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Abstract Let [J;, be the Kohn Laplacian acting on (0, j)-forms on the unit sphere in C".
In a recent paper of Casarino, Cowling, Sikora and the author, a spectral multiplier theorem
of Mihlin—-Ho6rmander type for OJ,, is proved in the case 0 < j < n — 1. Here we prove an
analogous theorem in the exceptional cases j = 0 and j = n — 1, including a weak type
(1, 1) endpoint estimate. We also show that both theorems are sharp. The proof hinges on an
abstract multivariate multiplier theorem for systems of commuting operators.

Keywords Multivariable multiplier theorem - Spectral multiplier - Kohn Laplacian -
Tangential Cauchy—Riemann complex
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1 Introduction

Let (X, 1t) be a measure space, £ be a complex vector bundle over X with a hermitian metric,
and £ be a (possibly unbounded) self-adjoint operator on the space L>(E€) of L2-sections of
£. By the spectral theorem, we can write

£=/AdE£(A) (D
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1540 A. Martini

for a projection-valued measure E ¢, called the spectral resolution of £. A functional calculus
for £ is then defined via spectral integration and, for all Borel functions F : R — C, the
operator

F(&) = / F()dEg (L)

R

is bounded on L2(€) if and only if F is an E ¢-essentially bounded function.

Characterizing, or just giving nontrivial sufficient conditions for the L”-boundedness of
F(£) for some p # 2 in terms of properties of the “spectral multiplier” F is a much harder
problem. This question has been particularly studied in the case £ is the Laplace operator
on R?, or some analogue thereof acting on sections of a vector bundle over a smooth d-
manifold. For the Laplacian £ = —A on RY, the classical Mihlin-Hérmander multiplier
theorem [36,53] tells us that F(£) is of weak type (1, 1) and L?-bounded for all p € (1, co)
whenever the multiplier F satisfies the scale-invariant local Sobolev condition

“F”L?,sloc = fgg | F(-) X”L?([R) < 00, ()

for ¢ = 2 and some s > d/2; here L (R) is the L¢ Sobolev space of (fractional) order s
and x € C2°((0, 00)) is any nontrivial cutoff function (different choices of x give rise to
equivalent local Sobolev norms). This result is sharp, i.e., the threshold d /2 on the order of
smoothness s required on the multiplier F cannot be lowered. Note that the above-defined
vl LY o, majorizes | F'(0)], because the supremum in (2) includes ¢ = 0; actually, the value

¢t = 0 may be dispensed with in the case of the Laplacian on R¢, where E¢({0}) = 0, but
not in other cases discussed below.

Here we are concerned with the case where £ = O, is the Kohn Laplacian acting on
sections of the bundle A%/S of (0, j)-forms (0 < j < n — 1) associated to the tangential
Cauchy—Riemann complex on the unit sphere S in C", where n > 2. The sphere S and
the conformally equivalent Heisenberg group have been long studied as models for more
general strictly pseudoconvex CR manifolds of hypersurface type [26,28,32]. The problem
of obtaining a spectral multiplier theorem of Mihlin—-Hormander type for OJ;, has been recently
considered in [7], where the following result is proved.

Theorem 1.1 [7] Let O, be the Kohn Laplacian on (0, j)-forms on the unit sphere S in C",
where 0 < j < n — L. For all bounded Borel functions F : R — C, if | F|| 2 e < oo for

some s > (2n — 1)/2, then the operator F(Op) is of weak type (1, 1) and L”Qboundedfor
all p € (1, 00), and moreover

1F @)1 e < CIF L2

s,sloc

A key feature of this result is the threshold (27 — 1)/2 in the smoothness condition, i.e.,
half the topological dimension d = 2n — 1 of the sphere S. In fact, by means of quite
general theorems [10,19], it is fairly straightforward to prove the above result under the
stronger assumption that “”F”Lf'im < oo for some s > Q/2”, where Q = 2n is the so-
called homogeneous dimension associated with the control distance for [J,. The fact that
Q > d is connected with the lack of ellipticity of [0, (cf. [24,27]) and the problem of
obtaining sharp multiplier theorems of Mihlin—Hormander type for nonelliptic, subelliptic
operators is still widely open (see, e.g., [50]). Most of the analysis in [ 7] is devoted to proving a
“weighted Plancherel-type estimate” that allows weakening the assumption on the multiplier,
by replacing Q/2 with d/2 (and L with L%).
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The cases j = 0 and j = n — 1 are not treated in [7]. These cases are exceptional because
the orthogonal projection onto the kernel of O, (which is the Szegd projection in the case
j = 0) is not L'-bounded [43]. This constitutes a serious obstruction to the application of
the “standard machinery” of [10,19], on which [7] is based, and moreover puts some limits
on the results that can be expected. Indeed, when 0 < j < n — 1, the Bochner—Riesz means
(1 —t0p)% of order & > (d — 1)/2 are L'-bounded for all # > 0 [7, Theorem 1.2]. The
analogous statement in the case j € {0, n — 1} is simply false, independently of the order «.

An alternative approach to this problem is developed in [60], where a multiplier theorem
of Mihlin—-Hormander type for O, in the case j = 0 is proved for a fairly general class
of compact CR manifolds. However in [60] the more restrictive smoothness condition that
“I| F||L% e S0 for some s > (Q + 1)/2” is required and the technique used seems not to

yield a weak type (1, 1) bound.

In contrast, the main result of this paper, which extends Theorem 1.1 to the missing cases
Jj =0and j = n—1, requires a smoothness condition s > d/2 on the multiplier and includes
the weak type (1, 1) endpoint.

Theorem 1.2 Let Oy be the Kohn Laplacian on (0, j)-forms on the unit sphere S in C",
where j € {0,n — 1}. For all bounded Borel functions F : R — C, if ||[F| ;2 e < oo for

some s > (2n — 1)/2, then the operator F(Op) is of weak type (1, 1) and L”Lboundedfor
all p € (1, 00), and moreover
IF@p)lLispie < CIFll2

Note that this implies the weak type (1, 1) and L”-boundedness for p € (1, 0o) of the
Bochner—Riesz means (1 — t[J;,)4 foralla > (d —1)/2and t > 0.

Our proof of Theorem 1.2 could be easily adapted to the case of Heisenberg groups,
equipped with the standard strictly pseudoconvex structure. In fact, the proof there would
be even simpler because of the translation-invariance and homogeneity of [J, on Heisenberg
groups. However, there is no need to do this, in the sense that the result on the Heisenberg
group can be directly obtained from the corresponding result on the sphere by transplantation.

Corollary 1.3 Theorems 1.1 and 1.2 hold also when the sphere S is replaced by the 2n —1)-
dimensional Heisenberg group H, _1.

The idea of transplanting estimates from complex spheres to Heisenberg groups has been
used several times in the literature (see, e.g., [6,14,15,57]). Here however we propose a dif-
ferent approach, along the lines of [42], which does not require any group or symmetric space
structure on the manifold, or group-invariance of the operator. This general transplantation
technique (Theorem 5.2) applies to arbitrary self-adjoint differential operators on a vector
bundle over a smooth manifold and allows transplanting weak type as well as strong type
bounds.

The same technique, combined with an argument of [50], yields the sharpness of the above
multiplier theorems. In fact, thanks to the analysis of [3], we can prove a more general result
for the Kohn Laplacian on any non-Levi-flat CR manifold of hypersurface type (see [3,5,16]
for definitions).

For a general nonnegative self-adjoint operator £ on L2(€) as in (1), define the sharp
Mihlin—-Hormander threshold ¢ (£) as the infimum of the s € (0, co) such that

3C € (0,00) :VF € B : [F()ll 1202 + IF©) 1ot <CIFll2

s,sloc
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1542 A. Martini

where B is the set of bounded Borel functions F : R — C. Clearly

(L) = g (£),
where ¢_ (£) is the infimum of the s € (0, co) such that
Vpe(l,00):3C € (0,00) :VF € B : |F(&)lLr—>rr < CIF]L®

s,sloc

Note that Theorems 1.1 and 1.2 and Corollary 1.3 can be restated as follows:
c@p) =@2n—-1)/2

for the Kohn Laplacian [Jj, on a sphere or Heisenberg group of dimension 2n — 1.

Theorem 1.4 Let M be a non-Levi-flat CR manifold of hypersurface type and dimension
2n — 1, with a compatible hermitian metric. Let Oy, be any self-adjoint extension of the Kohn
Laplacian on (0, j)-forms on M, where 0 < j <n — 1. Then

c—(Op) = 2n—1/2.
In particular, Theorems 1.1 and 1.2 and Corollary 1.3 are sharp.

Apart from sharpness and weak type endpoint, another reason of interest for Theorem 1.2
is the technique used in its proof. To prove that F' () is of weak type (1, 1), here we show
that F(Op) is a singular integral operator, satisfying the “averaged Hérmander condition” of
[18, Theorem 1] (see also [10, Theorem 3.3]):

sup ess sup / K r@y)—an) &, Y du(x) < oo, 3)
r>0 yeS
o(x,y)=r
where p is the standard hypersurface measure on S, g is the control distance for Oy, K7
denotes the integral kernel of an operator T and {A,},~¢ is some “approximate identity” (as
r | 0) satisfying, among other things, the uniform bound

sup [|Arlli—1 < oo. 4)
r>0
In other works on spectral multipliers, this approximate identity is constructed as a function
of the operator £ under consideration, such as the “heat propagator” A, = exp(—r>£) (see,
e.g.,[19]) or A, = @ (r+/£) for a suitable Schwartz function @ with @(0) = 1 (cf. [10]).
However such choices of A, are forbidden in the case £ = [, and j € {0, n — 1}, because
the L'-unboundedness of the Szegd projection is incompatible with (4).

We are then led to looking for an approximate identity A, outside the functional calculus
of [y, yet related to it, so as to be able to prove (3). Here comes a key observation: in the
case j = 0, the operator [J, belongs to the joint functional calculus of two commuting
differential operators on S, namely, a sublaplacian L and a unit vector field 7. Unlike [,
the sublaplacian L does satisfy Gaussian-type heat kernel estimates, so A, = exp(—r2L)
satisfies (4) (indeed a sharp multiplier theorem for the sublaplacian L was proved in [11]). In
fact, more is true: the T'-derivatives of the heat kernel of L satisfy Gaussian-type estimates too.
Based on these estimates, we can prove a spectral multiplier theorem of Mihlin—-H6rmander
type for the joint functional calculus of L and i 7', which in turn (in combination with the
weighted Plancherel-type estimates from [7]) allows us to derive (3) with A, = exp(—rzL),
whenever ||F||L§ e SO0 for some s > d /2.

