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L SPECTRAL MULTIPLIERS ON THE FREE GROUP N;,

ALESSIO MARTINI AND DETLEF MULLER

ABSTRACT. Let L be a homogeneous sublaplacian on the 6-dimensional
free 2-step nilpotent Lie group N3 2 on 3 generators. We prove a theorem
of Mihlin-H6rmander type for the functional calculus of L, where the
order of differentiability s > 6/2 is required on the multiplier.

1. INTRODUCTION

The free 2-step nilpotent Lie group N3 on 3 generators is the simply
connected, connected nilpotent Lie group defined by the relations

[XlaXQ] =3, [X2aX3] =Y, [X?nXl] =Y,

where X1, Xo, X3,Y7,Y5,Y3 is a basis of its Lie algebra (that is, the Lie al-
gebra of the left-invariant vector fields on N3 5). In exponential coordinates,
N34 can be identified with R3 x Rg, where the group law is given by

(r,y) - (2", ¢) = (x + 2",y + o +a AN2'/2)

and x Az’ denotes the usual vector product of z, 2’ € R3. The family (&;)s>0
of automorphic dilations of N34, defined by

(313(5(7, y) - (tl‘7 t2y)7

turns N3 o into a stratified group of homogeneous dimension () = 9.

Let L be a homogeneous sublaplacian on N3 o; without loss of generality,
we may assume that L = —(X? + X3 + X3). L is a self-adjoint operator on
L*(N35), hence a functional calculus for L is defined via spectral integration
and, for all Borel functions F' : R — C, the operator F'(L) is bounded on
L*(N35) whenever the “spectral multiplier” F' is a bounded function. Here
we are interested in giving a sufficient condition for the LP-boundedness
(for p # 2) of the operator F(L), in terms of smoothness properties of the
multiplier F'.

Let W35 (R) denote the L? Sobolev space of (fractional) order s. Then our

main result reads as follows.

2010 Mathematics Subject Classification. Primary 43A22; Secondary 42B15.
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2 A. MARTINI AND D. MULLER
Theorem 1.1. Suppose that a function F: R — C satisfies
sup [[n F (1) ws < oc
>0

for some s > 6/2 and some nonzero n € C°(]0,00[). Then the operator
F(L) is of weak type (1,1) and bounded on LP(N3s) for all p € |1, 00].

Observe that the general multiplier theorem for homogeneous sublapla-
cians on stratified Lie groups by Christ [3] and Mauceri and Meda [16]
requires the stronger regularity condition s > /2 = 9/2. To the best of
our knowledge, in the case of N3 none of the results and techniques known
so far allowed one to go below the condition s > /2. Our result pushes
the regularity assumption down to s > d/2 = 6/2, where d = 6 is the
topological dimension of N3 5. We conjecture that this condition is sharp.

The problem of LP-boundedness for spectral multipliers on nilpotent Lie
groups has a long history, and the theorem by Christ and Mauceri and Meda
is itself an improvement of a series of previous results (see, e.g., [4, 8, 5]).
Nevertheless it is still an open question, whether the homogeneous dimen-
sion in the smoothness condition may always be replaced by the topological
dimension.

It has been known for a long time [10, 17] that such an improvement of
the multiplier theorem holds true in the case of the Heisenberg and related
groups (more precisely, for direct products of Métivier and abelian groups;
see also [11, 14]). This class of groups, however, does not include Nj 5, nor
any free 2-step nilpotent group NV, » on n generators (see [20, §3| for a defi-
nition), except for the smallest one, Na 5, which is the 3-dimensional Heisen-
berg group. The free groups N, s have in a sense the maximal structural
complexity among 2-step groups, since every 2-step nilpotent Lie group is
a quotient of a free one. Our result should then hopefully shed some new
light and contribute to the understanding of the problem for general 2-step
nilpotent Lie groups.

2. STRATEGY OF THE PROOF

The sublaplacian L is a left-invariant operator on N3, hence any op-
erator of the form F(L) is left-invariant too. Let KCp() then denote the
convolution kernel of F/(L). As shown, e.g., in [14, Theorem 4.6], the previ-
ous Theorem 1.1 is a consequence of the following L!-estimate.

