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FROM REFINED ESTIMATES FOR SPHERICAL HARMONICS
TO A SHARP MULTIPLIER THEOREM ON THE GRUSHIN
SPHERE

VALENTINA CASARINO, PAOLO CIATTI, AND ALESSIO MARTINI

ABSTRACT. We prove a sharp multiplier theorem of Mihlin—-Hérmander type
for the Grushin operator on the unit sphere in R3, and a corresponding bound-
edness result for the associated Bochner—Riesz means. The proof hinges on
precise pointwise bounds for spherical harmonics.

1. INTRODUCTION

Since its introduction in [G], the so-called Grushin operator of step r+ 1, defined
in the bidimensional setting as

G, = — (52)2 —u?r (;})2, (1.1)

where 7 is a positive integer and (u,v) are coordinates on R?, received considerable
attention as a prototypical example of a degenerate elliptic, hypoelliptic operator.
The (r + 1)-step Grushin plane, that is R? with the Lebesgue measure and the
control distance associated to G,., turns out to be a space of homogeneous type in
the sense of Coifman and Weiss, and many classical problems in harmonic analysis,
like restriction estimates, spectral multipliers theorems, Hardy inequalities, heat
kernel bounds, L? estimates for the wave equation, and properties of Hardy and
BMO spaces have been successfully addressed in the last years in this framework,
also in higher dimension and for fractional values of r (see, e.g., [Gal [Mey}, [RoSi
MSil, [JSaTh! [(CSil, TThl, MMull BFI2) [COul DzJ, [LRuY] and references therein).

Despite the prototypical nature of , the study of analogous problems for
Grushin-type operators on more general manifolds often proves to be challenging
and not as many results are available. In a few recent works [BET1], [BoPSel [Pe],
some attention has been given to 2-step Grushin-type operators on the unit sphere

S={z€R®: 2] +25+25 =1}
in R®. The operator studied in [BoPSe| is self-adjoint with respect to a measure
on the sphere that is singular along the equator E = {z € S : z3 = 0} and
can be thought of the Laplace-Beltrami operator for a certain almost-Riemannian
structure on S [Bol]. Instead [BFIL, [Pe] consider, in analogy with the analysis
extensively carried out on the Grushin plane, an operator £ that is self-adjoint
with respect to the standard rotation-invariant measure o on S.

Let us give some more details on the latter perspective, which is the one that
we adopt in this paper. The sphere S has a natural, rotation-invariant Riemannian
structure induced by the ambient space R3. The vector fields Z;, Z5, Z3, defined by

0 0 0 0 0
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2 VALENTINA CASARINO, PAOLO CIATTI, AND ALESSIO MARTINI

span at each point of S the tangent space to S and
A=—(ZF+ 75+ 73)

is the Laplace-Beltrami operator on S. Since [Z7, Z3] = Z3, the system of vector
fields {Z1, Z>} is bracket-generating and determines a sub-Riemannian structure
on S. We call Grushin sphere the sphere S, equipped with this sub-Riemannian
structure and with the standard Riemannian measure o, and spherical Grushin
operator the self-adjoint sub-elliptic operator

L=—(Z3+73).

Note that £ degenerates on the equator E, since span{Z;, Z>} is one-dimensional
there, whereas L is elliptic on S\ E. Indeed, in suitable spherical coordinates (8, ),

1 d d 9\’
Lf=——>— 06— f)—tan?6 [ =— 1.2
/ cos 6 90 (COS a0 f) o (&p) f (1.2)
where the singularity 8 = 0 corresponds to the equator E.
The classical spherical harmonics Y., (¢ € N, —¢ < m < ¢) with pole (1,0,0),
usually studied as eigenfunctions of the Laplace-Beltrami operator A, are eigen-
functions of the Grushin operator £ as well:

‘C)/E,m = )\Z,m}f[,ma

where A\¢,, = (€ + 1) — m?; therefore they can be used to describe the spectral
decomposition and define a functional calculus for £. Here we are interested in LP
boundedness properties of the multiplier operator

F(L) = Z F(Xe,m) Te,m, (1.3)

(6,m)ENXZ: |m|<t

initially defined on L?(S), where I : R — C is a bounded Borel function and 7,
is the orthogonal projection operator mapping L*(S) onto CY;,,. More precisely,
we seek minimal differentiability requirements which, imposed on F', guarantee the
boundedness of F(L£) on LP(S) for p # 2. This is a classical problem in harmonic
analysis, which has been studied for many operators and eigenfunction expansions,
though sharp results are only known in a few cases.

Choose a nontrivial cut-off function n € Cg°((0,00)). For all ¢ € [1,00] and
s € [0,00), let LY(R) denote the L? Sobolev space on R of order s. Our main result
is the following multiplier theorem of Mihlin—-Hormander type for L.

Theorem 1.1. Let d =2 be the topological dimension of S. Let s > d/2.
(i) For all continuous functions F': R — C supported in [1/4,1],

i;llo) IFEL) L s)—rr(s) < Cs || FllL2- (1.4)
(i) For all bounded Borel functions F : R — C such that F| ) is continuous,
| F (L) s)— 1005y < Cs 21>1£> [1£(t) nll L2 (1.5)

Hence, whenever the right-hand side of 18 finite, the operator F(\/Z)
is of weak type (1,1) and bounded on LP(S) for all p € (1,00).

(i1i) Let p € [1,00]. If § > (d —1)|1/2 — 1/p|, then the Bochner—Riesz means
(1 —tL)% of order § associated with L are bounded on LP(S) uniformly in
t € (0,00).

Note that the supremum in the right-hand side of (1.5)) includes ¢ = 0 and there-
fore majorizes |F(0)|; moreover, the finiteness of the supremum depends only on
F and not on the choice of the cut-off 7. We remark that, for a Borel function
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F : R — C, the finiteness of the right-hand side of implies, by Sobolev’s em-
bedding, that F' coincides Lebesgue-a.e. with a continuous function; the continuity
assumption in part |(i)| of Theorem is meant to specify that it is this continuous
representative of F' that is to be used to define the operators F(t£). A similar
observation applies to the continuity assumption in part

The above multiplier theorem is sharp, in the sense that the condition s > d/2 on
the order of smoothness s cannot be weakened. The optimality follows from a now
standard transplantation argument, originally due to Mitjagin [Mi], mainly known
from a paper by Kenig, Stanton and Tomas [KeStT]. Since L is elliptic away from
the equator, by means of Mitjagin’s argument we deduce the sharpness of Theorem
from the sharpness of the analogous results for the Laplace operator on R

It should be noted that the analogue of Theorem where L is replaced by the
Laplace-Beltrami operator A follows from the classical results of [SeeSol [Sod], that
hold more generally for elliptic operators on compact manifolds. On the other hand,
the Grushin operator £ is not elliptic on the whole sphere, which makes its analysis
particularly arduous, especially when it comes to sharp multiplier theorems.

Indeed the lack of ellipticity of the Grushin operator L is related to the fact that
the “local dimension” @ associated to the sub-Riemannian structure at each point
of the equator is larger [FePh| than the topological dimension d of the sphere (in
this case Q = 3), and it would be relatively straightforward [He2l, [DOSi| to prove a
weaker result than Theorem with smoothness condition s > @Q/2, and the L?
Sobolev norms in - replaced by L Sobolev norms.

The mismatch between the natural dimensional parameter associated to the
geometry of a sub-elliptic operator and the optimal smoothness condition in a
multiplier theorem of Mihlin—-Hoérmander type was first noted in the case of a sub-
Laplacian on the Heisenberg groups [Hell, [Mi1S], and has been since then the object
of a number of studies. Despite many recent developments, especially in the case of
homogeneous sub-Laplacians on 2-step stratified groups (see [MMii2] and references
therein), the problem of determining the optimal smoothness condition remains
widely open: sharp results are known only in particular cases, and there appears
to be no optimal result of the same level of generality of those available for elliptic
operators. The present work can therefore be considered as part of an ongoing
effort in the investigation of sub-elliptic operators, whereby progress on the general
case is sought by analysing particularly significant instances.

In these respects, the spherical Grushin operator £ presents a combination of
features that makes its study especially interesting. Indeed, differently from the
aforementioned homogeneous sub-Laplacians, the operator £ has discrete spectrum,
and moreover it is not group-invariant, in the sense that there is no transitive group
action on S preserving £. Sharp multiplier theorems have already been obtained
for sub-elliptic operators with discrete spectrum [CoSil [CoKSil, [CCMS|, [ACMM],
but the known results always involve group-invariant operators. Conversely, [MSil,
MMiil] give a sharp multiplier theorem for the 2-step Grushin operator G; and its
higher-dimensional versions, which are not group-invariant, but have continuous
spectrum. The combination of discrete spectrum and lack of group-invariance is
therefore a novel feature of the result discussed here, which is reflected in the
technical challenges of its proof.

More precisely, the proof of Theorem follows the general pattern used in
previous works [Hell MuS| [CoSi, [MSi|, which essentially reduces the sharp multi-
plier theorem to a so-called “weighted Plancherel-type estimate”. In the case of the
spherical Grushin operator £, the proof of the weighted Plancherel-type estimate
requires very precise pointwise bounds for the spherical harmonics Y7 ,,, which must
be uniform with respect to the parameters ¢ and m. From this point of view, our
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proof has some similarities with that of [MSi|] for the plane Grushin operator, where
instead precise bounds for Hermite functions are exploited.

However, in the case of [MSi|, the required bounds for Hermite functions were
available in the literature and could be immediately used. Instead, perhaps sur-
prisingly, despite the fact that spherical harmonics have ubiquitous applications in
mathematics and in physics, and a wealth of estimates for them have been obtained,
also recently [Kr, [RWarl [ BDWZ, [HScl [Hal, [FSab], we could not find in the literature
suitable pointwise bounds for Yy, that could be used “out of the box”.

