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Abstract

We study a Metric-Affine gravitational theory given by the Einstein-Hilbert action plus a
parity violating contribution (which we will refer to as the Hojman term, also known as Holst
term) in vacuum. We find out that for a certain value of the Barbero-Immirzi parameter the total
action possesses a remarkable invariance under particular transformations of the affine connec-
tion. We prove that in all cases, with appropriate gauge choices, the connection reduces to the
Levi-Civita one and that the theory turns out to be equivalent to general relativity in vacuum.
Subsequently, we generalize our discussion and analyze the case of Metric-Affine f(R) gravity
plus the Hojman term. In particular, we show that for f/(R) # constant the theory results to be
on-shell equivalent to a metric-compatible torsionless Scalar-Tensor model. Matter coupling of

the aforementioned models is also discussed, together with explicit examples and applications.
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1 Introduction

In the 19th century, the branches of Mathematics and Physics experienced an extraordi-
nary progress with the emergence of non-Euclidean geometry. In particular, the development of
Riemannian geometry led to several important results, among which the rigorous mathematical
formulation of general relativity (GR). In spite of the great success and predictive power of GR,
there are still some open issues whose understanding and solution may need the formulation of new
theoretical frameworks as well as generalizations and extensions of Riemannian geometry. One
way to step beyond Riemannian geometry consists in releasing the Riemannian assumptions of
metric comparability and torsionlessness of the connection and therefore allow for non-vanishing
torsion and nonmetricity along with curvature. The latter constitutes a non-Riemannian geom-
etry [1] which is the geometric arena where Metric-Affine Gravity (MAG) [2] (see also [3] and
references therein) theories are developed.

In this generalized set-up, where geometrical objects have a clear physical meaning, the metric
and the affine connection are not related a priori, and a relation between them may be found only

after having solved the equations of motion of the theory. Moreover, many modified theories of



gravity can be obtained as special cases of MAG. MAG models, among which the peculiar case of
f(R) theories of gravity [1],! led to many relevant results and have been proved to have various
applications in both Mathematics and Physics [5—10]. Even though the extensive study of MAG
has started a few decades ago, there are many open issues that still need to be addressed, whose
understanding could provide remarkable insights in the gravity context.

Driven by the above motives, in this paper we analyze in detail MAG theories in four (3+1)
spacetime dimensions, providing new interesting results. In particular, we start by studying a
vacuum MAG theory involving the Einstein-Hilbert (EH) term and a parity violating contribution
defined by the contraction of the Riemann tensor with the Levi-Civita one. In the past litera-
ture, the latter term has been commonly referred to as the Holst term [11]. However, we wish
to highlight that the same was considered almost two decades before Holst’s work, by Roberto
Hojman et al. [12].? Therefore, we will refer to the aforementioned parity violating contribu-
tion as the Hojman term. Its presence in the gravitational sector is perfectly allowable® (if not
mandatory). Here, let us mention that the addition of the Hojman term in gravity theories was
already considered in past literature in the presence of torsion (Einstein-Cartan gravity) [13,14],
also at the quantum level [15]. In our analysis, involving both torsion and nonmetricity, we find
that for a particular value of the Barbero-Immirzi (BI) parameter [16—15] the total action pos-
sesses a remarkable invariance under peculiar transformations of the affine connection, which, to
our knowledge, is reported here for the first time. We prove that, in all cases, with appropri-
ate gauge choices, the connection reduces to the Levi-Civita one and that the theory turns out
to be equivalent to vacuum GR. We also discuss matter coupling of the aforementioned model.
Subsequently, we focus on another MAG action given by Metric-Affine f(R) gravity plus the
Hojman contribution. Remarkably, we show that in the case f'(R) # constant the theory results
to be on-shell equivalent to a metric-compatible torsionless Scalar-Tensor model. We also discuss
explicit examples with f(R) = R + ¢R? (where ¢ is a constant parameter with dimensions of
inverse mass squared) and f(R) = R2. For the latter case, we also provide an application to
homogeneous cosmology and obtain a solution.

The paper is organized as follows: In Section 2 we give some preliminary theoretical back-
ground together with notation and conventions, which will be useful in the rest of the work. In
Section 3 we study the Metric-Affine theory given by the EH action plus the Hojman term in
vacuum. In particular, there will be distinct cases to study separately: a # :l:% and a = :i:%,
where « is the Bl parameter. We will show that in the former case, projective invariance of the
action allows to perform a proper gauge choice in such a way to end up with a final connection

that is just Levi-Civita. In this case, as we will see, the theory results to be equivalent to GR

"Here and in the sequel, f(R) denotes an arbitrary function of the scalar curvature R = ¢** R, (T), with I" a

general affine connection; see also [3] and references therein for details.
*We would like to thank Yuri Obukhov for bringing this fact to our attention.
3Indeed, just by dimensional analysis there is nothing preventing us to add this term. As a matter of fact, along

with the Ricci scalar, these are the only two scalar and pseudo-scalar combinations one can write down that are
linear in the Riemann tensor. Note that for Riemannian geometries the latter term vanishes identically due of the

absence of torsion in that case.



in vacuum. On the other hand, we will show that, remarkably, in the case in which a = :t% the
total action enjoys an enlarged symmetry under affine connection transformations. Also in this
case, the theory reduces to vacuum GR and the final connection results to be the Levi-Civita one.
Subsequently, in Section 4 we study the MAG theory given by Metric-Affine f(R) gravity plus the
Hojman term. Here, in particular, we find that in the case f'(R) # constant the theory results
to be on-shell equivalent to a metric-compatible torsionless Scalar-Tensor model.  Therefore,
we obtain and explicitly demonstrate a remarkable result: Metric-Affine f(R) gravity plus the
Hojman term is equivalent to a Scalar-Tensor theory with vanishing torsion and nonmetricity.
Moreover, we analyze explicit examples together with an application to homogeneous cosmology.
Matter coupling is also discussed in all cases. Finally, we conclude our work with a discussion

and possible future developments.

2 Preliminaries

Let us start by giving, in the sequel, some theoretical background of MAG theories, reviewing
the main geometric objects entering such models. We adopt the same notation and conventions
of [3] and consider models in four (3+1) spacetime dimensions. Our metric convention is n =

diag(—, 4, +,+). The generic decomposition of an affine connection reads
A A A
[ =17, + N, (2.1)

where the distortion tensor N )\;w and the Levi-Civita connection f’AW are respectively given by

1
N)\W - §gp)\ (Qqu + Qlfpu - QpW) - gp)\ (Sp/w + Spvu - SW%J) ) (2‘2)
deflection contorsion = K* ,,,
P LN 9000+ Ougon — Drgn) (2.3)
ny T 29 ,LLgl/p l/gpu pg/,w . .

In (2.2), Sy is the Cartan torsion tensor,

uv] s
and Q. is the nonmetricity tensor, defined as

Q)\/Ll/ = _vAg,uV = _a)\guu + Fpu)\gpu + Fpl/)\gup : (25)

v

Let us also recall the decomposition of the nonmetricity @,,, and torsion Sy,” in a trace and

traceless part. In four dimensions, one has [3]
5 1~ 4 ~ 1
Q/\;w = TSQ)\QW/ - §Q)\g;w + §g)\(uQu) - §g)\(uQ,u) + Q)\,Lwa (2‘6)
2 1 =
S)\HV = g(S[MVS)\] + gaAuﬁpgﬁ”SP + Z)\MV, (27)

where @\ = @),/ (also known as the Weyl vector) and Ql, =Q",,

(trace parts of the nonmetricity tensor), Sy := S\, is the trace part of the torsion, and SP s

are the nonmetricity vectors



the torsion pseudo-vector, while 2,,, denotes the traceless part of the nonmetricity and Z),"”

is traceless and such that Z),, = %Z[A( ) (with e)‘/“ijAW = 0). Here and in the sequel we

v
denote by e the Levi-Civita symbol, while 8 = \/%—ge‘“’aﬁ is the Levi-Civita tensor. In
the following, we shall also need the variation of the torsion and nonmetricity w.r.t. the metric

and the connection, which is given by [3]

69@;7@,8 = 8/) (guaguﬂ(;gw/) - QQAMQV(QFAB),D(SQ'“V ) 6gS/wa = 0) (28)
and
0rQpas = 20500 9o 10T s OrSag® = oLss oT A, (2.9)

Finally, we adopt the following definition of the Riemann tensor for a general affine connection

A
T,

RF o =201, 18 + 217 1o 1P 1 - (2.10)
Correspondingly, R,, = R’,,, and R = g"”R,, are the Ricci tensor and the scalar curvature
of F’\W, respectively. We will denote by V the covariant derivative associated with the general
affine connection I'"* vy While V will represent the Levi-Civita covariant derivative.
The following decomposition of the Riemann tensor of the general affine connection I‘AW,
which holds in four spacetime dimensions, will also be useful in the sequel:
1 .

~ ~ ~ 1~
R)\,uwa = 5 <g)\l/Run - g)\nRuV - guVR)\n + g,UHR)\l/) - ER (g/\llg/ﬂi - g)\/fgp,u) + C)\,Lwn (2 11)

+ 6,%]V)\,uy - @VN)\/J,H + N)\aVNaun - N)\cmNauV ’

where RW and R = gt R,w are the Ricci tensor and Ricei scalar of the Levi-Civita connection

f)‘w, N)‘W is the distortion tensor given by (2.2), and C)‘M,,,i is the so-called Weyl tensor, which

fulfills (every tensor contraction between indices of the Weyl tensor gives zero)
C e =0 (2.12)
and
CcPAwvp — 0, CcMvp) — 0, CMvp — CVPA#’ ool — 0, gpl,CpA’“’ —0. (2.13)

The Weyl tensor automatically vanishes in three spacetime dimensions. We will work in a first
order (Palatini) formalism, where the metric g, and the connection F)‘W are treated as inde-
pendent variables.

