)

Remark 2.5 If v, and m], are given by (4) and (5) respectively, then we notice that
mi((x, ), (3, 1) < v @ vu((x, @), (. 1), ¥ (x,0), (y.n) € R*.
which will be used in Lemma 3.5. Indeed:

my((x, ), (y,m) =0+ x —tn|+ o+ A —1)y)"
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< (L + (x| + [Tn)? + (ol + (1 = T)yhH*/?

S A+ x2+ PP+ ol + 1 = )2 yH 2

S A+ o))+ [, mPH?

< (41, @) + [, M+ (x, 0) P, mH)Y?

= (14, @) )21+ [y, MIH*? = vy @ vu((x, @), (v, ).

2.2 Spaces of sequences

Given 0 < p,g < coandm € g (22, ¢51(7Z2%) is the set of all sequences
a = (a,n)g nezd such that the (quasi-)norm

Sk

lallpa = [ D D lakal?mk, n)?

neZd \kezd

(with obvious changes for p = 0o or g = o0) is finite.
When p = ¢ we recover the standard spaces of sequences £ 7 (Z*) = ¢} (Z>%).
In the following proposition we collect some properties that we shall use later on,
see [20,21].

Proposition 2.6 (i) Inclusion relations: consider 0 < p; < pa < 00 and let m be
any positive weight function on 7¢. Then

ez — e @).

(ii) Young’s convolution inequality: consider m, v € Pg(Z%) such that v is sub-
multiplicative and m is v-moderate, 0 < p, q,r < oo with

1 1 1
—+—-—=14—-, for 1 <r <00
P q r

and
p=q=r, for 0 <r<1.

Then for all a € 124 (Zd), betl (Zd), we have a x b € £}, (Zd), with

la* blleg, < Cliallyp 16119

m —

where the constant C > 0 is independent of p,q,r, a andb. I[fm = v = 1, then
C=1

(iii) Holder’s inequality: let m be any positive weight function on Z¢ and 0 <
p,q,r <ocosuchthat1/p+1/q = 1/r. Then

ehzty - €], @ — 2.



19 Page8of28 F. Bastianoni, N. Teofanov

2.3 Gelfand-Shilov spaces

Leth, y, T > 0be fixed. Then SV h(Rd) is the Banach space of all f € C>®(R?) such

that
|x?9% f (x)|

hlplHlal| p|it |g|lY o0, ©)

Ifllgy = sup sup
T:h d d
p.qeNg x€R

endowed with the norm (6).
Definition 2.7 Let y, > 0. The Gelfand—Shilov spaces S} (R?) and =7 (R9) are

defined as unions and intersections of .S r ‘b (R?) with respective inductive and projective
limit topologies, respectively:

SY®RY:= 87, ®RY) and Y RY):= () S, R)).

h>0 h>0

T;h

Note that 7 (R?) # {0} if and only if T +y > 1 and (7, y) # (1/2,1/2), and
S%/ (Rd) # {0} if and only if T 4+ y > 1, see [22,35]. For every 1, y, ¢ > 0 we have

Y (RY) < SY(RY) — TVTERY) — SRY). (7

If T 4+ y > 1, then the last two inclusions in (7) are dense, and if in addition (7, y) #
(1/2, 1/2) then the first inclusion in (7) is dense. Moreover, for y < 1 the elements
of SY (R?) can be extended to entire functions on C? satisfying suitable exponential
bounds [22].

In the sequel we will also use the following notation:

SYRY:=I®RY), SYIRY):=S/[RY) and S*RY),
where * stands for (y) or {y}.

Definition 2.8 The Gelfand—Shilov distribution spaces (SY) (R%) and (£¥) (R?) are
the projective and inductive limit respectively of (SZ; B (R), the topological dual of
ST, RY):

(SR = (\(SL)'RY) and (2V) R := (S, R)).
h>0 h>0

It follows that S'(RY) < (SY)'(R?) when 7 + y > 1, and if in addition (z, y) #
(1/2,1/2), then (S87)' (RY) — (=7)'(RY).

The Gelfand—Shilov spaces enjoy beautiful symmetric characterizations which also
involve the Fourier transform of their elements. The following result has been rein-
vented several times, in similar or analogous terms, see [7,28,30,34].

Theorem 2.9 Let y, © > 1/2. The following conditions are equivalent:

(i) f e STRY) (resp. f € TYRY));
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(i) There exist (resp. for every) constants A, B > 0 such that

P f )iz S APIPIT and o? f(@) L~ S Bgl. ¥ p.g € N§:
(iii) There exist (resp. for every) constants A, B > 0 such that

P f )iz S APHpIT and (187 f ()2 < Bgl, ¥ p.g € N§;
(iv) There exist (resp. for every) constants h, k > O such that

1F "™ L < o0 and | f@)ek ! L < +oo;
(v) There exist (resp. for every) constants h, B > 0 such that
107 M o0 S BIg117, Vg € N, ®)

Moreover, we could consider any L”-norm, 1 < p < oo instead of L°°-norm in
Theorem 2.9, cf. [30].

