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We investigate the cosmological aspects of the most general parity preserving Metric-Affine Gravity
theory quadratic in torsion and nonmetricity in the presence of a cosmological hyperfluid. The equations of
motion are obtained by varying the action with respect to the metric and the independent affine connection.
Subsequently, considering a Friedmann-Lemaître-Robertson-Walker background, we derive the most
general form of the modified Friedmann equations for the full quadratic theory. We then focus on a
characteristic subcase involving only two quadratic contributions given in terms of torsion and
nonmetricity vectors. In this setup, studying the modified Friedmann equations along with the conservation
laws of the perfect cosmological hyperfluid, we provide exact solutions both for purely dilation and for
purely spin hypermomentum sources. We then discuss the physical consequences of our model and the
prominent role of torsion and nonmetricity in this cosmological setup.

DOI: 10.1103/PhysRevD.105.024007

I. INTRODUCTION

Modified gravity models [1] beyond general relativity
(GR) have received considerable attention in recent years,
as they might provide solutions to both small and large
scale open issues that still afflict Einstein’s well-celebrated
theory of gravity. GR is based on Riemannian geometry
and, on the other hand, proposed generalizations and
extensions of GR have their roots in non-Riemannian
geometry [2], where the assumptions of metric compati-
bility and torsionlessness of the affine connection are
released. In other words, in this framework nonvanishing
torsion and nonmetricity are allowed, both having a clear
geometric interpretation. The former ensures that no
infinitesimal parallelogram can be formed (i.e., they crack
into pentagons), while the latter causes dot products and
lengths of vectors to change under parallel transport in
spacetime.
A prominent class of theories developed in the non-

Riemannian setup goes by the name of metric-affine gravity
(MAG) [3–5]. The latter can be formulated as a “gauge”
theory of gravity [3,4], but this is not mandatory, as the
development of gravitational models out of the gauge realm
already has turned out to be relevant (cf. e.g., [5–8]). In this
context, the metric and the connection can be treated as
independent objects without assuming any form or sym-
metry or compatibility condition for the general affine

connection from the very beginning. The latter is eventually
obtained from the study of the field equations derived in the
first order (i.e., Palatini) formalism.1 Another characteristic
feature of MAG is the fact that the matter Lagrangian is in
principle allowed to depend on the general affine con-
nection as well. The coupling is encoded into the so-called
hypermomentum tensor, which encompasses the micro-
structure of matter [3,13,14]. In particular, it describes
dilation, spin, and shear sources. This last intriguing
characteristic of MAG, namely the microstructure-extended
geometry interrelation, makes it especially interesting.
Under the perspective described above, MAG theories

result to be rather general and powerful [11,12,15–23], and
can possibly lead to diverse scenarios beyond GR, which
may have relevant consequences, for instance, in the
cosmological context. For some relevant results already
obtained in MAG cosmology we refer the reader to, e.g.,
[24–34]. In particular, in this paper we are interested in the
cosmological aspects, in a Friedmann-Lemaître-Robertson-
Walker (FLRW) background, of the most general
MAG theory in n spacetime dimensions involving all
possible parity preserving quadratic terms in torsion and

*diosifid@auth.gr
†lucrezia.ravera@polito.it

1The literature on the topic is huge. For a recent review of
Einstein manifolds with torsion and nonmetricity see, e.g., [9].
Besides, let us also mention that Einstein-Cartan-Weyl spaces in
three dimensions, involving torsion and nonmetricity, have
recently proved to describe the near-horizion geometry of some
supergravity BPS black holes solutions [10]. Furthermore, the
(3þ 1) formulation for gravity with torsion and nonmetricity has
been recently developed in [11,12].
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nonmetricity, in the presence of a cosmological hyperfluid.
The latter is a classical continuous medium carrying
hypermomentum [35–39]. A novel, general formulation
of perfect hyperfluid generalizing the classical perfect fluid
notion of GR has been recently presented in [40–42] by
first giving its physical definition and later using the
appropriate mathematical formulation in order to extract
its energy tensors by demanding spatial isotropy. We will
refer to the aforementioned perfect cosmological hyperfluid
in this work.
Quadratic MAG theories have been previously consid-

ered in [43–52]. More precisely, in [47] a quadratic theory
involving also a piece quadratic in the so-called homothetic
curvature tensor was studied, while in [48] only contribu-
tions quadratic in the torsion tensor were taken into
account. In the cosmological context, in [53] the cosmol-
ogy of a quadratic metric-compatible torsionful gravity
theory in the presence of a perfect hyperfluid was presented
and analyzed for the first time. The current work also
provides a generalization of the results presented in [53]
to the case in which both torsion and nonmetricity are
nonvanishing.
The remainder of this paper is structured as follows: In

Sec. II we review the theoretical background of MAG,
cosmological aspects of torsion and nonmetricity, and the
perfect cosmological hyperfluid. In Sec. III we study the
most general parity preserving MAG theory quadratic in
torsion and nonmetricity in the presence of a perfect hyper-
fluid. The gravitational part of the action is given by the (non-
Riemannian) Einstein-Hilbert contribution plus all possible
parity preserving torsion and nonmetricity scalars.We derive
the field equations in the first order formalism, treating the
metric and the general affine connection as independent
variables. Section IVis devoted to the study of the cosmology
of the quadratic theory. First of all, we consider a FLRW
background and obtain themodified Friedmann equations of
the general quadratic theory. Then, we focus on a character-
istic subcase involving only two quadratic contributions
given in terms of torsion and nonmetricity vectors and, in this
setup, from the study of the modified Friedmann equations
and the conservation laws of the perfect cosmological
hyperfluid, we are able to provide exact solutions in the
cases of purely dilation and purely spin hypermomentum
types. We conclude our work with some remarks and
possible future developments. Useful formulas are collected
in the Appendix.