Let us also highlight, before proceeding, that the following two ways of contracting the torsion

with the Levi-Civita tensor are actually not independent:
Sapue® | Sape®PM . (2.14)
Indeed, starting with the identity
SePRA 4 Gl 4 gretv el glier e 4 saePRAY = (2.15)

4



and contracting the latter with S,g,, we easily obtain
— 8150 + 008 + Sapue®™ + 2805 =0, (2.16)

indicating their dependence. Note that substituting (2.7) into (2.16) the latter results to be
identically satisfied (it reduces to the trivial identity) and it does not give any constraint on the

torsion tensor, as expected.

3 A parity violating Metric-Affine gravitational model involving the Hojman

term

As a first model we shall consider a MAG action consisting of the EH term along with the
parity violating Hojman term. The first part of this section is a review of the same model studied
in [3] just in the presence of torsion; here we also consider the presence of nonmetricity and we

analyze the complete Metric-Affine theory in detail, obtaining new results. The total action reads

1

SEH+Hojman = 5
2K

/d4x\/—g (R + aa”“o‘BRwa5> , (3.1)

where k = 87 is the gravitational constant and where « is a dimensionless constant parameter.
R = g" R, (T) is the scalar curvature for a general affine connection I' and R*,,, = R* ., (I')
is the Riemann tensor whose definition is given in (2.10).

Some comments are now in order. Firstly, note that (3.1) is the most general MAG action
that is linear in the Riemann tensor. Secondly, both the EH and the additional Hojman terms
are projective invariant, meaning that, as it can be easily checked, the action (3.1) is invariant

under projective transformations® of the connection
| S KO P (3.2)

where ¢, is an arbitrary one-form. As a result, the connection field equations will have a vanishing
trace in the first two indices. This means that there will be an undetermined vector degree of
freedom and the connection can be solved only modulo the projective mode.
Having clarified this, let us now proceed with the field equations. Variation w.r.t. the metric
gives
1 aBy R

Ry — §9MVR e ( wapy =0, (3.3)

where the Riemann tensor RAWP of the affine connection I’ )\;w can be written in terms of its
Levi-Civita and torsion and nonmetricity as given in (2.11). By contracting (3.3) with g,, we get

the relation
ac" P R,05 = —R. (3.4)

4The latter are defined as those transformations of the affine connection that leave the autoparallels of vectors

invariant up to reparametrizations of the affine parameter [19].



Note that, using (3.4), (3.3) can also be rewritten as

(07

R(MV) + 2

guysp"o‘ﬁRpm/g - as(VaMRu)am =0. (3.5)

On the other hand, varying the action w.r.t the connection we obtain

4 1 (097% 167 14
P, " 4 2a (—H(2Sa — Vo) (V=ge ) — e, S, ) =0, (3.6)

where

Valv=99"") | Vo(v/—99"7)8%
P M= + A 1 2(Shgh — SHSY 4 gHoS Y 3.7

A \/jg \/jg ( A A ) ( )
is the so-called Palatini tensor, which is traceless in u,\ (that is P, * = 0). The following formula
giving the explicit form of the Palatini tensor will be useful in our calculations (see [3] for details

on its derivation):

3 2

1 -
— garS, =22,

1 2 1~ 1 ~ 1 1 ~
Py M = -\ 4 g <3CA 3@t 4SA> + 500 (4" +7Q") + o (Q“ - 2@”)

(3.8)

The additional contribution from the Hojman term in (3.6) also has a vanishing trace in p, A, as
we already mentioned. In fact, there is a somewhat more convenient way to derive the connection

field equations in another form. Indeed, using the identity”
EWO‘BRWO& = 2V,5% + 25“”O‘BSQBA(QuyA + Suwa) (3.9)
disregarding surface terms we arrive at
P 4 20 Qup + P S0 — 6,05, 1) = 0. (3.10)

Let us observe that (3.6) and (3.10) actually coincide, due to the following identity which holds
in four dimensions:
Z/\;uz = EAupaZpay ) (311)

where Z )\sz is a tensor such that
Ziau) = 0. (3.12)

Now, contracting (3.10) one time in X, v and another with g,,,, after some relabeling, we obtain

P* 4 205" =0 (3.13)
and
PH — 205 =0, (3.14)
5See [3]; here we also correct a misprint appearing there.



where )

Pr=PpP M =3 (Q# — 2@“) — 48+ (3.15)
and .

Py = gu Py " = SQx+ Qx+ 45y (3.16)

Notice that the traces coming from the variation of the Hojman term are the same up to a minus

sign. To be more specific, defining

a §(vV=9e" PR, n0p)
H = wall — ga (e’ 108 S = 2378 ) 3.17
A V=9 STA w ale Qapr +¢ aBX T &) aB | ( )

we observe that
H\M = —H'Pg, 5 = 205" (3.18)

That is, the two contractions are linearly dependent. This is hardly a coincidence and implies
that a larger symmetry is at play here. Indeed, using the results of [20] the above relation between

the traces implies that the Hojman term is invariant under the connection transformation
A A A A
r uu’_)r ,u,y+5y<u+C 9uv (3.19)

where (, is an arbitrary one-form vector. Using the terminology of [20], this is a constrained
vectorial transformation of the connection. Recalling that the Hojman term is also invariant
under projective transformations, we conclude that the latter is invariant under the general class
of transformations

Y, = T+ 608 + 00+ gy (3.20)

where £, and (, are arbitrary independent one-forms. Notice, however, that the total action (3.1)
is not invariant under (3.20).

We can now move on to the analysis of the field equations. In the following analysis, we shall
discard the trivial case o = 0.9 Combining (3.13)-(3.16), we obtain

8 - 16
Qi = gaS,\ - ES)\ (3.21)
and ) 5 A
Qr= EQA = gOZSA - gSA‘ (3.22)

Using all the above, together with the decomposition of the nonmetricity and torsion tensors,
namely (2.6) and (2.7), eq. (3.10) becomes

1 ~
20" e U7\ — QM — 3 (14 4a?) ex"PS, + 20 ("7 Zpor — €77 Zpo!) — 221 = 0. (3.23)

5The trivial case o = 0 would correspond to the absence of the parity violating Hojman term in the action and
would lead to a purely Levi-Civita (2.3) connection by choosing an appropriate gauge parameter for the projective

mode.



After some algebraic manipulation and applying contractions (involving also contractions with
the Levi-Civita tensor) on (3.23), we find

(1+40®) S, =0, (3.24)
Qv = =2 (1 +40%) Zy () » (3.25)
and )
1+ 12a .
ZNV)\ = Teu,,pgz)‘p . (326)

Let us observe that using (3.21)-(3.26), we have that (3.4) yields

R=0, (3.27)

where the vanishing scalar curvature R is the Ricci scalar of the Levi-Civita connection, and that
(3.23) is identically satisfied. Then, summarizing, we are left with the above equations together
with (3.3). Moreover, we can write the provisional form of the connection as follows (substituting

(2.6) and (2.7) into (2.2), using (3.21) and (3.22), and plugging the result into (2.1)):
. 1 ~ 1 ~ 2 2
I, =17, + 69M5W,JSP - gag,“,sA + gaak(#sy) - gékus,,

1
— §Q>‘,W + Q(W’))\ — QZ)‘,W,

(3.28)

where (3.25) and (3.26) hold and where 1:)‘,“/ is the Levi-Civita connection defined in (2.3).
Now, we can see that, if we consider 1+ 12a? # 0 (that is, o # :|:2%/§), we can contract (3.26)

with the Levi Civita tensor, obtaining

2c

Zog = ———
BT 111202

Eapu 2. (3.29)

Then, comparing (3.26) with (3.29) and using the fact that Zj,,x = 0 = Z,\ = =22, we

1+12a2\°
<+4a0‘> —- 1, (3.30)

get the following equation:

whose solution reads

1 1
=4 =4—. 31
a 5 Vo o« 5 (3.31)

In any other case, one has Z),, = 0. Let us now analyze the different solutions.

3.1 Case a= i2f/§

In this case, (3.25) and (3.26) become, respectively
Qp =0, (3.32)

Zapw = 0. (3.33)



Moreover, from (3.24) we get
Sy, =0, (3.34)

which, plugged into (3.21) and (3.22), implies

16
Qv =—55 (3.35)
and A
Qx = ~35- (3.36)

Thus, we are left with a single independent vector, S, and, using (3.32)-(3.36), we find that the

final form of the connection (3.28) becomes

2

3535,, : (3.37)

AP
I =17,

Let us now observe that the torsion vector Sy in (3.37) can be gauged away through a projective

transformation of the connection (3.2) with ¢, = %S/m that is
A AL 20
M =T+ 56 1S - (3.38)

This means that, exploiting (3.38), the connection of the theory reduces to the Levi-Civita con-
nection (2.3), namely

M, =T, (3.39)

Notice that, in this case, using the above equations together with (3.27) we also find that (3.3)

becomes
R, =0, (3.40)

where R;w is the Ricci tensor of the Levi Civita connection. Therefore, in this case the theory

results to be equivalent to vacuum GR.