By using Theorem 2.9 it can be shown that the Fourier transform is a topological
isomorphism between S} (R?) and Sy R, y, v > 1/2 (FSHRY) = Sy ®R),
which extends to a continuous linear transform from (SY )’ (R?) onto (S;)/ (R?). Sim-
ilar considerations hold for partial Fourier transforms with respect to some choice of
variables. In particular, if y = 7 and y > 1/2 then F(S})(RY) = SJ(R?), and if
moreover y > 1/2, then F(X})(RY) = = (R?), and similarly for their distribu-
tion spaces. Due to this fact, corresponding dual spaces are referred to as tempered
ultra-distributions (of Roumieu and Beurling type respectively), see [35].

The combination of global regularity with suitable decay properties at infinity [cf.
(8)] which is built in the very definition of SY (R¢) and £ (R?), makes them suitable
for the study of different problems in mathematical physics [22,23,34]. We refer to
[13,14,40,41] for the study of localization operators in the context of Gelfand—Shilov
spaces. See also [44,47,48] for related studies.

2.4 Time-frequency representations

In this subsection we recall the definitions and basic properties of the short-time Fourier
transform and the (cross-)t-Wigner distribution.

Given a function f on RY and x,w € RY, the translation operator Ty and the
modulation operator M,, are defined as

Tef(t):=f(t —x) and M,f(t):=e* " f(t) teR
and their composition 7 (x, w) := M,,T, is called time-frequency shift. We can now

introduce two most commonly used time-frequency representations of a signal f, the
so-called short-time Fourier transform (STFT) and the (cross-)Wigner distribution.
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Definition 2.10 Consider a window g € S (R¢)~{0}. The short-time Fourier trans-
form of f € SV (R?) with respect to g is the function defined on the phase-space as
follows:

Vo f(x, 0):=(f,7(x, w)g) = /d gt —x)e 2 f(ndt, (x,w) € R¥,
R

We refer to Grochenig [24, Chapter 3] for the properties and different equivalent
forms of the STFT.

Definition 2.11 Let € [0, 1]. The (cross-)z-Wigner distribution of f, g € SI(R?)
is defined by

We(f, g)(x, w) = /d e r(x yglx — (1 — D) dt, (x,w) € R*. (9)
R

When © = 1/2, Wy,2(f, g) is simply called the cross-Wigner distribution of f
and g and is denoted by W( f, g) for short. Both STFT and W, are well defined for
f,g € L*(R?) and if the operator A;, 7 € (0, 1), is defined on L*(R?) as

A f():=f (%z) . teRY

then the connection between the STFT and t-Wigner distribution is described as
follows.

Lemma2.12 Let g € SV (RY)~{0} and f € SV (R?).
() If t € (0, 1), then

1 -1 1 1
Welf, )0, @) = e eV o o f (:x, ;w) . V(x0) € R (10)

(i) ift =0, then
Wo(f, &)(x, ) = e 27 f(x)g(w) = R(f, 9)(x, w), VY (x,w) e R

(iii) if t =1, then

Wi(f, &)(x, ®) = ¥ g(x) f(w) = R(g, /) (x, ), V(x,0)eR™,;

where R(f, g) denotes the Rihaczek distribution of f and g.

Proof The proof is straightforward, and we show only (i) for the sake of completeness
(see also [15, Proposition 1.3.30]). After the change of variables s = x + 77 in (9) we
obtain

1 1 1
We(f, 9, 0) = — /R ) e*z”’%“*””f(s)g(;(x — (1= 1)s))ds
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1 i -
— _de2m%xw/ efzﬂls?f(s)Arg(s _ X )ds
T R 1—1

1 1 1
— X, —a)) , V(x,w) e Rz‘l,
l1-t 1

27iLwx
— Tde T VA,gf(

since Acg(s = 155) = g(2 + L)
Notice that when t = 1/2, we have .Al/zg(t) = g(—1), and (10) becomes

W(f. ) (x, @) =29V, f2x,20), Y (x,w) € R¥.

Definitions 2.10 and 2.11 are uniquely extended to f € (SV) (R?) by duality.
We will also use the following fact related to time-frequency representations of the
Gelfand-Shilov spaces.

Theorem 2.13 Let S*(R?) denote SYI(R?), y > 1/2, or SY)(RY), y > 1/2. More-
over, let g € §* (Rd)\{O} and t € [0, 1]. Then the following are true:

() if f € S*(RY), then W (f . 8)., Vo f € S*(R™);
(i) if f € (SR and W-(f, g) € S*R*) or Vo f € S*(R*?), then f € S*(RY).

Proof The proof for the STFT and Wj,» can be found in several sources, see e.g.
[28,38,44]. The case T € [0, 1], T # 1/2, can be proved in a similar fashion and is
left for the reader as an exercise. O

2.5 Pseudodifferential and localization operators
Next we introduce 7-quantizations as pseudodifferential operators acting on S (R?).
We address the reader to the textbooks [15,24] in which the framework is mostly the

one of S (Rd) and S’ (]Rd), and we suggest [34,38,40,44,47,48] for the framework of
Gelfand—Shilov spaces and their spaces of ultra-distributions.