II. THEORETICAL BACKGROUND

In this section we briefly give all the theoretical back-
ground necessary for a clearer understanding of the
present work.

A. Geometric setup

Let us first review the geometric setup. We consider the
framework of non-Riemannian geometry, and accordingly

introduce on the manifold a metric tensor gμν and a general
affine connection∇with coefficients Γλ

μν. These geometric
objects will be treated as independent, a priori. We
consider n spacetime dimensions and our convention for
the metric signature is mostly plus. The generic decom-
position of a general affine connection is

Γλ
μν ¼ Γ̃λ

μν þ Nλ
μν; ð1Þ

where

Γ̃λ
μν ¼

1

2
gρλð∂μgνρ þ ∂νgρμ − ∂ρgμνÞ ð2Þ

is the Levi-Civita connection and

Nλ
μν ¼

1

2
gρλðQμνρþQνρμ−QρμνÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
deflectionðordisformationÞ

− gρλðSρμνþSρνμ−SμνρÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
contorsion≔Kλ

μν

ð3Þ

is the distortion tensor, given in terms of torsion,

Sμνλ ≔ Γλ½μν�; Sμνα ¼ Nα½μν�; ð4Þ

and nonmetricity

Qλμν ≔ −∇λgμν ¼ −∂λgμν þ Γρ
μλgρν þ Γρ

νλgμρ;

Qναμ ¼ 2NðαμÞν: ð5Þ

Both torsion and nonmetricity have trace parts: Sλ ≔ Sλσσ

is the torsion vector, Qλ ≔ Qλμ
μ and qν ≔ Qμ

μν are the
nonmetricity vectors, with the former oftentimes referred to
as the Weyl vector. Furthermore, in the case n ¼ 4 one can
also define the torsion pseudovector according to
tρ ≔ ϵρλμνSλμν, where ϵρλμν is the Levi-Civita tensor in four
dimensions. The covariant derivative ∇ (associated with Γ)
of, e.g., a vector vλ is given by

∇νvλ ¼ ∂νvλ þ Γλ
μνvμ: ð6Þ

We define the curvature (Riemann) tensor as

Rμ
ναβ ≔ 2∂ ½αΓμjνjβ� þ 2Γμ

ρ½αΓρjνjβ�

¼ R̃μ
ναβ þ 2∇̃½αNμjνjβ� þ 2Nμ

λjαNλjνjβ�; ð7Þ

where ∇̃ denotes the Levi-Civita covariant derivative. In
particular, one can form the following contractions of the
curvature tensor Rμ

ναβ:

Rνβ ≔ Rμ
νμβ; ð8Þ

R̂αβ ≔ Rμ
μαβ ¼ ∂ ½αQβ�; ð9Þ
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Řλ
α ≔ Rλ

μναgμν; ð10Þ

where (8) defines the Ricci tensor of Γ, (9) the so-called
homothetic curvature tensor, and (10) a third tensor referred
to as the co-Ricci tensor in the literature. Finally,

R ≔ Rμνgμν ¼ −Řμνgμν ð11Þ

is the curvature scalar associated with Γ which is still
uniquely defined. Note that the latter can be decomposed
into its Riemannian part plus non-Riemannian contributions
associated with torsion and nonmetricity. Having introduced
the minimum theoretical setup for the formalism we are
going to be usingwe can nowmove on to the physics part and
elaborate a little bit on the sources of MAG.

B. Hypermomentum and energy-momentum tensors

Let us now recall the concepts of energy-momentum and
hypermomentum tensors, following [40]. We will assume
the full action to be a functional of the metric (and its
derivatives), the general affine connection and the matter
fields (here collectively denoted by φ), that is

S½g;Γ;φ� ¼ SG½g;Γ� þ SM½g;Γ;φ�: ð12Þ

In particular,

SG½g;Γ� ¼
1

2κ

Z
dnx

ffiffiffiffiffiffi
−g

p
LGðg;ΓÞ ð13Þ

is the gravitational part of the action (κ ¼ 8πG is the
gravitational constant) and

SM½g;Γ;φ� ¼
Z

dnx
ffiffiffiffiffiffi
−g

p
LMðg;Γ;φÞ ð14Þ

the matter part. One can then define the metric energy-
momentum tensor (MEMT),

Tμν ≔ −
2ffiffiffiffiffiffi−gp δSM

δgμν
¼ −

2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp
LMÞ

δgμν
; ð15Þ

and the hypermomentum tensor [3,13,14],

Δλ
μν ≔ −

2ffiffiffiffiffiffi−gp δSM
δΓλ

μν
¼ −

2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp
LMÞ

δΓλ
μν

: ð16Þ

On the other hand, working in the equivalent formalism
based on the vielbeins eμc and spin connection ωμjab, where
a; b;… are Lorentz (i.e., tangent) indices,2 one may also
introduce the canonical energy-momentum tensor (CEMT),

