CONVOLUTION KERNELS VERSUS SPECTRAL MULTIPLIERS
FOR SUB-LAPLACIANS ON GROUPS OF POLYNOMIAL GROWTH

ALESSIO MARTINI, FULVIO RICCI, AND LEONARDO TOLOMEO

ABSTRACT. Let £ be a sub-Laplacian on a connected Lie group G of polynomial
growth. It is well known that, if FF : R — C is in the Schwartz class S(R), then
the convolution kernel Kp(g) of the operator F'(£) is in the Schwartz class S(G).
Here we prove a sort of converse implication for a class of groups G including all
solvable noncompact groups of polynomial growth. We also discuss the problem
whether integrability of Kp ¢y implies continuity of F.

1. INTRODUCTION

Among the most fundamental and useful properties of the Fourier transformation
F on R™ one can certainly include the invariance of the Schwartz class (a function f
is in the Schwartz class of smooth and rapidly decaying functions on R™ if and only if
its Fourier transform Ff is in the Schwartz class) and the Riemann—Lebesque Lemma
(if f is an integrable function on R™, then Ff is continuous and vanishes at infinity).
It is natural to ask whether these properties hold in more general contexts than R"™,
where an analogue of the Fourier transformation can be defined.

If G is a connected Lie group of polynomial growth, then the Schwartz class on G
can be defined in a natural way. On the other hand, the group Fourier transformation,
based on unitary representation theory, is a much more complicated construct, which
is not immediately amenable to notions of smoothness (the group Fourier transform
of an integrable function on G is an operator-valued function on the “dual object”
G, which in general has no differentiable manifold structure). Studies of the Schwartz
class “on the Fourier transform side” are available in the literature for particular groups
[ 251 26 34], but developing a general theory appears to be a very difficult problem.

The matter simplifies in case one restricts to subclasses of functions on G which are
commutative under convolution, where scalar-valued analogues of the Fourier trans-
form, such as the Gelfand transform, are available. Considerable attention has been
given to the spherical Fourier transform on Gelfand pairs, where the subclass of func-
tions is determined by a compact group of symmetries such that the corresponding
convolution algebra is commutative [3, 4] [7, 17, 18], [T9] 20l 2T]. However the existence
of such a group of symmetries is a fairly strong constraint, considerably reducing the
examples that one can consider. On the other hand, it is possible to state in great
generality and without symmetry constraints (other than translation-invariance) the
problem of the invariance of the Schwartz class in relation to the functional calculus for
a sub-Laplacian (or, more generally, for a subelliptic system of commuting differential
operators [306], B71]).
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Let G be a connected Lie group of polynomial growth with fixed Haar measure p.
Let {X;}; be a system of left-invariant vector fields on G that satisfy Hormander’s
condition. Let £=—>" j ng be the corresponding sub-Laplacian.

The operator £ is essentially self-adjoint and nonnegative on L?(G) and has a
functional calculus defined via the spectral theorem. For all bounded Borel functions
F : Rf — C, where Rf = [0,00), let Kr(s) denote the convolution kernel of the
operator F'(£). In general, Kp(g) is only a distribution on G. However, as soon as I’
is compactly supported, Kp(¢) € L?(G), and there exists a regular Borel measure o¢
on Rar , whose support is the L?-spectrum X¢ of £, such that the “Plancherel identity”

(1.1 [ Ko @P dute) = [ PO dos(y)
G RS

holds (see, e.g., [37, Theorem 3.10]); we call o¢ the Plancherel measure associated with
the sub-Laplacian £. It should be noted that Kp(¢) depends only on the restriction
Fls,, and Kp(gy = 0 if and only if I’ vanishes o¢-almost everywhere. In particular
the map T : F' — Kp(¢y extends to an isometric isomorphism from LQ(R(T, og) to a
closed subspace I'4 of L2(G), and moreover Te maps L'(R{, o¢) into the space Co(G)
of continuous functions on G vanishing at infinity.

The analogies of the “kernel transform” Te with the Fourier transform do not end
here. Let S(R]) denote the space of restrictions to Rd = [0,00) of elements of S(R);
the space S(RJ) has a natural Fréchet structure as a quotient of S(R). Then the
following result holds.

Theorem 1.1 (Hulanicki [30]). Let G be a connected Lie group of polynomial growth
and £ be a sub-Laplacian thereon. If F : RY — C is in the Schwartz class S(RY), then
Kr(ey is in the Schwartz class S(G).

Actually [30] discusses in detail the particular case of homogeneous Lie groups
and homogeneous operators £, but it is possible to adapt the argument to any sub-
Laplacian on a Lie group of polynomial growth (see also [I], [36l Proposition 4.2.1]
and [38, Theorem 6.1(iii)]).

In this paper we discuss the validity of the following statement, which can be thought
of as a converse to Theorem [T}

(A) If F: Ry — Cis continuous and Kp(e) € S(G), then F € S(Ry).

We are able to prove this statement for a certain class of groups of polynomial
growth. Let SE(2) denote the group of Euclidean motions of the plane, that is, the
semidirect product R? x T where the torus T acts on R? by rotations.

Theorem 1.2. Let G be a connected Lie group of polynomial growth and £ be a
sub-Laplacian thereon. Statement holds whenever the group G has a quotient
isomorphic to either R or SE(2).

Corollary 1.3. Let G be a connected Lie group of polynomial growth and £ be a
sub-Laplacian thereon. Statement holds whenever the group G is solvable and
noncompact.

Note that the validity of statement implies, in particular, that the L?-spectrum
of £ is the whole R{ (otherwise one could modify F outside X ¢ so that F is continuous
but not smooth on R{, without changing K F(e))- Under the assumption that ¢ =
Rar , statement (A]) can be equivalently rephrased as follows:

If F: R — C is continuous and Kr(g) € S(G), then F' coincides o ¢-almost
everywhere with an element of S(R7).

(A7)
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Statement itself does not force ¥g to be the whole Rf and indeed may hold on
groups (such as T™) where the spectrum of £ is discrete.

One may wonder whether the a priori continuity assumption on F' in statements
(A)) and is really needed. Strictly speaking, the continuity assumption in
is necessary, since one can modify F' on a og-null set without changing Kp(g). On
the other hand, one can wonder whether this is just an issue of choosing the right
representative of F' modulo og, i.e., whether the following statement holds:

(B)

If F: Rf — Cis a bounded Borel function and Kreey € S(G), then F
coincides og-almost everywhere with an element of S(R7).

This stronger statement would immediately follow from statement and the
following statement, which we can think of as an analogue of the Riemann—Lebesgue
lemma:

©) If F: R{ — C is a bounded Borel function and Kp(g) € L'(G), then then F

coincides og-almost everywhere with an element of Cp(Ry).
Note that the fact that F' vanishes at infinity, i.e.,

(1.2) Rh_Enoc ||F1[R,oo)HLoc(R3',g£) =0,

whenever Kp(g) € L'(G), can be proved in great generality and follows from the
fact that the heat kernel associated to £ is an approximate identity (see, e.g., [37]
Proposition 3.14]); what is difficult to prove is the continuity of F' (or rather, the
existence of a continuous representative modulo og).

The above “Riemann-Lebesgue lemma” for the functional calculus of a sub-
Laplacian can be checked in many particular cases, however we are not aware of
any result of this kind for arbitrary Lie groups G of polynomial growth and sub-
Laplacians £. The techniques developed in this paper allow us to show the validity
of the “Riemann-Lebesgue lemma” (and consequently of the strengthened version of
Theorem [1.2]) in a number of cases.

Theorem 1.4. Let G be a connected Lie group of polynomial growth and £ be a
sub-Laplacian thereon. Statement holds in each of the following cases:

(i) G is a stratified Lie group, and £ is a homogeneous sub-Laplacian;
(ii) G is abelian;
(iii) G is the group SE(2).

Part [(1)| of Theorem actually follows from a stronger result, namely, the adjoint
T of the kernel transform Te maps L'(G) into C(X¢); note that T extends Tg ' :
I‘% — LQ(RSL,UU), since Te is an isometry. However, as we shall see, this stronger
statement may fail for other groups and sub-Laplacians (even on abelian groups),
without preventing from being true.

The proof of Theorem instead, makes fundamental use of detailed knowledge
of the representation theory and the group Plancherel measure for SE(2). While it is
conceivable that other particular examples can be treated with analogous methods
(see, e.g., [I0] for a similar analysis in a different context), it does not seem easy to
extend the method of proof to essentially more general classes of groups. It would seem
natural to find a more “conceptual” approach to the result, however there appear to
be several obstacles; we will discuss some of them in Sections [4] and [5]

The reduction to quotients in the proof of Theorem as well as the subsequent
analysis based on representation theory, exploits the following fundamental result
proved in [35 Proposition 2.1] (see also [40, Proposition 1.1] and [37, Proposition
3.7]), whose validity depends on the amenability of G.
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Proposition 1.5. Let F : Rf — C be continuous and such that Kr(ey € L*(G).
Then, for all unitary representations m of G,

(1.3) T(Kpe)) = F(dn(£)).