Proposition 2.1. For all s > 6/2, for all compact sets K C |0,00], and
for all functions F : R — C such that supp F' C K,

(2.1) I Krwy llh < Cresll F'llwy-
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Let | - |5 be any d;-homogeneous norm on Njo; take, e.g., |(x,y)|s =
|z| + |y|*/2. The crucial estimate in the proof of [16] of the general theorem
for stratified groups, that is,

(2.2) I+ 1-16)* Krw) 2 < Crapll Fllyg

for all @« > 0 and 8 > «, implies (2.1) when s > 9/2, by Hélder’s inequality.
In order to push the condition down to s > 6/2, here we prove an enhanced
version of (2.2), that is,

(2.3) I+ 15) 0" Krwy Ml < Ck sl Fllyg,

for some “extra weight” function w on N3, and suitable constraints on the
exponents «, 5, 7.

A similar approach is adopted in the mentioned works on the Heisenberg
and related groups. However, in [17] the extra weight w is the full weight
1+ |- s, while [10] employs the weight w(z,y) = 1 + |z|. Here instead the
weight w(x,y) = 1 + |y| is used, and (2.3) is proved under the conditions
a>0,0<r<3/2, >a+r (see Proposition 4.6 below).

The proof of (2.3) when o = 0 is based on a careful analysis exploiting
identities for Laguerre polynomials, somehow in the spirit of [4, 17, 19], but
with additional complexity due, inter alia, to the simultanous use of gener-
alized Laguerre polynomials of different types. The estimate for arbitrary
a is then recovered by interpolation with (2.2). An analogous strategy is
followed in [15], where identities for Hermite polynomials are used in order
to prove a sharp spectral multiplier theorem for Grushin operators.

3. A JOINT FUNCTIONAL CALCULUS

It is convenient for us to embed the functional calculus for the sub-
laplacian L in a larger functional calculus for a system of commuting left-
invariant differential operators on Njo. Specifically, the operators

(3.1) L, —iYy, —iYs, —iYs

are essentially self-adjoint and commute strongly, hence they admit a joint
functional calculus (see, e.g., [13]).

If Y denotes the “vector of operators” (—iY;, —iYs, —iY3), then we can
express the convolution kernel K¢ vy of the operator G(L,Y) in terms of
Laguerre functions (cf. [7]). Namely, for all n,k € N, let

ko n
Lglk:)(u) _ u e ( d ) (uk+ne—u)

n! du
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be the n-th Laguerre polynomial of type k, and define
LE(t) = (=1)"e LW (21).
Further, for all n € R3\ {0} and ¢ € R?, define ¢ and &7 by
& =(&n/ll), L =&=¢&n/Inl.
Proposition 3.1. Let G : R* — C be in the Schwartz class, and set

(3:2) m(n, u,n) = G((2n+ 1)l + 12, n),
forallm €N, p € R, n € R withn # 0. Then

Kawy)(z,v)
) LOETP/nl) e e i dn.

R3 JR3

Proof. For all n € R?\ {0}, choose a unit vector E, € n*, and set E, =
(n/Inl) A E,; moreover, for all z € R?, denote by Y, z7, a:ﬁ the components
of x with respect to the positive orthonormal basis E", E", /|| of R?.

For all n € R3\ {0} and all z € R, an irreducible unitary representation
Ty Of N3o on L*(R) is defined by

() b(u) — ) ginltua /20 el o

for all (z,y) € N32, u € R, ¢ € L*(R). Following, e.g., [1, §2], one can see
that these representations are sufficient to write the Plancherel formula for
the group Fourier transform of N3 o, and the corresponding Fourier inversion

formula:
. z,y) = (27)7° r(m, (T, y)m dud
33 S =" [ b)) bl dedy

for all f : N3o — C in the Schwartz class and all (z,y) € Nzo, where

Tou(f fNSQ 2) Tyu(27) d.
le n € R3\ {0} and p € R. The operators (3.1) are represented in 7, ,

as
(3.4) dmy (L) = =02 + |n|*u® + p?, Ay (—iY;) = n;.

If h,, is the n-th Hermite function, that is,

halt) = (—1) (01 27 /)~ /262 (jt)

and iLn,n is defined by

By () = [n]"* R, (1] ),
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then {A,,}nen is a complete orthonormal system for L?(R), made of joint
eigenfunctions of the operators (3.4); in fact,

(3.5) dﬁn,#(L)Bn,n = (Inl(2n+1) + N2)7Zmn=

Ay i (—1Y5) by = 1 ln .