tμc ≔
1ffiffiffiffiffiffi−gp δSM

δeμc
: ð17Þ

Note that, while the MEMT is symmetric, the CEMT, in
general, is not. One can then prove that the CEMT is
not independent of the metric energy-momentum and
hypermomentum tensors [3], as the following relation
holds [40]3:

tμλ ≔
1ffiffiffiffiffiffi−gp δSM

δeλc
eλc ¼ Tμ

λ −
1

2
ffiffiffiffiffiffi−gp ∇̂νð

ffiffiffiffiffiffi
−g

p
Δλ

μνÞ; ð18Þ

where we have also defined a modified covariant derivative

∇̂ν ≔ 2Sν −∇ν: ð19Þ

Observe that for matter such that Δαμν ≡ 0 (namely, for
matter with no microstructure) the CEMT and MEMT
coincide. As we will also recall in the following, Eq. (18)
turns out to be a conservation law of the cosmological
hyperfluid [40]. Moreover, let us notice that from Eq. (18)
one can derive the conservation law for spin [54],

2t½μν� ¼
1ffiffiffiffiffiffi−gp ∇̂αð

ffiffiffiffiffiffi
−g

p
τμν

αÞ −Qαβ½μΔν�βα; ð20Þ

with

τμν
α ≔ Δ½μν�α: ð21Þ

As we can see, the conservation law for spin receives, in
general, contributions from nonmetricity. Let us also note
here that in a homogeneous cosmological setup, any
antisymmetric two-index object vanishes identically. This
means that in a homogeneous cosmological setting t½μν� ≡ 0

and, therefore, one is left only with the symmetric part of
tμν, that is tμν ¼ t½μν�. Finally, contracting Eq. (18) in μ, λ,
we find the following relation:

t ¼ T þ 1

2
ffiffiffiffiffiffi−gp ∂νð

ffiffiffiffiffiffi
−g

p
ΔνÞ; ð22Þ

where

t ≔ tμμ; T ≔ Tμ
μ; Δν ≔ Δλ

λν ð23Þ

are the CEMT and MEMT traces and a trace of the
hypermomentum, respectively. The above equation implies

2Here we have the usual relation gμν ¼ eμaeνbηab connecting
metric and vielbeins, ηab being the tangent space flat Minkowski
metric.

3In the explicit calculations one also exploits the identity
∇νeμa ¼ 0 ¼ ∂νeμa − Γρ

μνeρa þ ων
a
beμb, which connects the

two formalisms.
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T ¼ 0 ↔ 2t ¼ 1ffiffiffiffiffiffi−gp ∂νð
ffiffiffiffiffiffi
−g

p
ΔνÞ; ð24Þ

t ¼ 0 ↔ 2T ¼ −
1ffiffiffiffiffiffi−gp ∂νð

ffiffiffiffiffiffi
−g

p
ΔνÞ; ð25Þ

t ¼ T ↔ ∂νð
ffiffiffiffiffiffi
−g

p
ΔνÞ ¼ 0; ð26Þ

which can follow from considering specific matter and
correspond, respectively, to conformally frame rescalings,
and special projective transformations invariant theories
(cf. also [55]). From the latter equation it immediately
follows that for theories that respect the special projective
symmetry4 the associated dilation current is always con-
served. This is true for all classes of theories whose
gravitational part depends only on the Riemann tensor.

C. Cosmological aspects of torsion and nonmetricity

In the following we recall key cosmological aspects of
torsion and nonmetricity, which will be useful in the
remainder of this paper. First of all, we will consider a
homogeneous, flat (i.e., K ¼ 0, K being a curvature
parameter) FLRW spacetime with the usual Robertson-
Walker line element

ds2 ¼ −dt2 þ a2δijdxidxj; ð27Þ

where aðtÞ is the scale factor of the Universe and
i; j ¼ 1; 2;…; n − 1. In addition, we define the projector
tensor

hμν ≔ gμν þ uμuν; ð28Þ
which projects objects on the space orthogonal to uμ, the
latter being the normalized n-velocity field of a given
fluid which in comoving coordinates is expressed as
uμ ¼ δμ0 ¼ ð1; 0; 0;…; 0Þ, uμuμ ¼ −1. Accordingly, let us
also introduce the temporal derivative

_¼ uα∇α: ð29Þ
The above constitutes a 1þ ðn − 1Þ ¼ 1þm space-
time split.

1. Torsion and nonmetricity in FLRW spacetime

In a non-Riemannian FLRW spacetime in 1þ 3 dimen-
sions the general affine connection can be written as [40]

Γλ
μν ¼ Γ̃λ

μν þ XðtÞuλhμν þ YðtÞuμhλν þ ZðtÞuνhλμ
þ VðtÞuλuμuν þ ϵλμνρuρWðtÞ: ð30Þ

In particular, the nonvanishing components of the Levi-
Civita connection are

Γ̃0
ij ¼ Γ̃0

ji ¼ _aaδij ¼ Hgij; Γ̃i
j0 ¼ Γ̃i

0j ¼
_a
a
δij ¼ Hδij;

ð31Þ

where H ≔ _a
a is the Hubble parameter. On the other hand,

the torsion and nonmetricity tensors can be written,
respectively, in the following way [40,56]:

SðnÞμνα ¼ 2u½μhν�αΦðtÞ þ ϵμναρuρPðtÞδn4;
Qαμν ¼ AðtÞuαhμν þ BðtÞhαðμuνÞ þ CðtÞuαuμuν; ð32Þ

where δn4 is the Kronecker’s delta (δn¼4
4 ¼ 1, otherwise it

gives zero). Given (32), we may also compute

Sα ¼ ðn − 1ÞΦuα;