Here, for all unitary representations 7 of G and K € L'(G), n(K) denotes the
operator [, K(x)m(z~')dp(x), while dr(£) is the image of £ via the differentiated
representation dr; it is known that dm(£) is essentially self-adjoint on the space of
smooth vectors of the representation (see, e.g., [4I] or [37, §3.1] for details), so a
functional calculus for dm(£) is defined via the spectral theorem, and Proposition
gives a connection between the functional calculus of the sub-Laplacian £ and that of
the corresponding operator dn(£) in any unitary representation .

The continuity assumption on F in Proposition [I.5] in general cannot be removed
and corresponds to the continuity assumption in our Theorem [I.2] In Section [f] below
we shall discuss a weakening of the continuity assumption, yielding a weaker version of
Proposition when G is of type I, by exploiting the Plancherel formula for the group
Fourier transform. Unfortunately this does not seem enough to obtain a Riemann—
Lebesgue lemma in great generality, but will anyway be of use in the proof of Theorem

for the group SE(2).

Structure of the paper. In Section [2| we recall basic definitions and results about
Lie groups of polynomial growth, including the definition of the Schwartz class, and
we show how the proof of statement for a group G reduces to the corresponding
statement for some quotient of G, and how Corollary [I.3]follows from Theorem[I.2] In
Sectionwe complete the proof of Theoremby proving statement for the groups
R and SE(2). In Section we investigate properties of the integral kernel of the kernel
transform Te and prove parts|(i)| and of Theorem In Section [5| we discuss the
relation between the group Plancherel measure and the Plancherel measure associated
with a sub-Laplacian and obtain a version of Proposition [I.5] with weaker assumptions
and conclusion. The proof of Theorem is discussed in Section @ Finally, in
Section [7] we discuss properties of eigenvalues and eigenfunctions of Mathieu operators
that are used throughout the paper in the analysis of sub-Laplacians in irreducible
representations of SE(2).

Notation. We set R = [0,00) and Rt = (0,00). For a locally compact topological
space X, we denote by C(X), C.(X), Cy(X) the spaces of functions on X which are,
respectively, continuous, continuous with compact support, continuous and vanishing
at infinity. Moreover we write 1g for the characteristic function of S.

2. LIE GROUPS OF POLYNOMIAL GROWTH AND THEIR QUOTIENTS

Let G be a locally compact group with left Haar measure u. Recall that G is said to
be of polynomial growth if there exists a compact symmetric neighbourhood U of the
identity of G which generates G' and such that the sequence (p(U™))nen has at most
polynomial growth as n — oco. As it turns out, this growth property does not depend
on the choice of U, and moreover any group of polynomial growth is unimodular and
amenable [27]. The following statement summarises a number of well-known facts (see,
e.g., [15 27, 28, [44]) that will be of use later.

Proposition 2.1. Let G be a connected Lie group of polynomial growth with Haar
measure p. Let H be a closed normal subgroup and G = G/H be the corresponding
quotient.

(1) G is a connected Lie group of polynomial growth.
(ii) H is unimodular, and the action of G on H by conjugation preserves any Haar
measure on H.



SUB-LAPLACIANS ON GROUPS OF POLYNOMIAL GROWTH 5

(iii) For any Haar measure i on é, there exists a Haar measure pg on H such that,
if P: LY(G) — LY(G) is the “averaging operator” satisfying

(2.1) Awwmzlgumwmmzlymwwam

for all f € LY(G) and x € G, then

(2.2) éRWMM@=Lﬂ@W@

for all f € LY(G).

Let G be a connected Lie group of polynomial growth, with Haar measure p. Its
Lie algebra g can be identified with the space of left-invariant vector fields on Gj
correspondingly the (complex) universal enveloping algebra of g can be identified with
the algebra ©(G) of left-invariant differential operators on G.

We now recall the definition of the Schwartz class on G (see also [30) 33, [42] and
[36, §1.2.6]). Let U be a compact symmetric neighbourhood of the identity of G and
define

(2.3) Ty(z) =min{k e N: 2z € U"}

for all x € N. Let p € [1,00]. A function f € C*°(G) belongs to the Schwartz class
S(G) if and only if, for all N € N and all W € ©(G), the quantity

(2.4) Nupw.n (f) = 1+ 70) YW fll o)

is finite. One can show that the definition of the class S(G) is independent of the choice
of the exponent p and the neighbourhood U, as also is the Fréchet structure induced
by the family of seminorms {Ny,wn : N € N, W € D(G)} on S(G). Moreover, in
the definition of the seminorms, the function 7 could be equivalently replaced
by the distance from the identity with respect to any “connected distance” on G in
the sense of [45, §II1.4].

We call sub-Laplacian on G any left-invariant differential operator of the form £ =
-2 X 2, where {X}; is a system of left-invariant vector fields satisfying Hormander’s
condition (i.e., the X; and their iterated Lie brackets span g).

Let G be a quotient of G as in Proposition and let p: G — G be the canonical
projection. Then the differential of p at the identity defines an epimorphism of Lie al-
gebras p’ : g — §, which extends in turn to an algebra epimorphism p’ : ©(G) — @(é)
In particular, if £ = -3, X? is a sub-Laplacian on G, then p/(£) = — > p'(X;)?

a sub-Laplacian on é, which will be called the push-forward of £ on G.

As mentioned in the introduction, any sub-Laplacian is a nonnegative essentially
self-adjoint operator on L2, and the operators in its functional calculus are left-
invariant, i.e., convolution operators. The following result allows us to relate the
calculus of a sub-Laplacian with that of its push-forward on a quotient.

Lemma 2.2. Let G be a connected Lie group of polynomial growth, with Haar measure
. Let G = G/H be a quotient of G, with Haar measure ji, and let P : L' (G) — LY(G)
be the averaging operator as in Proposition . Let £ be a sub-Laplacian on G and Iy
its push-forward on G.
() If f € S(G), then Pf € S(G), and the map P : S(G) — S(G) is continuous.
(i) If F : R — C is continuous and Kp(gy € L'(G), then Kriy = PRp(g)-

Proof. . Let U be a compact symmetric neighbourhood of the identity in G. Then
its image U in G via the canonical projection p : G — G is a compact symmetric
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neighbourhood of the identity in G. If we define 7y : G — R and Ty - G — R{ as in

(2.3), then clearly

T (xH) < ()
for all x € G. Note moreover that, since P can be written as an integral of left
translations as in (2.1), and left-invariant operators commute with left translations, it
is easily seen that, for all f € S(G), Pf is a smooth function on G and
PWf=p(W)Pf
for all f € S(G) and all W € ©(G). In particular, for all h € N,
(L + 7 (@H)Y[p'(W)Pf(zH)| < (1 + 7y («H))NP|W f|(xH)
< P|(1+ 7)Y W f|(«H),

whence

N sy (P) = /G (14 75 (H))N [ (W) Pf (H)| dji(H)

< / (1 + 70 ()N W £ ()] dpa(z) = Norwv (£),
G

where the Schwartz seminorms Ny ;) x @0d Nu,,w,v are defined as in (2.4). Note

moreover that p’ : D(G) — D(G) is surjective. This shows that, if f € S(G), then
Pf e 8(G) and the map P : S(G) — S(G) is continuous.

Since H is a normal subgroup of G, xtH = Hx for all x € G and the left
and right quotients G/H and H\G coincide. In particular there is a natural action
of G on G by right translations, and a corresponding unitary representation m of G
on L2(G). Tt is then easily verified that smooth vectors in the representation 7 are
smooth functions f on é, and

dr(W)f =p'(W)f

for all W € D(G). In particular, if F': Rf — C is continuous and Kre) € LY(G),
then
T(Kr(g)) = F(dn(£)) = F(£)

by Proposition On the other hand, for all f € C.(G) and Hz € G,
w (K pge)) f (Hz) = /G K e () (m(y™ ) ) (F) du(y)
_ /G Koy () f(Hay ™) duy)

= | P(Kp(e)9)(Hy) dit(Hy),

G
where

9(y) = f(Hay™") = f(Hx(Hy)™") =: §(Hy).
Hence P(Kp(g)g) = P(Kp(ge))g, and
(s () = | F(a(y)™) P(Crcey) () di( Ty)
= f* P(Kr(e))(Hz).
This shows that PKp(g) is the convolution kernel of 7(Kp(g)) = F(L). O

Lemma shows that the proof of statement for a certain group G can be
reduced to the proof of the analogous statement for some quotient of G. Hence it is
enough to prove Theorem in the particular cases where G = R or G = SE(2).
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The proof is given in Section [3] below. First, however, we show that Corollary [1.3]is a
particular case of Theorem (cf. also [8, Remark 3.9]).