Definition 2.14 Let t € [0, 1]. Given a symbol o € (S(l))/(RM), the T-quantization
of o is the pseudodifferential operator

0p:(0): SVRY) — (SV)'(RY)
defined by the formal integral
Op:(0) f(x):= / /R LT (= Dx + 1y, 0) f() dydw, (1)
or, in a weak sense,
perfoe) = [ [[[ 0 (1 = 0x ey, £ dydods

f.g e SHRY).
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The correspondence between the symbol o and the operator Op. (o) given by
(11) is known as the Shubin t-representation [37]. By a change of variables and an
interchange of the order of integration, it can be shown that Op; (), € (S (1))/(R2d ),
and the (cross-)T-Wigner distribution are related by the following formula:

(Ope(0)f, 8) = (o, We(g, 1)), f,geSPD®RY. (12)

Thus, for t = 1/2 (the Weyl quantization) we recover the Weyl pseudodifferential
operators, and when 7 = 0 we obtain the Kohn—Nirenberg operators. Commonly used
equivalent notation for the Weyl operators in the literature are Opy (o), Op"' (o), L, or
o™. The Weyl calculus reveals to be extremely important since every continuous and
linear operator from & M (Rd) into (S (1))/(Rd) can be written as the Weyl transform
of some (Weyl) symbol o € (S (1))/(R2d). This is due to the Schwartz kernel theorem
when extended to the duality between SV (R?) and (S (1))/(Rd), see [32,40].

Next we introduce localization operators in the form of the STFT multipliers, and
discuss their relation to T-quantizations given above.

Definition 2.15 Let there be given window functions ¢y, ¢ € S(l)(Rd)\{O} and a
symbol a € (S™V)'(R?¢). Then the localization operator

A2 SORY) - (SVY (R

is the continuous and linear mapping formally defined by

AL (1) = // a(x, w)Vy, f(x, )My T2 (1) dxdw,
R2d
or, in a weak sense,

(AL f,8)i=(a, Vo [Vir8),  f.g € SPRY. (13)

It can be proved that every localization operator A%"'%? can be written in the Weyl

form, i.e. identified with the Weyl pseudodifferential operator due to the following
formula

A2 = Oppla* W(pz, ¢1)), (14)

and o = a x W (g2, ¢1) is called Weyl symbol of AS"'%2. We refer to [5, Lemma 2.4]
or [19] for the proof, see also [41].

By combining (12) and (14) we define t-localization operators as follows.

Let there be given v € [0, 1], windows ¢y, ¢ € SD(R?)~{0} and a symbol
ae(S (1))/(R2d). Then -localization operator is defined to be

AL192 :=Op, (a * W (92, ¢1)). (15)

In other words, every t-localization operator is identified with t-pseudodifferential
operator associated to the symbol o7 = a x W (g2, ¢1).
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It turns out that the class of localization operators given by (15) coincides to the
one given by Definition 2.15, see [45]. We give an independent proof based on the
kernel argument, and point out that the result is essentially a restatement of (1.23) in
[45].

Proposition 2.16 Let g1, p» € SV(RY)~{0}, a € (SV) (R*) and t € [0, 1]. Then

PLY2 . APLP2
AY Ag.

Proof By the Schwartz kernel theorem for SV (R?) and (S (1))/(Rd), it suffices to
show that the kernels of Aj;""** and A%";*> coincide. From (13) it follows that

(A f,8) = (k,g® ),

where the kernel k of the operator A%"'%? is given by
k(t,y) = //M a(x, )My Tep1 (VMo T2 (t)dxdw. (16)
R

It remains to calculate the kernel of Afj};wz. By the commutation relation 7, M, =
e~ 2mixo M T, and the covariance property of -Wigner transform:

We(TuMy f, TxMwg)(p,q) = We(f, 8)(p — x,q — w),

we calculate a x Wi (g2, ¢1) and obtain

ax We(o2, 01)(p.q) = f/RZda(x, w)We(TxMyp2, TeMy@1)(p, q)dxdw

= f/Zd a(x, w) (/d MyTp2(p + t5)My Ty 1
R R

(p—1 - t)s)eihi’”ds) dxdw.

Now by using a suitable interpretation of the oscillatory integrals in the distributional
sense, and appropriate change of variables (cf. [41]) we get

(Op,(a* Wi(p2, 1)) f, &) = (a* We(p2, 1), Wi (g, [))

= f/ a(x, w) /f (// My Tip2(p + ‘[S)m(p —(1- .L.)S)e—Zﬂiq(s—r)
R2d R2d R2d

xgp+r)f(p—(1— T)r)der)dpdqudw
= // // a(x, )M, Tepr ()M, Tep1 (y)dxdwg () f(y)dtdy
R2d R2d

= (ke g ® f) = (k. g ® f),
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where k is given by (16). By the uniqueness of the kernel we conclude that

AZ’IJPZ — A(‘f’l%m
and the proof is finished. O

2.6 Ultra-modulation spaces

We use the terminology ultra-modulation spaces in order to emphasize that such spaces
may contain ultra-distributions, contrary to the most usual situation when members
of modulation spaces are tempered distributions. However, ultra-modulation spaces
belong to the family of modulation spaces introduced in [18]. We refer to e.g. [46,48]
for a general approach to the broad class of modulation spaces.