Qμ ¼ ðn − 1ÞAuμ − Cuμ;

qμ ¼
ðn − 1Þ

2
Buμ − Cuμ: ð33Þ

The functions XðtÞ, YðtÞ, ZðtÞ, VðtÞ,WðtÞ in (30) andΦðtÞ,
PðtÞ, AðtÞ, BðtÞ, CðtÞ in (32) describe non-Riemannian
cosmological effects and give, together with the scale
factor, the cosmic evolution of non-Riemannian geom-
etries.5 Moreover, using the definition of a general
affine connection we have previously introduced, one
can prove that

2ðX þ YÞ ¼ B; 2Z ¼ A; 2V ¼ C;

2Φ ¼ Y − Z; P ¼ W: ð34Þ

The latter can also be inverted to get

W ¼ P; V ¼ C
2
; Z ¼ A

2
;

Y ¼ 2Φþ A
2
; X ¼ B

2
− 2Φ −

A
2
: ð35Þ

Here, let us also collect some useful formulas we have
derived in the current cosmological context.

Torsion scalars.—Using the first of (32), we find the
following relations6:

SμναSμνα ¼ −2ðn − 1ÞΦ2 þ 6P2δn4;

SμναSαμν ¼ ðn − 1ÞΦ2 þ 6P2δn4;

SμSμ ¼ −ðn − 1Þ2Φ2: ð36Þ

4Also known as Einstein’s λ transformations.

5Notice that PðtÞ is a pseudoscalar and ϵμναβuβ is, by
definition, purely spatial.

6P ¼ PðtÞ is there only in n ¼ 4 (n ¼ 1þ 3, m ¼ 3) space-
time dimensions. For m ≠ 3 it identically vanishes, i.e., P≡ 0.
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Besides, one might introduce the torsion scalar T , given by

T ≔ SμναSμνα − 2SμναSαμν − 4SμSμ; ð37Þ

and prove that

T ¼ 4ðn − 1Þðn − 2ÞΦ2 − 6P2δn4 ð38Þ

in our cosmological setup.

Mixed torsion-nonmetricity scalars.—Regarding mixed
terms, we obtain

QμναSμνα ¼ −ðn − 1ÞAΦþ ðn − 1Þ
2

BΦ;

QμSμ ¼ ðn − 1ÞΦ½C − ðn − 1ÞA�;

qμSμ ¼ ðn − 1ÞΦ
�
C −

ðn − 1Þ
2

B

�
: ð39Þ

One could then define a Q � T mixed torsion-nonmetricity
scalar

Q � T ≔ 2QαμνSαμν þ 2Sμðqμ −QμÞ ð40Þ

and prove that we have

Q � T ¼ ðn − 1Þðn − 2ÞΦð2A − BÞ ð41Þ

in the current cosmological setting.

Nonmetricity scalars.—Concerning pure nonmetricity sca-
lars, we compute

X1 ≔ QαμνQαμν ¼ −
�
ðn − 1ÞA2 þ ðn − 1Þ

2
B2 þ C2

�
;

X2 ≔ QαμνQμνα ¼ −
�
ðn − 1ÞABþ ðn − 1Þ

4
B2 þ C2

�
;

X3 ≔ QαQα ¼ −½ðn − 1ÞA − C�2;

X4 ≔ Qαqα ¼ −½ðn − 1ÞA − C�
�ðn − 1Þ

2
B − C

�
;

X5 ≔ qαqα ¼ −
�ðn − 1Þ

2
B − C

�
2

: ð42Þ

Finally, defining

Q ≔
1

4
QαμνQαμν −

1

2
QαμνQμνα −

1

4
QμQμ þ 1

2
Qμqμ; ð43Þ

and, consequently,

Z ≔ T þQþQ � T ; ð44Þ

we have that the Ricci scalar of Γ can be written as

R ¼ R̃þ Z þ ∇̃μðqμ −Qμ − 4SμÞ: ð45Þ

Then, as

∇̃μðqμ −Qμ − 4SμÞ

¼ ðn − 1Þ 1ffiffiffiffiffiffi−gp ∂μ

� ffiffiffiffiffiffi
−g

p
uμ
�
B
2
− A − 4Φ

��
; ð46Þ

where we have used

∇̃μð
ffiffiffiffiffiffi
−g

p
ξμÞ ¼ ∂μð

ffiffiffiffiffiffi
−g

p
ξμÞ; ∀ vector ξμ; ð47Þ

we find

R ¼ R̃þ ðn − 1Þ
4

½ðn − 2ÞA2 − ðn − 3ÞABþ BC�
þ ðn − 1Þðn − 2Þð4Φ2 þΦð2A − BÞÞ − 6P2δn4

þ ðn − 1Þ 1ffiffiffiffiffiffi−gp ∂μ

� ffiffiffiffiffiffi
−g

p
uμ
�
B
2
− A − 4Φ

��
; ð48Þ

which is the final cosmological decomposition of the Ricci
scalar of Γ in terms of Riemannian (i.e., R̃) and non-
Riemannian contributions. This decomposition is a key
ingredient for the derivation of the modified Friedmann
equations we are going to present in what follows.