Proposition 2.3. Assume that G is solvable and noncompact. Then there is a closed
subgroup H of G such that the quotient G/H is isomorphic to either R or SE(2).

Proof. Let N be the nilradical of G. Then N is a closed connected normal subgroup
of G [44, Theorem 3.18.13] and the quotient G/N is abelian, because G is solvable.
Therefore G//N is isomorphic to R¥ x T" for some k,h € N. If k > 0, then there is a
quotient of G that is isomorphic to R.

Suppose instead that k = 0, i.e., G/N is isomorphic to T". Since G is noncompact,
N is noncompact as well. Let {e} = Zy C Z; C ... denote the ascending central series
of N; then the Z; are closed characteristic subgroups of N (hence they are closed
normal subgroups of ) and moreover, since N is nilpotent and nontrivial, there exists
s € N such that Z; # N but Zs41 = N. Note also that N/Z is noncompact; this
is clear when s = 0, since N is noncompact, while if s > 0 then N/Z; is isomorphic
to the quotient N / Z, of the universal covering group of N by the sth element of the
respective ascending central series (indeed N is a quotient of N by a discrete central
subgroup, and this subgroup is contained in Z, when s > 0). Hence, modulo replacing
G with G/Z, we may assume that N is abelian.

In particular, N is isomorphic to T x R", and actually the compact subgroup K
of N corresponding to T™ x {0} is a characteristic topological subgroup of N (it is
the set of the elements of N whose powers do not escape to infinity). Hence K is a
normal compact subgroup of G and, modulo replacing G with G/K, we may assume
that m = 0, i.e., IV is isomorphic to R™. Note that n > 0, since /N is noncompact.

By [29, Chapter III, Theorem 2.3], N is a semidirect factor of G, i.e., G = HN for
some compact subgroup H of G isomorphic to G/N. Correspondingly g decomposes
as (linear) direct sum of the Lie subalgebra b and the ideal n.

The adjoint action of G on g induces an action of H on n. Since H = T" we
can find an inner product on n such that H acts on n by isometries and decompose
n into a direct sum of irreducible H-invariant subspaces of dimension 1 or 2. If all
these H-invariant subspaces are 1-dimensional, then the action of H on n is trivial,
i.e., the action of H on N by conjugation is trivial; in this case, H is a normal compact
subgroup of G and G/H =2 N = R", so G has a quotient isomorphic to R.

Suppose instead that in the decomposition of n into irreducible H-invariant sub-
spaces a 2-dimensional subspace occurs. Let n’ be the sum of all the other irreducible
H-invariant subspaces in the decomposition, and let N’ be the corresponding subgroup
of N. Then N’ is a normal subgroup of G, since its Lie algebra n’ is H-invariant by
construction, and it is N-invariant since N is abelian. Modulo replacing G with G/N’,
we may assume that N is isomorphic to R? and H acts irreducibly on n by isometries.

The kernel L of the action of H on n is a closed subgroup of H, hence it is a compact
subgroup of G. Moreover L is central in G, because each elements of L commutes with
the elements of both H and N. In particular L is a normal closed subgroup of G and,
modulo replacing G with G/L, we may assume that the action of H on n is faithful.
This forces h =1, i.e., G 2 R? x T. O

3. SUB-LAPLACIANS AND SCHWARTZ CLASS ON R AND SE(2)

The validity of statement when G = R is trivial and well known. Indeed any sub-
Laplacian £ on R can be written, up to rescaling, as £ = —92. Then F(72) = ICF(Q) (1)
for all 7 € R, where f denotes the Fourier transform of f : R — C. The result is then
essentially reduced to the fact that the Euclidean Fourier transform preserves the
Schwartz class. Perhaps the only subtlety in the argument is making sure that the
change of variables A\ = 72 preserves the Schwartz class; this is done by means of the
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following classical result, essentially due to Whitney [46], that we record here for future
convenience.

Proposition 3.1. Let K € S(R) be even. Then there exists K € S(R) such that
K(7?) = K(7) for all T € R.

Hence, to complete the proof of Theorem we are left with the case G = SE(2).
Recall that the group SE(2) is the semidirect product R? x T, where T acts on R? by

rotations. Up to identifying R? with C and T with the unit circle in C, we can write
the group law as
(Z7ei0) . (Z/’ew’) _ (Z + 6102/761'(0-«—0’))

for all (z,e'?), (z’,ew/) € C x T. It is immediately verified that the product of the
Lebesgue measure on C and the normalized Haar measure on T is a Haar measure on
SE(2). Moreover, if we write z = = + 4y, the basis X,Y,T of the Lie algebra se(2)
of SE(2) obtained by extending 0,9y, 0y to left-invariant vector fields satisfies the
commutation relations

(3.1) T,X]=Y, T.Y]=-X, [X,Y]=0.
Proposition 3.2. In the above coordinates, the Schwartz class S(SE(2)) on the group

SE(2) coincides as a Fréchet space with the Schwartz class S(C x T) on the abelian
group C x T.

Proof. Let U be the closed unit disc in C. Then V = U x T is a compact neighbourhood
of the identity in SE(2), and
VF = (kU) x T.

Hence, for all (z,e?) € SE(2),

Tv(z,e?) =min{k € N: (z,e") € VF} ~ 1 + |2

In addition, if we write Z = (X —iY)/2 and Z = (X +1iY)/2, then
T = 0y, Z =¢e"9,, Z =e"09;,
where 0, = (0, — i0y)/2 and 0; = (0, + 10,)/2, and consequently
ZPZITT = P~ 99915y

for all p,q,r € N.

By combining this information, it is easily shown that every Schwartz seminorm on
SE(2) is controlled by some Schwartz seminorm on C x T, and vice versa. O

Lemma 3.3. Every automorphism of the Lie algebra se(2) of SE(2) is the differential
of a Lie group automorphism of SE(2).

Proof. The universal covering group of SE(2) is R? x R, with group law

(z,t)- (2, t) = (z + 2 t + 1),
and the kernel of the covering map (z,t) +— (z, e®) is the centre of R? x R, which is a
characteristic subgroup of R? x R. Consequently, every automorphism of the universal

covering group R? xR descends to an automorphism of SE(2), and every automorphism
of the Lie algebra se(2) of SE(2) corresponds to a Lie group automorphism of SE(2). O

The following result shows that sub-Laplacians on SE(2) have a “normal form” (see
[6] for similar results).

Proposition 3.4. Let £ be a sub-Laplacian on SE(2). Then there exists a basis X,Y, T
of the Lie algebra of SE(2) satisfying the commutation relations (3.1) and such that
either

(3.2) —al=T?+Y?+B(X*+Y?)
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for some a >0 and 5 > 0, or
(3.3) —al=T?+X?4Y?
for some a > 0.

Proof. Let X,Y,T be the basis of se(2) extending 9,,0,,0, as above. An arbitrary
sub-Laplacian £ on SE(2) has the form £ = — Y~/ X7, where X; = ;T + U; for some
a; € Rand U; € span{X,Y}. Note that not all a; are zero (otherwise £ would not be
hypoelliptic), so, up to rescaling £, we may also assume that > j a? = 1. Hence

_Szz(ajT+Uj)2:T2+ZUJ2+TU+UT:(T+U)2+ZUJZ—U2
J J -

where U =}, a;U; € span{X,Y}.

Note that >~ U;-U? = (2, a?)(zj U?)— (2, a;jU;)? can be thought of as a qua-
dratic form on the dual of span{X, Y}, which is positive semidefinite by the Cauchy—
Schwarz inequality. Hence, by the spectral theorem, there exists s € R such that, if
X = (coss)X — (sins)Y and Y = (sins)X + (coss)Y, then 3, U? —U? =bX?+cY?
for some b, c € R} with b < c. If we set T =T +U, then

L =T2+bpX%+ Y2

Note that b, ¢ are not both zero (otherwise £ would not be hypoelliptifz). . .

If b = ¢, then we reduce to the case (3.3) by choosing the basis T, VX, \V/bY of
se(2).

If b < ¢, then we can write —£ 2?2 + (¢ —~b)§~/2 + b~()~(2 +Y?2), and we reduce to
the case (3.2)) by choosing the basis T', v¢ — bX,vc — bY of se(2). O

The following result completes the proof of Theorem [1.2
Proposition 3.5. Statement holds for any sub-Laplacian £ on G = SE(2).