3.2 Case a= i%

Let us mention, before proceeding, that these particular values of « are relevant in the context
of the canonical 341 Hamiltonian formulation of the Hojman action, where, in particular, o = —%
happens to correspond to Ashtekar variables, formulating (complex) GR as a special type of Yang-
Mills gauge theory. The action was seen to correspond to the Palatini action with the curvature
tensor replaced by its self-dual part only [21-25]. In the present framework, in this case we have

that (3.24) is identically satisfied and (3.21), (3.22), and (3.26) respectively become

44 ~ 16
Qr=£28) — =5, (3.41)
3 3
Or=+15, 15 (3.42)
A=E£25 —35, :
Z,uz/)\ = :I:igwijZ/\pU . (3.43)



Moreover, eq. (3.25) reduces to (3.32). In particular, we can see that we are left with two
independent vectors, say Sy and Sy. Using (3.32), (3.41), and (3.42), we find that the final form
of the connection (3.28) now becomes

1
6

with Zy,, obeying (3.43). This form for the connection seems to be rather complicated but, as

- ~ ; ~ _ 92
M =T + 2eh0pd + é (268, — 9™ — SN, =220, (3.44)

we will see in the sequel, exploiting a remarkable symmetry of the action one can remove the

torsion contribution, ending up with a final connection that is the purely Levi-Civita one.

3.2.1 The enlarged symmetry corresponding to the case a = :l:%

The peculiar cases a = :l:% are very interesting for many reasons. Some of them we outlined
in the Introduction. Another one is the following: As we have shown, for a = :l:% the torsion
pseudo-vector S* is left completely unspecified. This is not a coincidence and there is a deeper
reason why this is so. As we will show below, this very reason is again some symmetry obeyed
by the total action (3.1). To start with, let us first define the total off-shell variation

4]

)

W = (R + s Ryag) (3.45)

where, at this point, we are not making any assumption on the value of . Defining the traces [20]

W#

A
(1) =W, oWk

by = W, Wiy = W"Pga5, (3.46)

we immediately have that W(’i) = 0 since both the EH and the Hojman terms are independently
projective invariant. Regarding the other two traces, by subtracting them we find

Wi

lyy = Wiy = 2(Q" — Q" — 45") + daSh. (3.47)

3)

Moreover, we may also compute the contraction of W, with the Levi-Civita tensor, which gives

us the pseudo-vector
50‘6”’”12[/@57 = 26K — 4a(@“ — Q" —45"). (3.48)

Notice now that for generic values of « the traces (3.47) and (3.48) are linearly independent unless

a= j:%, in which case they become linearly dependent and it holds that

wh, — W

o) — Wiy F ie® " Wop, = 0. (3.49)

Then, using the Theorem of [20], we can conclude that in this case the total action (3.1) is also

invariant under connection transformations of the form
r w7 r uv + 51//\7vb,u - ¢A9uu + Z.g/\,wawa s (3.50)

where v, is an arbitrary one-form vector. It is worth stressing out that this symmetry is another
gauge symmetry for the total action (3.1) on top (and independent) of the projective invariance.

Collecting the above results, we are led to the following conclusion:

10



Proposition 1. The scalar combination
Lol 3.51
R+ 55 uvaf ( : )
is invariant under the two-parameter gauge transformations of the connection
P = Ty 06y + 5 — 0 g F 1”00 (3.52)

where &, and 1, are arbitrary independent one-form vectors. That is, for a = :t% the total
MAG action (3.1) consisting of the EH contribution plus the Hojman term admits the enlarged

symmetry (3.52) generalizing projective invariance.

Proof. Both the EH and the Hojman terms are independently projective invariant. Consequently,

any combination of them will also be so. That is, (3.51) is invariant under

A A A
=7, +6,8. (3.53)

In addition, as we have shown above, the combination in (3.51), but not each term separately, is

invariant under
T, = T+ 00y — Vg Fied 0™ (3.54)

Then, combining the above two results, we conclude that the combination (3.51) is invariant

under the general class of transformations (3.52). O

The last result has dramatic consequences when applied to (3.44). Indeed, after some trivial

rearrangement, (3.44) reads
. ; N . . 1 »
T, =T, + é (53& — 9w S T ie’\lprp> +3 <—25U + ;5‘) P —272% . (3.55)

Note now that the second parenthesis in the right-hand side of the above equation can be gauged
away by using the projective freedom and appropriately picking §,. In addition, the first paren-
thesis can also be gauged away by using the extended invariance of the action under (3.54) for

a= :I:%. Fixing these two gauges, the connection takes the simpler form
I, =T, =227, (3.56)

where the gauge-fixing has enabled us to remove all the vectorial parts. Finally, one can prove
that the action (3.1) with the choice a = :l:% is also invariant under the following transformation
of the connection”

T, =T, VAL, (3.57)

where V), is a tensor such that

VAHV = :tiE)\#pov,/pU s Vp\wj] =0. (3.58)

"One can prove this by noting that Wi, = =iexupe W and Wiy,,) = 0. Then, using the results of [20] we

obtain the invariance under the associated connection transformation as given by (3.57).
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Then, exploiting (3.57) with the choice
V)\,u,u = 22/\;1,1/; (359)

the final connection simply reduces to the purely Levi-Civita one, (2.3), meaning that we are
left with (3.39). In other words, we have found that when o = i% also the Z),, tensor is non-
dynamical and can be reabsorbed (consistently set to zero), meaning that eq. (3.3) reduces to
(3.40) and that the theory results, again, to be equivalent to GR in vacuum. Let us conclude by
highlighting the following result we have obtained so far:

Proposition 2. The scalar combination (3.51) is invariant under the gauge transformations of

the connection
T = T L+ 00 — 0 g F e 0™ + 006 + V0 (3.60)

where V)‘/“, is a tensor fulfilling (3.58) and where 1, and &, are arbitrary one-form vectors. That
is, for a = £5 the total MAG action (3.1) consisting of the EH contribution plus the Hojman
term admits the enlarged symmetry (3.60), which generalize projective invariance. The above

defines an equivalence class of connections with 4 + 4 + 16 = 24 elements.

Proof. As we have previously proved, for a = :I:% the total MAG action (3.1) is invariant under
(3.52). Combining this with the above discussion on the transformations involving the tensor
V., we can conclude that the combination (3.51) is invariant under the general class of trans-
formations (3.60). O

3.3 Case a= :I:%

Here, from (3.24) we get (3.34), while (3.21) and (3.22) respectively reduce to (3.35) and
(3.36). Moreover, (3.26) becomes

Zuwx = Fi€ppo 27, (3.61)
and (3.25) gives
8
QAW/ = —§Z>\(HV) . (3.62)
Thus, in this case, the final form of the connection (3.28) reads
~ 2 2 2
T, =T, - 3(5)‘”51, + §ZAW + gzuf. (3.63)

As in the first case, here we have just one independent vector, S, and we can thus exploit the

projective transformation (3.38) to reabsorb it, obtaining

2 2
M, =T + 2%+ 22" (3.64)

3 3
Finally, using the above equations, together with (3.27), eq. (3.3) yields

~ 1 1
Ru + 5 (—Qg,wzamzaﬁ7 + 2Zuaf”zmg> =0, (3.65)

12



where Zy,,, obeys (3.61).
Now, let us observe that one can prove that the action (3.1) with the choice o = :t% results

to be invariant under the following transformation of the connection
T2 = T + VAL + V2, (3.66)
where V), is a tensor such that
Vauwr = Fieaupo Vo s Vi) = 0. (3.67)
Then, exploiting (3.66) and performing the choice

2
VA;W = _§Z>\,u1/7 (368)

the final connection simply reduces to the purely Levi-Civita one, that is we are left once again
with (3.39). Consequently, (3.65) can be consistently reduced to (3.40) and the theory is equiva-

lent to vacuum GR.

3.4 Cases a # i% ANa# j:%

i
2V3
previously proved, we are left with (3.33) and, thus, also with (3.32). Moreover, we have (3.34),

In all these remaining cases (which actually include also the case o = +-'-), as we have
which also implies (3.35) and (3.36). Finally, the remaining independent vector Sy can be elim-
inated by exploiting projective invariance, as we have already discussed above, and we end up

with a connection that is purely Levi-Civita, together with egs. (3.27) and (3.40).

Summary of the results for the Metric-Affine EH 4+ Hojman theory. We have shown

that for a@ = j:%,

of the form (3.60), which, in particular, generalize projective invariance. This peculiar feature

interestingly, the action (3.1) is invariant under connection transformations

is reported here for the first time and it allows to reduce the final form of the connection, by
appropriate gauge choices, to the purely Levi-Civita one. Additionally, we have proved that in all
the solutions to the theory given by the action (3.1) the final form of the connection can be recast
into the form (2.3), that is it can be reduced to the Levi-Civita connection, and the equations
coming from the variation w.r.t. the metric reduce to (3.27) and (3.40). Thus, the theory turns

out to be equivalent to GR in vacuum.

3.5 Comments on the torsionful metric case

Let us first of all mention, here, that if we set the nonmetricity tensor Q,,, to zero in the
model under analysis after variation of the action (3.1), we get either vanishing torsion, which
leads to a final connection that is the purely Levi-Civita and to (3.27) and (3.40), or a model
with vanishing torsion traces

Sy=0, S,=0, (3.69)
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but non-vanishing traceless part of the torsion. Indeed, considering (3.25) and setting €2y, = 0,
we have that either Z),, = 0 or a = j:%. In the latter case, Zy,, obeys (3.43) and the final form
of the connection coincides with (3.56). Nevertheless, as we have already mentioned, in the case
o = £% we can exploit the transformation (3.57) with the choice (3.59) to reabsorb the traceless
part of the torsion, ending up with a purely Levi-Civita connection (3.39) also in this case. Also,
we find (3.27) and (3.3) reduces to (3.40). Thus, in each of these cases, the final form of the
connection is given by the Levi-Civita one and the theory is equivalent to vacuum GR.