2. Relations among the invariants

Note that in the highly symmetric FLRW background not
all of the 11 quadratic torsion and nonmetricity invariants
are independent. Regarding the pure torsion invariants,
since as we have seen above they involve only two
combinations and we have three scalars [see (36)], the
latter must be dependent. In fact, quite trivially we find

ðn − 1ÞSμναSμνα − ðn − 1ÞSμναSαμν − 3SμSμ ¼ 0 ð49Þ

confirming that indeed only two out of the three pure
torsion scalars are independent. Analogously, concerning
the mixed terms we observe that the difference of the last
two in (39) is (n − 1) times the first one, namely

QμSμ − qμSμ − ðn − 1ÞQμναSμνα ¼ 0; ð50Þ

indicating again their linear dependence. More tricky and
complicated are the pure nonmetricity scalars in (42), as
here we have five expressions but six combinations
appearing. Then, considering their linear combinations,
if the equation

X5
i¼1

λiXi ¼ 0 ð51Þ

has only the trivial solution λi ¼ 0 for all i, then the
invariants are independent. If not all λ’s vanish, then the
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invariants will be dependent. In our case it happens that
only four equations are linearly independent, so we have a
free parameter, which we take to be λ3, and

λ1 ¼ −λ3ðn − 1Þ; λ2 ¼ λ3ðn − 1Þ;
λ4 ¼ −2λ3; λ5 ¼ λ3: ð52Þ

Now, setting λ3 ¼ 1, the latter boils down to

λ3 ¼ 1; λ1 ¼ 1 − n; λ2 ¼ n − 1; λ4 ¼ −2; λ5 ¼ 1

ð53Þ

and we find that the nonmetricity scalars obey the following
constraint in n spacetime dimensions:

ð1 − nÞX1 þ ðn − 1ÞX2 þ X3 − 2X4 þ X5 ¼ 0; ð54Þ

that is, only four out of the five nonmetricity scalars are
independent. Note that in the case n ¼ 4 we get

λ1 ¼ −3λ3; λ2 ¼ 3λ3; λ4 ¼ −2λ3; λ5 ¼ λ3; ð55Þ

that is, setting λ3 ¼ 1,

λ3 ¼ 1; λ1 ¼ −3; λ2 ¼ 3; λ4 ¼ −2; λ5 ¼ 1: ð56Þ

Then, in n ¼ 4 one is left with

−3X1 þ 3X2 þ X3 − 2X4 þ X5 ¼ 0: ð57Þ

To recap, we have proved that in a cosmological back-
ground, out of the three torsion scalars only two are
independent, out of the five nonmetricity scalars four are
independent, and out of the mixed three torsion-nonmetricity
scalars two are independent. That is, in a homogeneous
cosmological setting, only 8 out of the 11 parity even
quadratic scalars in torsion and nonmetricity are indepen-
dent. This fact will be used later on in our analysis.

D. Perfect cosmological hyperfluid

A hyperfluid is a classical continuous medium carrying
hypermomentum. The general formulation of perfect cos-
mological hyperfluid generalizing the classical perfect
fluid notion can be found in Refs. [40,41]. In this paper
we consider a perfect cosmological hyperfluid in a homo-
geneous cosmological setting, demanding also homo-
geneity. The perfect hyperfluid is described in terms of
the following MEMT and CEMT tensors [40]:

Tμν ¼ ρuμ uν þ phμν; ð58Þ

and

tμν ¼ ρcuμuν þ pchμν; ð59Þ

along with the hypermomentum tensor

ΔðnÞ
αμν ¼ ϕðtÞhμαuν þ χðtÞhναuμ þ ψðtÞuαhμν

þ ωðtÞuαuμuν þ δn4ϵαμνρu
ρζðtÞ; ð60Þ

where ρ and p are the usual density and pressure of the
perfect fluid component of the hyperfluid, ρc and pc are,
respectively, the canonical (net) density and canonical
pressure of the hyperfluid. In addition, the functions ϕ,
χ, ψ , ω, ζ characterize the microscopic properties of the
hyperfluid which, upon using the connection field equa-
tions, act as sources of the non-Riemannian background.
The tensors (58), (59), and (60) all respect spatial isotropy
and are subject to the following conservation laws7:

1ffiffiffiffiffiffi−gp ∇̂μð
ffiffiffiffiffiffi
−g

p
tμαÞ ¼

1

2
ΔλμνRλμνα þ

1

2
QαμνTμν þ 2Sαμνtμν;

ð61Þ

tμλ ¼ Tμ
λ −

1

2
ffiffiffiffiffiffi−gp ∇̂νð

ffiffiffiffiffiffi
−g

p
Δλ

μνÞ: ð62Þ

Equation (61) follows from diffeomorphism invariance,
while Eq. (62) originates from the GLðn;RÞ invariance of
the matter part of the action [40] when working in the
exterior calculus formalism. They will be fundamental in
the cosmological study of the theory we are going to
introduce. Observe that, as already anticipated, (62) coin-
cides with Eq. (18). Moreover, from (61) we can see that
the canonical energy-momentum tensor naturally couples
to torsion, while the metric one couples to nonmetricity.
Note also that one can use the latter of the above equations
in order to eliminate tμν from the former, yielding a variant
conservation law

ffiffiffiffiffiffi
−g

p ð2∇̃μT
μ
α − ΔλμνRλμναÞ þ ∇̂μ∇̂νð

ffiffiffiffiffiffi
−g

p
Δα

μνÞ
þ 2Sμαλ∇̂νð

ffiffiffiffiffiffi
−g

p
Δμν

λ Þ ¼ 0 ð63Þ

from which one can clearly see the modifications the
energy-momentum tensor receives (in comparison to
GR) due to the intrinsic structure of matter (i.e., hyper-
momentum contributions).