Proof. Let a € R*, B € R{ and X,Y,T be the basis of se(2) given by Proposition
corresponding to a given sub-Laplacian £ on SE(2), and define

A=—(T?+X?*+Y?), Lo =—(T* +Y?), Ao =—(X2+Y?).

Note that, to prove statement , by rescaling £ we may assume that o = 1. More-
over, by Lemma up to an automorphism of SE(2) we may assume that X, Y, T is
the “standard basis” extending 0,, 0y, 0p; indeed, note that automorphisms of SE(2)
preserve the Schwartz class S(SE(2)).

It is easily seen that

A=—(0F +0;+9).

In particular, if £ = A, then £ coincides with a translation-invariant Laplacian on the
abelian group C x T, and statement follows by what has already been proved (note
that C x T has a quotient isomorphic to R). So it remains only to consider the case
£= £+ BAy.

Let T be given the normalised Haar measure. A family of irreducible unitary rep-
resentations 7, of SE(2) on L?(T), where r € RT, is given as follows:

(3.4) (2, e“g)f(e“i’) _ ev:rére(zew)f(ei(ew))
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(cf., e.g., [14, eq. (3)]). Correspondingly, for all K € L'(SE(2)) and f € L*(T),
. (K)f(e'?) = K(z,e) m.(—e 2,7 f(e'®) dz db
SE(2)

_ K(Z, ei@) efir%(zei(d’_e)) f(ei(cbfé)) dz db
SE(2)

(3.5) Lo K (2, (@=0)) e=irR(=e") 110 qz dp

= K(z, ei(‘z’_g)) e iR(zre™i?) f(e%)dzdb

= [ Ferte ) ) ao,
where FcK denotes the partial Euclidean Fourier transform of K along C. Moreover
dm,.(X) = ir cos ¢, dr,(Y) = —irsin ¢, dr,(T) = 0.
Note now that £9 and Ay commute; indeed Ay is in the centre of ®(SE(2)) and
dr,. (Do) = 72,
while
dm-(£o) = —8; +r2sin® ¢ = M, =,

where 9, denotes, for all ¢ € R, the Mathieu operator of Section m
Let A? and H? be the minimum eigenvalue and the corresponding normalized eigen-
function of M, (denoted in Section m as )‘((10,0),0 and HEIO’O)’O respectively). Then, for

all continuous functions F : Rf — C with Kp(e) € S(SE(2)), we can write, by (3.5)
and Proposition (1.5}
FN" 4 Br?) = (F(dm () H"  H")
— (mp(Kp(e))H™  H™)
=Gp(r),

where
(3.6) Gr(r) Z//fc/CF(g)(re_w,ei("b_g))Hrz(ew)HTQ(ei¢) de do.
TJT

Note that the above formula defines G for all r € R. Moreover, since S(SE(2)) =
S(CxT) = S(C)®C>(T) and the Euclidean Fourier transform preserves the Schwartz
class, from Propositions and it is easily seen that Gp € S(R). In addition

(3:7) Gr(or) = [ [ Felpa(re 0,0 B () B (6 d do = Ge(r),
TJT

since H™ is m-periodic. Hence G (r) = Gp(r?) for some G € S(R) by Proposition
and F(M\ + Bq) = Gr(q) for all ¢ € RY.

Let ¥(q) = A + Bq. By Propositions and ¥ : R — R is smooth,
bijective, strictly increasing and ¢ (0) = 0. In particular Grp o1 is smooth; what we
need to check is that its restriction to R{ is in S(R{).

On the other hand, for all k£ € N,

k

(Grod =D (G W) Peg (™) (1), (7P (1)

Jj=0
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for certain polynomials Py ; (where Py =1 and Py = 0 for all £ > 0), while, for all
k>0,

g - B ETO), O (0)
N (O E

for certain polynomials Q. Consequently

(3.8) (Groyp ™ )P (t) = Rpx(v™ (1)),
where
koo P (4 #)(q))
Rp, ( ): (G )(g)( )P’w(w (/)v'-a-ﬂf} (Q)
e g P T g gyt

for certain polynomials Py ; and exponents a(k, j) € N.

Since ¥(q) = A%+ ¢, from Propositionit follows immediately that its derivatives
have at most polynomial growth as ¢ — oo. Moreover 1/¢'(q) < (1 4 ¢)'/?; this is
clear if B > 0, because ¢'(q) > fB; otherwise, ¥/(q) = 9 AT ~ \,/q ~ ¢"/? as ¢ — o0
by Proposition Since G € S(G), it follows immediately that R decays faster
than any polynomial on ]Rar .

On the other hand, by Proposition

1+g¢ if 8 >0,

1+14(g) ~ {(1+q)1/2 5 =0,

that is

(L+w=t ()2 if g =0,

hence Rp, o ¢~ ! also decays faster than any polynomial on R}. From (3.8) we can
conclude that GF|R§ € S(RY). O

1+t~{1+w1(t) if B> 0,

4. THE KERNEL TRANSFORM AND ITS ADJOINT

From the boundedness properties of the operator T : F' +— Kp(g) and its adjoint
T3, it follows that Te is an integral operator xg¢, whose integral kernel satisfies a
number of properties summarized below (see [43] for a more detailed study).

Proposition 4.1. There exists a unique xg € L‘X’(RSr x G,o¢ X @) such that, for all
FeL'NL>®R{,0q),

(11) Krin(@) = [ FO)xa(h o) drs(A),

Moreover the kernel x¢ has the following properties.

(i) xe is real-valued.
(ii) For all k € L'(G),

/ k(z) xe(A, z) du(z) for og-a.e. A

(iii) (Inversion formula for the kernel transform) For all F € L>(R},0¢) such that
Kp(e) € LY(G),

(4.2) / Kree)(x) xe(\ z) du(z) for og-a.e. A

(iv) For og-almost all A\ € RS, xe(A, ) € C®(G) and Lxe(N, ) = Axe(\, ).
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Proof. From the boundedness of the operator T : L*(R, 0¢) — Co(G), it follows that
Tg is an integral operator with (uniquely determined) kernel yg € L™ (R$ x G, 0¢ x p),
whence .

Nonnegativity of the heat kernel Keyp(—¢e) shows that xge is real-valued, i.e., part
In particular, x ¢ serves also as integral kernel of the adjoint operator Tg (swapping
the roles of the variables), whence part

From the Plancherel identity we deduce that T¢T¢ is the identity operator on
L?*(R{,0¢), whence the inversion formula follows whenever K¢y € L' N L(G).
By using the heat kernel as approximate identity, the inversion formula extends to all
Fe LOO(RS’_,O'_Q) with KF(S) S Ll(G).

Finally, from the algebra morphism property Kp(¢)*Kg(e) = Krg(e) and Lebesgue
differentiation one gets that

Xe(A ) ¥ Kpey = Kpeey * xe(A,-) = F(A) xe(A,-)  for og-ae. A,

from which part follows easily (take, e.g., F'(\) = e~ and use the smoothness of
the heat kernel). O

From the above inversion formula and dominated convergence it is clear that
continuity of the kernel xg¢ in the spectral variable (i.e., the fact that xe(-,z) is con-
tinuous on Xg¢ for p-almost all x € G) would imply, together with 7 statement
for any Lie group of polynomial growth: actually, it would imply the stronger
statement that T maps L'(G) into C(R{). However, in contrast to continuity of x ¢
in the group variable (which always holds by Proposition 7 continuity in the
spectral variable is a subtle property, as we shall see.

One case where continuity of ye in the spectral variable can be proved is that of
homogeneous sub-Laplacians on stratified groups (see, e.g., [22] for basic definitions
and results), thus proving Theorem We remark that the characterisation of
the Plancherel measure for homogeneous sub-Laplacians given below is well-known
9, 12, 31].

Proposition 4.2. Assume that G is a stratified group, with homogeneous dimension
Q and automorphic dilations 6, and £ is a homogeneous sub-Laplacian thereon. Then

(4.3) doe(N) = eX¥/2 1)
for some ¢ € RT, and
(4.4) xe(t?A,2) = xe (A, 6:(2))

for almost all \ € ]R(T, z € G andt € RT. In particular ¥¢ = RS‘, xe € C(R§ x G),
and statement holds in this case.

Proof. Formulas (4.3) and (4.4) are immediate consequences of the relation
Krzey =t Kp(e) 0 041,

due to homogeneity. From it is clear that the support of og is the whole R{,
while allows one to deduce joint continuity of y ¢ from its continuity in the group
variable, due to Proposition By the above discussion, continuity of x ¢ implies
statement . ]

However, continuity of xe¢ in the spectral variable is not true in general, nor is it
necessary for the validity of statement , as the following result for abelian groups

(proving Theorem [1.4[ii)) shows.