If we now focus on the parity violating model (3.1) by considering a torsionful metric connec-
tion from the very beginning (that is to say, directly putting the nonmetricity to zero in (3.1) and
restricting ourselves to the so-called Einstein-Cartan framework), what we get is again the purely
Levi-Civita connection for the final form of the connection. Indeed, by performing an analysis on

the same line of the one previously done, recalling that now

Q)\,uy =0 (370)

from the very beginning, one can prove that the equation obtained by varying (3.1) w.r.t. the

connection yields (3.34) and, consequently, as one can easily show,
Sy=0, (3.71)

together with (3.33). Then, the final form of the connection results to be (3.39) and, again, the
equations obtained from the variation w.r.t. the metric reduce to (3.27) and (3.40), that is the
theory is equivalent to GR in vacuum.

3.6 Observations on the purely Metric-Affine Hojman action

As we have already noticed, the Metric-Affine Hojman term in (3.1) is invariant not only under
projective transformations but also under the general class of transformations (3.20). Moreover,

one can prove that it is also invariant under the following transformation of the connection:
T = T + U (3.72)

where U )‘;w is a completely symmetric tensor. This will be useful in the sequel, where we will
study the case in which only the Metric-Affine Hojman term contributes to the theory.

Thus, let us now consider the action

1
SHojman - ﬂ / d4x\/ _ga‘gﬂyaﬁRﬂva,@ . (373)
As usual, we shall always discard the trivial case « = 0. Variation w.r.t. g"” gives

e Ryapy = 0. (3.74)

By contracting this with g,,, we obtain

PR s = 0. (3.75)
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On the other hand, the variation w.r.t. I"\W yields
EuyaﬁQag)\ + €“Va’85a,3A — 6/\Va65aﬁ‘u =0. (3.76)

As we have already mentioned (and can be easily proved), (3.76) has a vanishing trace in p, .
Now, contracting (3.76) in \, v we get (3.34), while the contraction with g, identically vanishes.
Substituting (3.34) into (3.76) and contracting the resulting equation with the Levi-Civita tensor
er uvps we find

Qp=Q,+4S,, (3.77)

which means, together with (3.34), that we are left with two independent vectors, @, and S,.
Plugging (3.77) into the resulting equation mentioned above, after some contractions with the

Levi-Civita tensor and making some algebraic manipulation, we end up with (3.33), together with
Q/\;u/ = Q(/\;uz) ) (378)

meaning that the traceless part of the nonmetricity tensor is completely symmetric. Using all
these results, we have that (3.74), (3.75), and (3.76) are identically satisfied (this means, in
particular, that the equation obtained by varying w.r.t. the metric reduce to the trivial identity),

and the final form for the connection reads

~ 1 8 1 16 1 16 1
M =T, + 500 (QV - 3Sy> + 150 <Q# - 3S#> + 75 (QA + 3SA> G+ 500
(3.79)
Finally, exploiting the fact that the Hojman action (3.73) is invariant under (3.20) and (3.72),

meaning that it is invariant under the transformation
P/\w/ = F)\,ulz + 626” + 51//\CM =+ C)\guu + U)\uu ) (380)

where £, and (,, are arbitrary one-form vectors and where U A uv is a completely symmetric tensor,

with the choice
1 1 8 1 16
A A
V:_*Q vy v — — v 5Pv | = - ) 81
U, 58w ¢ B <Q 35) Cu 5 <Qu+ 3 Su) (3.81)

one can prove that the final form of the connection (3.79) reduces just to the purely Levi-Civita
connection, namely (3.39).

Finally, let us also mention that in the case in which one either sets the nonmetricity to zero
after having varied (3.73) or considers the same model (3.73) with just a torsionful connection
(that is, setting the nonmetricity to zero from the very beginning), the result is, again, (3.39), as
expected, at this point. Thus, for the purely Hojman Metric-Affine gravitational term as well as

for the torsionful metric case the final connection reduces to the Levi-Civita one.

15



3.7 Matter coupling

We shall now wish to add some matter to the previously analyzed model® and discuss the
consistency issues that may arise. Taking into account that we are in a Metric-Affine framework
and the metric and the affine connection are independent a priori, the matter can (and will)

couple to the connection as well. Having clarified this, by adding a matter part to (3.1) we have

1
SEH+Hijan+M = ﬂ /d43j V=g (R + aEMVaBRMVOéﬁ) + SM [97 Fa \I]] ’ (382)

where Sy is the matter action and W collectively denotes the matter fields. Proceeding, we define

the energy-momentum tensor in the usual way,
2 6Su
V=g ogH’

with T, = T,,. Now, since matter couples also to the connection, we also define the hypermo-

T, = (3.83)

mentum tensor [20]

2 05w
/—g 6TA " J

which encodes the microscopic characteristics of matter such as spin, dilation and shear [26-29].

A= (3.84)

Then, varying the action (3.82) w.r.t. the metric and the connection, we obtain, respectively,

1 «
R(l“’) B §glﬂ’R - ae(u B’yRy)aﬁ'y = ’QTuuy (3.85)
v 1 av Q v v
P)\ H + 2« <—7(2Sa — Va)(JngAM ) — EAM ﬁSaﬂ > = HA/\M s (386)

where the latter is equivalent to
P 42000 Qupy + P S0 — 6,08, ) = kAL (3.87)

Let us first concentrate on the connection field equations, since many conclusions can be drawn
by these alone. To start with, taking the trace of (3.86) in u, A and using the fact that the

gravitational part of the action is projective invariant, we find the constraint
A, =0, (3.88)

namely only projective invariant matter is allowed [26,30]. This means that the theory is com-
patible only with matter with a vanishing dilatonic current and, in general, one would then run
into possible inconsistencies [26].” However, both the bosonic and fermionic fields are projective

invariant (see [33] related to this point) and therefore the presence of such fields does not introduce

8Here as well as in the sequel, we refer to ‘matter’ as any further contribution to total action except purely

gravitational terms (according with the terminology adopted in the literature).
90One may break the projective invariance by constraining one of the torsion or nonmetricity vectors, or a

combination of them in a certain way through Lagrange multipliers [30-32] and alleviate the constraint on the

trace of the hypermomentum.
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any consistency issue.'’ One can prove, by taking traces and contractions with the Levi-Civita
tensor of (3.87), that also in the matter-coupled case one may exploit projective invariance and
consider an appropriate gauge choice to get rid of the nonmetricity vector Qx.'' Moreover, it
can also be shown that the presence of matter does not allow for a vanishing @, since the latter
results to be given in terms of hypermomentum traces. Let us conclude this analysis with a
comment on the case in which a = :t%. In this particular case, from the contraction of the
connection field equations (3.87) with the Levi-Civita tensor, one gets the following constraint on
the hypermomentum currents:

m
2 ~ 8@

where we have defined Aé) = AMy and Aé) = Ay, along with Aé‘l) = A\M = 0 (which

is, in fact, (3.88)). We shall refer to this type of matter as matter with a ‘parity restricted

AH Fic® Ay, =0, (3.89)

hypermomentum’. It would be very interesting to find physical systems for which the latter
condition on matter fields holds true.'> Moreover, as we have previously observed, for the specific
choice a = :l:% the gravitational part of the action results to be invariant also under connection
transformations of the form (3.60), where the tensor V), satisfies the constraints given in (3.58).
Again, this fact puts some constraints on the matter part of the theory and, in particular, it

implies that the hypermomentum obeys
A)\/W = :tiE)\”pgAypa y A[)\/U/] =0. (390)

This last condition means that for the cases a = :l:% there is no room for coupling with purely
fermionic matter (a detailed study of the coupling with purely fermionic matter will be given in
the sequel). Here, matter coupling certainly deserves further investigation in order to conclude
whether the above restrictions on the hypermomentum are always unphysical or there are systems
where these arise naturally. We conclude by mentioning that if one considers the torsionful metric
case with matter (that is, if one considers vanishing nonmetricity from the very beginning) the

constraint (3.88) does not arise anymore. In particular, in that case one obtains

k

SV = _QAZ(/I) .

(3.91)

Nevertheless, one can also prove that other constraints on the hypermomentum arise (which, as
usual, can be related to invariances of the gravitational part of the action), meaning that, again,
matter results to be constrained by the gravitational part of the theory. In the sequel, we will
analyze the case in which the Metric-Affine EH plus Hojman term theory is coupled with purely

fermionic matter.

OWhether projective invariance should be broken or not (and, thus, if it has a physical relevance) is still an open
issue, whose analysis goes beyond the aim of the present paper. In fact, some recent investigations suggest that
keeping projective invariance is key in order to avoid ghosts [34-30].