Definition 2.17 Fix a non-zero window g € S(V(RY), a weight m € Zg(R*) and
0 < p, g < oo. The ultra-modulation space M},¢ (R%) consists of all tempered ultra-
distributions f € (S (1))/(Rd) such that the (quasi-)norm

1

1 g = 1V fll g = <[Rd (/Rd |vgf<x,w>|"m(x,w>l’dx) ' dw) a”

(obvious modifications with p = oo or ¢ = 00) is finite.

We write M} (RY) for ML'P (R?), and MP-4(R?) if m = 1.

We recall that the spaces M} (RY) ¢ S'(RY), with 1 < p,q < o0, g € S(RY)
and m of at most polynomial growth at infinity, were invented by Feichtinger [18]
and called modulation spaces. There it was proved that they are Banach spaces and
that different window functions in S(R%)~{0} yield equivalent norms. Moreover,
the window class can be enlarged to the Feichtinger algebra M,}’l(Rd), where v is
a submultiplicative weight of at most polynomial growth at infinity such that m is
v-moderate.

It turned out that properties analogous to the Banach case hold in the quasi-Banach
one as well, see [21]. Moreover, such properties remain valid also in the more general
setting of Definition 2.17. We collect them in the following theorem in the same manner
as itis done in e.g. [46,47], see also the references given there.

Theorem 2.18 Consider 0 < p, p1, P2,9,q1,q2 < 00 and weights m,my,my €
Pe@R¥). Let |- wpa be given by (17) for a fixed g € SD(RT)~{0}. Then:

1) (M,ﬁ’q RY), |- ||M£,q> is a quasi-Banach space whenever at least one between

p and q is strictly smaller than 1, otherwise it is a Banach space;
(i) if § € SDRH){0}, § # g, then it induces a (quasi-)norm equivalent to

Wl pgpoa s
(iil) if p1 < p2, q1 < q2 and my S my, then;

SO®Y) — My RY) — MR RY) — (SD)' ®R?);
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@iv) if p,q < oo, then :
(M) ®) = M{, TR,
where
p

S oif 1<p<oo

, oo if 0<p<l1
p::
P

and similarly for q'.

Remark 2.19 Point (ii) of the previous theorem tell us that the definition of M},'¢ (RY)
is independent of the choice of the window. Moreover, it can be shown that the class for
window functions can be extended from SV (R?) to M) (RY), where r < p, p/, q.q9
andv € Yy (de ) is submultiplicative and such that m is v-moderate [47].

We refer to Cordero [8] for the density of S(V(RY) in M5 (RY).

The following proposition is proved in e.g. [39, Theorem 4.1], [44, Theorem 3.9].
Proposition 2.20 Consider y > 1 and 1 < p,q < oo. Then
dy _ P4 md ! mdy _ Pd_(md
SY®Y = (M RD, (SV)®RY = M7, ®.
k>0 k=0

In some situations it is convenient to consider ultra-modulation spaces as subspaces
of (S t/ 2})/(Rd) (taking the window g in S {172}(R4)Y), see for example [8,47]. However,
for our purposes itis sufficient to consider the weights in #g (R2), and then M9 (RY)
is a subspace of (S m)’(Rd ). We address the reader to Toft [47, Proposition 1.1] and
references quoted there for more details.

We restate [13, Proposition 2.6] in a simplified case suitable to our purposes.

Proposition 2.21 Assume 1 < p,q < oo, m € Y (Rz‘l) and g € S(l)(Rd) such that
lgll 2 = 1. Then forevery f € M} (RY) the following inversion formula holds true:

f= // Ve f(x, 0)MuTygdxdw, (18)
R2d

where the equality holds in ME (R,

The embeddings between modulation spaces are studied by many authors. We recall
the recent contribution [29, Theorem 4.11], which is convenient for our purposes and
which will be used in Lemma 3.5.

Theorem2.22 Let 0 < pj,q; < oo, sj,t; € R for j = 1,2 and consider the
polynomial weights vy, vs; defined as in (4). Then

M[’lan I(Rd) s MPZs‘IZ Z(Rd)

vy @y Vrp @y

if the following two conditions hold true:
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(1) (p1, p2, t1, 1) satisfies one of the following conditions:

11
€) —=—, n=n,

2Rl

11 1 6 1t
€) —>—, —+2<—+-

(i) (q1,q2, 51, 82) satisfies one of the conditions (Cy) or (C2) with p; and t; replaced
by qj and s respectively.