Proposition 4.3. Let G be an abelian connected Lie group and £ a sub-Laplacian
thereon. Then statement holds. However, if G is isomorphic to R x T, then the
kernel x ¢ is not continuous in the spectral variable.



SUB-LAPLACIANS ON GROUPS OF POLYNOMIAL GROWTH 13

Proof. Since G is an abelian connected Lie group, up to an isomorphism we may
assume that G = R™ x T™. Moreover, up to an automorphism and rescaling, we may
also assume that £ = =V, -V, — (AV,) - (AV,) on R} x T, where A is an invertible
real m x m matrix.

Let F be the Fourier transform on G, given by

F(S)(€k) = / [ otmme e dedy

for all (¢, k) € R™ x Z™, and note that F(£¢) = M F¢, where M (£, k) = |£]? + |Ak|2.
When n = 0, this shows that the spectrum Yg = {|Ak|? : k € Z™} of £ is discrete
in R, so any function on X¢ vanishing at infinity extends to an element of Co(R{)
and, in view of , statement is trivially true in this case.
Suppose instead that n > 0. Then we can write

Krey(z,y) = F~H(F o M)(z,y)

1 i(&-x4kq
B W/R S F(E]? + |AkP?) e TR g,

kezm

(4.5)

This, together with the Plancherel theorem for F, implies that

(4.6) doe(N) = nm >, (A= |AKP)"/21d),
kez™
|Ak|<VX

for some Ky, ,,, € RT.
Let now F : R — C be a bounded Borel function such that Kp(g) € L'(G). From
(4.5) we deduce that
F(I]? +Ak[?) = F(Kpg)(& k)

for almost all (&, k) € R™ x Z™. Therefore, for almost all w € S"~!, the identity
(4.7) F(\) = F(Kp(e) (VAw,0)

holds for almost all A € RT with respect to the Lebesgue measure. Let us fix such
w € S™1; then the right-hand side of is a continuous function of X, because
Kree) € L'(G). Since, by , og is absolutely continuous with respect to the
Lebesgue measure, the identity also holds for og¢-almost all A € R*, whence
F' coincides og¢-almost everywhere with a continuous function on Rf{ . This proves

statement .

Assume now that m = n = 1. Up to an automorphism and rescaling, we may also
assume that A = 1. From (4.5) and (4.6 we deduce that

5w cos((0 — K 2a) ety (3 — 1)V
N Z|k|<ﬁ()‘ _ k;2)—1/2 :
Tt is easy to check that, for every h € N\ {0},
 pugen cos((h — k)!2a) ek (52 — )12 iy

hIIl Xﬂ()‘v (.I, y)) - = Ck(z) € I
ATh? D kj<n(h? = k2)71/2 k=h

XS(/\v (.CE, y))

while

li A — Lthy —ihy =92 h
Alf}gx;:( (@,y) =™ +e cos(hy),

therefore the two one-sided limits are different as functions of (x,y): they are orthog-
onal in L?(T) as functions of y. O
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5. TYPE I GROUPS AND GROUP PLANCHEREL FORMULA

A fundamental ingredient in the proofs of Sections [2| and [3] is Proposition [1.5
which allows us to relate the functional calculus of a sub-Laplacian £ and that of the
corresponding operator in any unitary representation, provided the function F' defining
the operators is continuous.

The continuity hypothesis on F' in Proposition |1.5| cannot in general be removed.
However one may wonder whether, for a given bounded Borel function F' : R — C, one
might obtain the validity of after replacing F' with another representative in the
equivalence class modulo o¢. The following result shows that, in that case, the new
representative must be continuous on the spectrum of £.

Recall that G denotes the dual object of G, that is, the collection of all irreducible
unitary representations of G modulo equivalence.

Proposition 5.1. Let G be a connected Lie group of polynomial growth and £ be a sub-
Laplacian thereon. If F : R — C is a bounded Borel function such that Kree) € LY(G)
and holds for all w € é, then F' is continuous on g, and there exists a continuous
function F : RS — C such that F = F og-almost everywhere.

Proof. As in [37, Section 4], let Pe be the set of eigenfunctions ¢ of £ of positive
type with ¢(e) = 1, and let ¥¢ : Pe — R be the map that associates to each
eigenfunction the corresponding eigenvalue. By [37, Proposition 4.5 and Corollary
4.10], if Pg is given the subspace topology induced by the weak-* topology of L>(G)
(equivalently, the compact-open topology of C(G) or the Fréchet topology of C*°(G)),
¢ is a continuous, proper and closed map and Y¢(Pe) = Xe.

For all m € @, let PZ be the set of all the ¢ € Pg¢ which are diagonal coefficients of
7. In other words, for all ¢ € P, there exists a smooth unit vector vy € H™ such that
¢ = (m(-)vg, vy) and dr(L)vy = Ve(@)vy |37, Proposition 4.3]. Note moreover that, if
Py = U, g P, then, for all X € R, Pirng'({A\}) is the set of extreme points of
the convex set ¥g ' ({\}) C Pg, which is weakly-+ compact in L>(G) [37, Proposition
4.6]; in particular, 9¢(PiT) = ¥o(Pg) = Se.

Let F : Rf — C be a bounded Borel function such that Kre) € L'(G) and
holds for all 7 € G. Then, for all 7 € G and ¢ € PE,

(5.1) (Ke,¢) = (m(Ke)v?,v?) = (F(dm(£))v?,v?) = F(¥e(9)).

In particular, for all A € R{, the function ¢ — (Kge, #) is constant on P 01951({)\}),
hence it is constant on its closed convex hull 93" ({A\}). This shows that the identity

(Ke,9) = F(de(9))

holds for all ¢ € Pg. Since K¢ € L*(G), the above identity shows that the function
F o e is continuous on Pge. On the other hand, ¥¢ : Pe — Rg‘ is a continuous closed
map, so the topology of the spectrum 3¢ = ¥¢(Pe) induced by Rar is the same as the
quotient topology induced by ¥¢, and therefore F' is continuous on Xg.

Finally, since X¢ is closed in Rg , the bounded continuous function F|y, can be
extended to a bounded continuous function F : Rg — C and clearly F = F og-almost
everywhere. O

Remark 5.2. The polynomial growth assumption in Proposition [5.1] could be relaxed
(the same proof works by just assuming G amenable). In addition, the above result, as
many others in this section, can be straightforwardly extended from the case of a sub-
Laplacian £ to the case of a “weighted subcoercive system” of commuting differential
operators on G, as in [37).

The previous result allows us to obtain an equivalent formulation of statement
i.e., the Riemann-Lebesgue lemma for a sub-Laplacian £.
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Corollary 5.3. Let G be a connected Lie group of polynomial growth and £ be a
sub-Laplacian thereon. The following are equivalent:

(i) Statement holds for G and £.
(i) Every bounded Borel function F : R§ — C with Kp(ey € L*(G) coincides og-
almost everywhere with another bounded Borel function F ]Rg' — C such that

(5.2) m(Kpe)) = F(dr(2))
for all m € G.

Proof. 1f |(i)| holds, for all bounded Borel functions F : R — C such that Kp(e) €
L'(G), we can take the continuous representative F modulo o¢ given by statement

and apply Proposition [L.5/to F' to obtain (5.2).
Conversely, if holds, for all bounded Borel functions F : Rf — C such that

Kre) € L'(G) we can take the representative F modulo o¢ given by and obtain,
by Proposition that F = F = F og-almost everywhere for some continuous
function F : ]R(')|r — C. (|

Assume now that the Lie group of polynomial growth G is type I. Then a Plancherel
formula for the group Fourier transform holds. In other words, if G is the dual ob ject
of G, then there exists a measurable structure on G so that 7 +— H™ and 7 — 7 are
respectively a measurable field of Hilbert spaces and a measurable fields of unitary
representations thereon; in addition, there exists a unique measure v on é, called
Plancherel measure, such that the correspondence

Fif o () eo

initially defined on L' N L?(G), extends to an isometric isomorphism from L?(G) to
fg HS(H™)dv(r). In particular

(5.3) /G (@) du(z) = /G ()| div(m)

for all f € L' N L%(G) (see [23 §7.5] and references therein).
Let £ be a sub-Laplacian on G. By means of the group Plancherel formula, we can
obtain a version of Proposition[L.5| where the continuity assumption on F is weakened.

Proposition 5.4. Let F : RS‘ — C be a bounded Borel function such that Kp(e) €
LY(G). Then

(5.4) T(Kr(g)) = F(dr(£))
forv-a.e. m € G.