III. THE QUADRATIC THEORY

We shall start with the most general parity preserving
MAG theory quadratic in torsion and nonmetricity (cf. also
[47]), which depends on 11 parameters, in the presence of a
cosmological hyperfluid, that is

7Of course these conservation laws are fairly general and hold
true irrespectively of the form of the fluid one considers.
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S½g;Γ;φ� ¼ 1

2κ

Z
dnx

ffiffiffiffiffiffi
−g

p ½Rþ b1SαμνSαμν þ b2SαμνSμνα þ b3SμSμ

þ a1QαμνQαμν þ a2QαμνQμνα þ a3QμQμ þ a4qμqμ þ a5Qμqμ

þ c1QαμνSαμν þ c2QμSμ þ c3qμSμ� þ Shyp

¼ 1

2κ

Z
dnx

ffiffiffiffiffiffi
−g

p ½Rþ L2� þ Shyp: ð64Þ

One can show that in vacuum the above theory reduces to GR. In [47] the inclusion of the homothetic curvature R̂μν was
considered to the above action, and there it was shown that in vacuum the theory is equivalent to GR plus a Proca field.8

However, in the case of FLRW cosmology that we are interested in, this term would vanish identically, so there is no
need to include it in our subsequent discussion. In the following, it will be useful to introduce also the following
“superpotentials” [5]:

Ωαμν ≔ a1Qαμν þ a2Qμνα þ a3gμνQα þ a4gαμqν þ a5gαμQν;

Σαμν ≔ b1Sαμν þ b2Sμνα þ b3gμνSα;

Παμν ≔ c1Sαμν þ c2gμνSα þ c3gαμSν: ð65Þ

Varying (64) with respect to the metric we derive

RðμνÞ −
R
2
gμν −

L2

2
gμν þ

1ffiffiffiffiffiffi−gp ∇̂α½
ffiffiffiffiffiffi
−g

p ðWαðμνÞ þ ΠαðμνÞÞ� þ AðμνÞ þ BðμνÞ þ CðμνÞ ¼ κTμν; ð66Þ

where ∇̂ is defined in (19) and

WαðμνÞ ≔ 2a1Qα
μν þ 2a2QðμνÞα þ ð2a3Qα þ a5qαÞgμν þ ð2a4qðμ þ a5QðμÞδανÞ; ð67Þ

along with

Aμν ≔ a1ðQμαβQν
αβ − 2QαβμQαβ

νÞ − a2QαβðμQβα
νÞ þ a3ðQμQν − 2QαQαμνÞ − a4qμqν − a5qαQαμν;

Bμν ≔ b1ð2SναβSμαβ − SαβμSαβνÞ − b2SναβSμβα þ b3SμSν;

Cμν ≔ ΠμαβQν
αβ − ðc1SαβνQαβ

μ þ c2SαQαμν þ c3SαQμναÞ ¼ c1ðQμ
αβSναβ − SαβμQαβ

νÞ þ c2ðSμQν − SαQαμνÞ: ð68Þ

On the other hand, varying the action with respect to the general affine connection we get the field equations

Pλ
μν þ Ψλ

μν ¼ κΔλ
μν; ð69Þ

where

Pλ
μν ≔ −

∇λð ffiffiffiffiffiffi−gp
gμνÞffiffiffiffiffiffi−gp þ∇σð ffiffiffiffiffiffi−gp

gμσÞδνλffiffiffiffiffiffi−gp þ 2ðSλgμν − Sμδνλ þ gμσSσλνÞ

¼ δνλ

�
qμ −

1

2
Qμ − 2Sμ

�
þ gμν

�
1

2
Qλ þ 2Sλ

�
− ðQλ

μν þ 2SλμνÞ ð70Þ

is the Palatini tensor and

Ψλ
μν ¼ Hμν

λ þ δμλk
ν þ δνλh

μ þ gμνhλ þ f½μδν�λ ; ð71Þ

with

8Of course this is not surprising and has to do with the form of the homothetic curvature, which is the curl (field strength) of the
nonmetricity vector Qμ.
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Hμν
λ ≔ 4a1Qνμ

λ þ 2a2ðQμν
λ þQλ

μνÞ þ 2b1Sμνλ þ 2b2Sλ½μν� þ c1ðSνμλ − Sλνμ þQ½μν�
λÞ;

kμ ≔ 4a3Qμ þ 2a5qμ þ 2c2Sμ;

hμ ≔ a5Qμ þ 2a4qμ þ c3Sμ;

fμ ≔ c2Qμ þ c3qμ þ 2b3Sμ: ð72Þ

Let us now elaborate a little bit on the metric field equations and derive some useful general results which we will then
specialize in the case of FLRW cosmology. To start with, we first take the trace of (66) to arrive at

�
1 −

n
2

�
Rþ

�
1 −

n
2

�
L2 −

1ffiffiffiffiffiffi−gp ∇̃α½
ffiffiffiffiffiffi
−g

p ðΠα þWαÞ� ¼ κT; ð73Þ

where we recall that ∇̃ denotes the Levi-Civita covariant derivative and

Πα ≔ Πα
μνgμν ¼ ðc1 þ nc2 þ c3ÞSα;