2.7 Gabor frames

Consider alattice A :=aZ4 X/SZd C R* for some «, B > 0.Giveng € LZ(Rd)\{O},
the set of time-frequency shifts G(g, A) :={mw(A)g : A € A}iscalled a Gabor system.
The set G(g, A) is a Gabor frame if there exist constants A, B > 0 such that

AllfIT2 < D a1 < BIFIZ., Y f e L’ ®RY. (19)

reEA

If G(g, A) is a Gabor frame, then the frame operator

Sf=Y (frmg)mg, fe LR,

reA

is atopological isomorphism on L2(R9). Moreover, if we define & := S~ g€ L2(RY),
then the system G (&, A) is a Gabor frame and we have the reproducing formulae

f=) (frmMgrh =) (f,xWh)x()g, Y feL*®R),  (20)

rEA reA

with unconditional convergence in L? (Rd ). The window 4 is called the canonical dual
window of g. In particular, if 7 = g and ||g||;2 = 1, then A = B = 1, the frame
operator is the identity on L?(R?) and the Gabor frame is called Parseval Gabor frame.
In particular, from (19) we can recover exactly the L2-norm of every vector:

117 =D K fme)?, ¥ f e LARY).

rEA

Any window h € L*(R?) such that (20) is satisfied is called alternative dual window
for g. Given two functions g, h € L?(R?) we are able to extend the notion of Gabor
frame operator to the operator Sg , = S Q ;, in the following way:

Senf =Y (frxMgmOh, f e L*RY),

reA
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whenever this is well defined. With this notation the reproducing formulae (20) can
be rephrased as S, , = I = S, where I is the identity on L>(R?).

Discrete equivalent norms produced by means of Gabor frames make of ultra-
modulation spaces a natural framework for time-frequency analysis. We address the
reader to Galperin and Samarah [21], Grochenig [24], and Toft [46,47].

Theorem 2.23 Consider m, v € Pr(R*) such that v is submultiplicative and m is
v-moderate. Take A := aZ? x ,BZd,for somea, B > 0,and g, h € S(l)(Rd) such that
Sen = I on L*(RY). Then

f=) (fraMmh =Y (f.xWh)x()g, V¥ f e Myt R,

rEA reA

with unconditional convergence in ME (R if 0 < p,qg < oo and with weak-*
convergence in M ?711 (Rd) otherwise. Moreover, there exist 0 < A < B such that, for

every f € My*(RY),

<k
Q=

Allfllygza < | D0 | D2 1F. w(ak, Br)g)|Pm ek, pn)” < Bl fllypa,

nezd \kezd

independently of p, q, and m. Equivalently:

1l ey = 1S @Il pacay = IVe FODallpagay @D

Similar inequalities hold with g replaced by h.

Now we are able to prove the convolution relations for ultra-modulations spaces
which will be used to prove our main results in Sect. 3. For the Banach cases with
weight of at most polynomial growth at infinity, convolution relations were studied in
e.g [9,42,43]. We modify the technique used in [2] to the Gelfand—Shilov framework
presented so far. The essential tool is the equivalence between continuous and discrete
norm (21).

Proposition 2.24 Let there be given 0 < p,q,r,t,u,y < oo such that

1 1 1
_+_=_5
u ot y
and
1 1 1
—4+—-—=14—-,forl <r <o0
P 9 r
whereas

p=q=r, forO<r<l.
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Consider m, v, u € Pg (RZd) such that m is v-moderate. Then

p.u d q.t d Y md
M, ou® )*Mvh@vlzu“(R ) = My;”" (RY),

where m|1, v|1, v|2 are defined as in (1).

Proof First observe that due to Lemmas 2.2 and 2.3 it follows that the ultra-modulation
spaces which came into play are well defined.

The main tool is the idea contained in [9, Proposition 2.4]. We take the ultra-
modulation norm with respect to the Gaussian windows go(x) := e e Sli/2) (RY)
and g(x) 1= 2"92e77/2 — (g0 % go)(x) € SI/2(RY).

Since the involution operator g*(x) = g(—x) and the modulation operator M,
commute, by a direct computation we have

My (g5 * 85) = Muwgh * Mugs

and _
Vo f (x, w) = e 25 (f % M,g")(x).

Thus, by using the associativity and commutativity of the convolution product, we
obtain

Vo(f % h)(x, w) = e 2" ((f % h) * Mywg*)(x)
= e O ((f % Mygd) * (hx Mpgd))(x) .

We use the norm equivalence (21) for a suitable A = aZd x ,BZd, and then the
v-moderateness in order to majorize m:

m(ak, pn) S m(ak, 0)v(0, Bn) = mi(ak)vl2(Bn).

Eventually Young’s convolution inequality for sequences is used in the k-variable
and Holder’s one in the n-variable. Indeed both inequalities can be used since p, ¢, r,
y, t, u fulfill the assumptions of the proposition. We write in details the case when
r,y,t,u < oo and leave to the reader the remaining cases, when one among the
indices r, y, t, u is equal to co, which can be done analogously.

IS s hllpgrr < (Ve (f 5 h)) (ak, Brym(ak, Br)inllery z2d

v/ 1y

S| D0 1 5 Mpugh) * (h s Mgugh)(@b)" mli(@k)” | vla(Bn)”
neZd \kezd

1/y

DS * Mpagh) x G Mpngi)llyy oy VI2(B1)”
miy

neZd
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1y
S0 S Mpagsll?, 1 5 Mg gl vl (Bn)”
~ 0l (@zd) 00l (@zd)
neZd
1 1
vl2(Bn)’
S| 2N * Mpuggllyn B | L Dk Mpngilly oty — o
mly vl u(pn)
neZd nezd
= (Vo Ol gre  ay I(Vggh) )l .t )
mlen vl @vlpp~!
= u kil .
1 g, Wellyse
This concludes the proof. O

3 Main results

From the previous observations it follows that localization operators are in fact a
particular class of pseudodifferential operators, cf. (14) and (15). Therefore, in the
study of eigenfunctions of localization operators we first observe operators Op (o)
when o belongs to weighted modulation space M2>! (R2?), where w is of a certain
subexponential growth at infinity.