Proof. Recall that dm(£) is (essentially) self-adjoint and nonnegative on H™ for all
7 € G, and moreover, if E = exp(—£), then Ky € S(G) and 7(Kg) = exp(—dr(£))
for all 1 € G by Proposition By spectral mapping, we are then reduced to
proving the following result: for every bounded Borel function F : [0,1] — C such that
Krey € L'(G), the identity

7T(’CF(E)) = F(m(KEg))

holds for v-almost all 7 € G. R
Note now that, for all f € L' N L?(G) and 7 € G,

m(Ef) = 7(f *Kg) = 7(Kg)n(f);

in other words, F intertwines F and M = fcﬁ; My dv(m), where M, : HS(H™) —
HS(H™) is the operator of multiplication on the left by 7(Kg). By uniqueness of the
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functional calculus (see, e.g., [23, Theorem 1.51]), F intertwines F(E) and F(M) as
well.
We now claim that

[S2]
F(M)= /A F(My) dv(n).
€

This again follows by uniqueness of the functional calculus. Indeed, the fact that
7w — F(M,) is a measurable field of operators follows easily from an approximation
argument [23] Lemma 1.50] and the fact that = — M, is. Moreover F +— ®(F) :=
/. g F(M;)dv(r) is clearly a x-homomorphism (by properties of direct integrals and of
the functional calculus for the M, ), which maps the identity function to M. Finally,
the fact that ®(F,) — ®(F) strongly (as operators on fcﬁf HS(H™) dv(w)) whenever
F,, — F pointwise boundedly is easily seen by dominated convergence, since F,, (M) —
F(M,) strongly for all = € G [13, §I1.2.3, Proposition 4].

Recall that, for all © € é, M, is the operator of multiplication on the left by
m(Kg). We further claim that F(M) is the operator of multiplication on the left
by F(n(Kg)). Similarly as above, this also follows by uniqueness of the functional
calculus, and corresponds to the fact that F(n(Kg)®I) = F(m(Kg)) ® I as operators
on the Hilbert tensor product H™ & (H™)*.

By putting all together, we obtain that, for all f € L?(G),

‘Hﬂﬂﬂz(éfﬂMﬂwhﬂfﬂ

that is,
F(F(E)f)(m) = F(r(Kg)) F(f)(7)

for v-almost all 7 € G (note that the set of m where this equality holds may depend
on F and f). Under the assumption Kpg) € L'(G) and f € L' N L*(G), we also have
FFE)f)(r) =7(f * Krr)) = 7(Kpg))n(f), and therefore the above identity can
be rewritten as

T(Kpe))w(f) = F(w(Kg))m(f)

for v-almost all 7 € G. If we take as f a countable approximate identity on G, then
7(f) converges in the strong operator topology to the identity of H™ for all m € G,
and from the last identity we can derive (5.4)). O

One might hope to obtain a proof of statement by combining Proposition
with Corollary However, in Proposition we obtain for almost all 7 € G,
i.e., up to a v-null set; instead Corollary requires the analogous identity for all
mE @, up to changing F on a og-null set.

In these respects, it seems relevant to relate the Plancherel measure o¢ associated
to £ and the group Plancherel measure v. Indeed the following observation allows us
to write og as a sort of push-forward of v (cf. [36], §4.4.1]).

Proposition 5.5. For all bounded Borel functions F : Rf — C such that Kre) €
L' N L*(G),

(5.5) P e ) = | IF () s ().

This applies, in particular, to all F' € S(RJ).
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Proof. By Proposition and the Plancherel formulas (|1.1)) for £ and (5.3)) for the
group Fourier transform,

||FHL2(]R+ ||ICF 2)||L2(G)

UL)
/wmmmw lﬁwm )3 dv(r)
and we are done. O

This result will prove useful in obtaining statement for the group SE(2).

6. PLANCHEREL MEASURE AND RIEMANN-LEBESGUE LEMMA ON SE(2)

We use the notation of Section |3| In particular, we recall from (3.4) the definition
of the representations m, of SE(2).

Proposition 6.1. Let G = SE(2). For all K € L' N L?(G),

1 o0
(61) 1K eqseion = 5z [ I (Ol 7

In other words, the group Plancherel measure of SE(2) is concentrated on the collection

of representations {m, } rer+ C G and is given by T‘ff in terms of the parameter r € R,

Proof. From ({3.5)) one obtains that, for all K € L' N L?(G),

I s = [ [ 1Fek (e ) do s

Integration of the above expression with respect to rdr, a change of variable and the
Plancherel formula for the Euclidean Fourier transform then yield (6.1). O

Proposition 6.2. Let £ be any sub-Laplacian on SE(2). Then the Plancherel measure
og associated to £ s absolutely continuous with respect to the Lebesque measure on
R7.

Proof. As in the proof of Proposition we distinguish between two cases, according
to the form of £.

If £ = A, then the Plancherel measure is a given by (for n =2 and m = 1)
and is absolutely continuous with respect to the Lebesgue measure.

Assume instead that £ = £+ ﬂAo for some 8 € Rf. From Section [3| Iwe know that
drm,(£) = M,> + Br?. Let now )\ . for (i,7) € {0, 1}2 and k € N be the eigenvalues
of M, as in Section [7} Then

IFr (E)lEs = D, D IFO %+ 8
(i,5)€{0,1}2 keN

and from ([5.5)) and (6.1]) we obtain the following expression for the Plancherel measure
og¢ associated with the sub-Laplacian £:

/]R+ IFO)[2 doe (M) /0 S STIRO e+ B rdr

0 (4,7)€{0,1}2 keN

/ Z Z|F (Z])k‘Fﬁ‘I” dq

(4,7)€{0,1}2 keN

Let now v; j).x(q) = )‘((Ii ikt Bq. Then, by Propositions and Yiig)k -

R — R is a smooth increasing bijection, whose derivative never vanishes. Hence we



18 A. MARTINI, F. RICCI, AND L. TOLOMEO

can rewrite the above formula as follows:

FOVdoe()) = = N F)P =
/RJ| W doe(3) 4 Z Z/ (0>| W "/}Ei,j),k(w(:‘,lj),k(/\))

(i,7)€{0,1}2 kEN V(i)

1 [ 1
= [F(V)? > ; = dA.
AT Sy 500 (i,/)€{0.1}2, keN LR WA eY)
A> i, 5,5(0)

This shows that the Plancherel measure o¢ associated with £ is absolutely continuous
with respect to the Lebesgue measure on Rar. O

The following result concludes the proof of Theorem |1.4{iii)
Proposition 6.3. Statement holds for any sub-Laplacian £ on G = SE(2).

Proof. Let F : Rf — C be a bounded Borel function such that Kr(e) € L'(SE(2)).
From Proposition and the characterisation (6.1)) of the group Plancherel measure
on SE(2) we deduce that, for (Lebesgue) almost all r € R,

T (Kr(e)) = F(dm,(£)).

As in the proof of Proposition [3.5 we distinguish between two cases, according to
the form of £. If £ = A, then the result follows from Proposition Assume instead
that £ = £¢ + BAg for some 3 € RY, so dm,.(£) = M,2 + Br2. If we write \? in place
of )\‘(1 and denote by HY the corresponding normalized eigenfunction of 9, (see

0,0),0
Section , then

(7o (Kpeey)H™  H™ ) = F(X™ + Br?)

for almost all » € RT; in other words,
F\™ + Br?) = Gp(r)

for almost all r € R, where Gp : R — C is defined as in (8.6). Since Kp € L' (SE(2)),
from the Euclidean Riemann-Lebesgue lemma and Proposition @_it follows easily that
G is continuous. Hence the function G : RT — C defined by Gr(q) = Gr(q'/?) is
also continuous and

F(¥(q) = Gr(q)
for almost all g € ]RE)", where ¥ = 1(g,0),0- Since ¢ : RS‘ — RS‘ is a smooth increasing
bijection with nowhere vanishing derivative, we deduce that

(6.2) F(\) =Gr®™' (V)
for (Lebesgue) almost all A € Rf. On the other hand, since og is absolutely continuous
with respect to the Lebesgue measure by Proposition we can conclude that (6.2)

holds for og-almost every A € Ry, and Groy™t: R; — C is continuous. By (T.2) it
is then clear that G o ~! € Cy(R{), and we are done. O

7. APPENDIX: ANALYSIS OF A MODIFIED MATHIEU EQUATION
Let ¢ € R. Define the differential operator 9, on L?(T) by
M, = —835 + gsin® ¢.

M, is a self-adjoint Schrodinger operator with periodic potential. The spectral theory
of M, is discussed in several places in the literature and is related to the theory of
Mathieu functions (see, e.g., [47] and references therein). Here we are particularly
interested in the behaviour of eigenvalues and eigenfunctions of M1, as functions of the
parameter ¢. Since we could not find sufficiently precise information in the literature
on the behaviour of ¢g-derivatives of eigenvalues and eigenfunctions, here we present an
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essentially self-contained derivation of the properties that we need, some of which can
be also found elsewhere.