Hence part of this paper is devoted to the proof of these bounds, which may
be of independent interest. Namely, since the spherical harmonics Yy ,, may be
explicitly written in terms of the associated Legendre functions P}*, we use some
earlier asymptotic approximations for P} [BoyD| [O1] (O3], in combination with
classical estimates for Hermite and Bessel functions [AsWal [MuSp] and more recent
estimates for spherical harmonics [RWarl, BDWZ, [HS¢], to show that the behaviour
of Yy ., follows two different regimes depending on the range where ¢ and m vary;
this corresponds to the well-known fact that both Hermite functions and Bessel
functions can be obtained as suitable limits of Legendre functions [Szl egs. (5.6.3)
and (8.1.1)]. More precisely, if |m| > e(¢ + 1/2) for some € € (0,1) (the “Hermite
regime” ), in the light of some estimates in [O1l [03] we prove that

(L+0)71 4122 - azm|)_1/4 for all z € S,
|2’3|_1/2

Yim(2)| <C
Yem(2) ‘ exp(—clz3) if |z3] > K agm,

where K, ¢, C. are suitable positive constants and the “critical point” ag, is given
by

aom =4/ 1 — b,%m” be.m = |m|/(€+1/2). (1.6)

If instead |m| < e(¢+3) (the “Bessel regime”), from some bounds proved in [BoyD]
we derive that
AtmD™? 12 o )‘1/ !
Yom(o) < ¢, 4 (UHEH +l = ek, ) forallz€s,
by 227m if /T — 22 < by /4.

This dichotomy reflects two different types of eigenfunction concentration occur-
ring on the sphere, which are best exemplified by zonal (m = 0) and highest weight
(m = ¢) spherical harmonics: zonal harmonics present extreme concentration at the
poles, while highest weight harmonics are highly concentrated around the equator
(cf. [So2, [So3]). These two competing concentration phenomena determine the form
of the sharp LP? — L? bounds of the spectral projections of the Laplace-Beltrami
operator A, which were first proved by Sogge [Sol] and in the last thirty years have
been extended and improved in several ways (see [So2l, [Zell, [Ze2] and references
therein). Given the “dual nature” of the spherical Grushin operator £ (elliptic at
the poles and sub-elliptic at the equator), it is natural that the interaction of the
two types of concentration plays a substantial role in its analysis too.

As a matter of fact, the existence of two different regimes, as well as the presence
of two discrete parameters instead of one, makes it more technically demanding, to
deal with spherical harmonics, compared to the case of Hermite functions and the
plane Grushin operator. This is true not only in the derivation of the pointwise
bounds, but also in their application to prove the weighted Plancherel-type esti-
mate: one should compare the proofs of [MSi, Lemma 9 and Proposition 10] with
those of Propositions [£.2] [£:3] and [£.4] below.

The relation between the spherical and plane Grushin operators appears not
only on the eigenfunctions’ side. Indeed, a comparison of and highlights
that the plane Grushin operator G; can be thought of as a “local model” for the
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spherical Grushin operator £ at each point of the equator. This can be made
precise by means of a “contraction” procedure, whereby G; is written as a limit of
rescaled versions of £ through nonisotropic dilations &;(u,v) = (tu,t?v) on R?. A
generalisation of Mitjagin’s transplantation technique [M| Section 5] can then be
applied to show that our Theorem for £ implies the corresponding result for G;
proved in [MSI].

In view of the results on higher dimensional “flat” Grushin spaces R% x R%
[MSi, MMiid], it would be interesting to study spectral multipliers on higher di-
mensional Grushin-type spheres as well (see, e.g., [BFI1]). In particular, a natural
higher-dimensional generalisation of £ would be a spherical Grushin operator with
a one-codimensional equatorial singularity, whose local model is a flat Grushin op-
erator with d;y = 1 < ds. In the flat case, however, the classical approach based on
weighted Plancherel-type estimates appears not to suffice to obtain a sharp mul-
tiplier theorem when d; < do [MSi] and, to overcome this difficulty, a different
approach was developed in [MMiid]. It is likely that similar issues may arise in the
analysis of higher-dimensional spherical Grushin operators and that new techniques
and ideas may be necessary. We hope to extend our methods to cover this different
framework in the near future.

The schema of the paper is as follows. In Section [2] we recall the main facts
about the unit sphere S in R® with the Grushin structure. We also discuss the
metric features of S, providing a precise estimate for the sub-Riemannian distance.
Finally, we discuss the decomposition of L?(S) in terms of spherical harmonics and
introduce the orthogonal polynomials and the special functions that play a role
in our study. In Section [3| we prove pointwise bounds for the spherical harmonics
Y m, uniformly valid with respect to £, m. Section E| is devoted to the proof of the
weighted Plancherel-type estimate. The latter is the gist in the proof of the sharp
multiplier theorem, which is presented in Section [5}

In the following, we use the “variable constant convention”, according to which
positive constants are denoted by symbols such as C or C¢, and these are not
necessarily equal at different occurrences. For any two nonnegative quantities a
and b we write a < b instead of a < Cb and a = b instead of a > Cb; moreover
a ~ b stands for the conjunction of ¢ 2 b and a < b.

2. PRELIMINARIES

2.1. The Grushin sphere. Let the vector fields Z1, Zs, Z3 on the unit sphere S
in R3 be defined as in the introduction, and recall that A = —(Z? + Z2 + Z3) is
the Laplace-Beltrami operator on S. Note that

(21, Z5) = Zs, (22, Z3) = Z1, (23, Z1] = Z3.

So the system of vector fields {Z;, Z5} is 2-step bracket-generating and determines
a sub-Riemannian structure on S (more on sub-Riemannian geometry can be found,
e.g., in [BeRil [CaChl [Mo]). At each point z € S, the horizontal distribution

H.S = span{Zi|., Z>|.}

is given the inner product (-,-), corresponding to the norm

|v], = inf{\/a2 4+ 0% : a,b € R, v=0aZy|, +bZs|.}

for all z € S and v € H,S. Note that the horizontal distribution has not constant
rank and degenerates at the equator E = {z € S : z3 = 0}. If z € E, then
dim H,S =1 and | - |, coincides with (the restriction of) the standard Riemannian
norm. If z € S\ E, then dim H,S = 2 and {Z1],, Z2|,} is an orthonormal basis of
H_.S with respect to the inner product (-,-),.
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We denote by p the corresponding sub-Riemannian distance on S: in other words,
for all z,2" € S, o(z,2') is the infimum of the lengths L(+) of all horizontal curves
~ joining z to z’. Here a horizontal curve is an absolutely continuous curve 7 :
la,b] — S whose derivative 7/(t) € Hy S for almost all ¢ € [a, b]; the length of such
a curve is defined by L(y) = fab 1V ()| dt.

The sphere S, with the above sub-Riemannian structure and the standard Rie-
mannian measure o, will be referred to as the Grushin sphere. Note that our choice
of the measure on S differs from that of [BoPSe]. In particular, with our choice of
o, the vector fields Z;, Z5 are (formally) skew-adjoint and the corresponding “sum
of squares” operator £ = —(Z% + Z3), called the Grushin operator, is self-adjoint.
Note that the sub-Riemannian distance p is the “control distance” associated to £
and finite propagation speed holds: for all t € R and f,g € L?(S),

(cos(tVL)f,g) =0 whenever o(supp f,suppg) > |t|

(see [Mel; cf. also [CoM] and [RoSi, Proposition 4.1]).
Observe that
A, Z;]=0 for j =1,2,3.
In particular, if we define
T =1iZ3,
then the operators A, T, L are self-adjoint and commute pairwise, and moreover
L=A-T

This shows that the spectral decomposition of £ can be reduced to the joint spectral
decomposition of A, T.
Similarly as in [BoPSe], if we introduce on S the coordinate system

[0, ¢] := (cosfcos,cosbsinp,sinb),
where 0 € [-7, 7] and ¢ € T := R/27Z, then
do (|8, ¢]) = cosfdbdy

and
. . 0
Z1 =cosp Xo —sinp X7, Zo = sin Xo + cos p X1, Zg:—%,
where X7 and X, are defined by
0 0
X1 == Xo =tanf—. 2.1
1= 55 2 =tanfy (2.1)
In particular
L=20171+ 257 = X{ X1+ X Xo (2.2)

(here X f and Zj+ denote the formal adjoints of X; and Z;), which gives (|1.2]), and

moreover

T= fii.
ot
The expression for the spherical Grushin operator in coordinates highlights
its similarity to the plane Grushin operator G; of . Hence it is not surprising
that, analogously as for the Grushin plane (see, e.g., [RoSi, Proposition 5.1]), a
precise estimate for the distance ¢ can be obtained.

Proposition 2.1. The sub-Riemannian distance o on S satisfies

rY ~ o ! . o n1/2 lo —¢'|
(10,9110 =l = ) min {2, P AL @)
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where | — ¢'| denotes the arclength distance on T between @, ¢’. In particular, if
0 =06 =0, then

o101, 10.¢T) = o — /1'% (2.4)
moreover, for all € > 0, if max{|0|,|0'|} > ¢ then
o(10,¢], W, QOID ~ or(l0, ¢l, |_0/v 90/])7 (2.5)

where gr is the Riemannian distance on the sphere S and the implicit constants
may depend on . Consequently, the o-measure V(|6, ] ,r) of the p-ball centred at
|0, | with radius r > 0 satisfies

V(10,¢],r) ~ min{l,r? max{r, [0]}}. (2.6)

From the above estimates it is clear that p is topologically, but not Lipschitz
equivalent to the Riemannian distance or on the whole S. Indeed, the measure of a
o-ball with centre on the equator E is given by V (|0, ¢],r) ~ 73 for r small, while
the corresponding volume of a Riemannian ball behaves as r2. However, far from
the equator E, p is actually equivalent to gg.

To prove Proposition [2.1] it is convenient first to introduce a couple of lemmas.
The first one reduces global equivalence to local equivalence via compactness.