We first prove some continuity properties of Op. (o) on ultra-modulation spaces
(Theorem 3.3), and then use this result to prove subexponential decay of eigenfunctions
of certain t-pseudodifferential operators (Theorem 3.7). Finally, we conclude the paper
with subexponential decay and regularity properties of eigenfunctions of localization
operators in terms of Gelfand—Shilov spaces (Theorem 3.8).

An important relation between the action of an operator O p- (o) on time-frequency
shifts and the STFT of its symbol o is explained in [12]. The setting given there is the
one of S (Rd) and &’ (Rd), but it is easy to see that the claim is still valid when dealing
with S (R4) and (S (1))/(Rd). Moreover, S (R?) and its dual can be replaced by
SR and SV (RY) as it is done in [11] when T = 1/2. Thus, the proof of the
following lemma is omitted, since it follows by a slight modification of the proof of
[12, Lemma 4.1].

Lemma 3.1 Consider t € [0,1], g € SDRY), &, :=W,(g,8) € SVR?). If
o € (S (R*), then

{Opc (o) (2)g, T(w)g)| = |Vo,0 (T:(w,2), J(w —2))|, Yz, weR¥, (22)

where 7 = (21, 22), w = (W, wy) € R qnd T, and J are defined as follows:
Tr(w,2):= (1 —Dwy + 1z, twa + (1 = 1)22), J(2):=(22,—21). (23)

The following lemma can be viewed as a form of the inversion formula (18). The
independent proof is given in the Appendix.
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Lemma3.2 Let T € [0, 1] and o € (SV) (R?). If g € SV (RY) with |Igll,> = 1
and f € SO(RY), then

Op:(0)f = /R Vel @0p(0)(n(2)g) dz, (24)
in the sense that
(Ope(0)f, ¢) = /R Vel @ (0pe(@)(x(2)g), @) dz, Vo € SPVRY.

Next we show how the t-quantization Op, (o), t € [0, 1], can be extended between
ultra-modulation spaces under suitable assumptions on the weights. We remark that the
following theorem is contained in more general [47, Theorem 3.1]. A more elementary
proof of the same claim when Lebesgue parameters are greater than or equal to 1 is
given in [45, Theorem A.2]. In contrast to [45,47] we use different arguments. Namely,
our proof is based on the Schur test in combination with Lemmas 3.1 and 3.2. We note
that [2, Theorem 3.3] is a particular case of Theorem 3.3 when restricted to polynomial
weights and the duality between S(R?) and S"(R?).

Theorem 3.3 Considert € [0, 1], mg € P& R*) andm, m» € Pg(R*?) such that

mo(x, w)

Smo((l —)x + 1y, to+ (1 —O)n, 0 —n,y —x), ¥x,w,y,n R
mi(y,n)

(25)
Fix a symbol o € M,i%’] (R%?). Then the pseudodifferential operator Op- (o), from
SDRY) 10 (S(l))/(Rd), extends uniquely to a bounded and linear operator from
Mﬁl (R?) into Mﬁz(Rd)for everyl < p < o0.
Proof Let g € SV(RY) with ||g[|,2 = 1 and consider f € SP(RY) c M}, (RY).
Due to the normalization chosen || g||;2 = ||€||;2 and we recall the inversion formula
(18) which can be seen as a pointwise equality between smooth functions in this case

(see [24, Proposition 11.2.4]): f = fRZd Ve f(R)m(z)g dz.
By Lemma 3.2 we have

Ve (Op<(0) f)(w) = (Op<(0) f, m(w)g)

_ /H; Vel @ (Ope(@)m(@g, Twighdz. (26)

In the next step we prove that the map M (o) : G — M, (0)G, defined by
MG = [ G (Op: @m0, wwig) dz

is continuous from L}, (R?*?) to L, (R??).
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Using (22), we see that it is equivalent to prove that the integral operator with kernel

1
mi(z)

Ke(z,w) = |Vo,0 (Tr(w,2), J(w — 2))| my(w),

where 7; ans J are defined in (23), is bounded on L? (R%4). We do this using the Schur
test (see, e.g., [24, Lemma 6.2.1 (b)]). First we majorize K, with another integral kernel
Q. using the condition (25) with w = (x, @) € R*? and z = (y, n) € R*?:

Koz w) = ma(w)mo(T (w, z), J(w — 2))
my(z)mo(T¢ (w, 2), J(w — 2))
< Vo, 0(Te(w, 2), J(w — 2)) | mo(Tr (w, 2), J(w — 2))

=:0:(z, w).

Vo, 0 (T (w, 2), J(w — 2))|

We now show that Q. satisfies the Schur conditions. By appropriate change of
variables (w’ = w’ (w) := J(w — z), where z is fixed) we obtain

sup / |07 (z, w)| dw = / sup |Voo (z, w')|mo (z, w') dw’
R R

zeR 2 cR2d

= ||a||M’§>100,| < +4o00.