Note that 91, is invariant under the transformations ¢ — —¢ and ¢ — 7+ ¢. We
can then decompose L?(T) into four 90,-invariant subspaces:

LZ(T) = @ L%i,j)(T)a

(4,7)€{0,1}2

where f € L%.yj)('}l‘) if and only if

f(=0) = (=1)'f(¢),  f(r+¢)=(-1)f(9)

for all ¢ € T (in other words, ¢ determines whether f is even or odd, while j determines
whether f is m-periodic or m-antiperiodic). In this way, we can consider separately the
spectral theory of 9, restricted to each of the L%i (D).

Proposition 7.1. For all (i,j) € {0,1}%, the restriction of M, to L%ij)(T) has a
discrete spectrum, made of a strictly increasing sequence of simple eigenvalues

<\

q
A (i),

(.00 1 <Aljye < o

(4,5),2
and, for all k € N, the eigenfunctions of M, in L%i’j)('ll‘) of eigenvalue X(]ij) . have
22k + i+ |i — j|) zeros.

Proof. From the theory of Sturm—Liouville operators [IT, Chapter 8, Theorem 3.1], we
deduce that M, on the whole L?(T) has eigenvalues

po < pi<pg<pd<pg<...
and corresponding real-valued L?(T)-normalised eigenfunctions
K{ K] Ki Ki K], ...,

where K has 2[j/2] zeros for all j € N.

Since M, is invariant under the shift ¢ — ¢ + m, we can decompose L*(T) into
m-periodic and m-antiperiodic functions and reconstruct the spectral theory of 9, on
L*(T) from that of the restrictions of M, to the two subspaces. By identifying -
periodic and m-antiperiodic functions on T with functions on [0, 7] satisying suitable
boundary conditions (see [II, Chapter 8, eqs. (3.1) and (3.2)]) and applying again
[11, Chapter 8, Theorem 3.1], we conclude that qu is m-periodic or m-antiperiodic
according to whether [j/2] is even or odd.

Invariance of M, under the inversion ¢ — —¢ leads instead to the decomposition
of L*(T) into even and odd functions. It is easily seen that even and odd functions
on T correspond to functions on [0, 7] satisfying Neumann and Dirichlet boundary
conditions respectively. An application of [I1, Theorem 2.1] and a comparison of the
number of zeros show that K is even and that, for all j € N, one of K3, and K, ,
is even and the other is odd.

The result follows by combining the above information. |

For all (i,7) € {0,1}? and k € N, let Hgi,j),k € L%M)(T) be the real-valued eigen-
function of M, of unit L? norm, such that either H{, ;) , or dpH{, ;)  is positive at
the origin (by uniqueness of solutions to the Cauchy problem for second-order ODEs,
no eigenfunction of M, can vanish together with its derivative at any point).

We are now interested in the regularity of eigenvalues and eigenfunctions as func-

tions of the parameter q.
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Proposition 7.2. For all (i,j) € {0,1}% and k € N, the map R > q )\‘(Iij)  €ER
q

is 1-Lipschitz and increasing, while the map R 5 q — H(ij) x € C(T) is continuous.

Moreover, for all ¢ € R,

(7.1) Mgy = Mli=il.yk ~ @

and, when ¢ =0,
My = @k +i+]i—j])>

Proof. Note that, by the minimax principle,

AL = min M, f,
(i,9).k fEL?i,j)(T) a7
(7.2) 1P Na=1, FLHE 5y oo HE )
= max min M f, ).
g1 9RELG ey FELE 5 (T)

lflle=1, fLg1,....9%
The second expression for )\‘(11. Pk together with the fact that 9, —9t,, > 0 whenever
q > ¢, immediately implies that )\((Ji ik is an increasing function of ¢. Similarly, since
M, — M, = (¢—¢')sin? ¢ is a bounded operator on L?(T) for all ¢,q’ € R, with norm
bounded by |¢ — ¢'|, from (7.2]) we deduce that
(7.3) A=A < g =4,
ie., ¢ — Al is 1-Lipschitz.
For all ¢, A € R, let ®(q, A, ) denote the solution to the Cauchy problem

(=07 + gsin®t — \)®(q, A\, t) =0

atq)(qv Aa 0) =1
on R. Note that, by the Cauchy—Kowalevski theorem [24] Theorem (1.25)], ®(g, A, t)
is an analytic function of (g, \,t) € R3. Note moreover that, for all k € N,

(I)(q, X(Ii)j)?k, ¢>

1 . RN
( Jo @\ ) 2mt) dt)

From the continuity of ¢ — )\‘(Il.j) x we then deduce immediately the continuity of

q
Q> He gy g

Note now that
(7.5) M_g = 783) —gsin® ¢ = 783) + qcos? ¢ — g,
which shows that the shift ¢ — ¢ + 7/2 maps M_, into M, — ¢. Considerations on
the behaviour of parity and w-periodicity under this shift immediately yield (7.1)).
Finally, the value of )\?i i)k 18 easily determined since My = —83), whose eigenfunc-
tions and eigenvalues in L?(T) are well known. O

(7.4) (%) =

q
H gk

Eigenvalues and eigenfunctions are actually smooth functions of the parameter ¢,
as we now show.

In this and the following results we will work with a fixed parity/periodicity (i, 7) €
{0,1}, so in their proofs we will drop (¢,7) from the notation and just write A} and
H}! instead of X(Ji’j)’k and H(qi’j)’k.
Proposition 7.3. The maps R > q — )\'(Jij) r ERandR > g — H(qi ik € C(T) are
infinitely differentiable. Moreover

(7.6) 0N = /T sin? 6 (HY, ) (1)) do
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and the latter expression is decreasing in q when k = 0.

Proof. From (7.2)) we deduce that, for all ¢,¢’ € R,

k— k—
(0 (= A3 (B Y HY ), HE = A2 (g, HE ) HY )

A <
k-1 / /
| — Sy g H ) B

(o g, mg — A2 g m )
- S (HE HY)?
L (M — M) HLHY) — E0 N (H]L HY)?
1= S0 (H HY )2

which gives

_xz<zv )L~ H @ =) [ st Bl do
and, for g < ¢/,
k—l 9 79 a'\2
H , Hi — H / )\q - Al
b . ;) +/sin2¢H;g(¢) dp < “h "k
]:0 q—q T 7 —q
k—1 q 74 q\2
(H!,H] — H!
Z )\q _)\q k /J J> —|—/Sin2¢H,Z(¢)2d¢.
=0 q —4q T

Note that, in the particular case where k& = 0, the sums on j disappear and these
inequalities imply that q — fT sin’ ¢ H(¢)?dg¢ is decreasing.

We can now proceed with an inductive argument on k& to prove smoothness of q —
Hjl and g = Af. Indeed assume that ¢ — HJ and ¢ = A] are infinitely differentiable
for j=0,...,k—1. Then

(HY,HY — HY)> , HY — H!
g —q :<HIZ’HJq 7HJq> HI?’ q/_q ’

which tends to 0 as ¢’ \ ¢ and as ¢ /' ¢’. If we take the corresponding limits in (7.7]),
we obtain that the map ¢ — A} is differentiable, with derivative given by (7.6). A

repeated application of (7.4) and (7.6]) inductively yields that ¢ — A} and ¢ — H}! are
infinitely differentiable. O

We are now interested in the asymptotic behaviour as ¢ — oo. The underlying
idea to obtain such asymptotic results is the fact that, through a suitable rescaling,
the eigenvalue equation for the Mathieu operator tends to the one for the Hermite
operator —97 + ¢* on R.

We start with a preliminary estimate, whose proof follows [32].

Lemma 7.4. For all (i,7) € {0,1}? and k € N,

A
(7.8) lim sup "1”" < 2(2k +1) + 5.
q—00 /2

Proof. Let ¢ > 0. Define a function U} : R — C by

(7.9) Ul(t) = ﬂ—l/Qq—l/SH]‘i(eit/qIM) ifte (_611/471_/27(11/47_r/2)7
| o otherwise.
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Then on the interval I, = (—¢'/*7/2, q*/*7/2) the function U} is smooth and satisfies
(7.10) — QFUR(t) + q"/*sin®(t/q"/ ") UR(t) = ¢ PALUL ().

Moreover the number of zeros of U,g in I, is the same as the number of zeros of
¢+ Hl(e") in (—m/2,7/2), that is, 2k + i (see Proposition .
Note that, by (7.3), A7 < g+ ) for all ¢ > 0, hence there exists g, € R* such that

(7.11) M g2 < (¢4 )2)?

for all ¢ > . In order to conclude, it will be enough to show that )\Z/ql/2 < 2(2k+i)+5
for all ¢ > G.