"Let us recall, here, that neither of the combinations 4Q* — Q*, Q" — Q" — 45", and S'M can be set to zero

because all of them are projective invariant by themselves.
12For instance, it would be worth to study applications to the perfect hyperfluid discussed in [29].
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3.7.1 Purely fermionic matter

Let us now concentrate on the case in which the Metric-Affine EH plus Hojman term model is
coupled with purely fermionic matter. In this case, the hypermomentum has only a non-vanishing

totally antisymmetric part, namely

~

Aur = Ay = Aoy (3.92)

with the other pieces all vanishing. Then, from the connection field equations it follows that
(3.21) and (3.22) hold, together with

2(1 + 40%)SH = ke®PTHA 5, . (3.93)

From (3.93) we can see that for a = :l:% we get the constraint 50‘57“Aam = 0, which means,
taking into account (3.92),
Apw = 0. (3.94)

Thus, as a consequence of the equations obtained from the variation w.r.t the connection with o =
j:% we find that that for the theory coupled with purely fermionic matter the hypermomentum
vanishes on-shell. Therefore, we can conclude that the cases a = i% lead to an inconsistency
related to the vanishing of the hypermomentum when coupling with purely fermionic matter is
considered. On the other hand, for a # £% from (3.93) we get

Sr — W’ZQQ)@WWAW, (3.95)
which shows how matter sources torsion in this case. Note now that in the theory currently under
analysis, which is invariant under projective transformations of the connection (3.2),' we still
have that the projective freedom can be exploited in such a way to remove a vector by choosing
an appropriate gauge. Interestingly, we cannot set the combination Q u— @, —48S,, to zero because
it is projective invariant by itself.'* Of course the same holds true for 5'#. A natural gauge would
be the one for which the nonmetricity traces are removed. Considering such a gauge, we can set
Qu = 0 and by means of (3.22) we also have @, = 0. In addition, here the hypermomentum does
not source neither €y, nor Zy,,. Indeed, one can prove that we are left with (3.25) and (3.26).
Then, we can safely set both Q,,, and Z),, to zero.'” Thus, with a proper gauge-fixing, we end
up with (3.70) and

Sy = %5&, (3.96)

3Indeed, following [3] one can prove that, due to the fact that the hypermomentum here is completely traceless
(see (3.92)), the matter contribution to the full action result to be invariant under projective transformations (3.2)
(in the matter Lagrangian, here, only the completely antisymmetric part of the contorsion contributes, giving

vanishing traces).
Y This can be proved by considering (2.9) together with (2.6) and (2.7), taking contractions, and subsequently

applying (3.2) (see also [3], where some projective invariant combinations have been explicitly written).
15See the previous discussion regarding the theory in vacuum; here, since the hypermomentum is completely

antisymmetric, we can consistently gauge away 2., and Zy,, by exploiting the same transformations.
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and, therefore, with
o N

K o 1
S“y)\ = m <6g)\[,u51/]a67A Ay — 2A;w)\> ) (397)

where we recall that AWA is completely antisymmetric. Concluding, the final form for the con-
nection results to be

~ K Q@

AT % kK [7

“” pr ¥ 2(1+4a2) L3

Let us also observe that, considering the equation obtained by varying the action w.r.t. the

(_6)\1/5#0457 + 5)\04,6’79#1/) AP — A)\W} . (3.98)

metric, that is (3.85), where now (3.92) holds, and taking its pu,v trace, after some algebraic

manipulation and using all the equations and information above, we get

K2 -

—A
A(1 + 4a2) P
where we have defined the trace of the energy-momentum tensor as 1" := ¢g*”T},,,. Combining
(3.99) and (3.85) with (3.92), we are finally left with

R= AP — kT, (3.99)

Ry =r (TW - ;gWT> n m&ﬁ%mﬁ. (3.100)
From egs. (3.99) and (3.100) we can see that the Ricci scalar and the Ricci tensor of the Levi-
Civita connection are entirely given in terms of matter contributions, namely of the energy-
momentum and hypermomentum tensors. The extra term involving the hypermomentum in
(3.100) is a spin-spin interaction. This is easily seen as follows: The Dirac Lagrangian in the
presence of torsion reads Lp = Lp+iyHy Pl K puv- Here, Lp is the Riemannian part and K oy
is the contorsion tensor. Now, from the definition of the hypermomentum we get A e X 11_17[“,,&}1/),
where Y, a] = V[uVwVa) and where 7, denotes the Dirac gamma matrices in four dimensions.
Finally, using the relation y#o) = —jeMany,~5 it follows that Arve My y99), from which
AWQA/“’O‘ o (Py,750) (v yHy59), as stated. Here, let us also mention that this amounts to a
four-fermions interaction that originates from torsion associated with spin degrees of freedom,
recently analyzed in [37]. There, such an interaction has been proved to lead to a novel universal
mechanism for producing singlet fermions in the Early Universe, with these fermions playing the
role of dark matter particles. It would be interesting to further analyze this aspect in the models
we are proposing in the current paper.

As a final comment, let us mention that, as we can see, there exists a well-defined limit o — 0o
for which the torsion vanishes and the theory results to be equivalent to GR. Indeed, in the limit
a — 0o, from (3.98) we find that the final form of the connection reduces to the purely Levi-Civita
one, that is (3.39), and from (3.99) and (3.100) we obtain

N 1 -
R;w - §g,u,uR = HT,U,V ) (3101)

with
R=—k&T, (3.102)

which correspond to the Einstein’s field equations. This means that in the strong parity violating

regime the non-Riemannian contributions die off and the theory reduces to GR.

19



4 Metric-Affine f(R) gravity with Hojman term

Let us now consider a Metric-Affine gravitational action consisting of the Metric-Affine f(R)

gravity contribution along with the parity violating Hojman term. The total action now reads

1
Sf(R)+Hojman = % /d4l'\/ _g(f(R) + aglwaﬂRuuaﬁ) ) (4'1)

where f(R) is an arbitrary function of the scalar curvature R = g R, (I'), with I' a general

affine connection. Variation of the above w.r.t. g"” gives

J(R a
F(R)R ) — (2)9W e ﬁwRu)aﬁw =0, (4.2)

while the variation w.r.t. F)‘W leads to

8 ! O f!

where ' = f'(R). The trace of (4.2) yields

f(R)R - 2f(R) = ac"*P R,5- (4.4)

which can be also rewritten as

f R a ,,
F=a 27‘“’€H PRy - (4.5)

Observe that substituting (4.4) into (4.2) the latter can be rewritten as

1
F(R)Ru) = 5 ( f(R)R - aspaﬁmmm) g — 02, R0y =0, (4.6)

that is

1
Ry = RO + & POBIR i G — e Ryyasy =0, (4.7)

o
4f' r
which is correctly traceless in u,v. Notice that if we restrict to the (trivial) case « = 0 and also
take f(R) = R, from (4.4) we get R = 0 and then the metric field equations (4.2) boil down
to R,y = 0, just as expected for the purely EH case without matter fields. Thus, one could
consistently take the limit & = 0, f(R) = R and arrive at the well-known result of Einstein
gravity modulo projective invariance (see for instance [3] for details).
We can now move on to the analysis of the field equations. Taking the A, u trace of (4.3) we
get the trivial identity, which is in accordance with the invariance of (4.1) under the projective
transformations of the connection given in (3.2). Considering, on the other hand, the A, v trace

and the contraction with g"” of (4.3), after some algebraic manipulation we obtain

Q\= 37,SA 365,\ + 48}{0 ; (4.8)
Qr = iQx = ;?,S)\ - =S+ 8}{ : (4.9)



Plugging (4.8) and (4.9) into (4.3) and contracting the resulting equation with €*,,, we find

40&2 4 f/2 B

ap ln fl = —Tflsp . (410)
With this, we may express the above as
2f" - 16

—_2 ¢ _ = 4.11
Qx e Sx 3 S, (4.11)

~ 1 f' = 4
= - =—=5,-=5). 4.12
Qx 4Q>\ 6o~ 35 (4.12)

Then, substituting all these results into (4.3), the latter becomes
— (€M o (X7 \ = 22)\P7) — 26" 5, ZMP7] — QM = 22,1 = 0. (4.13)

Taking contractions of (4.13) with the Levi-Civita tensor, after some algebraic manipulations we

obtain the following equations:

120&2 +f/2 .
Zm/)\ = Tf,e/wpaz)\p ) (4'14)
402 + f
Q)\uu = _sz)\(,m/) : (415)

Finally, one can prove that, using (4.14) and (4.15), eq. (4.13) results to be identically satisfied,
meaning that we do not get any further constraint. Let us now carry on the analysis by studying
separately the solutions with constant f’ (recall that here we are considering « to be a constant
parameter) and the case in which f’ is not a constant.

Before doing that, we remark, here, that due to the projective invariance of the Metric-Affine
f(R) gravity action plus the Hojman contribution, the coupling with matter leads again to (3.88),
meaning that only projective invariant matter is allowed.

4.1 Solutions with f’ = constant

We start by analyzing the cases in which f’ = constant. First of all, let us observe that if
f'(R) = Co, (4.16)
where Cj is an arbitrary constant, then we get
f(R)=CoR+ C1, (4.17)
where C] is an arbitrary integration constant. Moreover, we have
o f' =0. (4.18)

Let us mention, here, that the action (4.1), in principle, is just invariant under projective trans-

formations (3.2) (see [3] for details on the projective invariance of Metric-Affine f(R) gravity).
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Nevertheless, if we consider (4.16), this automatically yields (4.17), and the equations obtained
by considering the same from the very beginning in (4.1) coincide with the equations that we
obtain by considering (4.16) and (4.17) after having varied the action. Then, if we take (4.16)
and (4.17) from the very beginning in (4.1), we have that the latter has the same symmetries that
we have discussed in the previous section when studying the Metric-Affine EH + Hojman theory.
Finally, using the equations above and the symmetries of the action, after some straightforward
calculations, one can prove that in all the cases in which (4.16) holds true one is left with a final
form of the connection that is purely Levi-Civita.