Lemma 2.2. Let X be a Hausdorff topological space and K C X x X be compact.
Let &,V : K — [0,00) be continuous functions with the following properties:
e cach of ® and VU is point-separating, i.e., for all (z,y) € K, if ®(z,y) =0
or U(z,y) =0 then x = y;
e & and ¥ are locally equivalent, i.e., for all p € X with (p,p) € K there
exist a neighbourhood U of p in X and a positive constant C' such that

CTl0(z,y) < V(z,y) < CP(z,y) (2.7)
for all (z,y) € (UxU)NK.
Then ®,¥ are globally equivalent, i.e., there exist a positive constant C' such that

([2.7) holds for all (z,y) € K.

Proof. Since X is Hausdorff, the diagonal A x of X x X is closed. For all p € X with
(p,p) € K, let U, be an open neighbourhood of p in X such that holds for all
(z,y) € (U, xU,)N K with a positive constant C), instead of C. By compactness of
KNAx, we can find finitely many points p1, ..., px so that Uy, XUy, , ..., Up, xUp,
cover KNAx. Then K’ := K\Uf:1 Uy, xUp, is compact and does not intersect A x,
so @, ¥ are strictly positive on K’ and, by continuity and compactness, there exists
a positive constant C’ such that (C")~! < ®(x,y), ¥(z,y) < C’ for all (z,y) € K.
By taking C' = max{(C")2,Cyp,,...,Cp,}, the conclusion follows. O

The second lemma reduces local equivalence of sub-Riemannian distances to
an infinitesimal condition, i.e., the equivalence of the corresponding norms on the
horizontal distributions.

Lemma 2.3. Let M, N be sub-Riemannian manifolds, with sub-Riemannian dis-
tance functions dyr,dy respectively. Let F': U — V be a diffeomorphism between
open sets U C M and V C N and Cp,Cy be positive constants such that, for all
peU,
dF,(H,M) = Hp,) N (2.8)

and, for allv € HyM,

CuldFy ()] < o] < CaldF(v)]. (2.9)
Then for all points p € U there is a neighbourhood 2 C U of p such that

Crdn(F(z), F(y)) < du(z,y) < Cady(F(z), F(y))-
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for all x,y € Q.

Proof. By (2.8) and ({2.9)), for every horizontal curve v in U, F o+ is a horizontal
curve in V' and their lengths L(vy) and L(F o) are related by

C1L(Fo~) < L(y) <CyL(F o). (2.10)

For all p € M, there is r > 0 such that the sub-Riemannian ball By;(p,r) is
contained in U. Then, for all z,y € By(p,7/2),

dpyr(x,y) = inf{L(7) : v horizontal curve in U joining z to y}, (2.11)

since a curve joining = to y and leaving U must have length at least r. Similarly, if
r’ > 0 is such that By (F(p),r’) C V, then, for all z,y € By (F(p),r'/2),

dn(z,y) = inf{L(v) : v horizontal curve in V joining x to y}.
Take Q = By (p,7/2) N F~Y(Bx(F(p),r’'/2)). Then, for all z,y € Q,
dn(F(x), F(y)) = inf{L(v) : v horizontal curve in V joining F(z) to F(y)}
= inf{L(F o~) : v horizontal curve in U joining x to y},

where we used the fact that F': U — V is a diffeomorphism preserving the hori-
zontal vectors. This, combined with (2.10) and (2.11]), gives the conclusion. O

Proof of Proposition[2.1} Let us first prove the equivalence (2.5). Note that the
sub-Riemannian distance p and the Riemannian distance gpr are locally equivalent
far from the equator E: indeed, since H,M = T,M for all p € S\ E and the
Riemannian and sub-Riemannian inner products on 7), M depend continuously on p,
we can apply Lemma[2:3|with M and N being the Riemannian and sub-Riemannian
S respectively, and F' being the identity map restricted to any open subset U of S
whose closure does not intersect [E. The equivalence then follows from Lemma
applied with

K ={(10,¢],10,¢'1) €S xS : max{|6],|0"]} > e}; (2.12)

indeed the local equivalence condition in Lemma [2:2] need only be tested at those
points p € S such that (p,p) € K, i.e., far from the equator.

We now prove the equivalence . Note that the expression in the right-hand
side of defines a continuous function ® : S x S — [0, 00), which is point-
separating in the sense of Lemma [2.2] Hence, in order to prove the equivalence
, it is enough to show that ® and p are locally equivalent.

We first show that ¢ and ® are locally equivalent at each point of S\ E. For
this it is certainly enough to prove that, for every € > 0, the functions ¢ and ¢ are
globally equivalent on the set K defined in (2.12)). Now, if max{|6], ||} > ¢, then
1/ max{|tan 6|, | tan ’|} ~ min{cosf,cos@'} and |6 — &’| ~ | cos — cos |, so

®(10,0],10,¢' 1) ~|cosf — cos@'| + min{cos @, cos &' }|p — ¢'|
~ |(cos ) e — (cos6') e’
~ or(10,¢1,10,¢)
~o(10,¢1,10,¢");

where the implicit constants may depend on €. In the last two steps we have used
and the equivalence pr (|0, ¢, [0, ¢']) ~ |(cos 0) €'? —(cos 0) ¢’ | between the
Riemannian distance of |6, ¢] and |6, '] on S and the Euclidean distance of their
projections on the equatorial plane, which are both valid when max{|6|, |0'|} > e.

We now prove the local equivalence of o and ® at points of the equator E. Let
G:(—m/2,7/2) x R — S be defined by

G(u,v) = |u,v]
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(by a small abuse of notation, we are not distinguishing v € R from its equivalence
class in T = R/27Z). Then G is a local diffeomorphism, and moreover from (2.1)
it follows that

0

0

Note that the Hormander system of vector fields {8%7 U 8%} induces the sub-
Riemannian structure of the Grushin plane R? (the corresponding sub-Riemannian
distance will be denoted by gg), while the system {X;,X,} induces the sub-
Riemannian structure of the Grushin sphere S away from the poles. Since, for
all € > 0, we have that tanu ~ u if |u| < 7/2—¢, from it follows that Lemma
can be applied with M being the Grushin plane R?, N being the Grushin sphere
S and F being the restriction of G to a sufficiently small open neighbourhood of any
point of (—m/2,7/2) x R, thus obtaining that g, and g o G are locally equivalent
on (—m/2,7/2) x R. In particular, every point of E = G({0} x R) has a sufficiently
small neighbourhood U such that, for all |0, ¢], |0, ¢'] € U,

Q( |_03§0—| s Lala SD/D = Qgr((e’sp)a (9/,4,0/))
~ 10— ¢'| + min 12 lp — ¢l
10— 1-+min{lp — 1
~ o(10,¢], 10", '),

where the estimate for gg, from [RoSi, Proposition 5.1] was used. This shows the

local equivalence of ¢ and ® at each point of E, and concludes the proof of .
The estimate for the volume of balls is easily obtained from the previous

estimates for g, by considering separately the cases |§] < 7/4 and |0| > 7 /4. O

2.2. Spherical harmonics and spectral decompositions. Let

Is={({,m) e NXZ : |m| < {}.
In the following, for all (¢,m) € Is, the symbol Y} ,,, shall denote a classical spherical
harmonic on the sphere S, explicitly given by (cf. [Zw] eq. (6.10.7)])

2041 (6 —m)!
dr ((+m)!

Yo (10, ¢]) = €™ P (sin 0), (2.14)

for 0 € [-%, 5] and ¢ € [0,27]. Here P}" denotes the associated Legendre function
(also known as Ferrers function) of indices £ € N and m € Z, with |m| < ¢, defined

as follows: for all /,m € N with m </,

P (z) = (—1)™(1 — z2)™/? (ddx) Py(z), (2.15)
and ( "
—m m ¢ —m)! m
P, (x) = (-1) mPe (). (2.16)

In (2.15) Py denotes the Legendre polynomial of degree ¢ € N, given by
Py(z) = P (), (2.17)

PE(O’O) being a Jacobi polynomial of degree ¢ and indices both equal to 0. More

generally, by the symbol P,Ea’ﬁ ) we shall denote the Jacobi polynomial of degree
k € N and indices a, 8 > —1, defined by means of Rodrigues’ formula as

(=D*

a,p
PP ) = 5

k
(1—2) 1 +x)" " (;;) (1 —2)*F (1 +2)TF)  (2.18)



10 VALENTINA CASARINO, PAOLO CIATTI, AND ALESSIO MARTINI

for © € (—1,1). Note that, for all £,m € N with m < ¢,
P(2) = (~)" s (= )" PRI @), (2.19)
(cf. [EMOT], §10.10, eq. (46)]). For more details about orthogonal polynomials we
refer the reader to the classical book by Szegd [Sz].
For future convenience, we collect some well-known properties of Yy ,.
Lemma 2.4. The following identities hold.

(i) For all (¢,m),(t',m’) € Is
[ Vi) Vi G do(2) = 8B
s
(i) For all (¢, m) € Is and z € S,

Vi m(2) = (—1)" Vi (3).
(11i) For all{ € N and z € S,

¢
> Yem()P =o(8)7* (26 +1).
m=—¢
Proof. [(i)] We refer to [Zw), eq. (6.10.9)].
(ii)} This follows from (2.16]); see also [Zw], eq. (6.10.8)].
See [SW2, Ch. 4, Corollary 2.9]. O

The spherical harmonics form an orthonormal basis of the Hilbert space of
square-integrable functions L%(S) [SW2, §IV.2], i.e., every such function f can be
expressed as a linear combination of spherical harmonics

f=> ctmYim, (2.20)
(Z,m)elg

where the coefficients ¢y ,, may be computed as

e = (Vi) = [ 1) Vi) do(o) (221)
We recall moreover the classical spectral decompositions
AYp =L+ 1)Yem
and
TYpm = mYym,
for all (¢,m) € Is, whence
EYé,m = /\e,mYl,ma
where
N = L0+ 1) —m?

2.22
={l-m+1/2)(l+m+1/2) —1/4. (2:22)

We also recall that, for all £ € N, the function

20+ 1

Yeo(10,91) = |/ = Pe(sin)
is the zonal spherical harmonic of degree ¢, while
20+1 1
Veell0. 1) = | =5 e 7 Pisin®)
T ' (2.23)
(-1)* [20+1

= S 1 (20)! €% (cos 0)*
! T
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is the highest weight spherical harmonic of degree .
The described spectral decomposition, together with the explicit formulas for £
and T given in Section 2.1} allow us to easily prove the following crucial estimate.