Furthermore, by the change of variables w’ = w},(z) := J(w — z) for every w fixed,
we obtain

sup / Q¢ (z, w)]| dz=/ sup |Vo, o (w,w')|mo (w, w’) dw’
R2d R

weR 2 ) cR2d
= [0l o1 < +o0.

Since K; < Qp¢, it follows that

sup / |[K:(z,w)| dw < +00 and  sup / |K:(z, w)| dz < +o00.
R2d R2d

zeR% weR2d

Hence from the Schur test it follows that M (o) is continuous, and due to (26) we
notice that

Veo Opc(0)f =M (0)oV,f,

where the right hand-side is continuous and takes elements of S MR ¢ M}, . (R%)
into L,[fu (R?4). Therefore Op; (o) is linear, continuous and densely defined. This
concludes the proof. O

Schatten class properties for various classes of pseudodifferential operators in the
framework of time-frequency analysis are studied by many authors, let us mention just
[10,24,33,47]. However, for our purposes it is convenient to recall [31, Theorem 1.2]
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about Schatten class property for pseudodifferential operators O p (o) with symbols
in modulation spaces.

Theorem3.4 Lett €[0,1],0 < p <2,d € Nand

2d
u>——d. (27)
p

Consider o € Mr%lr (RM), where m], is defined as in (5). Then

Op:(0) € Sp(L*R?)).
Lemma3.5 Lett € [0,1], y > 1 andd € N. Fix
u,s,t >0, l>u+d, j>u.

Then
Mz?éwg, RYy s M,‘jf@’}vj R*) &> M7 g, (R*) & M7 (R*).
Proof The first inclusion is due to the inclusion relations between ultra-modulation
spaces since v @ v; < w) ® w; . The last inclusion follows similarly since m} <
v, ® vy, as it is shown in Remark 2.5.
For the second inclusion we use Theorem 2.22: (00, 2, [, u) fulfils the condition
(C) and (1, 2, j, u) fulfils the condition (C;). This concludes the proof. O

On account of the following corollary all the operators considered in Theorem 3.7
are compact on L2(R%).

Corollary3.6 Lett € [0,1], y > land s, t > 0. Consider o € M;’;’;wy (R2d). Then
Op- (o) is compact on L*(R%).

Proof The claim follows by Lemma 3.5 with u satisfying (27), after choosing any
0 < p < 2, in addition with Theorem 3.4. |

Now we prove the decay property of the eigenfunctions of O p. (o) when the symbol
belongs to certain weighted modulation spaces. This result improves [2, Proposition
3.6], in the sense that we show how faster decay of the symbol implies stronger
regularity and decay properties for the eigenfunctions of the corresponding operator.
More precisely, [2, Proposition 3.6] deals with polynomial decay, whereas Theorem
3.7 allows to consider sub-exponential decay as well.

Theorem 3.7 Fixt € [0, 1], ¥ > lands > 0. Consider a symbol o € Ml‘j}‘;’;wy (R2)

foreveryt > 0.
If A € op(Op.(0)), then any f € L*(R?) eigenfunction associated to the eigen-
value \ belongs to S7) (R).
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Proof We first observe thato € M w! (R??) forevery ¢t > 0 is equivalent to require
that ¢ fulfills (2) due to the 1nclu510n relatlons By (3) from Lemma 2.4 it follows that

w})'/’+s’ (x, w)

fwy,®wy,<(1—t)x+r,rw+(l—r) Aw —n, —x),
oo = el y n)s (@ =n.y = x)

for every x, , y,n € R?, where s', ¥’ > 0 and ¢’ which fulfils (2). We consider first
thecase 1/2 <t < landfixs' =s > 0.

Take ' = 0, ¢ > st!/7, and apply Theorem 3.3 with p = 2, my = w} ® w’,
m; = w(’; and my = w! which satisfy (25). Thus Op. (o) extends to a continuous
operator from Mig R?) = L2(RY) to Mir (RY). Starting with f € L*>(R?) we get

—1
f=1% 0p:(o)f € M}, (RY).

Now, take ' = s, ¢ > s + st/ and apply Theorem 3.3 with p = 2, mg =
w! ® w,y, my = w) and my = wgs which satisfy (25). Thus Op. (o) restricts to a
continuous operator from Miy (RY) to M iy (R9), so starting with f € M i)y R we

s 2s s
get f =1 Ope(o)f € M2, ®Y).
2s

Repeating the same argument, and using the inclusion relations between ultra-
modulation spaces we obtain:

fe ﬂ MiZX(Rd) = ﬂ MiZ(Rd) = S (RY).
neNy k=0

The case 0 < t < 1/2 is done similarly. This concludes the proof. O

We finish the paper with an observation related to localization operators.
Note that by Corollary 3.6 it follows that the localization operators A%"*? in the
following statement are compact on L2(R?).

Theorem 3.8 Consider y > 1,5 > 0,a € M V®I(R2d) and @1, 9o € SORY). If

A € op(AL"??), then any f € L*(RY) eigenfunction associated to the eigenvalue

belongs to SV (RY).