Spectral multiplier theorems for systems of commuting operators are not new in the lit-
erature. Actually, the classical Mihlin-H6rmander theorem for Fourier multipliers on RY
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Joint functional calculi and a sharp multiplier theorem. . . 1543

can be thought of as a spectral multiplier theorem for the joint functional calculus of the
partial derivatives on R4. However, in settings other than R4, most of the available results
(see, e.g., [8,17,30,54,55,64,66]) are of “Marcinkiewicz type”, i.e., they impose on the
multiplier function a condition that is invariant under multiparameter rescaling, and the cor-
respondingly obtained estimates appear not to be suitable to prove a weak type (1, 1) bound.
Exceptions to this are the results of [58] and [49, §4], where a one-parameter rescaling of the
multiplier is considered and weak type (1,1) estimates are obtained; however these results
are not directly applicable to the system (L,i7) on the sphere, because [58] only applies
to a product setting, whereas [49, §4] applies to left-invariant homogeneous operators on a
homogeneous Lie group (this would be enough to deal with the Heisenberg group, but not the
sphere).

For this reason, in Sect. 6 we develop an abstract version of [49, §4] in the context
of doubling metric measure spaces, which includes the main result of [58] as a particular
case and may be of independent interest. When applied to a single operator £, the result
of Sect. 6 essentially reduces to the main result of [33], where only polynomial decay (of
arbitrarily high order) is required on the heat kernel of £, in place of the usual Gaussian-type
exponential decay. Because of the general character of the argument, we have tried to put
minimal assumptions on the system of commuting operators, in order to obtain a statement
that encompasses many different situations; we refer to Sect. 6 for an extensive discussion
and examples. The resulting multivariate spectral multiplier theorem of Mihlin-Hormander
type (Theorem 6.1) is sufficiently strong to serve as a base for our sharp Theorem 1.2 and
we expect that other similar applications may be found in the future.

Some general remarks about notation are in order. The letter C and variants such as C, will
denote a finite positive quantity that may change from place to place. For any two nonnegative
quantities A, B, we also write A < B instead of A < CB; moreover A ~ B is the same as
“A < Band B < A”. We denote by 1y the characteristic function of a set U.

2 Unitary group action and joint spectral decomposition

This and the next two sections are devoted to the proof of Theorem 1.2. Indeed we need only
to discuss the case j = 0, i.e., the case of the Kohn Laplacian [J; acting on (scalar-valued)
functions on the sphere. In fact, by means of Geller’s Hodge star operator ([32, p. 5]; see also
[7, Remark 4.6]), it is easily seen that the case j = n — 1 in Theorem 1.2 can be reduced to
the case j = 0.

The Kohn Laplacian [J, on S is invariant under the action of the unitary group U(n). Itis
therefore natural to exploit the representation theory of U(n) for the analysis of (I, as was
done in great detail in [26]. Here we just recall the main results that will be of use later.

As it is well-known (see, e.g., [11,26]), the decomposition into irreducible represen-
tations of the natural representation of U(n) on L?(S) is multiplicity-free and is given
by

2
L*©S) = P Hpq
P.q=0

where H , is the space of (p, g)-bihomogeneous complex spherical harmonics (denoted by
D40 in [26]). By Schur’s Lemma, all U(n)-equivariant operators R on L?*(5) preserve this
decomposition and are scalar when restricted to each H g, i.e., Rl#,, =2 ﬁq idyy,, for some

)‘;Ifq € C. In particular, all such operators commute.
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1544 A. Martini

Let the sublaplacian L and the unit vector field 7 on S be defined as in [11] and set
U = —2(n — 1)iT. The operators O, L and U are U(n)-equivariant, so they have a joint
spectral decomposition in terms of complex spherical harmonics.

Proposition 2.1 Forall p,q € N,

. ptgq+n—1(p+n—-2\(q+n-2
d = 5
m T n—1 ( n—2 n—2 ©)
hpq = 4pg + 200 = D(p +q), ©)
v _
2 =20 - D(p - q), )
O, _
)”17; —ZCI(P+”— ]) (8)
In particular
20, =L - U, ©))
and moreover, for all p,q € N,
O O L O
hpg 70 = Apg S Ay = (4 Digg. (10)

Proof (5) is in [11, Corollary 2.6], (6) and (7) are in [11, Section 4], while (8) is in [26,
Theorem 6]. From these expressions we immediately obtain (10) and

Oy _ 4L _ U
2hpg = hpg = Ppg>

whence (9) follows. ]

3 Heat kernel estimates and a nonsharp multiplier theorem

Let 1 be the standard hypersurface measure on S € C” and ¢ denote the control distance for
Op. We refer to [7, Section 3] for precise definitions and discussion of the main properties
of u and o. Here we just recall that o is U(n)-invariant and

o(z, w) ~ |1 — (z, w)|"/?, (11)

where (-, -) denotes the standard Hermitian inner product on C". Moreover, if V (r) denotes
the p-measure of any p-ball of radius r € [0, co), then

V(r) ~ min{l, r2}, (12)

where Q = 2n. In the language of Sect. 6, this tells us that (S, o, 1) is a doubling metric
measure space of homogeneous dimension Q and displacement parameter 0.

Let us introduce some weighted mixed Lebesgue norms defined on Borel functions K :
S x S — C, that will be repeatedly used: for all p € [1, 0c0], r € (0, 00), and § € R,

WKWl p.p.r = esssup V()P UK, y) (1 +0C, y)/M)P o).
f

Here p’ denotes the conjugate exponent p/(p — 1) to p.
As already mentioned in the introduction, a key ingredient of our proof is the fact that the
heat kernel of L, together with its U-derivatives, satisfies Gaussian-type estimates.
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Proposition 3.1 There exists b > 0 such that, for all k € N, there exists Cx > 0 such that,
forallt >0andx,y €S,

|K e (e, )| < CrtF V(2 exp(—bo(x, y)?/1).

Proof These estimates are well known, at least for for t < 1 (see, e.g., [40, Theorem 3] or
[39, §41]). On the other hand, since S is compact and o is bounded, the estimates for 7 > 1
follow from the uniform bound

—k
K yke-ielloo.0.s12 < Crt ™™,

which in turn is easily proved by Lz—spectral theory (cf. [11, p. 630] or [7, proof of Theorem
1.1]):
IKyte-itllog 0012 = V') 1U*e 1o
< V@)U e ans le™ 2 152
and, forall h € N,

h —tL/2,2 h —tL/22
|Ute ™ E2)3, = U e 2|3,

S0P e e dim Hpy /1 (S)
p.qg€N
_ TV
<t (b ) e e dim g /()
p.geN
< 2k z(wz)zh[ze%gq
LeN

by Proposition 2.1, Eq. (12) and [11, eq. 21)]. m]

Thanks to the above bounds on the heat kernel of L and its U-derivative, we can apply
Theorem 6.1 to the system (L, U) and isotropic dilations €, (1) = r?A on R? (cf. Example
6.4).

Corollary 3.2 Forall 8 > 0,alle, R > 0, and all G : R* — Cwithsupp G C [—R?, R*] x
[—R?, R?],

IKGw.v)lla.p.r-1 < Cpe IGR? )iz, -
Proof This is an instance of Theorem 6.1(ii) applied to the system (L, U). O

From these estimates we can now derive a nonsharp spectral multiplier theorem for (.
Define, for all ¢ > 0, the operator A; by

A = exp(—t2L).
Corollary 3.3 The following estimates hold.
(i) Forall B > 0,alle, R,t > 0,andall F : R — C withsupp F C [R/16, R],

IK v, a-apllaprt < CpelF(R )z, @ min{l, (R1)?).
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1546 A. Martini

(ii)

(iii)

Forall B >0,alle,R,r,t >0,andall F : R — Cwithsupp F C [R/16, R],

essysup / IK pvE,) (1—a,) X M dp(x)
o(x,y)zr

< Cpe IF(RILz, o, ® min{l, (R (1 + Rr)7F.
Foralle > 0and F : R — C,

IFWOp) 100 = CelIFllL

o0 .
Q/2+¢,sloc

Proof (i) Let

(i)

(iii)

GO, h2) = F(/ (i = 22)1/2) (1 = exp(—=17A1)) n((h1 = 22)/(221)),

where n € C°((0,2)) andn = lon[1/(n+1), 1]. By (9) and (10), it is easily seen that

G(L,U)=F(/Op) (1 — A)
and moreover, for all s € [0, 00),
IG (R )l 1o (r2) < Cs IIF (R )l Le®) min{1, (Rt)*},

hence (i) follows by Corollary 3.2.
This follows from (i), since

ess sup / 1K By (1-ap @ M dpx)
ox.y)=r

<+ R PUK . ya,) a-ap .zt

and

"|KF(~/ib) (1,At)”|1,ﬁ,R*1 =< Cﬂ,e "|KF(\/ih) (1,At)”|2,ﬁ+Q/2+€/2,R*1

by Holder’s inequality (44).

Suppose first that F(0) = 0. Note that, by Proposition 3.1, the operators A, satisfy the
“Poisson-type bounds” of [18, eq. (2) and (3)]. A simple adaptation of the argument in
[19, Proof of Theorem 3.1] (see also the proof of Theorem 6.1(vi) below), exploiting (ii)
in place of [19, eq. (4.18)], shows that F (y/0p) is of weak type (1, 1), with

IFWOp) 100 = CellFllL

0 .
Q/2+€,sloc

In particular, if we take F' = 10,0, then we recover the weak type (1,1) of the Szegd
projection 1oy (p) = I — 1(0,00)(Jp) on the unit sphere [43].
For a general F, it is then sufficient to split

F(/Op) = F(0) 140)(0p) + (FRR\{O})(E)

and apply what we have just proved to the two summands. O
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4 Sharpening the result

Here we show how the weighted Plancherel estimates proved in [7] can be used to sharpen
the multiplier theorem given by Corollary 3.3(iii) and obtain Theorem 1.2. As in [7, §5],
define the weight @ : S x S — [0, 00) by

@ (z,w) = |1 = |{z, w)|*|'/2,

Here are some basic properties of @ that will be of use.

Lemma 4.1 Forallr > 0anda, f > 0 such thata + B > Q and a < 2n — 2, and for all

weS,
/(1 + o(z, w)/r)_ﬁ(l +@(z,w)/r) % du(z) < Co,pV(r). (13)
S
Moreover
/(1 + @ (z, w)/r) “du(z) < Cq minf{l, r¢}. (14)
S

forallr >0, alla € [0,2n —2) and all w € S, and
o (z, w) < Co(z,w) (15)
forall z,w € S.