Lemma 2.5. Let f € L*(S) be orthogonal to Yoo for all ¢ € N. Then, for all
ae[0,1],

/S|tan9|2“|f(t9,sﬂ)lzdo(tﬁqﬂ) < NPT fl o). (2.24)

Proof. Note that

LT fllFaey = D Almlml™>*lceml,

(¢,m)els
m#Q0

where the ¢ ,, are given by . Hence the inequality can be interpreted
as a two-weighted bound for the linear operator (cgm)e,m EZ,m Co,mYe,m and,
by the Stein-Weiss theorem on interpolation with change of measure [SWI], it is
enough to prove the inequality when o =0 and a = 1.

On the other hand, if & = 0, then we even have equality in (2.24)).

Suppose instead that « = 1. Note that we can write f = T'g, where

9= qu’lee,m.

(,m)€els
m##0

Hence
I\ f | Fas) = (L9, 9)
= [ X19l22(g) + 1 X29l725) 2 /Sl(tant?)f(tt‘),sﬂ)lz do (19, ¢1),
where we have used the fact that £ = X;" X1 + X7 X and X, = i(tan )T O

3. POINTWISE AND UNIFORM BOUNDS FOR SPHERICAL HARMONICS

We collect in this Section a number of uniform pointwise estimates for the spher-
ical harmonics Y7 ,,, that will be crucial in the remainder of the paper. Since
[Ye (16, ¢])| does not depend on ¢, the required estimates are more conveniently
expressed in terms of the functions Yy, : [—1,1] — R defined by

2041 (£ —m)!

E,m(ﬁ) = e WP?@)- (3.1)

Note that [Yem(10,0])] = [Yem(sin®)| and |[Yemllco = [|Yemmlloo- Moreover, by
Lemma
[Ye,m(2)| = |Yeo,—m ()] (3.2)
We start with a summary of some uniform weighted bounds that are available
in the literature.

Proposition 3.1. There exists a positive constant C' such that:
(i) |Yemlloo < CQA+ Y2 for all (£,m) € Is.

(i5) |Yom(z)] (1 —22)Y/4 < C(1+0)Y* for all (¢,m) € Is and x € [-1,1].
(iii) |Yom(2)||2(1 —22)|Y/6 < O (1 4+ )Y for all (¢, m) € Is and x € [1,1].
Proof. This is an immediate consequence of Lemma
This is derived in [RWarl Proposition 6] from estimates of [Kr] on Jacobi

polynomials, and is independently proved in [HSd].
See [BDWZ, Theorem 1]. O
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In the remainder of this Section we are going to prove some more refined es-
timates. Here and subsequently, as,, and by, will denote the numbers in [0, 1]

defined by (L.6]).

We consider first the range of (¢,m) € Is where |m| > e(£ + 1/2) for some ¢ €
(0,1). In this range, Olver [OT] [O3] obtained a uniform asymptotic approximation
of Legendre functions for large ¢ in terms of Hermite functions.

We recall that, for all v € N, the v-th Hermite function is defined by

hy(z) = (1) (V1 2 /m) /2" /2 <di> e (3.3)

We shall need the following asymptotic properties.
Lemma 3.2. Set N =2v+ 1. Then

|hy (x)] < C(N'3 4 |a> = N[)=V/*  for all x € R,
! = | Cexp(—ca?) for 22 > 2N.

Proof. See [AsWal, Theorem B] or [Th, Lemma 1.5.1]. O

As a consequence of Olver’s approximation, we obtain the following estimates
for spherical harmonics.

Proposition 3.3. There exist constants K € [2,00) and ¢ € (0,1) such that, for
all e € (0,1), there exist C. such that, for all (¢,m) € Is with |m| > e(£+1/2),

(T+0)~t+ 2% - af,m|)_1/4 for all x € [—1,1],

3.4
2| ~1/2 exp(—cla?) for |z = K ag m. o

[Ye,m(z)| < Ce {
Proof. Thanks to the various parity properties of spherical harmonics, it is enough

to prove the above estimate when m > 0, z € [0,1) and Yy, is replaced by Yy, _,.
According to [O3] egs. (3.4)-(3.6)], the following asymptotic approximation holds:

1/4
P, ™(x) =k —Qm(a:)Q ~ O
B s

(3.5)
x [U(=(€ = m +1/2), (o (2) V20 + 1)

+ETM(= (0 —m +1/2), Com(2)V20+ 1) O(£72/3)]
for £ — oo, uniformly in z € [0,1), (¢,m) € Is and m > e(£ + 1/2). Here U is the
parabolic cylinder function (see, e.g., [O1], §5]), E~'M denotes the pointwise ratio

of the auxiliary functions M and E defined in [O1l, §5.8], the numbers kg, and
ou,m are given by

[yt m 12 ; (L4 1)2) VA
Lm — €+1/2 ’ lm — F(“Tmﬁ—%) 5

and (g @ [0,1) — [0,00) is the increasing bijection satisfying s, (aem) = om
and implicitly defined by

Ce,m(x) T t2 _ l12 1/2
/ (% — aim)l/2 dr = / %dt (arm <z <1), (3.6)

1-—1¢2

£,m ae,m
Qp.m ag,m a2 _ t2 1/2

/C ( )(O‘zm B 7_2)1/2 dr = / %dt (0 <z< a&m) (37)
om(T z

(see [O3, egs. (2.7)-(2.10)]; note that in [O3] the symbols ¢, a, a are used in place
of our Cf,ma @p,m, a@m@)-
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By , we can rewrite the approximation (3.5) in terms of 572,7m as follows:
|(Cem (2)y/€+1/2)% — 2(6 —m +1/2)|"/*

(£ —m)!
X [U(=(—=m+1/2),Com(z)V20+ 1)

+ETTM(=(€ —m + 1/2), G (2) V20 + 1) (/)(g—2/3)]7
(3.8)

2% = a4Vt (2) = Fotrm

where, for all £ € N,

by Stirling’s approximation.
We now show that the right-hand side of (3.8)) is uniformly bounded (in absolute
value). Note that from [OI, §5.8] it follows easily that

U <E'M<M
pointwise. Therefore it is enough to show that
| 22 _ N|1/4
I'(N/2+1/2)
is uniformly bounded for z € [0,00) and N € [1,00) (consider the substitutions
N =20—2m+1, z = (o m(x)\/f+1/2). This follows from the estimate for M

given in [0} eq. after (6.12)] and applied with u = v/N and y = z/V/N: indeed
from that estimate we deduce that
|Z2 _ N|1/2M2(—N/2,z\/§) - N1/3|77|1/2 -
T(N/2+1/2) =PI NBpE =0

for some universal constant x and some 1 € R depending on N and z (see [O1], eq.
(5.14)] for the definition of n as a function of y and ).
Since the right-hand side of (3.8]) is uniformly bounded, we deduce that

Ve, —m(@)] < Cel2® — a3 |/ (3.9)

uniformly in z € [0,1), ({,m) € Iy and m > €(£ + 1/2). Note now that ag,, <
1—6.=+v1—¢€%form>e(f+1/2). In particular from (3.9)) it follows that

Ve, —m(@)] < Ce

uniformly in z € [1 —6./2,1), (¢{,m) € Is and m > €(¢ + 1/2). On the other hand,
from Proposition it follows that

Yo, —m(x)] < Ce(1 4 )V

uniformly in = € [0,1—6./2] and (¢, m) € Is. By combining the last two estimates,
we obtain that

M(—N/2,2V/2)

|§~/g,_m(x)\ <Ce(1+ £)1/4
uniformly in 2 € [0,1), ({,m) € Is and m > €(£ + 1/2). This estimate can in turn
be combined with (3.9)) to give the first inequality in (3.4)).
We now turn to the second inequality in (3.4)). For this we need a better control
of the “error term” E~*M in (3.8)). Note that, according to [O1] §5.8], one has

E~'M(—b,w) = V2U (~b,w) (3.10)

for all b € [0,00) and w € [p(b),00), where p : [0,00) — [0,00) is a continuous
function satisfying

p(b) = Vab+O(b~/%)
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for b — oo (please note that p(b) here corresponds to p(—b) in the notation of [O1]).
In particular there exists a constant K € [1,00) such that
p(b) < KV/4b

for all b € [1/2,00) and therefore the identity (3.10) holds for all b € [1/2, 00) and
w € [Kv/4b,00). If we take b = £ —m + 1/2, then we see that v4b = ay /20 + 1;
consequently

1
U=l —m+1/2),m(x)V20+1) = —
V2
whenever (g, (x) > IN(ozg’m, and therefore from (3.8]) we deduce that
~ VI+1/2)? =200 — 1/2)|1/4
122 — a2, |V |Vi_m(z)] < C. |(Ce,m ()€ +1/2) (£ —m+1/2)|
’ (£ —m)! (3.11)
X NU(=( =m+1/2), G () V20 +1)|
uniformly in (¢,m) € Is, m > €({+1/2) and = € [0,1) such that (s, (z) > I?O[e’m.
Note now that, for all v € N and z € R,

U(=(v +1/2),2v2) = (/1) *hy (2)

(compare [T€, eq. (7.22)] and [Thl eq. (1.1.2)] with (3.3) above). Hence (3.11)) can
be rewritten as follows:

(2% = af [V - ()] < Cel(Com () VE+1/2) = (2(€ = m) + 1)/
% |t (Cem(2)V/ €+ 1/2)

uniformly in (¢,m) € Is, m > €({ +1/2) and = € [0,1) such that (g, (z) > f(ozg,m.
Moreover, if Co.m(z) > V2Kaypm, then (Com(2)\/€+1/2)% > 2(2(6 — m) + 1);
hence, by combining (3.12) and Lemma we deduce that there exists a constant
¢ € (0,00) such that
2% = af | Ve ()] < Cel (Com (@) /€ + 1/2)% = (2(£ = m) + 1)/
x exp(—2¢(£ + 1/2)Com (x)?) (3.13)
< C.exp(—cllpm(z)?)
uniformly in (¢,m) € Is, m > e({ +1/2) and = € [0,1) such that (p,,(x) >