Moreover the corresponding diagonal matrix coefficients ¢, , of m,, are
given by

Son,u,n(ma y) = <7T777M(1', y)ﬁn,na }Nln,n>

= i) gihef || /2 / e o, (1072 (u + 2/2)) B (0] (0 — 7/2)) du
R

The last integral is essentially the Fourier-Wigner transform of the pair
(hn, hy), whose Fourier transform has a particularly simple expression (cf.

9, formula (1.90)]); the parity of the Hermite functions then yields
; " .
— “n,y) ”“3“( / waxy Jiv1e]
Crun(T,y) =€ " e'?"2e
x /e—it@m/lvll”) ha(t + v2/|n]"?) B (t = w2/ [n|*?) di d,
R

that is,

_ 1 €<n,y>€““”7|7/ 1ot 272 £O)([u[2/|n]) dv
m[n| R?

(see [21, Theorem 1.3.4] or [9, Theorem 1.104]).
Note that Kg(y) € S(N32) since G € S(R?*) (see [2, Theorem 5.2] or
[12, §4.2]). Moreover

(3.6) 90n,u,n(xv y) =

T (Kawy))hnn = G(In|(2n + 1) + 12, n)hy

by (3.5) and [18, Proposition 1.1], hence

<7T77,u($’ y)ﬂn,,u(ICG(L,Y))hn,m hn,n> = m(n, u, 1) @n,u,n(xa y)-
Therefore, by (3.3) and (3.6),
Ka,

(2m)” / / m(n, ft,1) O a2, y) 0] dpdn
E3\{0}

/Rs/RsZm”ﬁ& e CLmTD £ OV (€2 4 €2) /|n]) dE dy.

7T

The conclusion follows by a change of variable in the inner integral. U
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4. WEIGHTED ESTIMATES

For convenience, set £¥ =0 for all n < 0. The following identities are

easily obtained from the properties of Laguerre polynomials (see, e.g., [6,
§10.12]).

Lemma 4.1. For all k,n,n' € N and t € R,

(42) %L‘?(lk)(t) = Eglkjll)(t) _ E%k-‘rl)(t)?
o0 (n+k)! . oy
(4.3) / LF) (t) L") () tF dt = s Yn=n,
o ! 0 otherwise.

We introduce some operators on functions f : N x R x R?® — C:

Tf(n,p,m) = f(n+ 1 p,m),
5f(n,ﬂ,77) = f(n—l—lv:uan) —f(”allﬂ?),

0, f (m. 1) = %f(n,/w),
08 f(n, ) = (8%) F(m, ),

for all & € N3. For all multiindices o € N® we denote by |a] its length
aj + as + az. We set moreover (t) = 2[t| + 1 for all t € R.

Note that, for all compactly supported f : N x R x R? — C, 7'f is null
for all sufficiently large | € N; hence the operator 1 4+ 7, when restricted to

the set of compactly supported functions, is invertible, with inverse given

by
A+ =Y (-
leN
and therefore the operator (1 + 7)7 is well-defined for all ¢ € Z.

Proposition 4.2. Let G : R* — C be smooth and compactly supported in
R x (R*\ {0}), and let m(n,u,n) be defined by (3.2). For all a € N?,

(4.4) / 1y Kooy (@) da dy
N3 2

<Ca 22/3/1878%’“ (1 +) Ham(n, )P

2|74 —2|or| -2k, +| B [+1 B
| v*1=2la 1Al (n)' |du dn,

X 12 |
where 1, is a finite set and, for all v € I,

e 1 eN? [ k eN, v <a, mn{l,|a|} < ||+, +k <|af,
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e b, €N, B¢ NS; b, + |5L| =1, + 2k, |7L| +1,+b < |a|

Proof. Proposition 3.1 and integration by parts allow us to write

(4.5) v Kowy)(z,y)

lev| | |
- 22 / / [(am) Yo mn &) LOELP /)| €€ ) dg dn.
R3 JR3

neN

From the definition of §|7|7 and ¢, the following identities are not difficult to

obtain:
O en_eny L 9 ey, — _en 9
877]’ I (51_)]’ ‘> 877j<£J_) 5“ 877 |77’ (gj_)]lmy
(4.6) o
L enen) g — Il
oy Il “W P

The multiindex notation will also be used as follows:

(€17 = (€D EDREDS

for all £,n € R, with n # 0, and all 3 € N3; consequently

€11F = (€1)200 + (1) 20 + (€D 0.