Let ¢ > gx. We may also assume that )\z/ql/2 > 1 (otherwise there is nothing to
prove). Let m = [(Af/q'/? —1)/2] — 1; in other words, 2m + 1 is the greatest odd

number strictly less than A}/ q'/?. Let h,, denote the mth Hermite function, which
satisfies
(7.12) — O (1) 4+ 2Ry = (2m + DIy,

Since ¢'/?sin®(t/q'/*) < t? and )\Z/ql/2 > 2m + 1, we can use the Sturm comparison
theorem [I1], Chapter 8, Theorem 1.1] to compare zeros of solutions to the differential
equations and ; in particular, on the interval I, the function h,, has at
most one more zero than U}. On the other hand, the Hermite function h,, has exactly
m zeros on R, all of which lie in the interval (—v/2m +1,v/2m + 1); by (7.11)), this
interval is contained in I, and therefore

m—1<2k+1i;

hence
M /g2 <2m+3 <22k +10) +5

and we are done. O

We now obtain precise asymptotic information as ¢ — oo for the eigenvalues and
their g-derivative. The asymptotic (7.13)) can be found elsewhere in the literature (see,
e.g., [39, §2.331] and [2] §5.2.1]).

Proposition 7.5. For all (i,j) € {0,1}? and k € N,

A
(7.13) Jim, ;lf/l’f — 202k +i) + 1
and
qa /\q, . 1
(7.14) lim — Ik 2
=% Aige 2

Proof. Let ¢ > 1. Define the interval I, and the function U} : R — C as in (7.9). Then
1T 22wy = 1HE L2 (my = 1
and
10U 1121,y = 4~/ 00 H Nl 2y < g/ HE, HIYZ = (XL /g'/2)V? S 1

by (7.8). Since I; O K, := I, if ¢ > r, this shows that {U}|k, : ¢ > r} is bounded in
Wh3(K,) for all r > 1.
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Note further that, for all € > 0,

| wepas | U(o) e
{It|ze=1/2} {Isin(t/qt/4)|2 2e=1/2¢=1/4}N1,

—x [ () do
{Isin(@)] > 2e-1/2g-1/4)
2 2 \4
T 1/2 L2 idy[2 T A
SE?(] / /Tsm ¢|HZ(€¢)| d¢§€jw~

Since A} <g q'/? by (7.8)), we conclude that, for all € > 0,

/ IRt S,
(lt1ze1/2)

hence {|U}|* : ¢ > 1} is tight.

Let (q¢); be any sequence in [1,00) with g — oo. Since Af/q'/? <i 1 and the
embedding W2(K,) C C(K,) is compact for all r > 1, up to extraction of a subse-
quence we may assume that A{*/ q;/ 25\ € R{ and UY — Uy € C(R) uniformly
on compacta. Tightness then yields that U — Uy, in L*(R) as well, and in partic-
ular |Uk|| 2@y = 1. Moreover, since U}l satisfies the differential equation (7.10), we
deduce that 02U, 2 also converges uniformly on compacta, which in turn implies that
U converges uniformly on compacta as well; repeated differentiation of the differ-
ential equation actually gives that any derivative of U}l converges uniformly on
compacta. In conclusion Uy, € C*°(R) and satisfies the limit equation

—02UL(t) + t2UL(t) = MUR(2).

Since ||Ug|l2 = 1, Uy, and Ay are an eigenfunction and an eigenvalue of the Hermite
operator —0? + t2. This implies that A\ = 2m + 1 for some m € N, and moreover Uy,
has exactly m zeros, which are all simple. Since U}* — Uy, uniformly on compacta, it
is easily seen that, for ¢ sufficiently large, U* in I,, has at least as many zeros as Uy
in R, ie.,m<2k+7and Ay <2(2k+14) + 1.

Note now that, up to a further extraction of a subsequence, we may assume that the
same convergence results also hold with k replaced with every k' < k: in particular,
/\Z‘f — AR, U,’C’f — U in L2(R) and Uy is eigenfunction of the Hermite operator of
eigenvalue A\ < 2(2k" + i) + 1. Clearly \{, < A}, when k" < k", so at the limit
Akr < Ag7; on the other hand

U, Uin) 2wy = (Hyy, Hil) p2(my = 0,

s0 (Upr, Uprr)r2ry = 0 and Apr < Apr. Note further that, since the Ups have the same
parity as the H},, the A\is belong to the set {2(2m +4) + 1 : m € N} of eigenvalues of
the Hermite operator corresponding to eigenfunctions with appropriate parity. Hence
the inequalities A\xs < 2(2k’ + i) + 1 can only be satisfied when equality holds for all
k' <k, and in particular A\ = 2(2k +¢) + 1.

Since the limit Ay, of A{/¢'/2 does not depend on the subsequence g, we conclude
that holds. Similarly, since there is only one L?-normalised eigenfunction Uy,
of the Hermite operator with eigenvalue Ay and such that either the function or its
derivative is positive at the origin, we conclude that Uy — U}, uniformly on compacta,
together with its derivatives, and in L?(R).

Finally

¢ /T sin” ¢ (H{(9))* dé = ¢'/* /R sin? (t/g'/*) (U (1))? dt.
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hence, by Fatou’s lemma,
A
timin g/ [ sin® o (H1(0) do > [ ¢ Wu(0)*dt = 3F [ W0t = 3,
q—00 T R 2 R 2
where the virial theorem for the harmonic oscillator was used. Similarly, since
q_l/2||8¢H13||2L2(1r) = HatUlgH%Q(Iq)
and 0;U}! = 0,U}, uniformly on compacta, we conclude that
e Ak Ak
11:1H—1>£fq UQH%HZH%?(T) > [18: Ukl 72 (m) = 7||Uk|\%2(na) =5

On the other hand

_ : _ oy
a0y + 0 [ sind o (HUO)R do = a2, HLHJ) = 5
and A\{/q*/? — A, hence
A
lim sup ¢'/? / sin? ¢ (H{(¢))? dop < M\ — liminqul/ZHa(bHZH%g(T) < 2k
q—00 T q—0o0 2

This shows that

. A
0? [ sin o (HY()? 4o -
T
and, since \{ /q'/2 — Ay, by (7.6) we conclude that
a0 N g [ . 1
)\qq b= )\711 SlIl2 ¢ (HIZ(¢))2 d(,b — 55
k k JT

which is (7.14]). O

The previously obtained information finally allows us to obtain the following esti-
mates for higher-order derivatives.

Proposition 7.6. For all (i,5) € {0,1}? and k, N € N, there exist a(N),b(N) € N
such that

OVAT o S (L4 1a)™ ™, OV HS, )l S (1 + gl)? ™)
for all g € R.
Proof. In view of (7.1)) and (|7.5)), it is enough to consider the case where ¢ > 0.
For all N € N\ {0}, N-times differentiation of the eigenvalue equation gives

N-1
N ) .

(7.15) > ( ) )[a;“(smq — ADJOIH{ + (M, — AN H{ = 0;

j=0
here 07" (M, — A{) denotes the multiplication operator by 9;"(q sin ¢ — AJ) for all
m > 0. This tells us that the first summand Y3 (¥)[9N~9(M, — A{)]0F HY is in
the range of M, — A}, so it is orthogonal to the kernel CH}! of M, — Af. Moreover
M, — A\§ restricted to (HI)L is invertible; hence (7.15) allows us to determine the
component of 85\’ Hj, orthogonal to H}!. On the other hand, N-times differentiation of
the L2-normalization equation
(7.16) IH3 = (H{, Hi) =1

gives that

N-1
20N H, HY) + ( )aJHg,a;V TH{) =0,

Jj=1
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which allows us to determine the component of c’)év H} along H{. In conclusion
1= /N
N j N—j
o =5 3 () egrr.oy iy
j=1

N-1
— N . )
O, = ADI e S (j ) O3 (m, — XD)Joa Y.
=0
Note now that 0y (M, — A?) = sin® ¢ — O A} and " (M, — AT ) = —OM AL for m > 1.
The last equation gives, for all N € N\ {0}, the estimate
N-1 ‘
||31§VH13||2 SNk Z ||83HIZ”2H651V7JHZH2

j=1

(7.17) Nl
+ ) (107NN 03 H o,
=0

where we have also used the fact that inf,,..,zx |2, — AL| 25 (14 ¢)'/2 > 1 by (7-13).
Moreover differentiation of the formula (7.6]) for 9,A] gives, for all N € N,

N

N ) )
oy =3 () [sn oo o) o o,
i—o \J/Jr
which yields
N
(7.18) 0N S Y 103 H =107 HE -
§=0

Finally, note that, by (7.8)),
(7.19) AL Sk (L+ )2
The conclusion follows inductively, by repeated application of the estimates (|7.16)),
|

1), F35).nd 19,
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