\@kaé,m .
Note that

E~'M(—(¢ —m+1/2), Coom(z)V20 + 1)

(3.12)

@p.m < Qym < \/ﬁaf,m'
We now claim that
Com(z) > for all z > ag . (3.14)

Assuming this claim, we see that, if x > 2I~(ag,m, then
Com(z) > 2K agm > V2K m,
and moreover
z? — aim > z?)2.
Hence from we deduce that
|2V, ()] < 2427 = aF [V Ve ()]
< Cexp(—cllpm(z)?)
< C. exp(—cla?)
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uniformly in (¢,m) € Is, m > e(£+1/2) and z € [0,1) such that & > 2Kag,,; this
yields the second inequality in (3.4), with K = 2K.
We are left with the proof of (3.14). Indeed, by (3.6]),
Coym () T (tQ _ CL% )1/2 max{x,qs m }
[ e e = [ s | (=, )2t
Qpm ag,m «

since ag,m > ag,m, and (3.14) follows. O

o,m

In the range |m| < €(¢ 4+ 1/2), the behaviour of spherical harmonics is different
and a uniform asymptotic expression is available [BoyD] in terms of Bessel functions.
Recall that the Bessel function of the first kind J, of order v € (—1, o) is given by

IR T
Tul2) = 7;) m!T(m+v+1)°

From the power series development it is immediate to obtain the following bound.

Lemma 3.4. For allv € [-1/2,00) and z € R,

=2l
1w (2)] <
T(v+1)
As a consequence of Boyd and Dunster’s approximation, we obtain the following
estimates for spherical harmonics.

Proposition 3.5. Let € € (0,1). For all (¢,m) € Is with |m| < e({ +1/2),

m)4/3 —1/4
%) <c. (<1(+1'+))>2— + a2 — azm|> for all x € [-1,1],
, .

o 2omm if VI—22 < by /4.

Proof. Similarly as in the proof of Proposition we restrict to € [0,1) and
m > 0 and prove the inequalities with }a,,m in place of i;f,m-

According to [BoyD| egs. (4.9), (3.6) and eq. below (3.11), applied with n = 0],
the following asymptotic approximation holds:

2 1/4
P, "™ (z) = »m <Ce,m2($) blm)

aé,m -

(3.15)

2

X | T (€4 1/2) Com (@)/2) + B M (€4 1/2) Con(2) %) O(671)]
(3.16)
as ¢ — oo, uniformly in = € [0,1] and (¢,m) € Is with 0 < m < ¢(¢ + 1/2), where
the number sz ., is given by
(€+ 1/2 ) (4+1/2—m)/2
om = 1 o m) T
(see [BoyD], eq. (4.11)]), E;,,1 M,,, is the pointwise ratio of the auxiliary functions M,,

and E,, defined in [BoyD], §3] (see also [O2] §12.1. 3]) and Cp,m : [0,1] = [0, Ce,m (0)]
is the decreasing bijection satisfying C:g m(ag m) = b and implicitly defined by

Cl,nl(z) (g — b2 1/2 ag,m — )1/2
/ S 7 0m) T e / M 22 ds (0<wSag,), (317)
2,
o (- s>1/2 e a% 2
oM 2 dE = A LGa— Qe < <1). 3.18
/C e [Ty (ae, ) (3.18)

Note that in [BoyD]| the symbols (, a, ¢1,1 are used instead of our (g, be.m, 50,m.-
Note also that, according to [BoyD| §3], the approximation (3.16)) holds uniformly
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provided bg,,, and (g, (0) range in compact subsets of [0, 1) and [0, co) respectively;
these conditions are clearly satisfied under the assumption 0 < m < e(¢ + 1/2),
because 0 < by, < e < 1 and moreover, by (3.17),

max{lvgl,m(o)} -1 1/2 Cf.m(o) — b2 1/2
/ udf S/ Mdg
1 2€ b2, 2€
ag,m (a% — 52)1/2 1 E (é‘ _ 1)1/2
— — =M ds< 1—52)"Y2qs = 2:/ = d
/0 - 5 < /0 ( s%) s=m/ : 2 ¢

for some ¢ € (0,00) not depending on ¢,m, so (., (0) € [0,].
By (3.1) we can rewrite (3.16]) in terms of spherical harmonics as follows:

2% = af | Ve (%) = 320, (€ 4 1/2)%Com (@) — m?[M/*
X [T (€ +1/2) Com (2)'?) (3.19)
+ B M (€4 1/2) Com()'72) O(7)]
uniformly in € [0,1] and (¢,m) € Is with 0 < m < e(¢ + 1/2), where

- 1 (04 m)!em (04 1/2 — m)E+1/2-m)/2 X
MYm — —_ ~
€, 2 (L —m)! (04 1/2 + m)(E+1/2+m)/2

uniformly in (¢,m) € Is by Stirling’s approximation.
From [O2] §12.1.3] it is clear that
|| < E;'M, < M,

pointwise for all v € [0,00). Moreover, by Appendix B, Lemma 2], the
quantity

|22 _ V2|1/4MV(Z)
is uniformly bounded for z,v € [0,00). Hence, by taking v = m and z = (£ +
1/2) Co.n(x)'/2, from (3:19) we deduce that the bound

j2? = af [V Ve ()] < Ce (3.20)

holds uniformly in z € [0,1] and (¢,m) € Is with 0 < m < e({ + 1).
In order to complete the proof of the first inequality in (3.15]), it is enough to
show that

|Ye,—m ()] < Ce(1+ )21 +m) /3 (3.21)
for all (¢,m) € Is with 0 < m < e(¢+ 1/2) and = € [0,1]. Note that this estimate
is certainly true for m = 0 by Proposition m hence we may assume m > 0.

Let y = (1 — 2)Y/? and note that (3.20) can be rewritten as
Ve,-m(@)] < Cely? = b7l ~V/*. (3.22)

If y > (1 +¢€)/2, then (3.22) implies that
Ye,—n(2)] < Ce < Ce(1+ 02 (1 +m)~1/3.
Similarly, if y < by, /2, then (3.22) implies that

(+1/2

1/2
) < C(1+0)Y2(1 +m)~ /3,
m

Fimlo)] < C = .
Finally, if b ., /2 < y < (1 + €)/2, then, by Proposition
[Yeom(@)| < Cebpyl* (14 0° = Ce(14+0)!*m™/?
and (3.21]) follows.
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We now turn to the second inequality in (3.15)). For this we need a better control
of the “error term” E,.!M,, in (3.19). According to [BoyD} §3],

E,' My (2) = V2J5(2)
for all z € [0, X,,], where X, is a positive real number defined in [BoyD] eq. (3.4)]
and satisfying X,, > m by Corollary 1 applied with § = 37/4]. Hence
(3-19) yields that
2% = af | Ve - ()]
< Cel(£+1/2)*Coam (@) = m®| V4T (€4 1/2) G (2)/?)] - (3.23)

uniformly for all (¢,m) € Is with 0 < m < ¢({ + 1/2) and x € [0, 1] satisfying
(€4 1/2) Com(z)1/? < m, that is, Com ()2 < bp -

‘We now claim that
Com(@)? < V1 =22 (3.24)

for all © € [agm,1]. Assuming the claim, from (3.23) and Lemma we obtain
that, for any given 0 € (0,1), for all (¢,m) € Is and z € [0, 1] satisfying 0 < m <
€(0+1/2) and V1 — 22 < 6bg
Ve (@)| < Ces byt “m* 2 [ (€4 1/2) Goan (2)/2)]

< Cegby [2m (0 +1/2) G ()2 /2)™ /)

(C+1/2)™(1 — 2?)™/2
2m m)

(dm)™
2m m/!

< Cesby ) *m!/? (3.25)

< Cesby, m'?

where Stirling’s approximation was used in the last step. The second inequality in

(3.15)) follows by choosing § = 1/4.
We are left with the proof of (3.24). Note that the change of variable ¢ = t2

gives

’ d¢ = A —

Co,m () 28 Com (2)1/2 t

while the change of variable s = /1 — 2 gives

C R,V e @, B
[ Gt
1—s Vicaz tV1—t2

ag,m
hence, by (3.18),
be,m b2 —¢2)1/2 bem (B2 — $2)1/2 beom (b2 _ $2)1/2
/ Um)ﬁ_/ Ww)ﬁz/ B =) 7
Com (2)1/2 t JI=ez V112 o=t t
which implies (3.24]). O

By combining Propositions and we obtain in particular the following
estimate.

dt,

Corollary 3.6. For all (¢,m) € Is and xz € [—1,1],

i _ —1/4
Vom(@)] < C((1L+m))(1+ 67>+ |22 — al,.[) "
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4. A WEIGHTED PLANCHEREL-TYPE ESTIMATE

As a consequence of ([2.20)) for any bounded Borel function G : R? — C we have
G = Y COumm) ([, Yem)Yem(2), (4.1)

(f,m)efg

for all f € L%(S) and almost all z € S. The integral kernel Ka(c,ry of the operator
G(L,T) is then given by

ICG’(E,T) (Z,Z/) = Z G()‘Z,mam) Yz,m(Z)Ye,m(Z’),

(£,m)els
and satisfies
~ 2
1Kot (109Dl = Y. 16O m? [Vam(sind)| . (42)
(e,m)€els

We are going to prove a weighted Plancherel-type estimate for £. To this pur-
pose, the following elementary lemma will be of use: it gives a sufficient condition
for a sum to be estimated by a corresponding integral (cf., e.g., [CSi, proof of
Lemma 3.4]).