Wα ≔ Wα
μνgμν ¼ ð2a1 þ 2na3 þ a5ÞQα þ ð2a2 þ 2a4 þ na5Þqα: ð74Þ

Expanding the Ricci scalar into its Riemannian part (i.e., R̃) plus non-Riemannian contributions, Eq. (73) becomes

R̃þ
�
a1 þ

1

4

�
QαμνQαμν þ

�
a2 −

1

2

�
QαμνQμνα þ

�
a3 −

1

4

�
QμQμ þ a4qμqμ þ

�
a5 þ

1

2

�
Qμqμ

þ ðb1 þ 1ÞSαμνSαμν þ ðb2 − 2ÞSαμνSμνα þ ðb3 − 4ÞSμSμ þ ðc1 þ 2ÞQαμνSαμν þ ðc2 − 2ÞQμSμ þ ðc3 þ 2ÞqμSμ

þ 1ffiffiffiffiffiffi−gp ∇̃μ½
ffiffiffiffiffiffi
−g

p ðð2a2 þ 2a4 þ na5 þ 1Þqμ þ ð2a1 þ 2na3 þ a5 − 1ÞQμ þ ðc1 þ nc2 þ c3 − 4ÞSμÞ� ¼ κT: ð75Þ

In addition, contracting (66) with uμuν it follows that

Rμνuμuν þ
1

2
ðRþ L2Þ ¼ κTμνuμuν þ

uμuνffiffiffiffiffiffi−gp ð∇α − 2SαÞ½
ffiffiffiffiffiffi
−g

p ðΠα
μν þWα

μνÞ� − ðAμν þ Bμν þ CμνÞuμuν: ð76Þ

Then, using Eq. (73) in order to eliminate the ðRþ L2Þ term and expanding the covariant derivative, after some algebra we
finally arrive at

Rμνuμuν ¼
κ

ðn − 2Þ ½T þ ðn − 2ÞTμνuμuν� − ðAμν þ Bμν þ CμνÞuμuν

þ 1ffiffiffiffiffiffi−gp ∂α

� ffiffiffiffiffiffi
−g

p �
Πα þWα

ðn − 2Þ þMα

��
− 2ðΠαðμνÞ þWαðμνÞÞuμ∇αuν; ð77Þ

with

ðAμν þ Bμν þ CμνÞuμuν ¼ a1uμQμαβQν
αβuν −Qαβμuμð2a1Qαβνuν þ a2QβανuνÞ þ a3ðQμuμÞ2 − a4ðqνuνÞ2

−Qαμνuμuνð2a3Qα þ a5qαÞ þ 2b1uνSναβuμSμαβ − b1SαβμuμSαβνuν − b2uνSναβuμSμβα

þ b3ðSμuμÞ2 þ c1uνSναβuμQμαβ − c1SαβμuμQαβνuν þ c2ðSμuμÞðQνuνÞ − c2SαQαμνuμuν; ð78Þ

and where we have defined

Mα ≔ ðΠα
μν þWα

μνÞuμuν: ð79Þ

Note that all of the above was fairly general. In what follows we apply these considerations in cosmology.
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IV. COSMOLOGY OF QUADRATIC MAG

We now wish to study the cosmology of the generalized
quadratic action previously introduced. To this end, we
shall consider a flat (i.e., K ¼ 0) n-dimensional9 FLRW
Universe with the usual Robertson-Walker line element as
given in Eq. (27) and the homogeneous and isotropic affine
connection (30). The various expressions in this cosmo-
logical setup have been presented earlier in Sec. II C. As
already mentioned, the matter content we consider will be
that of a perfect hyperfluid (cf. Sec. II D). Now, interest-
ingly, due to the high symmetry of the FLRW spacetime,
not all of the quadratic torsion and nonmetricity invariants
are independent. Indeed, as we have previously shown in
Sec. II and recall here, we have the following relations:

ðn − 1ÞSμναSμνα − ðn − 1ÞSμναSαμν − 3SμSμ ¼ 0;

QμSμ − qμSμ − ðn − 1ÞQμναSμνα ¼ 0;

ð1 − nÞX1 þ ðn − 1ÞX2 þ X3 − 2X4 þ X5 ¼ 0; ð80Þ

indicating that there is one relation for each of the pure
torsion, pure nonmetricity, and mixed scalars. As a result,
using the above relations, “only” 8 out of the 11 invariants
are linearly independent. We may therefore set to zero
one parameter10 from each set faIg, fbJg, fcJg, with
I ¼ 1; 2;…; 5, J ¼ 1, 2, 3. We choose fa2 ¼ 0; b2 ¼ 0;
c1 ¼ 0g, such that the generalized quadratic action boils
down to

S½g;Γ;φ� ¼ 1

2κ

Z
dnx

ffiffiffiffiffiffi
−g

p ½Rþ b1SαμνSαμν þ b3SμSμ

þ a1QαμνQαμν þ a3QμQμ þ a4qμqμ þ a5Qμqμ

þ c2QμSμ þ c3qμSμ� þ Shyp ð81Þ

and, consequently, the first of (72) becomes

Hμν
λ ¼ 4a1Qνμ

λ þ 2b1Sμνλ: ð82Þ

We see that this observation has considerably simplified
the analysis. The next step is to express the torsion and
nonmetricity variables in terms of their sources (hyper-
momentum variables). To this end, we start by the con-
nection field equations (69) and first take its totally
antisymmetric part to arrive at