Concluding, we observe that the case f’ = constant takes us back to the results we obtained
in the previous section, that is to the MAG theory with EH 4+ Hojman. Note that here, in
addition, we also have a cosmological constant, so that the theory actually is EH 4+ Hojman +
Cosmological constant. However, the presence of the cosmological constant does not modify in
any way our previous analysis and only adds the usual extra term in the field equations for the
metric. This is so because its presence does not modify in any way the connection field equations
(being independent of I'). Therefore, in the case f’ = constant we still get GR, but in the presence

of a cosmological constant.

4.2 Case with f’ # constant

Let us now turn our attention to the f’ # constant case. This turns out to be much more
interesting then the previous one. Before proceeding, let us recall that, in this (more general)
case, (4.1) is invariant just under the projective transformations (3.2), meaning that there is no
other invariance that one could exploit to gauge-fix non-physical degrees of freedom.

In this case, (4.14) yields (3.33) and (4.15) becomes (3.32), that is both Zy,, and €2, vanish.

Let us also notice, for the sake of simplicity, that (4.8) and (4.11) can be recast as follows:

Qx = 4Qx, (4.19)
3~ a
_ 35 _ 4.2
Sx 190~ 5o (4.20)

where we recall that (4.10) holds. Then, after some algebraic manipulation, we find that now the
connection reads
f/

- 1., - 1 - - -
D =T, + 50%Q0 + £hupS + 15— (905 — 8.5, - (4.21)

One can then properly exploit the invariance of the action (4.1) under projective transformations
of the connection, (3.2), to get rid of the nonmetricity vector Qu (choosing &, = —%QV in (3.2)).
Then, from (4.19) we can see that, automatically, also the nonmetricity vector @) is eliminated
from the theory. In this way, we are left with just one independent vector, that is the torsion
pseudo-vector Sy, and the final form for the connection becomes

f’ ~ ~

. 1 -
A A A A A
D = T + 58S + 3= (gWS ) ws;) : (4.22)
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where S, obeys (4.10), which can also be rewritten as

~ !/

S, = —30, [arctan <2L>} . (4.23)

(0}

Then, from (4.20), taking the above discussion into account and using (4.23), for the torsion

vector we get
S, = %au [m (f2 + 4042)} . (4.24)

From the last two equations we conclude that both the torsion vector and pseudo-vector are exact
and sourced by f’. This fact reflects a certain similarity with the case of the so-called Palatini
f(R) gravity with matter (see, for instance, [3] and references therein for details on this point).'¢

Finally, using the information above, one can prove that eq. (4.5) becomes

f_R a
f/_2+ f/

Given the form for S \, in (4.23), the latter equation can be seen a second order differential equation

%gusu _ 09 5, (4.25)

for R. This will become clearer in an explicit example we will discuss in the sequel. In the present

case, (4.25) can be recast as follows:

f E 1 f/2 _— f/ a .
== — — — S = — 4.2
2 T 12 7 1602 S+ 40 f Vs (4.26)
where we have used the fact that now we have
s 11 P Yaa, Moo
=R—=-|= — . 4.2
R=R 5 <3 + 4a2> S\S* + QQV)‘S (4.27)
On the other hand, (4.7) become
1 1 1~ ~ o~ = 1~ - 200 ~  ~
R(,uy) - 1Rg,u,1/ - gg,ul/ <65’pS'D + f/VpSp> + §S“Sy + 37JCIV(NSV) =0, (428)

where the only independent vector appearing in (4.28) (also in the first two terms of the latter)
is just the torsion pseudo-vector 5'#. Thus, we can conclude that in the case f’ # constant we
are left with the connection (4.22) where the torsion pseudo-vector S, is exact and obeys (4.23),
together with the above equations (4.26) and (4.28). Let us now observe that one can integrate
(4.23), obtaining

/
arctan <2fa) =0, (4.29)
where we have defined Lo
o= -3 /Suda:“ + constant . (4.30)
From (4.29) it follows that
f =2atan®. (4.31)

16With the term ‘Palatini’ here we mean that the hypermomentum tensor vanishes identically, that is the matter

action is independent of the connection.
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Using % = j—é%, we can see that (4.31) implies

f=—2aln(cos®) . (4.32)
Using (4.32) into (4.24), the latter yields

S,, = —30,, [arctan (tan ®)] . (4.33)
Assuming, consistently, that R takes values in R, then we find, from (4.31), that if we take

T
® (—7, 7) , 4.34
this range for ® automatically maps to the whole real line. Thus, the choice (4.34) does not
introduce any additional constraint in the present theory. With the choice (4.34), eq. (4.33)
becomes

S, =—-30,9. (4.35)
Here, notice also that the same would have been obtained by simply substituting the left-hand side

of (4.29) written in terms of ® into (4.24), confirming that what we are performing is consistent

and well-defined by construction. Consequently, eq. (4.25) yields,

R 3 3
— (cot @) In (cos ) = 3 + SN (cot @) 0, (v/—go"®) + 5(9“(1)8“(1). (4.36)

Using the fact that (4.27), which is the decomposition of R in terms of R and non-Riemannian

contributions, now reads as follows:

(2 — 3 (sec <I>)2> 0,P0"®
(4.37)
= R~ —= (tan ®) 0, (V=90"0) — 3 (1 + 3 (tan @)2) 0,00"D |
we find that (4.36) leads to

- 3 3
R = —2(cot ®)1In (cos ®) + 7= (tan ® — cot ®) 9, (v/—go"®) — 2 (1 — 3 (tan <I>)2) 0,90"® ,
-9
(4.38)
which gives R in terms of functions of ® and its derivatives, and one can also prove that eq.
(4.28) becomes

~ 1 -] 2
R, — ZQWR + ggw, [(sec <I>)2 0,90°® + N

1 -
—5 (sec ®)? 0,90, P — (csc @) (sec®) V0,2 =0.

(csc @) (sec @) D, (\/Tgapé)} )

One can also plug the expression for R given in (4.38) into (4.39), ending up with R;w in terms

of ® and its derivatives, namely

Ry = g [ - % (cot @) In (cos ) — (; — (tan <I>)2> 0,90 P

1 (1 1 (4.40)
+ Ner <2 tan ® — cot <I>> dp (V—g0°®) | + 3 (sec ®)? 0,90,

+ (csc @) (sec @) V.0, .
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We will see later some explicit examples with different assumptions on the form of f(R). Notice
that the right-hand side of the above suggests that there is some additional scalar mode at play
here. This is indeed the case, as we formally prove in what follows. Let us conclude this analysis

by saying that using all the relations we have obtained so far we also have

1
Q" Ry pe = —6a | (tan @) 9,801 ® + —=—0), (v/—g0"®)| . (4.41)
v—g
Eq. (4.41), together with the other results collected above, will be particularly useful in the sequel

to prove an intriguing equivalence that we are going to provide.

4.2.1 On the degrees of freedom and equivalence with a metric torsionless Scalar-

Tensor theory

As it may be already evident by now, in the case in which f’ # constant the theory seems
to carry one more scalar degree of freedom with respect to GR. This is no other than the scalar
mode ® and its very appearance in (4.39) indicates that this should indeed be the case. In the
sequel, we formally prove this. Notice that the equivalence between Metric-Affine f(R) gravity
plus Hojman term (in the general case f’ # constant) and metric torsionless Scalar-Tensor theory
we are going to discuss is an on-shell equivalence (meaning that the two theories exhibit the same
dynamics) which holds true after having gauged away the (non-physical) nonmetricity degrees of
freedom from the Metric-Affine f(R) gravity theory plus Hojman term.

Following the standard f(R) equivalence prescription [4, 0], we introduce an auxiliary scalar
field x and consider the action
1

S_in

[ d'av=g[ 160+ FOOR =0 + 0= Rog]. (4.4
where f’(x) represents the derivative of f(x) w.r.t. x. Variation of (4.42) w.r.t. x leads to

f () (R=x)=0. (4.43)

Therefore, we have that if f”(x) # 0 then x = R, which, when substituted back into (4.42),
establishes the equivalence of the latter with (4.1). Now, in the usual manner (see [1,(]) we set
f'(x) = ¥ and suppose that this can be inverted to give x = x(¥). With this identification the
action (4.42) takes the form

1
S = o /d%v—g[‘l’R +V(¥) +ae™ Ryypo | (4.44)

where, as usual [1], we have defined the potential V (V) := f(x(¥)) — ¥x(¥). Now, notice that
on-shell we have f'(x) = f'(R), and, therefore, using (4.31), we get

U =2atan®, (4.45)

25



which (under the consistent assumptions previously discussed) implies & = arctan (%) Then,

using the latter into (4.41), we obtain

o*w

3 v )
0, WOy — 3V, | — 2~
27K H 2
L+ (2q)

(14 (1))

Finally, plugging (4.46) back into the action (4.44), disregarding the surface term, we arrive at

aE‘quoRqug — (446)

1

S = /d4x«/—g R+ V(T) 5 v 50, VO | (4.47)

(14 (1))

At this point, this action looks like the one for a Scalar-Tensor theory. Nevertheless, let us recall

2K

that here R is the Ricci scalar of the affine connection I'* uv, Meaning that it also contains non-
Riemannian contributions that will be now functions of W. Using the decomposition of R given

in (4.37) one can prove that we are left with

- P2 3 3
V—g¥R =+/—gVYR+ \/—g [3 (—Ww"’ + 4‘;” Vo, WOl — %au [V=gT* (0"®)w] , (4.48)
where we have defined ) )

wi=———". (4.49)
(i)

Substituting (4.48) into the action (4.47), discarding the surface term (that is the last term in

the right-hand side of (4.48)), we finally get the equivalent theory

1 ~
S:%/d%\/fg [\IJR+V(\IJ)+2

v

which is, indeed, a metric torsionless Scalar-Tensor theory,'” that is the theory propagates an
additional scalar degree of freedom compared to GR. We have therefore arrived to the remarkable
result that the vacuum Metric-Affine f(R) gravity plus Hojman term theory is equivalent to a
metric torsionless Scalar-Tensor theory.