Lemma 4.1. Let k € [1,00). Let D C R be open and ¢ : D — R be a nonnegative
differentiable function satisfying

¢ ()| < Ko(x)
forallz € D. Let R C R be such that
inf{lz —2/| : z,2’ € R,z #2'} > r?
Then, for all intervals I C D with length |I| > k~1,

S o <C/¢

xeRNI
where the constant C\;, depends only on k and not on I, R, ¢.
Proof. Without loss of generality we may assume that R is finite, contained in [
and nonempty. Let zy be the maximum of R.
The above differential inequality for ¢ implies that
$(a') < e ()

whenever z,2’ € I. For all z € R\ {z0}, the interval [z, z + £~!) is contained in I
(indeed [z, 2+ k1) C [x, 0] C I, since R is k~!-separated and I is an interval) and
moreover the intervals [m x+ r~ 1) with z ranging in R\ {zo} are pairwise disjoint
(again because R is k~!-separated). Hence

Z o(x) < / efle— ‘rlqﬁ ) da’ <en/¢
2€R\{z0} weR\{wo} [z.2+K71)

Similarly, since |I| > k7!, there exists an interval J C I containing zo with length
|J| = k! and therefore

o) < 7] /

J

eflro=l (1) de < efi/qﬁ(:v) dx
I
Hence the conclusion follows with C,, = 2ek. O

Set [¢] = ¢+ 1/2 for all £ € N.
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Proposition 4.2. Let e € (0,1). For alli € N\ {0} and o € [0,1/2),

1 1 12« B _ 2
sup imax{i,|x|} > ALy || 72 Yg,m(x)‘ <Cen.  (43)
we[-1,1] (,m)els

m|Zelf]
>\L'm€[i27(i+1)2]

Proof. Note that, by (3.2, it is enough to prove the above estimate with the sum
restricted to m > 0. Since |m| ~ [¢] and A\g, ~ % in the summation range, we are
reduced to proving the following estimate: for all z € [—1, 1],

" 2 1 2a—1
3 20 ()2 Y@,m(x)‘ <c€,a¢max{_,|x} : (4.4)
(£,m)€els !
] >efe]
Ae,m+1/4€[8%,(i+1)%)

Indeed, A¢m € [i%, (i + 1)%] implies Agm + 1/4 € [i2, (i 4+ 2)?], so ([@.3)) follows by
combining two instances of (4.4)) (corresponding to ¢ and i + 1 respectively).

It is convenient to reindex the sum by setting p = {+m+1/2 and ¢ = {—m+1/2,
SO

4pq

>\é,m + 1/4 = pqg, a?,m = Wy

moreover the range (¢,m) € Ig corresponds to (p,q) € (N + 1/2)2, the condition
m > 0 corresponds to p > ¢, and m > ¢[{] corresponds to €p > ¢, where € =
(1—¢€)/(14+¢€) €(0,1).

Let us first discuss the range |x| < ag,,,,/2. In this range, by Proposition

Yom (2)? < |27 — a§7m|_1/2 < aZ}n ~pli~ilq

~

and moreover |z| S agm ~ q/i, i.e., i 2 q 2 i|z| (since ag, < 1). Hence

~ 2 i
20 [g1—2 2 —2
D LD DD VR
(¢,m)els geN+1/2 pEN+1/2
[m|>elf] iZazilz| peli®/q,(i+1)* /q]
Xe,m+1/4€[i?,(i4+1)?]
lz|<ag,m/2
2 4o
< 2« v s—da 2a
S Y, i
qEN+1/2
q3i|x]
< 272 max{i|x|,1}2*7!

— i max{a], i 71},

where we used the fact the interval [i2/q, (i+1)?/q] has length (2i+1)/q ~i/q > 1.
Let us now consider the range |z| > Kayg,,, where K is the constant given by
Proposition In this range

Yo (@) S l2] " exp(—cplal®) < p/2(plaf?)
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for some ¢ € (0,1), where N is an arbitrarily large exponent (to be fixed later).
Moreover |z| 2 q/i, i.e., ¢ S i|z|, and in particular ¢|z| 2 1. Hence

Z i2a [e]—2oz

(f,m)els
[m|>e[€]
Ae,m+1/4€[i2,(i41)?)

|[z|>Kagm
9a 1/2—2a—N|.|—2N
Sty > p/ Eq

qeN+1/2  peN+1/2
q<ilzl peli®/q,(i+1)%/q]

~ 2
Y&m(x)‘

;2

. 1/2—20—N
5i2a|m|72N Z 4 <Z>

qeN+1/2 7 \4
q<ilz]

g i272a72N|l’|72N( )N+2a71/2

il|

= (ife)!? 7V iz SifeT S dmax{la], iy,

as long as we choose N > 1/2. Again, the fact that the interval [i?/q, (i + 1)?/q]
has length ~i/q 2 1 was used.
We are left with the range as /2 < |z| < Kag,. In this range,

|z| ~ apm ~i/p 2 1/i.

Note that a7,, = ¢(q/p), where ¢(w) = 4w/(1 + w)®. Note moreover that ¢ :
[0,1] — [0,1] is an increasing bijection, satisfying w < ¢(w) < 4w; its derivative
is given by ¢'(w) = 4(11_;7;")3 and vanishes only at w = 1. Hence, if we set £ =

Vo~ 1(x?), then

12

z~z|  and  |2* —af,,| ~ |2 —q/p|

uniformly for z € [0,1] and p,q € N+ 1/2 with ¢ < ép. Thus, by Proposition

Ve (@) S (07" +12° — a/p)"V/? = @(2,p,9).

The above considerations give that

> e e Y Y e@a)

(¢,m)€els geEN+1/2 pEN+1/2
| >e[f] a~ilz| peli®/q,(i4+1)/q)
Ae,m+1/4€[i?,(i+1)?]
ae,m/2<|z|<Kae,m

We now split the sum in ¢ into three parts. Let us consider first the part where
q < iT. Note that

0P _ 1 p 2+ qp?sgn(q/p — 72)
r,p,q :7¢) xr,p,q _ )
ap( )= 5% ) p~l 4|22 — q/pl
SO
S @0 £ 20 (4.5

whenever p,q > 1/2 and ¢ < p. Note moreover that the interval [i%/q, (i + 1)2/q]
has length (2i +1)/q 2 1 whenever ¢ < i. By Lemma we can then estimate



A SHARP MULTIPLIER THEOREM ON THE GRUSHIN SPHERE 21

the sum in p by the corresponding integral:

> >, a(@p0)

qeN+1/2  peN+1/2

a~ilz|  peli®/q,(i+1)?/q]
q<iT

N / o(z,p,q) dp

gEN+1/2 p€[i?/q,(i+1)%/q]
q=i|z|
q<iT

Y / |72 — q/p| " dp
gEN+1/2 peli?/q,(i+1)%/q]

q~i|z|
q<iZT

<ilz?e? g / lv — 1|72 dv,
geN+1/2 velz?i? /q?,2%(i+1)2 /q?]
q~ilz|
q<iT

where the change of variable v = Z%p/q was made in the last step, and the fact that
v~ 7%i? /¢> ~ 1 was used. Thanks to the condition ¢ < iZ, we have v > 1 in the
domain of integration, so

0= 172 d = 2@+ 12/q — )V — (@2 /q ~ 1)V?)
<1 ),

where the fact that ¢ ~ iZ was used. Hence

RS >, a(@p0)

qeEN+1/2 pEN+1/2
a~ilz] peli®/q,(i+1)?/q]
q<iT

Sl Y (- )

Le[mziz/q2,ﬂc2(i+l)2/f12]

qEN+1/2
q=i|z|
q<iT
< i‘m|2a71 (1 . 2/(5522‘2))71/2@
~ gilz) 1 iT
q<iT

Szt Simax{i ! |2}

since |z| 2 1/i in this range.

Similarly one can control the part of the sum where ¢ > (i + 1)Z. Finally, the
part of the sum where iZ < ¢ < (i + 1)Z contains at most two summands and
®(z,p,q) < p'/?, s0

. aN 1/2
Y > e@naske Y (D)

gEN+1/2 pEN+1/2 qeEN+1/2 q
iz<q<(i+1)Z pe[i®/q,(i+1)*/q] iz<q<(i+1)z
Z'|:L.|2a71

S dmax{i ™ 2]},

Vilal

since |z| 2 1/i in this range. O
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Proposition 4.3. Let e € (0,1). For all i € N\ {0},
1 -

S

eel-11 e
m|<elt]
Ao, m€li%,(i41)7]

2
’ <cC. (4.6)

Proof. Similarly as in the proof of Proposition 4.2] it is immediately seen that it
suffices to prove the following estimate: for all « € [—1,1],

~ 2
> )| <ci (4.7)

(£,m)€ls

0<m<e[(]

Ae,mA1/4€[i?,(i+1)?]
Note that
Nem +1/4 = [0 —m?.

Let us consider first the part of the sum where m = 0. Here the condition
Aeo+1/4 € [i2, (i+1)?] uniquely determines the value of £ and moreover Y o(x)[? <

[¢] ~ i by Proposition [3.1{i)| so
> Fem@

(£,m)€els

2
‘ <i
m=0
Ar,m+1/4€li%,(i+1)?]

Hence in the rest of the proof we may assume m > 0.

Let us introduce the notation y = v/1 — 22. Recall also the definition of b, ,, in
(1.6) and observe that the condition m < €[f] corresponds to by, < €.

In the part of the sum where y > 6_1/2bg,m, we have |Yy,(z)]? < y=' by
Proposition and moreover y > m/[¢] ~ m/i. Hence

Y w2 2 3 1<,

£,meN meNfl LeN
0<m<e[(] mZiy [felvmZti,y/m2+(i+1)2]

(02 —m2e[i2,(i+1)?]
Vi—z2>e 2y,
where we used the fact that the length of the interval [v/m?2 + 42, \/m2 + (i + 1)2]
is controlled by i/v'm? 4 %2 ~ 1.
In the part of the sum where y < by ,,, /4, by Propositionwe have Yy, ()] <
by 272%™ < 027%™, and therefore

> ‘E,m(a:)r <> > j27m < g

£,meN meN+1 2N
T=27<by /4

where again we used the fact that the length of [v/m? +i2, \/m?2 + (i + 1)?] is con-
trolled by 1.