Proof By U(n)-invariance of @ and o, we may assume that w = (1,0,...,0). If z =
(21,225 2n) = (21, 2), then

oz, w) =1 — |z 2V = |7

and
1/2

o(z,w) ~ 11— 211" = 12| + 1321

(see [7, Proposition 3.1]). This gives (15) immediately, and (14) follows because

/w(z, w) *du(z) < oo
S

fora < 2n — 2.

As for (13), the case r > 1 is trivial because S is compact, so we may assume that » < 1.
Sincef > Q—a=02n—2—a)+2and2n —2 — o« > 0, we can decompose 8 = B + B
so that 81 > 2n — 2 — o and > > 2, hence
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1548 A. Martini

/(1 +ow)/rN P+ oE w/r) duz)
S
< Cup /(1 + 21+ 13212 /)P A+ 121/ ) T duz)
S
< Cap / (A + 1321 1Y2/r) P2+ 121/ 1) P du(z)
S

= Ca,ﬂ/(l + [ul'?/r) P> du / (14 [v|/r)~* P dv
R

R2n—2

=Cup rQ,

and we are done. ]

Let us introduce the following bi-weighted mixed Lebesgue norms defined on Borel
functions K : S xS — C:forall p € [1,00],7 € (0,00),and o, B € R,

IK Wl p. g = esssup V()P IK G y) L+ 0C, )/ L+ @0/ L)
S

As in [7, §2] (see also [10,19]), for all N € N \ {0} and F : R — C supported in [0, 1], let
the norm || F|| v,2 be defined by

1/2
N

1
IFlva= |52 sw IFOP

. 1 i
i=1 e[t 4]

Proposition 4.2 For all « € [0,1/2), all N € N\ {0}, allt > 0, and all F : R — C
vanishing off (0, N),

IK r (v 0.0t < Ca IF(N N2, (16)

IK £y, (1 -ap 01 < Co IF(N )y ,2min{l, (N1)?). (17)

Proof We prove only (17), the other estimate being similar and easier. By Proposition 2.1
and [7, Lemma 4.3], KF(\/E,) (-4 is a “kernel polynomial” in the sense of [7, §5], which

satisfies the assumptions of [7, Proposition 5.3]. Hence, for all 6 € [0, 1),

J 1K ey 1 P @) dato)
S

N
1 O . .
< Co N2> max{|F(y apg) (1 — exp(—225 )1« (G — D? <250 < j%)

j=2

N
11— _ 252 Od . .
< Gy N1 — e VIV N max{|F(yapd)1 (G — D? < a5k < j7),
j=2
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where we have used (10). As in [7, proof of Theorem 1.1], we then deduce that, for all
0 €[0,1),

/ K by 1-an G NP @ ) dp)
)

< Cy N7 F(N )|}, max{l, (N1)*}.

Since V(N™') ~ N=€ for N € N\ {0}, the conclusion follows by combining the two
instances of the above estimate corresponding to 6 = 0 and 0 = 2¢. O

Fix a nonnegative function § € C2°((—1/16, 1/16)) such that

/S(z)dt:l and /tké(t)dt=0f0rk=1,...,2Q. (18)
R R
Asin [10,19], we first deal with the operator (F *&)(4/Up) corresponding to a smoothened
version of the multiplier F.

Proposition 4.3 The following estimates hold.

(i) Forall B > 0,alla € [0,1/2), all N e N\ {0}, alle,t > 0, and all F : R — C with
supp F C [N/4,3N /4],

. 2
"|K(F*§)(\/Eb) (1—A,)|"2.ﬁ,(¥,N*1 = Cot.ﬁ,e | F(N ')”L%ﬁ([R) min{l, (N1)}.

(i) Forall B = 0, all N € N\ {0}, all e,r,t > 0, and all F : R — C with supp F C
[N/4,3N /4],

ess sup / IK (Fae)(v/Ty) (1—ap X W dn(x)
¥
o(x.y)zr
< CpeIF(N Iz, . min{l, (NOH A+ Nr)7F.

(iii) Foralle > 0and F : R — Cwith supp F C [1/2, 00),

IF* 6Ol <CllFllgz,
Proof (i) By Corollary 3.3(i) and Young’s inequality,

. 2
”|K(F*E)(«/Eb) (I,At)mZ,,B,N*l = CﬁGHF(N )”L%O (R) min{l, (Nt)“}.

+e

forall B >0, N € N\ {0},€,f > 0,and F : R — C with supp FF € [N/8,7N/8]; in
particular, by Sobolev embedding and the inequality (15),

|”K(F*E)(\/ib) (I,At)”|2,ﬂ,a,N_1 = Cﬂ,a,e”F(N )”L ) min{l, (Nt)z}-

;2‘3+a+1/2+e([R
foralla, 8 >0, N e N\ {0},¢,7 > 0,and F : R — C with supp F C [N/8,7N/8].
On the other hand, by Proposition 4.2 and [19, eq. (4.9)],

”lK(F*&)(«/Eb) (I_At)|”2,0,oz,N*1 < Co|lF(N )2 min{1, (Nt)z}

foralla € [0,1/2), N e N\ {0}, > 0,and F : R — C with supp F € [N/8, 7N /8].
Interpolation of the last two inequalities (cf., for instance, [52, proof of Lemma 1.2] or
[51, proof of Proposition 13]) gives the conclusion.
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(ii) Note that

essysup / IK (pagy (T, (1—a,) > M dp(x)
o(x,y)=r

= WK gy a-aplpon- 1+ ND 7
Moreover, for all nonnegative @ € (1/2—¢/2,1/2),sinced/2+€/2+a > d/2+1/2 =
Q/2, Holder’s inequality and (13) give that
1K pigy T a-anlhpon-1 = Coape lK pog)vm,) a-ap N2 praszerzan-1-

The conclusion follows by (i).
(iii) This follows from (ii) in the same way as Corollary 3.3(iii) follows from Corollary 3.3(ii).
O

Itremains to deal with (F — F %&)(4/Up); however this part satisfies even better estimates.
Proposition 4.4 Foralle > Oand F : R — C with supp F C [1/2, 00),
I(F = F &) /Upllpip < CellFllp2

d/2+esloc

Proof We follow the argument in [10, proof of Theorem 3.6] (cf. also [19, proof of Theorem
3.2)).

Set ¢’ = min{1/4, €} and choose o € [0, 1/2) such that d/2 + ¢’ + a« > Q/2. Choose
n € C°((0, 00)) such that suppn € [1/4,3/4] and > ;. nk = 1 on (0, 00), where n; =
n(27%). Inparticular, if Fy = i F,then F = >, Fx. Set& = 2€&(2%.). By (33), Holder’s
inequality, (14), (12), the “Plancherel estimate” (16), and [19, Proposition 4.6] (which applies
because of (18)), for all k € N,

| (Fie — Fie % §)(VUp)ll L1 1

= 1(Fx — Fie * §)(VOp) Iy 0,0,2-

< C27 VRV NE = Feox ) (V0,00

< C 2O R 2R — F@%) # elloe

< C MO B b

d/2+€
k(Q/2—a—d/2—€)
S Ce 2 ” F ||L121/2+e,slnc :
The conclusion follows by summing over k € . O
Proof of Theorem 1.2 By combining Propositions 4.3(iii) and 4.4,
<
IFG/BD e S I,

foralle > Oand F : R — C with supp FF € [1/2, 00). On the other hand, since the

eigenvalues k,‘;lq” of 0, are nonnegative integers by (8) and 1) (0p) is of weak type (1, 1)
(see Corollary 3.3(iii)),

IFGOp)pi pree = 1F0) Lioy(Ep) 1 p1ee S 1F(0)]

forall F : R — C with supp F € (—o0, 1). Hence a partition of unity argument yields

IFWBD e < CllFl
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Interpolation of this bound with the trivial estimate

IFOp2sp2 < 1Flloo = Ce llFl 2

d/2+€,sloc

gives LP-boundedness of F(/Up) for p € (1, 2); the case p € (2, 0o) follows by applying
this result to F in place of F. O

5 Transplantation to the Heisenberg group and sharpness

In this section we prove Corollary 1.3 and Theorem 1.4 via transplantation. Our approach
is an extension of the technique of [42], which is based on perturbation theory for self-
adjoint operators. In [42] scale-invariant L”-bounds for the functional calculus of a self-
adjoint differential operator D on a d-manifold M are transplanted to analogous bounds for
the homogeneous constant-coefficient differential operator Dy on RY corresponding to the
principal symbol of D (with respect to a choice of coordinates) at an arbitrary point of M.

The results of [42] do not apply to our situation, because the Kohn Laplacian on the
Heisenberg group (that would play the role of Dy above) is not a constant-coefficient operator.
Indeed the method of “freezing the coefficients” is not appropriate for the analysis of operators
such as the Kohn Laplacian on a CR manifold (see, e.g., [3,28,59]). For this reason we
introduce in Definition 5.1 below a generalization of this method, based on a system of
(possibly nonisotropic) dilations. Correspondingly, we prove a general transplantation result
(Theorem 5.2) for an arbitrary self-adjoint differential operator acting on sections of a vector
bundle over a smooth manifold. Finally we apply the general result to the Kohn Laplacian.

Manifolds are assumed to be smooth and second-countable. Vector bundles over manifolds
are assumed to be smooth as well. By a hermitian vector bundle we mean a complex vector
bundle with a (smooth) hermitian metric. A smooth measure on a manifold is a positive
Borel measure whose density with respect to the Lebesgue measure in all coordinate charts
is smooth and nowhere vanishing.

If £ is a vector bundle over M and U € M, we denote by £|y the vector bundle over U
obtained by restriction. By Tdk we denote the trivial bundle over R¢ with fibre C¥, equipped
with the standard hermitian metric. Sections of ’Z:ik will be identified with C¥-valued functions.

By a system of dilations (6g)r=~0 on R? we mean a family of linear automorphisms of
R? of the form 8z = exp((log R)A) for some positive self-adjoint linear endomorphism A
of R?; note that det g = R, where Q = tr A is the “homogeneous dimension” associated
with the system of dilations.