Let us now analyze the field equations of theory (4.50). Taking the variation of the latter

w.r.t. ¥, we obtain

3

N - 1
R+V/(0) + s <—\Wua#\p + 020, VoMU — 2(9“\110“\1/) —0.  (451)

4o + W2

On the other hand, by varying the same action w.r.t. g"” we get

- 1. 1V(b) V,000 3
R ——R—- = L — 0,Vorvy
“”+g“”< 2T Y T U it ey >
) (4.52)
3 v, (9,0)
— 9,9, - L —
+2(4a2+1112) ney v ’
"See [3,5, 6], where the equivalence between other f(R) gravity theories and Scalar-Tensor models has been

discussed.
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whose trace yields

- 2 3 3

ZV(U) = =V, 000 + -0, V" T = 0. 4.53
R+\11 () \I/v“ +2(4a2+\1/2)“ (4.53)
Plugging (4.53) back into (4.52) we find
- 1 V(¥) V,0r0 3 V., (8,9)
oyt _ 0o, — L) g 4.54
Ry 5.9 ( 7 v ) T 2aar oy v 7 0 (4:54)
while from comparison of (4.53) with (4.51) we are left with
—2V (W) 1 NG = o 2 1 ,
== Bl v - YOI 7) =
T +3[<\I/ 4a2+qj2>vﬂa +<(4a2+\112)2 102 £ 02 0,90 +V(¥) =0,

(4.55)
where this last equation determines the dynamics of ¥. Observe, here, that the field equations
for U are second order ones. Finally, rewriting all the information above in terms of ®,'® one can
prove, after some algebraic manipulation, that the equations of motion of the metric torsionless
Scalar-Tensor theory (4.50) coincide with those of the vacuum Metric-Affine f(R) gravity plus
Hojman term theory previously analyzed, confirming the on-shell equivalence between the two
theories. Notice, in particular, that we find out that eq. (4.55) reduces to the trivial identity
and that the description of the dynamics of the scalar degree of freedom is transferred to the
equations of the Metric-Affine f(R) gravity plus Hojman term model.

It is also worth stressing out the in the small o limit the Scalar-Tensor theory actually becomes

a Brans-Dicke theory with Brans-Dicke parameter wy = —%, as it can be easily seen by neglecting
the a? term appearing in (4.47).1

Let us finally mention that one could also study how matter with vanishing hypermomentum
affects this result. We aleady know that Metric-Affine f(R) gravity plus matter with no hyper-
momentum is equivalent to a specific Brans-Dicke theory (see [0,38]). In the case under analysis,

we expect things to be considerably more involved and leave this study for a future work.

4.3 Comments on the torsionful metric case

Here we make some comments of the torsionful metric case. First of all, let us observe that
if we set the nonmetricity tensor @y, to zero in the theory above after variation of the action
(4.1), we are led to the same results obtained in the torsionful nonmetric case.

On the other hand, one could consider vanishing nonmetricity from the very beginning in

(4.1). The introduction of the Hojman term in an f(R) theory of gravity with torsion has been

8Using, in particular, eqs. (4.31) and (4.37), together with (4.45) and the fact that we are led to V'(¥(®)) =
-x=-R
9Gee [4,6] for the equivalence between generic Palatini f(R) theories of gravity with matter and Brans-Dicke
gravity. Note that the aforementioned Palatini f(R) gravity theories with matter have been proved [4, 6] to be
3

equivalent to Brans-Dicke gravity with Brans-Dicke parameter the same parameter wo = —3, and the this holds

true in the case in which either torsion or nonmetricity vanishes as well.
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previously considered in [39] in the Hamiltonian formalism, and in [10], but there the BI parameter
has been promoted to a field.”’ We will study the case where the BI parameter is promoted to a
field in a future work [some work is now in progress on this point], while for the moment we shall
focus on « being a constant parameter.

Thus, in the case in which one considers (3.70) from the very beginning in (4.1), the variation

of the action w.r.t. the connection yields

4 1 ~
gg“VS,\ - gﬁx‘”’psp — 27,1 4 5\"g"?

0o f! of'  da
T e Seen =0, (4.56)

where we have also written explicitly the Palatini tensor with vanishing nonmetricity exploiting

(3.8). Taking the A, p trace of (4.56) we get (3.34) (we discard, as usual, the trivial case a = 0).

Substituting (3.34) into (4.56) and taking the A, v trace of the resulting equation we get

_30uf
=1

while, using also (4.57) and taking the contraction with the Levi-Civita tensor of the aforemen-

Su

(4.57)

tioned resulting equation, we find
ot
f/2

Observe that this is a rather strong constraint, meaning that the only solutions admitted here are

=0. (4.58)

the ones with f’ = constant. We will come back to this point at the end of this analysis. Now,

plugging (4.58) into (4.57), we are led to
S, =0. (4.59)

After some algebraic manipulation on the remaining equation, we find (3.33). Thus, we are left
with
St =0, (4.60)

meaning that the torsion vanishes and that the final form of the connection reduces to the Levi-
Civita one. Furthermore, one can prove that the equations obtained by varying the action w.r.t.

the metric yield

f

Finally, as we have already mentioned, looking at (4.58), we can deduce that f’ = constant,

f R - 1 -
= 9 Ruu - iguuR =0. (461)

that is (4.16), which implies (4.17). Therefore, we conclude that there is no such thing as metric
torsionful f(R) + Hojman gravity, since f(R) is forced to be linear in R. Namely, the theory is
consistent only for the choice f(R) = CoR + Cy. In this latter case, the theory turns out to be

equivalent to vacuum GR in the presence of a cosmological constant.

20Tn [40], the authors called B(z*) the the reciprocal of the Immirzi field that couples to the Riemann tensor by

means of the completely antisymmetric tensor, that is the Levi-Civita tensor.
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4.4 An explicit example: f(R) = R+ ¢R? plus Hojman term

Let us now consider, as an explicit example, the case in which one has the Metric-Affine f(R)

gravity plus Hojman term theory with
f(R) =R +eR?, (4.62)

where ¢ is a constant parameter with dimensions of inverse mass squared (or, equivalently, squared
length). Here we immediately get
f'(R)=1+2¢R. (4.63)

In the following analysis, we discard the case R = constant, since it would just automatically lead
to a purely Levi-Civita connection. Thus, let us carry on our study by considering R # constant,

from which we have f’ # constant and f # constant. We have that eq. (4.23) now becomes

Su = —30, {arctan <1 +22€R>] , (4.64)

(07

where we recall that S’p is the only independent (pseudo-)vector that remains in our theory (see

the discussion on projective invariance previously done), while from (4.24) we get
S, =20, N1 (14 2eR)? + 402 (4.65)
w 8 12 n 3 « . .

Moreover, we find that (4.25) becomes

14+ 2R ~ - - -
R= +3 Ry gn 205,50, (4.66)
while (4.28) yields
1 1 15 ~ o ~ 1. = 2c ~
— 2RO — =g | 255" + —==V,57 | + 2 —0. (4
R(l”’) 4Rgp,y 69#[/ |:65pS + 1 + 2€RVPS :| + 9SNSV + 3(1 + QER) (/.LSZ/) 0 ( 67)

Let us also mention that from (4.27) now we get

R=R- 3 VaSH, (4.68)

3 + 402

1/1 1+ 2eR)?\ ~ - 14+ 2R~ -
< (4—5]%))3/\5,\+ +2eR

where S, is exact and given by (4.64).
Observe that integrating (4.64) we get

1+2
arctan ( + €R> =, (4.69)
«
where @ is defined in (4.30). Then, we are left with
1 1
= - tan® — — | . 4.
R 5 <a an 2> (4.70)
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Thus, we find that (4.64) yields (4.35). Substituting the above into (4.66) and (4.67) we obtain,

respectively,

1/ 1 6o
e (_2 +to (tanq’)> N ﬁau (V=90"®) + 6o (tan @) 0, 20" 2, (4.71)

which is an equation for ®, and (4.39). Let us finally mention that we can also write

S| t ® 3 3
fi= - (a tan & — Cza > t o= (tan® — cot @) 9, (V=90"®) — (1 — 3 (tan @)2) 0,001,
(4.72)
where the Ricci scalar R of the Levi-Civita connection is given in terms of functions of ® and its
derivatives. One can also plug (4.72) into (4.39) to get R,, completely in terms of functions of

® and its derivatives, that is

5 1 cot ® 1 9 p
R = 9w [48 <a tan @ o ) (2 (tan @) ) 0,207 ®

L (1 1 (4.73)
+ =7 (2 tan ® — cot <I>> 0p (\/—gﬁf@) + 3 (sec <I>)2 9,20,

+ (csc @) (sec ®) V,0,® = 0.