Via these identities, one can prove inductively that, for all o € N3,

4 (4 )Zmnsn ) £ (€1 P/l

neN
=D > 9y aps mn gln) ()" (€D ©.(n) LE(ELP/In)).
t€ly neEN

where I, 7%, l,, k,, b,, B* are as in the statement above, while ©, : R3\ {0} —
R is smooth and homogeneous of degree |v*|—|a|—k,. For the inductive step,
one employs Leibniz’ rule, and when a derivative hits a Laguerre function,
the identity (4.2) together with summation by parts is used.

Note that, for all compactly supported f : N x R x R* — C,

) £EE) =D (1+7) f(n, 1) LIV (@),

by (4.1). Since 1 + 7 is invertible, simple manipulations and iteration yield

the more general identity

D ) £PE) =D 1+ 1) f(n, pm) LE)(1),

neN neN
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for all k, k" € N. This formula allows us to adjust in (4.7) the type of the
Laguerre functions to the exponent of £, and to obtain that

<%>“Zm<n,gg,n> L0/ Il

neN
— Z Z Ogbafjékb(l + 7)1 Fem (n, fﬁ, n)

1€ly neN
x ()" (€D 0un) LV (TP In)),
By plugging this identity into (4.5) and exploiting Plancherel’s formula

for the Fourier transform, the finiteness of I, and the triangular inequality,
we get that

/ v Kawy) (2, )| de dy
N3 2

SRNNR

>0y gt (1 )P m(n, ) L7V (CE 1))
eI, eN

2b,

2

x 2t G g2 2iel2 b g dp

A passage to polar coordinates in the (-integral and a rescaling then give
that

/ y* Key) (z, y)|* de dy
N3 2

e L

LGIa

2
Z ngﬁkék‘(l + T)'ﬁ%l“m(n, ) E,(JBLD(S) sl ds

neN

% MQbL n|2\'yb|—2|a\—2kb+|,3‘|+1 du d777

and the conclusion follows by applying the orthogonality relations (4.3) for
the Laguerre functions to the inner integral. U

Note that 7f(-, u,m), 0 f(-, u, ) depend only on f(-, i, n); in other words,
7 and d can be considered as operators on functions N — C. The next lemma

will be useful in converting finite differences into continuous derivatives.

Lemma 4.3. Let f : N — C have a smooth extension f : [0,00[ — C, and
let k € N. Then
O f(n) = [ fP(n+s)dus)

Ji
for alln € N, where J;, = [0, k] and vy is a Borel probability measure on Jj.
In particular

8 F )P < [ 1FP 0+ )P du(s)

Jk

for alln € N.
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Proof. Tterated application of the fundamental theorem of integral calculus

gives

8 f(n) = [ ]kf(k)(n+31 + -+ s) ds.
0,1

The conclusion follows by taking as v, the push-forward of the uniform
distribution on [0,1]F via the map (s1,...,sz) — s1 + -+ + sp, and by
Holder’s inequality. O

We give now a simplified version of the right-hand side of (4.4), in the
case where we restrict to the functional calculus for the sublaplacian L
alone. In order to avoid divergent series, however, it is convenient at first to
truncate the multiplier along the spectrum of Y.

Lemma 4.4. Let x € C*(R) be supported in [1/2,2], K C ]0,00] be com-
pact and M € |0,00[. If F' : R — C is smooth and supported in K, and
Fuy : R x R® — C is given by

Far(An) = FA) x(|nl/M),

then, for all r € [0, 00|,

AHWKMMWWWWWS%MM“WW@
3,2

Proof. We may restrict to the case r € N, the other cases being recovered a

posteriori by interpolation. Hence we need to prove that

48 [ Key @)l dedy < iy M2 IR,
3,2

for all @ € N3. On the other hand, if

m(n, i,n) = F(Inl{n) + 1) x(In|/M),

then the left-hand side of (4.8) can be majorized by (4.4), and we are reduced
to proving that