Definition 5.1 Let M be a d-manifold, equipped with a smooth measure . Let £ be a
hermitian vector bundle of rank k over M. Let D : C*®(£) — C°°(€) be a differential
operator. We say that a differential operator Dy : C °°(’Z;1k )—C OO(’ZZ‘ ) is a local model for
D at the point x € M of order y € R with respect to a system of dilations (§g) g~0 on RY if
there exist a coordinate chart¢ : U — V C R? of M centred at x and an orthonormal frame
X = (X;)f:l for £|y such that, if we define

(@) ¥ : C®(Ely) — C®(Tf|v) by

k
W(Z szI) =((fiop Ha'PL,. (19)

=1

where a € C*°(V) is the density with respect to the Lebesgue measure of the push-
forward of u via ¢, and
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(b) Dp : Coo(%kb,;l(‘/)) — Coo(r]:ik|81;1(v)), for all R > 0, as the differential operator
given by

Drf =R (WD¥ ' (fodz") o,

then, for all f € C° (‘de),
lim Drf = Do f in L2, 20
llf(l) RS 0 1 (20)

Note that the domains C °°(7:1k | 57! (V)) and C °°(’Z:ik ) of the differential operators Dg and
Dg may be different. However, if we identify C2° (’Z;lk [5=1 (V)) with a subspace of CZ° (’Z:lk),
R

then, for all f € C° (7;1"), we have that supp f < SEI(V) for all sufficiently small R > 0,
so D f is well defined as an element of C° (’Z:ik ) for such small R and the condition (20)
makes sense.

Similar considerations show that the coordinate chart and the local orthonormal frame in
Definition 5.1 could be replaced with their restrictions to any smaller open neighbourhood
of x, without changing the limit operator Dy in (20). Hence two differential operators with
same germ at x have the same local model.

The definition (19) of the map ¥ involves the density a of the measure on M, in such a
way that ¥|c (g, extends to an isometry L2(E|y) — L2(’Z:ik |v). This corresponds to the
fact that our functional calculi, based on the spectral theorem, are initially defined on L? and
are equivariant with respect to L2-isometries. Similarly, we require L2-convergence in (20).
However, in applications (cf. proof of Proposition 5.4), it may happen that the convergence
in (20) holds in a stronger sense and that the limit operator Dy is independent of the positive
smooth function a in (19).

The system of dilations (§gr)r~0 is crucial in determining the local model. If we take
isotropic dilations dg(v) = Rv and let y be the order of D as a differential operator, then
the local model Dy is nothing else than the principal part of the constant-coefficient differ-
ential operator obtained by freezing the coefficients of D at x in the chosen coordinates.
Hence Theorem 5.2 extends some results of [42]. On the other hand, our applications involve
nonisotropic dilations.

In what follows, we denote by Co(R) the space of complex-valued continuous functions
on R vanishing at infinity. Strong convergence of operators is always understood in the sense
of the strong L? operator topology.

Theorem 5.2 Let M be a d-manifold, equipped with a smooth measure. Let € be a hermitian
vector bundle of rank k over M. Let D : C®(E) — C™(&) be a formally self-adjoint
differential operator. Suppose that D has a local model Dy : C* (’Z:ik) —- C °°(’Tdk) at some
point x € M of order y € R with respect to some dilations (8g) g0 on R%. Assume that
Dy is essentially self-adjoint on CZ° (’2:1") and denote its unique self-adjoint extension by

Do as well. Let D be any self-adjoint extension of D. Then, for all F € Co(R) and all
neighbourhoods U € M of x,

IF (Do)l 7y roocry < Hminf | Py FG7 D) Pullpie)Lioece) @1
and, for all p € [1, o],

IE Do) Lp (1)~ Lo (Tt = li%ionf IPy F (¥ D) Py || Lrg)—Lre).» (22)

where Py is the operator of multiplication by 1y .
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Proof The right-hand sides of (21) and (22) do not increase if we replace U by a smaller
neighbourhood of x. Hence we may assume that U is open and is the domain of a coordinate
chart¢ : U — V centred at x and of an orthonormal frame X for €|y such that the conditions
of Definition 5.1 are satisfied. We may also assume that the topological boundary dU has
zero measure in M and that V is bounded in RY. Let the map ¥ : C®(€&|y) — C°°(Tdk|v)
and the differential operators Dg (R > 0) be as in Definition 5.1.

Take an open set U, 2 U of full measure in M and such that ¢ and X can be extended to
a coordinate chart ¢ : Uy, — V, C R? and an orthonormal frame X, for & |u,. To construct
such a set Uy, take a countable open cover {U, },en of M such that Up = U, each U, carries
local coordinates for M and a local frame for £, and each dU,, has zero measure in M, and
then define Uy = U,,cp(Un \ Up<n Un)-

We can then define ¥, : C*(|y,) — C°°(’Z;i"|v*) in the same way as ¥ in (19),
with ¢, and X, in place of ¢ and X. In particular Yilce ) extends to an isometry
U LA(E) — LA (T v.).

Correspondingly we extend the differential operators D to (densely defined) self-adjoint
operators D R Oon Lz(Tk) as follows:

Drf =RV (Di(f 085")) 0 br,

where D is the self-adjoint operator on Lz(’Z:ik) = L2(7;1]‘|V*) (<] L2(7:l"|[,3d\v*) given by

~ e D0
b= (P22°l0).

In particular Dg f = Dy f forall f € C§°(7ZI"I5E1(V)), and
lim Dg f = D
tim RS o.f

in L2 forall f € C°(T}).
Since Dy is essentially self-adjoint on CZ° (7;1"), by [41, §VIIL.1.1, Corollary 1.6] we

conclude that Dg converges strongly in the generalized sense to Dy as R | 0 (as defined
in [41, §VIIL.1.1, p. 429]). Consequently, by [41, §VIII.1.1, Corollary 1.4], the resolvents
(Dg — ¢)~! converge strongly to (Dg — )" as R | O forall ¢ € C \ R. An application of
the Stone—Weierstraf3 theorem to the class of functions F' € Cy(R) such that

F(Dg) — F(Dy) and F(Dg) — F(Dy) stronglyas R | 0 (23)

shows that (23) holds for all F € Cy(R).
On the other hand, by construction,

F(D)f=%FDW™'f
forall f € L2(T}|v), hence
F(Dp)f = W F(R' DY~ (f 0 83")) 0 8k
forall f L2(Tdk|8;1(v)).

We now prove (21). Since F (Do) is L>-bounded, forall f € L' N L*(7}) and a > 0, if
fneC¥ (’Z:lk) and f, — fin L' N L2, then, by Markov’s inequality,

[,Lo({|F(D0)f| > a}) < sup inf hmmfuo(B N [|F(Do)f,,| >a/(1 +e)})

r>0€>0 n—
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where 1 is the Lebesgue measure and B, is the closed ball of radius 7 in R? centred at the
origin. Hence it is sufficient to prove that, for all compact sets K € H, all f € CX*° (’Z:lk),
and alla > 0,

uo(k 0 {IFD0) 1> af) el fihfa

where krp = liminfgokF g and kp g = ||PUF(RV[))PU ||L1(g)_>L1,OO(£). On the other
hand, by (23) and Markov’s inequality,

uo(k n{IF(Do)f1 > af) < inf lm inf 10 (kn{iFdo 1> o/ +0)).

Let R be sufficiently small that K = supp fUK C 8;1 (V). Let i be the measure on M. Let
a € C*(V) be as in Definition 5.1, and set Ag = max;, ¢ a'/? and By = maxg, ¢ a2
Let O be the homogeneous dimension associated with the dilations . Then

o (K 0 {IF(DR) 11> o)
= R 2 ((SR(K) n {|!17F(RVD)tI~/’1(f 087" > a})
<BAR % (U n [|F(RV[))11/—1(f 067 > a/AR})
< BRARR Ckp g W' (f o8 )IL1e)/a

BR AR R™Ckrr || f o 85" Il 7t/

2 42
By AR KF,R ”f”Ll(Td")/a

IA

and in particular, since limg 0 ARBr =1,
timinf o (K N {IFDR)f1 > a}) < 7 /1173 /e

The proof of (22) is similar and follows the lines of the proof of [42, Theorem 2], keeping
track of the constants. O

Corollary 5.3 With the notation and hypotheses of Theorem 5.2, assume moreover that D
is nonnegative. Then Dy is nonnegative and

¢(Do) < (D) and ¢_(Dp) < ¢c_(D).

Proof We may assume that D # 0, otherwise Dy = 0 by (20) and the result is trivial. Let X'
be the Lz-spectrum of D. Then, from the definition of ¢ and the fact that || F (D) 212 =
sup; s | F(A)] for all continuous F, it follows easily that g(ﬁ) > 1/2 (see, e.g., [62, §2.6.2,
proof of Theorem 1] or [47, Proposition 2.3.15]).

Take s > ¢ (D) and let k; € (0, 00) be such that

IF(D)l 22+ IFD)p1 1o < ks IFll2 (24)

s,sloc
for all bounded Borel functions F' : R — C. We show now that a similar inequality holds
with Dy in place of D.
Take any F such that || F||,2 o <00 Since s > 1/2, by Sobolev embedding F is

continuous and bounded on (0, oo) Arguing as in the proof of Corollary 3.3(iii), it is not
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restrictive to assume that F(0) = 0. Let n, € C2°((0, 00)), for n € Z, be as in the proof of
Proposition 4.4 and define Fy = Zlnl <~ F1nn. Theorem 5.2 and (24) then give that

| PN (DO 2 g2 + 1N D) pre < ks Iz, < Cos IFll 2
for all N € N. On the other hand, Fx (Do) — F (Do) strongly as N — oo. Consequently

IFDo)l 22 + IF(Do) i proe < Coris 1Fl 2
This proves that ¢(D) > ¢(Dy). The other inequality is proved analogously. O

We now apply these results to the Kohn Laplacian. To this purpose we exploit the analysis
of [3].

Proposition 5.4 Let M be a CR manifold of hypersurface type and dimension 2n — 1,
equipped with a compatible hermitian metric. Let (], be the Kohn Laplacian acting on
section of the bundle A%J M of (0, j)-forms, where j € {0,...,n —1}. Let 7 = {J C
(1,...,n—1} : |J| = j} and let T be the trivial bundle over R2*~! with fibre C7. Let
y € M and let Ay, ..., y—1 be the eigenvalues of the Levi form of M at p. Define vector

fields on R~ by
U 0 U, 9 + 2X 9 U, 9 22X 9
= —, = — U,y _—, _ = — — uy—~
0 aug k duy kEn=irk dug nltk OUp—1+k k Tk dug

fork=1,...,n—1. Let DZ 1 C(TT) — C(TY) be the differential operator defined
by
Oy (Faeq = Oy fses, (25)
where
2n—2
—40) = > v +4i (Zxk —Z,\k) Uo. (26)
k=1 keJ k¢d

Then DZ is a local model for Oy, at p of order 2 with respect to the dilations
SR(uo U1, ... u2m—2) = (R*uq, Ruy, ..., Ruzy_2)

on [RZn—l.