Finally we consider the part where b;,,/4 < y < e’l/zbam. In this range,
y ~m/[f] ~m/i, and actually it must be

y < e V2 =¢l/2 < 1;
so, if we set § = y(1 — y?)~ /2, then
y=y
uniformly. Moreover, by Corollary
Ve (2)]* S Wy, [€],m),
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where
m m2 [\ "1/
‘I'(y,l,m)—(lg+ yZZg) :
Hence
- 2
3 Vem@| s > > Uy, 1, m)
£,meN meN+1 lEN+1/2
0<m=e[(] MEY e [VmP i, /m2 1 (i+1)2)]

[0 —m?e[i®,(i+1)%]
be.m [ASVTI=22<e ™ 2by 4

‘We now split the sum in m into three parts. Consider first the part where m < ig.
Note that

ov 4 T sgn(Gr — y°)
f(y,l,m):\ll(y,l,m)l ml m )
ol #+ [y - |
SO
v
)| £ 9t (45)

whenever 1 < m < [. Moreover the length of [v/m?2 + 142, /m2+ (i +1)?] is
bounded above and below uniformly by constants, since m < i. By Lemma |4.1] we
can then estimate the sum in [ by the corresponding integral:

Z Z U(y,l,m)

meN+1 lEN+1/2
mety LEVMFZ,\/m?+(i+1)?]

<3 Wy, m) di
meN YIE[Vm2+i2,4/m24(i4+1)2]

mo~iy
m<iy
Note further that
2 —1/2
m
\Il(yvl,m) S y2 - lT
—1/2 . —1/2
—(1- 2)—1/2i —252_7”2_1 AL —2l2_m2_1
N Y m|Y Tm ~ i m?2 m2

because m ~ iyj. The change of variables u = 7?(I> — m?)/m? then gives

Z Z U(y,l,m)

meN+1 IEN+1/2
ﬁz% le[Vm2+iZ,y/m2+(i+1)2]

<2

)

—1/2
/ lu — 1] /% qu.
meNt1 Y uelg®i®/m?,g° (i+1)% /m?)
mo~~iy
m<iy

The condition m < iy implies that v > 1 in the domain of integration, hence
/ |u — 1|71/2 du
u€(yi®/m? g% (i+1)* /m?]
= 2[5 (i + 1)?/m? = )2 — (%% /m* — 1)1/?]
STt 1= m?/(yPR)
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where the fact that m ~ ¢y was used. Therefore

Z Z U(y,l,m)

meN+1 leN+1/2
ety IENVMTH2,\/m?+(i+1)?]

Syt Y -mP/@te)

meN+1
ma~iy
m<iy
d
Si| o (-mPR) PR <
=ty 1y
m<iy

A similar estimate can be obtained in the part of the sum where m > (i + 1)g.
Finally, in the part where ig < m < (i + 1)y, the number of summands in m is
bounded by a constant, hence we obtain the bound

Z Z U(y,l,m)

 meN+1 1EN+1/2
WSO e[ /mZ 122, /m? + (i+1)2]

S >y

 meN+1 IEN+1/2
WEMS DT e[ /m? 532, /m2 (4 1))

< St

s.‘ .
<

where we used the fact that iy ~m > 1. O

4

The previous estimates allow us to prove a “weighted Plancherel-type estimate”
for the Grushin operator £. For all r € (0, 00), define the weight w, : SxS — [0, c0)
by
10,6110, 0T = —

T max{r, |6'[}

Similarly as in [CoSi, [DOSI], for all N € N\ {0} and F : R — C supported in
[0,1], let the norm ||F||n,2 be defined by

| X 1/2
IIFIIN,2—<NZ sup IF(/\)I2> :

3 Ae€l(i—1)/N,i/N]

(4.9)

Moreover, similarly as in [M], for all » € (0,00), «,8 € [0,00), p € [1,00] and
K :S xS —C, let the norm || K||p,8,a,r be defined by

K]

Py = 83 SUD VE )Y o 2) /)P (4w, 2) K (2| o),
z'e

where p’ = p/(p — 1) is the conjugate exponent to p.

Proposition 4.4. Let a € [0,1/2) and N € N\ {0}. For all Borel functions
F : R — C supported in [0, N],

IK 7z ll2,0,0,8-1 < Call F(N-)[| .2

Proof. Note that it is enough to prove that
-1 2)* Ky (2D le2@) < CaV (2, NTH TV F(N) vz (4.10)

for all 2’ € S. Indeed Proposition follows by combining the estimate (4.10) with
the analogous one where oo = 0.
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‘We now decompose

]CF(\/Z) (Z, Z/) = Z F( \Y )\Z,m) n,m(z)n,m (zl)

(f m)Els

= Y+ Y =K K=,

(¢,m)els (¢,m)els
Im[<[€]/2  |m[>[f]/2

and observe that
Ko(-,2') = L72| T Ky o (-, 2'),

where
Koo(z2)= > M2 mI™ F(VAem) Yo (2)Yem (2).
(¢,m)els
|m|>[€]/2
Hence

lon—1( 10", 9" 1) Kpvz) (10 @
< Nlwn— (10,9 D KL L 9 Dllezs) + lon— (5 L0, @) Ko (- 10, @ Dl 2
< min{N, 0|73 [I1K1( 10, ¢ Dllzzgs) + 89 Ka(, 10,9 D r2 )]
< min{ N, |07 [[K1 (L 19, 9 Dllzaes) + 1Kol 1092

where t(|0,]) = |tan 6| and in the last step Lemma [2.5 was used. By (2.6]), the
desired estimate (4.10]) is then reduced to proving that

DLz

IK1(, [0, @ DZ2e) < CaN?min{ N, [0/ 7172 F(N) |32, (4.11)
K0 [0, D72 < CaN?min{N, [0'| 1} 72 F(N-)[[% 2, (4.12)

and actually, instead of (4.11]), we shall prove the stronger estimate
KL G, 10, @ DZ2s) < CN?F(N)|R - (4.13)

By the orthonormality of the spherical harmonics Yy ,,,, the estimates (4.12)) and
(4.13) can be rewritten as

Y Alnlm T E( A PlYem (16, )

(f,m)GIS
Im[>[€]/2
N
< CoNmin{N, [0/| '} 2" sup  [F(V)[
3 Aeli-1,]
and
N
> PG em)PYem(10, @D <CONY - sup [FOV)*.
(6,m)els i—=1 \E€li—1,9]
[m|<[€]/2

So we are reduced to proving that

Yo MmN Vom0, @D < CoNmin{N, |07} 2

(£,m)els
Im|>[]/2
Ae,m€[(i-1)2,4%]
and
Y. (18 ¢ <ON
(,m)€els
Im|<[€]/2
Aé,me[(i71)27i2]
for i = 1,...,N. For i = 1, the above estimates are immediately verified (the

sums have at most one summand corresponding to (¢, m) = (0,0) or (¢/,m) = (1,1)
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and the spherical harmonics Yy ,,, are bounded functions). For ¢ = 2,..., N, these
estimates follow from Propositions [£.2] and [£-3] O

As an immediate consequence of the weighted Plancherel-type estimate, we ob-
tain the following on-diagonal bound for the heat propagator associated to L.

Corollary 4.5. For all r € (0,00),

|HIchp(—r2,C)| 2,0,0,r < C.

Proof. Let kg = min{k € N : r > 27%}. Let Fy(\) = exp(—12A?)X[9,2k0)(A) and
Fr(X) = exp(—12X2) X(gro+s-1 gho+iy(A) for k > 0. Note that supp Fj, C [0, 2~ ],
Hence, by Proposition for all £ > 0,

2,0,0,2— (ko +k) < Cl|Fylloo = CeXP(—QQ(k°+k_1)T2)~

K e, vz
So, by the doubling condition,

IKexp—2) 12,000 <D MK, vz ll2.0,0.+

keN
< HVCFO(\/Z) | |27070,T +C Z(T2ko+k)Q/2‘|‘KFk(\/Z) | |2,0,0,2*<k0+k>
k>0
< ‘HICFO(\/Z) H|2,0,0,r +C Z(T2k0+k)@/2 eXp(_22(%04—1@—1)7.2)7

k>0

where @@ = 3 is the homogeneous dimension of S with the given sub-Riemannian

structure. Since r2*0 > 1, it is easily seen that the last sum in k is bounded

uniformly in r, so it remains to control the term [|[Kp /7l
If kg > 0, then similarly as before it is seen that

K 5, vz ll2,0,0r < C(TQkO)Q/ZHVCFO(ﬁ)H 2,00.2-k0 < C(r2k0)?/2 < 02972,

since 72F0—1 < 1. If ko = 0, then the only eigenvalue of v/£ in [0,2%0) is 0, hence

Ky vz (2:2') = Yo,0(2)Y0,0(2') = 1

12,0,0,r-

and trivially HVCF()(\/Z)‘”Q’OaOvr § 0(8)1/2 supz,eg ||ICF0(\/Z)(.’ Z/)||L2(S) S O D

5. THE MULTIPLIER THEOREM

We shall need some properties of the weight w, defined in (4.9). We refer to
IMSil Lemma 12] and [M) Lemma 4.1] for similar results.

Lemma 5.1. For all r > 0 and o, > 0 such that a« + f > 3 and o < 1, and for
all 2/ €8,

/S(l +0(2,2") /) P(1 4+ w,(2,2) ¥ do(2) < CopgV(2,r). (5.1)
Moreover
1+ w@.(2,2") <COA + o(z,2")/7) (5.2)

forallr >0 and z,2" €8S.
Proof. Due to the compactness of S, both (5.1)) and (5.2) are trivial for » > 1. Thus

we assume from now on that r < 1.
First, we observe that, as a consequence of ([2.3)),

o, 16—
max{r, |0/|} ~ max{r, 6|}
proving ([5.2)).

<1418, 1,10, ¢'1)/r,
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In order to prove (5.1)), we fix 2z’ = [¢',¢'] € S and split the integral in the
left-hand side of (|5.1)) into the sum 2?21 T;, where

Zi= [ (ol )0 P (2 2) " do)

and

/
S1 = {LQ,QO] €S :lp- (p’|1/2 = max{|t|:n_0|ta| |tan9’|}}’
Sy ={[0,0] €S\ S : |0'] <10]/2},
Ss={l0,p] €S\S1 :10]/2<|0']}.
In order to estimate Z;, we decompose 8 = By + 2, with #1 > 1 —«a and By > 2.