Proof Since ¢, 90 € SW(RY) it follows that W(gs, ¢1) € SH®R¥) c

Miy®wy (R??), for every r,t > 0. It is easy to check that w} ® w! is w} ® w!-
r t

moderate for every ¢+ > 0 and every r > s, i.e.

wl @ w ((x, ) + (v, ) < wl @w/ (x,w)w @w/ (y, ), x,0,y1€cR

We write A%"%?

in order to infer o € M

= Op” (o) with o = a x W (g2, ¢1), and then apply Proposition 2.24

y® , (R2?) for every 1 > 5/2/7:

M B x My R > ML R,

The claim now follows by Theorem 3.7. O
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4 Appendix
In this section we prove Lemmas 2.4 and 3.2.

Proof of Lemma 2.4 We first recall that given 0 < p < g < oo the following holds
true

S l=

1
d q d

lzlly = (D 1zil?) < D1zl ) =lzllp, z=(1oonza) R (28)
i=1 i=1

In fact, consider z such that ||z||, = 1. Hence |z;|? < 1 = |z]| < 1fori =

I,...,d. Thus |z;|? < |z;|? and Z;‘!:] |zi|? < Z?:l |zi|? = 1. Eventually consider

u € R {0}, then lu/llullpll; <1 and (28) is proved.
By using the triangular inequality and (28) with ¢ = 1 and p = B, we infer that

d d
|ZZi|ﬂ§Z|Zi|ﬂ, 2=(z1,...,24) € RY, (29)
i=1 i=1
for 0 < B < 1. Now, by the triangular inequality and (29) with d = 2 we obtain
P =P <le—yf, 0<p<1 xyeR’ (30)
Next, we observe that for z, w € R4

I(tz, (1 — D)w) > = 22(z, w)[* + (1 — 20)|w]?
22|(z, w)|? if1)2<7<1,
2z, w2+ Hw + 22 = A + )|z w)?> if0<7 <1/2,
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which gives

7 |(z, )Y if1/2<t<1,

31
A4+ )Yz, w7 ifO<T <1/2. 6D

I(rz, (1 — Dw) |7 < {

We can now prove (3):

w”, (x, w) 30)
L 2 exp (Pl @) — (v YT sl (x, )] 1Y)

wy (v, 1)
O R NT 1 el — _ RN
< exp(rl(@—n,y =) +sl(x, 0) — (z(x = y), (1 = T) (0 — )]
+ sl =), A =)@ —mI"7)

exp((r 4+ s7'/")|(@ — 0, y — 0)|'/7

3D +s(=Dx+ 1y, 0+ A —T)|/7) ifl)2<1 <1,
exp((r +s(1 + )2 (0 — 0,y — ) |1Y

+s/((I=Dx 41y, 70+ A —DIP7) ifO<7T <1/2,
and Lemma 2.4 follows from the assumption (2). O

Proof of Lemma 3.2 Consider t € (0,1) and recast the 7-Winger distribution
W (¢, f) using the operator A; f(¢) := f (ﬂt):

T

1 : 1 1
We(g. ), 0) = 71V g ( X, 7w>
T 1—7 't

| Y
:I—den’r")x((p,M%le_%xArf)

1 1 T d
:ﬁeZHITwX(<1_t> -AlfrTfﬁfoéw(p’J”

1 -1 [ T d
;ean;wx /léu ng(Z) (<ﬁ> -Al—tTfﬁxM—%w(/)’ m(2)g)dz

[ 1 A1
= /RM Ve f@ e 7 g, My, T 1 At (2)g) dz
=/ VF @ —emitory, oo ——x L) dz
R rd ()8 -1t
= /RM Ve f(2) We(p, m(2)8)(x, w) dz.
Therefore

(Op(0) f, ) = (o, We(p, )
= (o, /de Ve f(2) We(p, m(2)g)(x, w) dz)

= / Ve f(2) (0, Wel(p, m(2)8)(x, ®)) dz
R2d
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=/ Ve f(2) (Op-(0)((2)8), ¢} dz
R2d

and (24) holds true when t € (0, 1).
For the cases t = 0, 1 we need the operator J defined in (23) and the following
equalities which come from easy computations (cf. [24]):

Ve f(x, ) = e "5V, f(w, —x), FTy = M_,F,
FM, =T, F, TeM, = e 2T M T,

Therefore (24) is proved for t = 0, 1 in the following manner. We put z = (x, w)
and let o acts on functions of variables (y, 1):

(Opo(0) f.¢) = (. e 2 (y) F ()

= (0, e T g(y) / Ve f(2)m(z)g(n) dz)
RZd

= (o, ./]RZd ng(z)e_zmynfﬂ()’)mdz)
- /de Ve f ()0, e ()7 (2)g () dz
- /RM Ve @) (o, Wolp. 7(2)8)) dz

=/ Ve f(2)(Opo(o)m(2)g, @) dz.
RZd

Thecaset =1, 1i.e.

(Op1(o) f, ) = /RM Ve f(2){Op1(o)m(2)g, @) dz,

can be proved in the same manner. The details are left to the reader. O
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