Proof This follows from the results of [3, Chapter 4]. Indeed, if the complex vector fields
Zy and Z,f are defined as in [3, eqs. (21.1) and (21.5)], and a is any smooth function on the
domain of the Z, then it is easily seen that, for all f € C2° (R,

R(Zi(f 085" 06k — Z} f
@(f o8g") odr — al0)f
as R | 0, in the LF-space topology of C2°(R**~!). Consequently, by composition, for all
nowhere zero smooth functions @ and for all f € CZ° (R2"=1y,
R (@' ZiZi((af) 0 85" ) 0 8k — Z)Z) f

as R | 0, in the topology of C2° (R*"~1), and also in L2. From this it is not difficult to see that
the operator EI,y7 given by [3, eq. (21.10)] is a local model, in the sense of our Definition 5.1, of
the operator O, given by [3, eq. (20.43)]. In order to conclude, it is sufficient to observe that
[3, eq. (22.1)], which corresponds to (25) and (26) above, is obtained from [3, eq. (21.10)]
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by means of the coordinate changes [3, eqs. (21.14) and (21.21)], which commute with the

dilations g. ]
Note that the vector fields Uy, Uy, ..., Uz,—2 of Proposition 5.4 are left-invariant with
respect to the nilpotent Lie group law on R*"~! defined by
(M09 Ur, ..., u2n72) : (u65 u/17 e u/2n72)

n—1
= (uo + u6 + 2Z)~k(14;(un—l+k — “k“;z—1+k)» uy + u/l, e, Uop—2 + “lznfz)
k=1
27
(cf. [3, Definition (1.14)]). Hence the operators DZ’J and Dly, are essentially self-adjoint (see,
e.g., [56] or [48, Proposition 3.2]).
It is now immediate that Theorems 1.1 and 1.2 may be transplanted to the Heisenberg
group.
Proof of Corollary 1.3 The sphere S is a strictly pseudoconvex CR manifold with a Levi
metric [59, Definition 1.5], so the eigenvalues of the Levi form at each point are all equal to 1.
Hence, if we apply Proposition 5.4 to the Kohn Laplacian Df on the sphere, we obtain as local
model (at any point) an operator that corresponds, in suitable coordinates and trivializations,
to the Kohn Laplacian Df on the Heisenberg group with the standard strictly pseudoconvex
structure (see [28, §§4-5]). Consequently g(Df) < g([\f) by Corollary 5.3. ]

As for Theorem 1.4, the following variation of a result of [50] will be of use.

Proposition 5.5 Let G be a 2-step stratified group of topological dimension d, £ a homoge-
neous sublaplacian thereon and V a left-invariant vector field in the second layer of G, such
that £ > iV. Then

s (£—iV)y=>d/2.

Proof The proof follows the lines of the argument in [50, Section 2], where the case V = 0
is treated. Here we just list the main steps and modifications needed.

As in [50, Section 2], let Q be the homogeneous dimension of G, g» = R%2 be the second
layer of the Lie algebra of G and U be the corresponding vector of central derivatives. Then
—iV = B - U for some B € g;. Similarly as in [50, eq. (10)], define .Qg”l@ as the convolution
kernel of m} (£ + B - U) 6(tU).

By arguing as in [50, Proposition 5], one obtains an expression for Qé"te analogous to the
right-hand side of [50, eq. (11)], where 0 is replaced by

Ig(t, S, 7, y,0) = /exp(ittp(y, v, ) —isX(y,v) —irR(s,r,y, 1))
9
x exp(i (1 — sr) (e, B)) B(sr, ) 0(10) d .
Hence the argument of [50, Proposition 7] gives that
tQ_d/2 Qé(’,te(zty, t2U) — eiﬂd1/4eill1/g(y,v)AX,9(y’ l)) + O(t_l),

where Wg(y,v) = ¥ (y,v) + B - u“(y, v).
One can then repeat the proof of [50, Theorem 8] to obtain that

Imf €+ B-U)llpsp = Cpypt™ PV pef1,2], 1> 1.

Comparison of this estimate with [50, eq. (9)] gives the conclusion. O
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Proof of Theorem 1.4 As in Proposition 5.4, let A1, ..., A,—1 be the eigenvalues of the Levi
form at a point y € M. Since M is not Levi-flat, we can choose y € M so that not all A;
are zero. Hence the group law (27) defines a 2-step stratified structure on RZ*~!, for which
£=- zz’;z U kz is a homogeneous sublaplacian and Uy is a vector field in the second layer.
Consequently, by Corollary 5.3 and Proposition 5.5,

5 (@) = 6-(0}) = max c @y =@n-1/2

and we are done. m]

6 An abstract multivariable multiplier theorem

In this section we prove a multiplier theorem for commuting operators in the setting of
a doubling metric measure space X. More precisely, we will consider a system of strongly
commuting, possibly unbounded self-adjoint operators Uy, . . ., U, on L>(X). Here “strongly
commuting” means that such operators have a joint spectral resolution £ on R", so

U; :/xj dE(\)
I‘R)I

for j =1, ..., n, and a joint functional calculus is defined by

FU;,...,Uy) =/F(A)dE(A)
[R”

for all Borel functions F' : R" — C. In the following we aim at giving a sufficient condition
for the weak type (1, 1) and L”-boundedness of an operator F (Uy, ..., U,) in terms of a
smoothness condition of Mihlin—-Hérmander type on the multiplier F:

sup [|(F o &) x|l Loo(rn) < 00. (28)
r>0
for some s > 0 sufficiently large. Here (€, ),~0 is a system of dilations on R", ¢y : R" — R”
is the constant function 0, and x € C°(R" \ {0}) is a cutoff supported on an annulus.

A model result for us is the classical Mihlin—-Ho6rmander theorem for Fourier multipliers
on R”", thought of as a multiplier theorem for the joint functional calculus of the partial
differential operators U; = —id; on R". In this case isotropic dilations €,(A) = rA are
considered and a condition (28) of order s > n/2 is required.

In the general setting described above, clearly some assumptions on the operators
Ui, ..., U, are necessary, other than self-adjointness and strong commutativity, in order
to prove L?-bounds for p # 2. This problem has been studied extensively in the case n = 1,
especially for a single nonnegative self-adjoint operator £ = Uy; in this case the choice of
dilations €, is irrelevant and (28) reduces to (2). Several assumptions on £ have been consid-
ered in the literature (see, e.g., [4,10,19,20,33,45,46] and references therein), which usually
involve estimates for the heat propagator e ' or the wave propagator cos(f+/£) associated
with £. When bounds on the heat propagator (such as Gaussian-type bounds) are assumed,
a classical proof strategy (which appears to originate in the study of group-invariant differ-
ential operators on Lie groups, see [1,9,12,13,29,37,38,52] and references therein) consists
in a “change of variable”, i.e., writing F(£) = G(e %) for G(s) = F(—t~! logs), and
then using the particularly favourable bounds on the heat propagator e '* to obtain L”-
boundedness of G(e~'*) whenever G is sufficiently smooth and supported away from 0;
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since the “change of variables” is given by a smooth function, smoothness properties of G
can be reduced to smoothness properties of F.

For a system Uy, ..., U, of several commuting operators, there seems not to be an obvi-
ous standard generalization of heat propagator bounds. In [58] the case of direct products is
considered, where X = X| x --- x X,, and each U; operates on a different factor X ; of the
product; there a multiplier theorem for the system Uy, . . ., U, is proved by assuming bounds
for each heat propagator e 'Y on X j- However there are many systems of commuting oper-
ators that are not in “direct product form”. Numerous examples come from the setting of Lie
groups and homogeneous spaces, such as the systems of commuting differential operators
associated to Gelfand pairs [25,31,35,65]. In these cases, one can usually find an operator
£=PU,...,U,) for some polynomial P such that good bounds hold for the heat prop-
agator e <, as well as for the “U j-derivatives” Uje™" £ of the propagator. In [48,49] such
systems of commuting group-invariant differential operators on Lie groups are studied and,
in the case of homogeneous operators on a homogeneous Lie group, a multiplier theorem
of Mihlin—Ho6rmander type is proved. The basic idea in the proof is again to use a change
of variables such as F(Uy,...,Uy,) = G(e 'S, Uje "%, ..., Uye ") in order to reduce
the functional calculus of the original (unbounded) operators to the functional calculus of
operators satisfying good bounds.

What follows can be considered as an extension of the multiplier theorem of [49, §4] to
the setting of abstract operators on a doubling metric measure space. To this purpose, here we
take as an assumption the existence of a “change of variables” with suitable smoothness and
invertibility properties and such that the operators resulting from this change satisfy suitably
good bounds. In order for our result to encompass the various different cases mentioned
above, we do not prescribe a specific form for this “change of variables”, and we state fairly
minimal hypotheses that are enough for the argument to work.

So far we have been vague on the “good bounds” to be required on the operators resulting
from the “change of variables”. In the case n = 1, a typical assumption is given by Gaussian-
type heat kernel bounds, i.e., superexponential decay in space of the integral kernel of the heat
propagator. However in [33] it is shown that polynomial decay of arbitrarily large order is
sufficient. Following [33], an analogous polynomial decay assumption is stated in our result
below. This assumption is sufficient to prove the weak type (1, 1) of F(Uy, ..., U,) under a
condition of the form (28) of order s > Q/2, where Q is the “homogeneous dimension” of
X (see definitions below).

Note that in the smoothness condition (28) an L Sobolev norm is used. It would be
interesting to investigate whether sharper results involving other Sobolev norms are possible.
In the case n = 1, this problem is extensively discussed in [19], where further assumptions
on the operator, such as “Plancherel-type estimates”, are used to replace LJ° with LY for
some s. A similar approach is used in [49] in the case of systems of group-invariant operators
on Lie groups. For the sake of brevity, we will not pursue this here.

Let (X, o, ) be a doubling metric measure space of homogeneous dimension Q and
displacement parameter N. In other words, (X, 0) is a metric space and p is a positive
regular Borel measure on X, such that all balls B(x,r) = {y € X : o(x,y) < r} have
nonzero finite measure V (x, r) = u(B(x, r)), and moreover there exist ¢/, ¢’ > 0 such that,
forallx,y € X, X, r € [0, 00),

Ve, ar) <+ 02V, r), (29)
V(y,r) <" (I +o0x, /NN Vix,r). (30)
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The constants Q, N, ¢/, ¢’ contained in the inequalities (29), (30) will be referred to as the
“structure constants” of the doubling space (X, o, it).

A basic consequence of the doubling property (29) is the following integrability property:
foralls > Qandy € X,

/(1 (e 1)/P) ™ dux) < Cy Viy,r). 31)
X

In the following we will consider bounded linear operators 7' between Lebesgue spaces
on X with an integral kernel, that is, a locally integrable function K7 : X x X — C such
that

Tf(x) =/Kr(x,y)f(y)du(y) (32)

X

for all f € C.(X) and p-almost all x € X. Not all the operators of interest have an integral
kernel, so we also consider a weaker notion: in case the function K7 is just locally integrable
on {(x,y) € X x X : x # y} and (32) holds for pn-a.e. x ¢ supp f, then we say that K7 is
the off-diagonal kernel of 7.