Then, by (2.3),

hs /s (1+o(z,2)/r) "2 (1 + wp(2,2) 7P do(2)

< | (Q+lp—¢ r_zdcp/ <1+> d6
0 —m/2 max{r, |6/|}

< r? max{r, |0/} =~ V(/, 7).

As for T, we write 8 = 1 + (2, with both f; and j3, larger than 1, so, again by

23).

o o\ B
ns [ (1P EE)  ws)
Sa

| tan 6|

w/2 0 —B1 por o —B2
5/ <1+|> / <1+|<,0 ('0|> dy cos0do
/2 T 0 | tan 6|
/2 |9| B
r/ <1+> | sin @] dO
—7/2 r

/2 -
gr/ <1+W|> 10]do <3 S V(7).
r

—m/2
where we used the fact that |tan 8| > |tané’| and |0 — 0’| ~ |0, since |0'| < |0]/2.
To estimate Z3, in the case |#'| < w/4 we decompose 3 as above and get

‘9_9/| b1 ‘<P_<P/| —B2
T3 < 1+——- 1+ ——
3~ /53 ( + r + 7| tan 6’| do(19, 1)

/2 o —p1
< rltand’| <1+|09|) do
—7/2 r

~ 2|0 S V()

where we used the fact that |tan 0| < [tan§’| ~ |#'|, since |0]/2 < |0'] < 7 /4.
Finally, we are left with the estimate of Z3 in the case |6’| > 7/4. Here we can
use (2.5)) to conclude that

I3 < / (1+ or(2,2)/r)Pdo(z) Sr2 = V(Z,r),
S3

since r < 1 and 8 > 2 (cf. [DOSi, Lemma 4.4]). O

N

We now have all the ingredients to prove our main result, Theorem[I.1} Actually,
given the above estimates, the proof reduces to standard arguments, that can be
found in several places in the literature (see, in particular, [He2l [CoSil [DOSIl, IMSi]).
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On the other hand, due to the particular combination of features of the manifold
and operator under consideration (e.g., £ has a discrete spectrum, it is not group-
invariant and the associated topological and homogeneous dimensions differ), there
seems to be no existing result that can be immediately applied to £. Therefore, for
the reader’s convenience, we give a sketch of the proof, mainly following the scheme
described in [M], Sections 3 and 4], to which we refer for additional details.

Note that the LP-boundedness in Theorem is clearly a consequence of the
weak type (1,1) bound by Marcinkiewicz interpolation and taking adjoints (indeed
the right-hand side of is invariant under conjugation of F' and majorizes
supyso |F(A)| by Sobolev’s embedding). The change of variables A + v/A on the
spectral side then shows that Theorem [[-3] reduces to the following statement.

Theorem 5.2. Let d =2 be the topological dimension of S. Let s > d/2.
(i) For all continuous functions F : R — C supported in [1/2,1],

sup | F(tVL) 151 < Cs || 2.
>0
(ii) For all bounded Borel functions F : R — C such that F'|(o ) is continuous,

IF(VL)| 11 < Cs sup [|F(t:) ml 2. (5:3)
t=>
(i1i) Let p € [1,00]. If § > (d —1)|1/2 — 1/p|, then the Bochner—Riesz means
(1 —tL)5 of order § are bounded on LP(S) uniformly in t € (0,00).

Proof. By Corollary and [Si, Theorems 1 and 4], the heat kernel Kexp(—sz) has
Gaussian-type heat kernel bounds: there exists b € (0, 00) such that

|Kexp(—t£) (Za Z/)| < CV(Z/7 tl/Z)il eXp(—bQ(Z, Z/)Q/t)

for all t € (0,00) and z,2" € S.
Hence we can apply [M) Theorem 6.1] to obtain that, for all e > 0, all § > 0, all
R € (0,00) and all F: R — C supported in [~ R2, R?],

IKr)ll2,80,8-1 < Cp.el|F(R*)||1.
IF(L) 21 s)—r1(s) < Cel|[F(R*)|L

Set A; = exp(—t2L) if t € [0,00) and A; = 0 if t = co. From (5.4) we deduce
that, for all t € [0,00], all e > 0, all 8 > 0, all R € (0,00) and all FF: R — C
supported in [R/16, R],

Iz ny oot < Co | F(R) oz, min1, ()%},

Hence, if ¢ € C.((—1/16,1/16)) is the mollifier defined as in [M, eq. (18)], by
Young’s inequality we obtain that, for all ¢ € [0,00], all ¢ > 0, all g > 0, all
R € (0,00) and all F : R — C supported in [R/8,7R/8],

[F(R) | o, min1, (RE)2}.

(5.4)
(5.5)

oo
B+e’

oo
Q/2+e’

HVC(g*F)(\/Z)(l—At) H|2,ﬂ,0,Rf1 < Cpie

In particular, by (5.2) and Sobolev’s embedding, for all ¢ € [0,00], all € > 0, all
a,$>0,all N e N\ {0} and all F': R — C supported in [N/8,7N/8],

2.8.a.N-1 < Ca g el F(N)| L2 min{1, (Nt)*}.  (5.6)

B+a+1/24e

‘H’C(f*F)(\/Z)(l—At) I

On the other hand, by Proposition for all t € [0,00], all @ € [0,1/2), all
N € N\ {0} and all F': R — C supported in [N/16, N],

[2,0,0,8-1 < Cal F(N-)|| 2 min{1, (Nt)*}.

ez 1-a0)]
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Hence, by [DOSI| eq. (4.9)], for all ¢ € [0,00], all @ € [0,1/2), all N € N\ {0} and
all F: R — C supported in [N/8,7N/8],

1K om0t < Cal FQV) 2 min{L, (V6)?). (57)

Interpolation of (5.6) and (5.7) gives that, for all t € [0,00], all € > 0, all

a€0,1/2),all 8 >0, all N € N\ {0} and all F': R — C supported in [N/4,3N/4],
|H]C(§*F)(\/Z)(1—At)” 2,8,0,N-1 < Ca,576||F(N~)||L%+€ min{1, (Nt)?}.

By (5.1) and Hoélder’s inequality we then deduce that, for all r € [0,00), all t €
[0,00], all s > d/2, all e € [0,s —d/2), all N € N\ {0} and all F': R — C supported
in [N/4,3N/4],

esssup/ IK .. (2,2 do(2)
2’eS  JS\B(z',r) (E+F)(VL)(1-Ay)

S A+ Nr) K ey vy a—an ll1eon-1 (5.8)
S Cs e+ Nr) K ¢y vy - l12,8,0,8-1
< Cse(1+ Nr) ™| F(N)| 2 min{1, (N#)*},
where o € [0,1/2) and 8 € [0,00) were chosen so that 8 < s and o+ 5 — € > Q/2.
On the other hand, if D is the g-diameter of S, by (5.1), Holder’s inequality,

Proposition and [DOSI, Proposition 4.6], for all s > d/2, all € € [0, min{s —
d/2,1/2}), all N € N\ {0} and all F: R — C supported in [N/4,3N/4],

[(F' =& = F)(\/Z)Hlal = ”VC(F—&*F)(\E)'

< CoellKp_enry (vl
< C,(1+ND)? I p—exryv) |
< Co e NO|[(F = €5 F)(N)||nv2
< LN PN 1z
S Cs e NTYF(N) | 2,

where a € [0,1/2) and § € (d/2,00) were chosen so that € + 8 < min{Q/2, s} and

a+8>Q/2.

Finally, observe that the only eigenvalue of v/£ lying in (—00,1) is 0. Hence, for
all F: R — C supported in (—oo, 1),

1K ez llis1 = CIF(0)]. (5.10)

Combining (5.8)) (applied with ¢ = oo, and € = r = 0) and (5.9) (applied with
e = 0) gives in particular that, for all s > d/2, all N €e N\ {0} and all F: R — C
supported in [N/4,3N/4],
IF(VL)|l1=1 < Cul|[F(NY)|l 2. (5.11)
This estimate, together with (5.10), easily gives part
As for part since the right-hand side of (5.3 is essentially independent of
the cut-off function 7, we may assume that suppn C (1/4,1) and Y, ., n(2%) =1
on (0,00). Then, by the use of the dyadic decomposition F' =", . n(27%:)F and

an application of Theorem 1], from (5.8) and (5.9) we obtain that, for all
F : R — C supported in [1/2, c0),

IF(VE)|propiee < Cs sup |17 F(2%)]|z- (5.12)
S

11,0,0,N-1

|2,8,0,N-1

2,0,a, N—1
(5.9)

Via a partition of unity subordinated to {(1/2,00), (—o0,1)}, we can now combine

(5.12) and (5.10)) and obtain part
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It remains to prove part Define ¢, : R = C by ¢,,(A) = (1= \)¥, and note
that supyc(o,00) [Pw(A)| < 1 whenever w € C, Rw > 0. Hence ¢, (tL) = (1 —tL)Y
is bounded on L?(S) with at most unit norm for all ¢ € (0,00) and w € C, Rw > 0.
Therefore, by complex interpolation [SW2, Theorem V.4.1], it is enough to prove
that ¢, (t£) is bounded on L'(S) uniformly in ¢ € (0,00) whenever w € C and
Rw > (d—1)/2, with a bound that grows at most polynomially in Sw for any fixed
value of Rw.

This is easily obtained by splitting ¢, = ¢, +¢° +¢: through a smooth partition
of unity subordinated to {(—o0, —1/2),(—1,1), (1/2,00)}. Indeed ¢, (tL) = 0, since
L has nonnegative spectrum. Moreover ¢ff € C°(R), with derivatives bounded
polynomially in |wl, so the required bound for ¢9(t£) follows from (5.5)). Finally,
¢ € L2(R) whenever Rw > s —1/2, so the required bound for ¢} (t£) follows from

part O
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