@9 3 [ [ 1oy ohst (e ) o, )

neN

77|2WI—QICV\—QICH-IﬁLI-S-l

x ()" dpdn < Cryo M* 2 ED

for all . € 1.
Consider first the case |3*] > k,. A smooth extension m : RxRxR?> — C
of m is defined by

m(t, 1,n) = F(In|(2t + 1) + 1) x(In|/M).
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Then, by Lemma 4.3,

8y a6 (1 + )P *em(n, p,m)

RS
=D < J ) /J 0y O ofm(n + j + s, 1,m) dvi(s),
J=0 ‘

where J, = [0, k,] and v, is a suitable probability measure on J;; consequently
(4.9) will be proved if we show that

(4.10) Z/S/ |8JL833?771(” + s,,u,n)|2,u2b‘ |77|2|w|_2|a|—2kL+|56|+1
R3 JR

neN

x ()" dpdn < Creyo M*HED 0

for all s € [0,|B"]]. On the other hand, it is easily proved inductively that

agtafjaf‘Th(t, 1)

= > D Wewg () (O HF M TEEEE (g () + 1) XD (1] /M)

for all t > 0, where ¥, ,, : R*\ {0} — R is smooth and homogeneous of
degree k, + v+ ¢ — |7'|; hence

L, [7v*]
(4.11) (87 0k ofmt ) < Ca Y Y MPF20-20 ()20 ar=2i
r=[1,/2] v=0

x [ FEFED () + p®) | X (Inl/M),

where Y is the characteristic function of [1/2,2], and we are using the fact
that |n| ~ M in the region where x(|n|/M) # 0. Consequently the left-hand
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side of (4.10) is majorized by

1 [v*]

Cyo Z Z M 2v—2lal+|B"+1 Z<n>lfﬁl<n + 5)

r=[1,/2] v=0 neN

[ IS a5+ )l A1)
R3 JR

L [v*]

Z ZM21)72|0¢|+|5L|+3 Z<n + 5>|5L|+2v

r=[1,/2] v=0 neN

* / / [FEA (pln + s) + p2) |2 72 X (p/M) dp dp
0

L [v*]

o 303 gzl |+3/ / Pl () 4 22
r=[1,/2] v=0
x Pt 2N P )P (o ((n 4 s) M) dpdp,

neN
by passing to polar coordinates and rescaling. The last sum in n is easily
controlled by (p/M)I*1+2¥ hence the left-hand side of (4.10) is majorized
by

I 7]

Chra M3—2lal Z Z/ / Flkotvtr) p+“2)|2u2bﬁ—4r—21b p\,BLH-Qv dudp
r=[1,/2] v=0

‘|

I Iy

< o M52 30 % sup / P40 () 4 ) 2 dp,
0

r=[1, /2] v=0 u€[0,max K|

because 2b, + 4r — 2[, > 0 and |B*| + 2v > 0 if r and v are in the range of
summation, and supp F' C K. Since moreover k,+v+7r < k,+|v'|+1, < |a/,
the last integral is dominated by |[|F H2 o uniformly in r,v,u, and (4.10)
follows.

Consider now the case || < k,. Via the identity

1+7)t=1-7)(1 -7 =—-01—7)"= _5ZTQJ

together with Lemma 4.3, we obtain that

L

(4.12) ) 9ls™ (1 + 7)1 Fem(n, p, m)
= (OIS (R [ oy oot e 25 + o) no)
j=0

where J, = [0, 2k, — |8*|] and v, is a suitable probability measure on .J,. Note

that, because of the assumptions on the supports of F' and y, the sum on j
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in the right-hand side of (4.12) is a finite sum, that is, the j-th summand

is nonzero only if (n + 2j) < 2M ! max K; consequently, by applying the
Cauchy-Schwarz inequality to the sum in j, and by (4.11),

|0 0l6* (1 + 7)1 *em(n, )|
< Cre MIHE -2 Z/ 100" 91 02 (4 2 + 5, 1y )P i (s)

L v

< Ckyor Z ZMlJerJer MIZ/ n+2]_'_82vlu4r 21,

=[1,/2] v=0
x | FCRAB 40 (1l 4+ 25 + 8) + 1) 2(|nl /M) dv,(s).