In dealing with integral kernels, we will make repeated use of certain mixed weighted
Lebesgue norms on functions K : X x X — C, defined as follows: for all p € [1, o],
s €[0,00),r € (0, 00),

1K s, = esssup V (v, )P UK G, y) (14 0C, ) /7 ILeco
y

where p’ = p/(p — 1) is the conjugate exponent. We will also write || K|, ¢ in place of
I K\l p,s,1- It is worth noting that, if the operator T has integral kernel K7, then

ITN1—1 = NK7ll10.r (33)

for all » € (0, c0).

Theorem 6.1 Let Uy, ..., U, be strongly commuting, possibly unbounded self-adjoint oper-
ators on L*(X), with joint spectrum X C R". Let y1, . .., yp € (0, 00) and define dilations
€ onR by € (M, ..., An) = (P A, ..., 1" 4y) forallr € (0,00). Let y = |, € (2).
Assume that, for some m > n, there exists a continuous map ¥ = (¥, ..., ¥,) : R* - R"
such that:

(A) ¥ (0) # 0 and there exist an open neighbourhood 2 of ¥ (0) in R™ and a smooth map
@ : 2 — R" such that @ o W is the identity on vl)yn x,;

(B) forallj=1,...,mandr > 0, the operator W; o€, (Uy, ..., Uy) has an integral kernel
and

sup |1 Kw;oe, (uy,....U) l12,a,r < 00 (34)
r>0
foralla € [0,00)and j =1,...,m.
Then the following estimates hold.

(i) For all bounded Borel functions F : R" — C supported in [—1, 11", the operator
F oe.(Uy,...,Uy,) has an integral kernel for all r € (0, 00) and

SUp [IK roe, vy,...un l12,0.r < Cll Flloo-

r>0
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(i) Forall p € [1,00], b,s € [0,00) withs >b+ Q(1/p—1/2)+ + N(1/2 —1/p)4+ and
all bounded Borel functions F : R" — C supported in [—1, 1]",

Sup | K roe, vy.....u) lp.br < Cp s bl FllLee.
r>0

(iii) Forall F : R* — C in the Schwartz class, for all a € [0, o0) and p € [1, 00],

sup | K roe, vy....un) I p.a.r < 00.
r>0

(iv) Foralls > Q/2 and all bounded Borel functions F : R" — C supported in [—1, 11",
sup||Foe (Ut ..., Ulh—1 = Gl Fllrg.

r>0
(v) Let E be the joint spectral resolution of Uy, ..., Uy,. Then E({0}) is bounded on L? (X)
forall p € [1, 00]. Moreover E({0}) = 0 if u(X) = oo.
(vi) Foralls > Q/2 and all bounded Borel functions F : R* — C, if

sup [(F o) x Iz < oo
r>0
for some cutoff x € C°(R" \ {0}) with |, € ({x # 0}) = R" \ {0}, then the operator
F(Uy,...,Uy) is of weak type (1, 1) and bounded on LP(X) for all p € (1, 00), and
moreover

NFUL, ... Ul e < C)(,s sup || (F OGr)X”L?O-
r>0

Here are some examples of applications of the above theorem.

Example 6.2 Let X = R? with the Euclidean metric and Lebesgue measure, so Q = d.
Then Theorem 6.1 can be applied withn =d, y; = land U; = —idjfor j =1,...,d, and
¥ R — R4 given by

2 2 2 2 2 2
WAy .o hg) = (e RT3y oMt t20) gy em Rty

Note that F(—idy, ..., —idg) is the Fourier multiplier operator on R¢ corresponding to the
multiplier F'. Hence Theorem 6.1(vi) in this case essentially reduces to the classical Mihlin—
Hormander theorem, with a smoothness condition of order s > d/2 on the multiplier. It is
known that the threshold d/2 is sharp in this case, so the condition s > Q/2 in Theorem
6.1(vi) cannot be weakened in general. By suitably adjusting the metric on R¢ [34], one
could also take arbitrary y; € [1, 0o), thus obtaining nonisotropic versions of the Mihlin—
Hérmander theorem on R? (cf. [23,44]).

Example 6.3 Suppose that L is a nonnegative self-adjoint operator on L2(X) satisfying, for
some h € (0, 00), the following heat kernel estimate: for all a € [0, c0),

sup | K- llp g 10 < 00. 35)

t>0

Then Theorem 6.1 can be applied withn = 1, Uy = L,y =hand ¥ (A) = e~ In the case
h > 1, the estimate (35) can be obtained by Holder’s inequality from the following pointwise
Gaussian-type heat kernel estimate: for all > 0 and x, y € X,

Ky (e )] < C V") exp (—b (o, y)/t“h)h/(h_”) .66
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This is one of the usual assumptions in abstract spectral multiplier theorems for a single
operator L (cf., e.g., [19, Assumption 2.2], where & > 2 is required).

Example 6.4 Let L and h be as in Example 6.3. Suppose moreover that D is a self-adjoint
operator on LQ(X ), that commutes strongly with L and satisfies, for some k € (0, 00), the
following estimate: for all a € [0, 00),

sup "MK py-it llp g 110 < 00. 37)
>0
Then Theorem 6.1 can be applied with n = 2, (U1, Uz) = (L, D), (y1, y2) = (h, k) and
W (A1, A2) = (e, Aae*1). As before, in the case & > 1, the estimate (37) can be obtained
from the following Gaussian-type estimate for the “D-derivative” of the heat kernel of L: for
allt >0and x,y € X,

1K pe-re (x, )| < Ct7X v (y, /My~ exp(—b(o(x, y)/t"/ M)/ =Dy, (38)

See, e.g., [2,22,61,63] for examples of differential operators L, D satisfying (36) and (38);
see also [47-49] for examples of commuting operators.

Example 6.5 Suppose that X is the product X | x X» of two doubling metric measure spaces of
homogeneous dimensions Q1 and Q2,50 Q = Q1+ Q».For j = 1, 2let L ; be anonnegative
self-adjoint operator on L(X ;) satisfying the analogue of (35): for some %; € (0, o) and
alla € [0, 00),
sup || K -1, |||2.a [/hj < 00. 39)
t>0 .

Let 1:1 = L; ®1I and Zz = | ® L, be the correspondingypegators on L2(X; x X2).
Then Theorem 6.1 can be applied with n = 2, (Uy, Uz) = (L1, L2), (y1, y2) = (h1, h2),
(A, A) = (e72M17%2 e~M1=242) gince

KW1oer(I:1,I:2)(x’ y) = Ke—Zrh1L| (1, y1) Ke—thLz (x2, y2),

KWzoe,([:],Zg)(x’ y) = KefrhlL] (x1, )’1) Ke,zrthz (x2, y2)

and

(I+o@x, y)/N* <+ o01(x1, yD)/r)* (1 + 02(x2, y2) /7).

This gives an alternative proof and a generalization of the main result of [58], where Gaussian-
type estimates like (36) are required for each L ;, and only the case | = h; is considered.

Remark 6.6 In the case the map ¥ in Theorem 6.1 is smooth, one could replace the assump-
tion (A) with the following:

(A) ¥(0) # 0, d¥(0) is injective, vl (0)) = {0} and w1 (I") is compact for some
compact neighbourhood I" of ¥ (0) in R™.

Indeed, under the assumption (A’), the existence of the smooth local inverse @ as in (A) can
be obtained from the constant rank theorem. On the other hand, smoothness of ¥ is never
used in the proof of Theorem 6.1. In fact, one could even weaken the smoothness assumption
on the local inverse @ of ¥ as follows:

(A”) ¥(0) # 0 and there exist an open neighbourhood £2 of ¥ (0) in R” and a continuous
map @ : £2 — R" which is smooth on £2 \ {¥ (0)} and such that @ o ¥ is the identity
on ¥~ 1(2).
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However, under this weaker assumption, one would obtain weaker versions of items (ii), (iii),
(iv) of Theorem 6.1, where F is constant in some neighbourhood of 0. A further generalization
would be to consider several maps ¥ instead of a single one and assume that, for all a €
[0, 00), the kernel estimate (34) is satisfied by some ¥ that may depend on a. In the case
n = 1, this idea has been exploited in the study of the L? functional calculus for certain
pseudodifferential operators L, where better and better estimates are available for the kernel

of e='L"

as M € N grows [21]. For the sake of brevity, we will not pursue this here.

As mentioned above, one of the main ideas in the proof of Theorem 6.1 is to use the
map ¥ as a “change of variables”, in order to replace the (possibly unbounded) operators
Ui, ..., U, with the bounded operators ¥; o €, (U1, ..., Uy), j = 1,..., m. By means of
this change of variables, the proof of Theorem 6.1 is essentially reduced to the following
result, which is a multivariate extension of a result of [33].

For notational convenience, set

expy(h) = e* — 1. (40)
Proposition 6.7 Let My, ..., My, be pairwise commuting, self-adjoint bounded operators
on LZ(X), admitting integral kernels K1, ..., K,,.

(1) Suppose that, for some k > 0 and a > 0,
IKjll2z0 =, IKjll1a <& (41)
for j =1,...,m. Then, forall h € 7", the operator
expo(i(hiMy + - -+ hyMy))
has an integral kernel E), satisfying
IEws < Ceap 1RIT"

for all b € [0,a). Here |h|y = |hi| + -+ + |hy| and the constants in the previous
inequality depend only on the specified parameters and on the structure constants of
(X, 0, 1), in particular

Vap = 20FRNCDUL 4 b+ 0/2)(1 + 1/(a — b))). 42)
(ii) Suppose moreover that, for some b € [0, a),
K ll2.p <«
for j=1,...,m. Then, forallh € 7",
IEnl2 < Ceap I (43)
(iii) Under the previous assumptions, if F € L?([Rm) Sfor some
§>Yab+1+m/2
and F(0) = 0, then the operator F (M, ..., My) has an integral kernel satisfying

|||KF(M1 ..... Mm)|||2,b =< Cm,K,a,b,s||F||L§~
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Remark 6.8 Proposition 6.7 is stated in terms of the norms || - ||, s, instead of the more
general || - [[ .5, However the norm || - || .5, can be considered as the norm || - || », s defined
in terms of the rescaled distance o/r. Moreover it is easily seen that the “rescaled space”
(X, o/r, 1) satisfies the same estimates (29) and (30) as the original space (X, o, 1), with
the same structure constants. For this reason, it is not restrictive to omit the “scale parameter”
r in Proposition 6.7 and other statements where just a single scale is used.