Furthermore, following the previous discussion on the remaining scalar degree of freedom, one
can prove that the theory is on-shell equivalent to a metric torsionless Scalar-Tensor model with
potential V(¥) = 41—5 (1 + 20 — \IJQ), where ¥ is given by (4.45). Having studied this explicit
example, we can now proceed by analyzing the restriction to the case in which f(R) = R?, where
we will also give an application to homogeneous cosmology.

4.5 Restriction to f(R) = R? plus Hojman term

Here we restrict ourselves to the case in which
f(R) = B2, (4.74)

yielding
f'(R) =2R. (4.75)

Let us mention that with the choice (4.74), the f(R) term in the action (4.1) results to be invariant

under conformal transformations of the metric tensor (as defined in [3]),
g = € g, T =T, (4.76)
where € is a scalar function. Indeed, under (4.76) we have
d*zy/—g — d'ze*=g, R Mu,— R w,, Ru — R., R~ Re??, (4.77)

and one can clearly see that the f(R) term in (4.1) with the choice (4.74) is invariant. Nevertheless,

the complete action (4.1) is not invariant under (4.76), due to the fact that the Hojman term is
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not. We now proceed with our analysis. Again, we discard the case R = constant. Now, egs.
(4.23) and (4.24) respectively boil down to

S, = —30, {arctan <f)] : (4.78)
S, = %au [In (4 (R*+a%)] . (4.79)

On the other hand, (4.25) becomes
S5t =0. (4.80)

Moreover, eq. (4.28) yields

1

R~ R — S (égpgﬂ ; ;ypsf)) F15.5 4 LvuS, =0, s
which, exploiting (4.80), can be also rewritten as
R — %ng —~ %gwgpg” - égﬂﬁy + %@(MSV) =0. (4.82)
Finally, (4.27) now reads
R—f- ) (; i 2’2) 5,8+ 9,9 (4.83)

where, as we can see from (4.78), the torsion pseudo-vector Su is exact.
Let us now observe, on the same lines of what we have previously done, that we can integrate
(4.78) to obtain
R=atan®, (4.84)

where ® is defined as in (4.30), together with (4.35). Thus, one can prove that eq. (4.80) becomes

Ou(v/—goH®) + \/—g (tan @) 0" P90, P = 0. (4.85)

Then, we get once again (4.39), while eq. (4.83) becomes

~ 3 3 9
= = - —qotd) — 2 (1 — 1
R=atan® N (tan @ — cot @) 8, (v/—gO*®) 5 (1 3 (tan @) ) 0,90"'® . (4.86)

Moreover, we get

. 1
R = 9w [Z tan ® — (2 — (tan <I>)2> 0,90 ®

1 1 , (4.87)
— | = b — P —g0’® — P ®0,P
+ N <2 tan cot ) dp (V—90°®) | + 5 (sec @) 9,0,

+ (csc @) (sec @) V,0,® = 0,
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which expresses RW in terms of functions of ® and its derivatives. Having established the Scalar-
Tensor equivalence, let us observe that one could also have arrived at the same result by directly
studying the equations of motion of the Scalar-Tensor action (4.50) with potential V (¥) = —%2.21
Indeed, one can prove that the theory is on-shell equivalent to a Scalar-Tensor model with the
aforementioned potential.

We will now give an application in the cosmology context, showing, in particular, how (4.85)

may be solved to obtain the scalar curvature R.

4.5.1 Homogeneous cosmology

Let us now consider an illuminating application in order to illustrate how (4.85) may be
solved to obtain R in a cosmology context. In a homogeneous cosmological background we have

0u® = (52<i>, and the equation we have to solve, that is (4.85), becomes (here, a(t) is the scale

factor)
d .. .
%(a%) +a3®?tan® = 0. (4.88)
If we now express the latter as
1 d . .
ﬁﬁ(a3<1>) = —(tan®) ®, (4.89)

we can see that it can be trivially integrated to get
a®® = cos P+ ¢y, (4.90)

where c; is an arbitrary integration constant. For the sake of simplicity, let us assume that the

initial conditions are such that ¢; = 0. Then, integrating (4.90), we arrive at

. Ce — 1
®(t) = arcsin <C’e>‘—|—1) ) (4.91)

where C' is another integration constant and where we have defined

A(t) =2 / af(tt). (4.92)

Thus, using the above results, eq. (4.84) yields

Cer — 1
R(t) = 2atan |arcsin | ——— | | . 4.93
*) [ <Ce)‘ +1 ( )
Note also that the latter can be also formally rewritten as
2a
R(t) = —=2 (4.94)
1—2
21 This follows immediately from the defining relation of V(%) and for the choice f(R) = R?. Here there also is
another way to arrive at the same result: Integrating V' = —x we get V(¥) = — [ x(¥)d¥; then, using the fact
that from (4.43) we have, for f”(x) # 0, x = R, here we find (using also (4.45) and (4.84)) x = ¥, which in turn
implies V(¥) = —‘I’Tz. In this way, taking the classical mechanics analogue too far, one might also interpret x(¥)

as the conservative ‘force’ which, when integrated, gives us the potential V().
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where we have defined \
Ce*—1
= 4.95
LGP (4.95)
with A being defined in (4.92). Then, exploiting the decomposition of R in terms of R plus
non-Riemannian contributions, one gets an evolution equation for the scale factor, which, in this

case, is an integral equation.

5 Conclusions

Considering a Metric-Affine set-up, we have studied a gravitational theory given by the EH
term along with a parity violating term defined by the contraction of the Riemann tensor with
the Levi-Civita tensor. The latter is oftentimes referred to as the Hojman term but we explained
it is more appropriate to call it Hojman term. Interestingly, in the MAG framework, this is
the most general theory one can write down whose gravitational part is linear in the Riemann
tensor. Starting with the vacuum case, we have shown that the phenomenology of the model
depends crucially on the values of the dimensionless coupling constant of the Hojman term. In
particular, there are two distinct cases to study separately: a # :l:% and a = :l:%. In the
former case, projective invariance of the action allows to appropriately choose the gauge in such
a way to end up with a final connection that is purely Levi-Civita and prove that the theory is
equivalent to vacuum GR. On the other hand, in the latter case (o = :l:%), we have found that,
intriguingly, the total action EH + Hojman enjoys an enlarged symmetry, namely it is invariant
under connection transformations given by (3.60). Thus, the addition of the Hojman term not
only does not break the projective invariance of the theory (since itself respects this symmetry)
but for a = :l:% it promotes the projective group to a greater one. We have then proved that
exploiting the invariances of the action, also in the case a = 45 the final connection coincides
with the Levi-Civita one and the theory results to be equivalent to GR in vacuum. Note that
neither the EH nor the Hojman term is invariant under (3.60), but their linear combination for
a = :t% is indeed left invariant. To our knowledge, this invariance is reported for the first time
here and it restricts the matter form that can be coupled to the theory. To show this explicitly,
we have also added matter to the model and derived the aforementioned restriction imposed by
the enlarged symmetry on the hypermomentum.

Subsequently, we have extended our discussion and studied the Metric-Affine version of f(R)
+ Hojman term gravity. In this case, we have demonstrated how one can always consistently
set the nonmetricity to zero by exploiting the projective freedom appropriately. The whole
analysis then boils down to the two distinctive cases f’ = constant and f’ # constant. In the
former case, we have f(R) = CyR + C1, which means that the theory becomes EH + Hojman
+ cosmological constant. Then, the results are identical to the EH 4+ Hojman theory since the
cosmological constant does not modify anything apart from adding an extra term to the metric
field equations. Far more interesting is the other possibility, namely f’ # constant. In this case,

as we have explicitly proved, the theory is on-shell equivalent to a metric-compatible torsionless
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Scalar-Tensor theory, that is we have arrived at the following remarkable result: Vacuum Metric-
Affine f(R) + Hojman term gravity is on-shell equivalent to a metric torsionless Scalar-Tensor
theory. In addition, for || << 1 the aforementioned Scalar-Tensor theory actually reduces to a
Brans-Dicke theory with Brans-Dicke parameter wy = —%.

A future development could consist in studying how matter with vanishing hypermomentum
affects the results we have obtained in the case of Metric-Affine f(R) gravity plus Hojman term
(and its on-shell equivalence with a metric torsionless Scalar-Tensor theory). It would be worth to
extend our analysis to the case in which the BI parameter is promoted to a field [work in progress],
on the same lines of [10—13], considering separately the addition of the Hojman and of the Nieh-
Yan terms in this case. Indeed, the Nieh-Yan term, which is included into the Hojman one, has
been proved to provide many remarkable applications, among which the ones discussed in [11-10]
and also [39,47]. Furthermore, applications to the cosmological perfect hyperfluid of [29] deserve
to be analyzed and discussed. It would be also interesting to carry on an analysis on the same
lines of what we have done in the present paper but considering a more general theory developed
in [18] in a Metric-Affine framework, that is involving both torsion and nonmetricity from the
very beginning. In particular, in [18] the authors considered the EH action plus Hojman term
with torsion in first order formalism and then also generalized their scheme upon the introduction
of other geometrical terms, studying instantonic solutions of the theory. There, some surprising
features and analogies with superconductivity arose, obtaining topological singularities which are
different from those of pure gravity. The gravity theory presented in [18] does not imply any
asymptotic statement on spacetime and its effect are expected to be important for small scale
phenomena, and it would be therefore intriguing to study possible generalizations of these results
in the Metric-Affine set-up.
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