Remember that |n| ~ M in the region where x(|n|/M) # 0. Hence the
left-hand side of (4.9) is majorized by

I [v*]

Crxa Y Z/ SN 425+ 6> (n IBI/ /M2+2v 2ol +/8"]

r=[1,/2] v=0 V7' neN jeN

ER AP (10| (0 + 25 + s) + 1) > X(|n| /M) dpedn v, (s)

< Crxa Z %/ZZnJrQJﬂLs?”W/ / A2o-2lalH

r=[1,/2] v=0 Y/ neN jeN
2, +4r—21,

X

FERABTE (o0 425 + 8) + p®)|* X(p/M) dp dp dv,(s)

X
L,

Il
< Crra Z S atee 2a|+,6/ / FOR-I o () 4 2)p2

=[1,/2] v=0

b =2, / X(p/({n +2j + s)M))
: (n+ 25 4 s)t=2v=18"l

dv,(s) dpdp,

(n,j)EN2

by passing to polar coordinates and rescaling. The sum in (n, j) is dominated
by (p/M)*+B8H1 uniformly in s € J,, and moreover supp F' C K. Therefore
the left-hand side of (4.9) is majorized by

L 7]

CK,X,CV N3—2lel Z Z sup / ’F(2k,‘—\ﬁ‘\+v+r) (p + u)|2 dp.
r=[1, /2] v=0 u€[0,max K| J0

On the other hand, b, + || = I, + 2k,, hence 2k, — |5*| + v+ r < 2k, —

18] + |v| + 1, = b, + || < |a] if r and v are in the range of summation,

therefore the last integral is dominated by || F ||f/v2‘a| uniformly in r, v, u, and

(4.9) follows. O
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Proposition 4.5. Let F' : R — C be smooth and such that supp F' C K for
some compact set K C |0,00|[. For all r € [0,3/2],

r 2
|1+ 0 Ky ) P dody < Coc, Pl
N3 2

Proof. Take x € C2°(]0, oo[) such that supp x C [1/2,2] and >, ., x(27%¢) =
1 for all ¢ € ]0,00[. Note that, if (A\,n) belongs to the joint spectrum
of LY, then |n| < A. Therefore, if kx € Z is sufficiently large so that
2kx=1 > max K, and if Fy; is defined for all M € ]0, 00[ as in Lemma 4.4,
then
F(L)= Y Fu(LY)
kEZ, k<ks

(with convergence in the strong sense). Hence an estimate for ICp(zy can
be obtained, via Minkowski’s inequality, by summing the corresponding
estimates for ICFQk(L,Y) given by Lemma 4.4. If r < 3/2, then the series
> i<k (2)2/27" converges, thus

, 2
/ " Ky (@) ddy < Cre, ||l
N3 2

The conclusion follows by combining the last inequality with the correspond-
ing one for r = 0. U

Recall that |- |5 denotes a §;-homogeneous norm on N3 5, thus |(x,y)|s ~
|z| + |y|/2. Interpolation then allows us to improve the standard weighted
estimate for a homogeneous sublaplacian on a stratified group.

Proposition 4.6. Let F' : R — C be smooth and such that supp F' C K for
some compact set K C0,00[. For allr €[0,3/2], « >0 and > a+r,
(4.13)

« I8 2
/ |1+ (2, 0)l9)* (L + |y)" Kpy(z,y)|” dody < CraprlFIE, s
N3 2 2

Proof. Note that 1 + |y| < C(1 + |(z,y)]s)*. Hence, in the case a > 0,
B > a4+ 2r, the inequality (4.13) follows by the standard estimate [16,
Lemma 1.2]. On the other hand, if « = 0 and 5 > r, then (4.13) is given by
Proposition 4.5. The full range of o and (3 is then obtained by interpolation
(cf. the proof of [16, Lemma 1.2]). O

We can finally prove the fundamental L!-estimate, and consequently
Theorem 1.1.

Proof of Proposition 2.1. Taker € 19/2 — s,3/2[. Then s —r > 3/2+3—2r,
hence we can find a1 > 3/2 and as > 3 — 2r such that s —r > a3 + as.



14 A. MARTINI AND D. MULLER

Therefore, by Proposition 4.6 and Holder’s inequality,

I Kry 17 < Ck,sllFHiv;/ (1+ [(z,y)ls) 7% (1+ [yl) ™™ da dy.

N3 2
The integral on the right-hand side is finite, because 2aq > 3, an + 2r > 3,

and
(L4 (@, y)ls) 21722 (L4 [y]) ™ < Co1 + |2]) 72 (L4 [y[) >,

and we are done. O
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