Before entering the proofs of the above statements, let us briefly recall a few basic facts
about integral kernels. If an operator has integral kernel K, then its adjoint corresponds to
the integral kernel K* given by

K*(x,y) = K(y, x).

Composition of operators corresponds (under suitable integrability conditions on the kernels)
to the following “convolution” of integral kernels:

K *Kz(x,y)Z/Kl(x,z) Ko (z, y)du(z).
X

The following lemma collects a few useful inequalities, among which is an extension of
Young’s inequality for convolution.

Lemma 6.9 Let H, K be the integral kernels of the operators S, T respectively.

(i) Foralla,b e [0,00)and1 < p < g < 00,

IKNp.a = CpgabliKllgs ifb>a+Q1/p—1/q). (44)

(ii) Foralla € [0,00)and 1 < p,q,r <ocowithl/p+1/g=1+1/r,

IH % Klla < Y7 WHIG G WHANE o WK g atnp- (45)

The constants ¢ and N in (45) are the same as in (30).
(iii) Forall p €1, 0],
lH * Kllpo < ISllp—p KN p.0- (46)

Proof (i) This follows immediately from Holder’s inequality and (31).
(ii) Note that 1/r" = 1/p’ + 1/q’. Define

Ay, y) = Hex, ) Vi DY (14 o0x, 1),
Hy(x,y) = H(x, y) V(x, D' (14 gx, y)**N/7
R(y.0) =K. V(e DV (1 + oy, )7

Then, by (30) and the inequality (1 + o(x,z)) < (1 + o(x, y)) (1 + o(y, 2)),

Vi, DY H G, K, 21+ o(x, 2)°
< (Y1 Hy e, DIPT [ Ha (e, PR (v, 2197 1R (y, )97
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(iii)

Integration in y and Holder’s inequality yield
V(z, DV |H % K (x, 2)|(1 + 0(x, 2)°
1/r
< (H” /|F11<x,y)|1’|1€<y,z)|‘f du(y)
X

1/q' 1/p'

v /|Flz<x,y>|Pdu(y> /u%(y,z)wam(y)
X X

By raising both sides to the power r, integrating in x and taking the essential supremum
in z, the inequality (45) follows.
This follows easily from the fact that H x K (-, y) = S(K (-, y)). ]

We are now ready to prove Theorem 6.1 and Proposition 6.7. Let us see first how Theo-

rem 6.1 is derived from Proposition 6.7.

Proof of Theorem 6.1 By replacing ¥ with ¥ o €, for sufficiently small » > 0 and possibly
permuting the components of ¥, we may assume the following:

— there exists ¥ € C.(R") such that ¢ - ¥| = 1 on [—1, 1]";
— there exist an open neighbourhood £2 of ¥ ([—1, 1]") in R” and a smooth map @ : 2 —

®

(ii)

R" such that @ o ¥ is the identity on ¥~ (£2) N 2.
If F: R" — Cissupported in [—1, 1]", then F = (Fy)¥;, hence
1K Foe, vy,...un 2.0, < W(FY) o€ (Ut, ..., Ullz—2 1Ky o y,.... upll2.0,r
SN Flloo 1Y lloo K w06, (uy,.... U 12,0,7

for all » > 0, and the conclusion follows by (34).
We consider first the case p = 2, i.e., we want to prove the inequality

1K Foe,(uy.....um 12,60 < Csp 1 FllL20- 47)

forallr > 0, all F : R* — C supported in [—1, 1]?,and all s > b > 0.

Suppose first that s > b + Q/2 + 2 + m/2. Then we can find a > 0 sufficiently large
that s > y,» + 1 4+ m/2, where y,  is given by (42). By (34) and Hoélder’s inequality
(44), there exists k € [0, co0) such that

IKw;oe wy....unar <k, IKwjoe ... U260 < K

forallr > Oand j =1, ..., m. Take some n € C°(R™) supported in £2 and identically
1 on ¥ ([—1, 1]"). Then, for all F : R* — C supported in [—1, 1],

F=((Fo®)noW¥ onlX,
so, for all r > 0,
Foe (Ur,...,Up) =(Fo®)n) (¥ o€ (Ui,...,Un)).

By Proposition 6.7(iii) applied to the rescaled space (X, ¢/r, 1) and the operators ¥; o
- (Uy, ..., U,), we then obtain that

IK Foe, ..U ll2,p.r = Cspl(F o @)z < Copll FllLee,
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(iii)

(iv)
)

since 7 is smooth and compactly supported and @ is smooth on supp 7.

This gives (47) forb > 0, s > b+ Q/2 4+ 2 + m/2. On the other hand, (47) also holds
when s = b = 0, by (i). The full range s > b is then obtained by interpolation (cf., e.g.,
the proofs of [52, Lemma 1.2], [19, Lemma 4.3], [49, Theorem 2.7]).

So the proof of the case p = 2 is concluded. Note now that the case p < 2 follows
from the case p = 2 by Holder’s inequality (44). As for p > 2, take any real-valued
& € C°(R") such that £ = 1 on [—1, 11", and define ¢ by 1/g = 1/2 4+ 1/p. Then
q < 2 and, from what we have just proved, it follows that

sup |||Kéoe,(U1 ..... U,,)”lq,a,r < (48)
r>0

for all a € [0, 00). Moreover F = & - F for all F : R* — C supported in [—1, 1]";
hence, by Young’s inequality (45) and the estimates (47) and (48),

K Foe, uy,....un)  p.o.r
< CpllKsoe, wy,...u) Ng.o+8 /g WK Foe, Uy, U 2,648 /g
< CpapllFllLe

forall r € (0, 00) and b, s € [0, 00) withs > b+ N/q' =b+ N(1/2 —1/p).
Leta € [0, 00) and p € [1, o], and set

s=a+Q(/p—1/24+N1/2—1/p)y +1.

Let ¢p9 € Co(R") and ¢ € C.(R" \ {0}) be supported in [—1, 1]" and such that ¢¢ +
Zk>0 ¢r = 1, where ¢y = ¢ o €« for all k > 0. Then, by (ii), for all » > 0,

K (Fgoyoe, (r.....unllp.ar < Cpall FpollL,
and moreover, for all k € N \ {0},
k ’
1K (Fgroe, @1, lpar < Cp 22XV NIK (Fgpyoe, s a2t
< Cpa 2897 |(F o €)1

by (29). Since it is easily seen that

1Fgollze + D 25917 |[(F o ) e
k>0

is controlled by some Schwartz norm of F, the conclusion follows.
This follows immediately from (ii) and (33).
Note that £({0}) = 1{0; (U1, ..., Uy). Hence, by (i),

I KEqopllz.or < C

uniformly in » > 0, so

/|KE<{0,>(x, WPdu@y) < cviy,n!
X

fora.e. y € X and all r > 0. If ©(X) = oo, then the right-hand side tends to zero as
r — 00, hence Kg (o) = 0 a.e. and consequently E({0}) = 0.

If instead w(X) < oo, then by (29) we can find r > 0 such that B(y,r) = X for all
y € X. Therefore, by Holder’s inequality,

K Eqopllio = IKeqopllio < IKeqopll2,0r < C,
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(vi)

hence || E({0}D][p—p < C < oo for 1 < p < oo by (33) and interpolation.
Note that F' = F(0)1{0y + F1gn\ (o}, SO

FUy,...,Uy) = FOE({O}D + (Filrmo) U1, ..., Up).

Hence, because of (v), it is not restrictive to assume in the following that £ (0) = 0. In
particular

IF Ui, ..., Ulla»2 = [ Flloo = Cy s sup [[(F o€r) xllzee-
R>0

Let w € C°(R" \ {0}) be such that suppw C [—1, 1]" and > ;.7 wx(A) = 1 for 2 # 0,
where wx = w o €,-«. Take moreover a cutoff n € C2°(R") which is identically 1 on
[—1, 1]". Hence, by (ii), the operators A; = n o € (U, ..., U,) satisfy

sup | K 4, lloo,b,r < 00

>0
for all b € [0, 00), and in particular they satisfy the “Poisson-type bounds” of [18, eq.
(2) and (3)].
Fix a € (Q/2,s) and an integer M > s. Forr,t > 0, k € Z and a.e. y € X, we then
have

| K (Fop)(Uy,....Up) (I—A) (X, ) dp(x)
X\B(y,r)
12

(1+2ko(x, y)) =2
< / du(x) K (Fa(1—noen)(Un.....U» 12,42+

V(y,275)
\B(y.r)

< Cp(1+25) 227 (F o ex0) ol Lo | (1 = 1) © €t Il v supp o)

by Hoélder’s inequality, (29) and (ii).

Note now that the quantity || (1 — 1) o &l cm gupp ) 18 cONtinuous in 7, vanishes for z < 1
and is constant for ¢ large, therefore is bounded uniformly in # > 0. We then conclude
that the series ZkeZ K (Fo(1—noe)) (U1, ...,U,) converges, off the diagonal of X x X, to a
function K, satisfying

esssup / Ko (e )ldux) < Co D (14252779 (F o ) o]l 130
yeXx X\B(y,r) k:2k>1/t

< Cys(r/0°7 sup [|(F o €p) xlge.
R>0
and it is easily checked that K; is the off-diagonal kernel of

(Fd=noe))(Uy,....Uy) =FWUy,...,Uy) (1 —Ay).

If we take r = ¢ in the previous inequality, then [18, Theorem 1] implies that
F(Uy,...,Uy,) is of weak type (1, 1) and bounded on L? for 1 < p < 2, with norm
controlled by supg. ¢ [[(Fo€g) xllL. For2 < p < oo, itis sufficient to apply the result

just obtained to the function F. o

We are left with the proof of Proposition 6.7. The proof, which follows the lines of [33,

§2], will require some preliminary considerations and lemmas.
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By Young’s inequality (45), for all a € [0, 00), the norm || - ||1 4 is submultiplicative, i.e.,
Ky * K2ll,a < IK1ll1a 1K201a;
consequently, the space of kernels
B ={K : 1K ll1.a- 1K *[l1.a < 00},

equipped with the norm
IK 8, = max{lIKll1.a: N1K*ll1.a} (49)

and with the operations of convolution and involution, is a Banach x-algebra (with isometric
involution).

Let us denote by Tk the operator corresponding to the integral kernel K. The identity (33),
together with interpolation, shows that the correspondence K +> Tx embeds BY continuously
into the space B(L?) of bounded operators on L?(X) for all p € [1, oo], with

||K||p—>p = ||TK||p—>p = ”K”Ba (50)

If the algebra BY has an identity element 7, then we set B, = BY. Otherwise we formally
introduce an identity 7, i.e., we consider the unitization B, = CI @ BS, which is a Banach
x-algebra with norm

A+ Hllg, =[x+ | HI|,

forevery A € Cand H € BS. Notice that, if we extend analogously the definition of the
Il - ll1.a-norm by setting

AL+ Hll1a = A + 1 Hl1a

then the extension is still a submultiplicative norm, and (49) holds for every K € B,.
Moreover the embedding into B(L”) extends to the whole B,, together with the inequality
(50).

The introduction of the identity / makes the manipulation of kernels easier. For instance,
for every K € By, the exponential X is defined via power series as an element of B,, and
lleX B, < el K8 ; moreover the corresponding operator on L%(X) is nothing else than the
exponential e’ . In the case K is a “genuine kernel”, i.e., K € Bg, then eX e I + Bg (as
it is clear by inspection of the power series); therefore, by (40), eX — I € BY is the integral
kernel of the operator expy(Tk ).

Let My, ..., M,, € B(L?) be pairwise commuting, self-adjoint operators admitting inte-
gral kernels K7, ..., K;,. According to the above discussion, under the hypothesis (41), for
all h € 7™, the operator exp, (i (h1 M1 + - - - + h,, My,)) has integral kernel

Ep=A" s oxashn _p,

here A; = ¢'X/ and A;k.hj is the iterated convolution of |h,| factors of the form A; or A%,
depending on the sign of /. Proposition 6.7(i) will then be proved by showing that, for all
be[0,a)and h € 7™\ {0},

AT -k AR g, < CroaplBT. (51)

From now on, we will assume that 7 € N™; the proof in the general case can be obtained by
replacing some of the A; with A; in the argument below.
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The idea is to decompose each A ;, or rather the kernel A’j = A, — 1, into pieces supported
at different distances from the diagonal. Namely, for some parameter » > 1 (which will be
fixed later) we set

A (x,y) ifefr <o(x,y) < ftlr,
Aj,k(x, }’) = ( J

0 otherwise,

fork > 0,and A;o =1+ A/j,O’ where

Al(x,y) ife(x,y) <er,
Ao,y =1 .
0 otherwise.
By dominated convergence, A, = A’ + > o Ajk in BY, and consequently A; =

> k=0 Ajk in B,. By so decomposing each factor in ATh' Kok Afnh’", we obtain an infinite

sum of products of the form

Pa,ﬁ = Aalsﬂl Foeeo ok ADln,,B,,v

where n = |h|;, @ = (a1, ...,0,) € {1,....,m}", B = (B1,...,Bn) € N*; to simplify
notation, we set Z,, = {1, ..., m}* x N, and
[Blr = {u: By #0}].

In order to estimate the Bj-norm of the products Py g, we use the fact thaté =a —b > 0;
hence, for all k£ > 0,

—k8,—5 —k§, —5
IAjkll22 < 1A kllB, < e r°||A}llp, < e r °k, (52)

where k = ¢“. For k = 0 this does not work, however we can exploit cancellation from the
L?-theory: since || A |22 = ||’ "8} 1122 < 1 by spectral theory,

Ajollas2 < 1Ajllas2 + 1A — Ajolls, < 1+r7°k; (53)

moreover, by (41) and Young’s inequality (45),

-1
(iK™ IKils NKjll20 .
/ i 0
145 0ll20 < Al < X | =——|| =D ————— <k (4
n>0 2.0 n>0
and the same holds for (A/j,O)*'
Seth=b+ Q/2.
Lemma 6.10 Foralln € N\ {0} and («, B) € Z,,
n b
1PapllB, < cK,bn(rZeﬂu) e OB 0R) Pl (1 0y, (55)
u=1
In particular, ifn < (r—°%)~1, then
. 5
| Paglli, = o' (relfl) " e=218 (-=0) P, (56)

where |Bloo = max{f1, ..., Bn}.
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Proof Note that (56) follows from (55) because (1 + r%%)" < (1 + 1/n)" < e whenever
n < (r~%%)~!. We are therefore reduced to proving (55).

By (52) and (53), a simpler estimate can be immediately obtained, for the B (L?)-norm:
foralln € N and («, B) € Z,,

Py pllasa < e 3P =3k) Bl (1 4 p=05)",
From this, (46) and (54) we then get, for all j € {1, ..., m},
I Pap % A, gllno < & eI =2i0) Bl (14 r =0y,

On the other hand, it is easily proved that (Py, g * A/j,O) (x, y) vanishes ford(x, y) > R, where
R=e(r+rX,_, ePu) > 1. Hence, by Holder’s inequality and the doubling condition (29),

I Pas * Al gllis < (1+ RPN Pag A’ gll1o < CoRV Nl Pag A’ gll2.0

and finally

b
n
Il Pag % A, oll16 < Cryp (r +ry) eﬁu) e =P R)Bl (1 2Ry (5T)
u=1
here C,’(’ ,» depends only on «, b and the constants in (29).
We now prove, for all n € N\ {0} and («, B) € Z,, the inequality

n

b
Il Pa.plln < CK,hn(r Zeﬂ“) eGPl (1 0",

u=1

where Cy p = C,/{’b + 1, by induction on 7.
Seto/ = (ay,...,ay,—1), B = B1, ..., Bn1). If B, # 0, then

WPepllte < WP prlltb | Aa,. g, ll1.5

since the first factor || Py’ gl 1,5 is 1 whenn = 1 and is controlled by the inductive hypothesis
whenn > 1, while the second factor [|Aq, g, [l1,5 is controlled by (52), the conclusion follows.
If instead B, = 0, then

/
IPepllte < Il Por,plltp + | P prAg, oll1.53

the required estimate then follows by majorizing || Py g [l1,5 as before and || Py, ﬁ/Afme 1,5
by (57).

An analogous argument proves the same estimate for || P;’ 5|||1,b and the two estimates
together give (56). O

From now on, the argument becomes purely Banach-algebraic. In fact, the inequality (56)
can be improved via a combinatorial technique. The following lemma should be compared
with [33, Lemma (2.6)].

Lemma 6.11 Letrv € N\ {0}. Foralln € N\ {0} and B € N", there exists I C {1, ...,n}
such that:
G [ <27 —1;

(i) Bj #Oforall j €I;
(i) v ey By < |Bliforall J C{1,....n}with |J| < [I|+ land J O 1 =0,
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Proof Modulo reordering and padding with zeros, we may assume that the sequence

B1, ..., Bn is nonincreasing and n > 2V — 1. In particular

v—1 2kt

Bli=D D B

k=0 j=2k
hence there exists k < v — 1 such that

2k+l _

1
Biz=v > B

j=2¢

Setl ={jefl,..., 2k 1y Bj # 0}. Clearly (i) and (ii) are satisfied. Moreover, since j is

nonincreasing, if I # {1, ..., 2k 1}, then, forevery J C {1, ..., n} whichis disjoint from 7,
wehave B; = Oforall j € J,sothat (iii) is trivially satisfied. Inthe case I = {1, ..., 2k 1},
instead, we have J C {2%, ..., n}, hence, if |J| < |I| + 1 = 2,
ok+1_g
v Bi=v > B <IBl.
jeJ j=2k

because B is nonincreasing, and we are done.

[m}

Lemma 6.12 Letv € N\{0}. Foralln € Nwith1 <n < (r=%%)~, andforall (a, B) € I,

v—17 v—1 7 I /vy S
I Paplis, < Cepor? bn? (A0 o®/v=IBh (=5 Blu
Proof Let I C {1,...,n} be given by Lemma 6.11 applied to v, n, B; in particular [ =
[I] <21 — 1. Let J1, ..., ji be an increasing enumeration of the elements of 7, so that
Bji» - - -, Bj, are nonzero, and set jo =0, j;+1 =n + 1. Then

Po.p = Py g0 Aaj ) Pu gy - Aaj g, Pow) g0,

where a® = (aj_ 41, .. 1), B® = (Bj_ 41, ... Bj—1), and
l
v 18% 10 < 1Bl
k=0

Moreover (56) gives, for the 8% which are nonempty,
1+b b b1 | ,—818F ) . =8 =\ |B®
Py g 18, < Ciepn' T0rPe? 1P e g =010 (=0 P01
whereas
—B: 8 _8,.,
1Aa;, g5, 1B, < e Pior2k

by (52). Since

1Bl = 1891 + B85 + 1BOL + -+ B8, + 1871,
Bl = 18Ol + 1+ 1BVl + -+ 14181,

the conclusion follows by multiplying these estimates together.
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Proof of Proposition 6.7 (i) From the previous discussion, we are reduced to proving (51)
fqr h € N\ {0}. Having ﬁxed~ such an h, we choose r = (|h|1£)"/? and v = Vab =
lb/8] +1,sothate, , := 8 — b/v > 0. Hence Lemma 6.12 gives, for (o, B) € Zj),,

1 Papll, < Creap 17" e ar Bl TP

Setnowoa = (1,...,1,2,...,2,...,m,...,m), with i occurrences of 1, iy occur-
rences of 2, and so on. Then

*h h
LAY sk AR, < D I Paglls,
ﬁED\JWI

< Ceap B D7 ecarlPhyp 1Pl
f}eD\l”"l

o0 ‘h‘l
_ C/(,a,h |h|)1/ah (1 + |h|;l Ze—éa.bk)

k=1
o
< Ck,a,b exp (Z eGa,bk) |h|)1’a<b’
k=1

and we are done.
(i) We assume as before that iy, ..., h, > 0. First of all, by arguing as in (54), one
immediately obtains that

NA; —Ill2p <k

for j = 1,..., m. Now we proceed inductively on |h|;. The case |k|; = O is trivial. If
instead i; # 0 for some j, then

En=Ep+ A" sk Ay 5 (A — 1,
where B’ = (hy,...,hj_1,hj — 1, hjt1, ..., hy), hence

Ya,b+1 Ya,b Ya.b+1
NEnl2.p < Ceap(IR'17"" + [R'17*") < Ceoap |BIT"

by (51), Young’s inequality (45) and the inductive hypothesis.
(iii) We may assume, modulo rescaling, that k = 1, so in particular the joint spectrum of

My, ..., M, is contained in [—1, 1]™. The Fourier series expansion
FO)y= > Fhye™ = > Fh) " -1
hezm 0#£hez™

for A € (—m, m) (where the last equality is due to the fact that F(0) = 0, and the
convergence is uniform because s > m/2) then implies that

F(My, ..., Mp)= > F(h) expyli(hiMy + - + hyMy))
0£hezm

with convergence in B(L?). On the other hand,

- - (J]+1
> AFWINER2s < Cap Y, IFWIAT < CapmslFliz2
0#£hez™ 0#£hez™

by (43) and Holder’s inequality, since s > y, 5 + 1 + m/2, and we are done. O
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