2ðb1 − 1ÞS½αμν� ¼ κΔ½αμν�; ð83Þ

where we have used the fact that P½αμν� ¼ −2S½αμν� and also
H½αμν� ¼ 2b1S½μνα� ¼ 2b1S½αμν�. Furthermore, using the cos-
mological forms of the hypermomentum and Palatini
tensors [cf. Eqs. (60) and (A3), respectively] we find

2ðb1 − 1ÞPðtÞ ¼ κζðtÞ: ð84Þ

From the latter we see that the pseudoscalar degree of
freedom completely decouples from the rest of the modes,
as expected. Note that it is now essential to assume that
b1 ≠ 1, since otherwise PðtÞ would be completely unde-
termined and ζðtÞ would be forced to vanish. In addition,
for the special case b1 ¼ 1 it can be easily shown that the
whole action above enjoys invariance under connection
transformations of the form (in four dimensions)

Γλ
μν → Γλ

μν þ ϵλμναKα; ð85Þ

whereKa is a generic pseudovector. As a result, only matter
with the vanishing totally antisymmetric hypermomentum
part is allowed, constraining the form of matter that one can
couple. We shall therefore regard the special case b1 ¼ 1 as
“unphysical” and assume that b1 ≠ 1 for the rest of our
analysis. Now, continuing we consider independent oper-
ations on the connection field equations (69). First, we
multiply (and contract) by uλuμuν, then by uλhμν, sub-
sequently in hλμuν, and finally in hλνuμ, to derive the
following four equations:

2ðn − 1Þð2a3 þ a5ÞAðtÞ þ ðn − 1Þ
�
1

2
þ a5 þ 2a4

�
BðtÞ − 4ða1 þ a3 þ a4 þ a5ÞCðtÞ þ 2ðn − 1Þðc2 þ c3ÞΦðtÞ ¼ −κωðtÞ;

ð86Þ
�ðn − 3Þ

2
þ ðn − 1Þa5

�
AðtÞ þ ½2a1 þ ðn − 1Þa4�BðtÞ −

�
1

2
þ 2a4 þ a5

�
CðtÞ þ ½2ðn − 2Þ þ ðn − 1Þc3�ΦðtÞ ¼ κψðtÞ;

ð87Þ

9In order to keep full generality we will do our calculations for arbitrary spacetime dimension n and only set n ¼ 4 in Sec. IV B, when
discussing in detail a particular subcase of the general quadratic theory.

10Obviously, this is always possible since we can collect the various parameters after using the dependence relations and a renaming
would amount to setting one of each equal to zero.
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�
4a1 þ 4ðn − 1Þa3 −

ðn − 1Þ
2

c2

�
AðtÞ þ

�
ðn − 1Þa5 −

ðn − 1Þ
4

c3 −
1

2

�
BðtÞ þ

�
1

2
ðc2 þ c3Þ − 4a3 − 2a5

�
CðtÞ

þ ½2ðn − 1Þc2 − 2b1 − ðn − 1Þb3�ΦðtÞ ¼ κϕðtÞ; ð88Þ

ðn − 1Þ
�
−
1

2
þ a5 þ

c2
2

�
AðtÞ þ

�ðn − 2Þ
2

þ 2a1 þ ðn − 1Þa4 þ
ðn − 1Þ

4
c3

�
BðtÞ −

�
1

2
þ 2a4 þ a5 þ

c2 þ c3
2

�
CðtÞ

þ ½−2ðn − 2Þ þ 2b1 þ ðn − 1Þc3 þ ðn − 1Þb3�ΦðtÞ ¼ κχðtÞ: ð89Þ

We may rewrite the above as

α11Aþ α12Bþ α13Cþ α14Φ ¼ −κω; ð90Þ
α21Aþ α22Bþ α23Cþ α24Φ ¼ κψ ; ð91Þ
α31Aþ α32Bþ α33Cþ α34Φ ¼ κϕ; ð92Þ
α41Aþ α42Bþ α43Cþ α44Φ ¼ κχ; ð93Þ

respectively, where the relations between the αij coeffi-
cients and the a’s, b’s, c’s is obvious. For the sake of
completeness, however, we include their exact relations
in Appendix A 4. We then define the matrix M with
elements αij and also the vectors U ¼ ðA;B; C;ΦÞT and
W ¼ κð−ω;ψ ;ϕ; χÞT . Hence, we can write the above
equations in the matrix form

MU ¼ W: ð94Þ

Furthermore, the determinant of M is nonzero in general,
since otherwise this would imply that there is some
symmetry under connection transformations that would
make the trace equations linearly dependent [5,55]. Since
there is no reason to demand that there is such a symmetry
at play, we can safely assume that detðMÞ ≠ 0 and therefore
that there exists the inverse matrix M−1. Hence, we can
formally write

U ¼ M−1W: ð95Þ

This equation allows to express the torsion and nonme-
tricity variables in terms of the hypermomentum sources as

A ¼ κð−λ11ωþ λ12ψ þ λ13ϕþ λ14χÞ;
B ¼ κð−λ21ωþ λ22ψ þ λ23ϕþ λ24χÞ;
C ¼ κð−λ31ωþ λ32ψ þ λ33ϕþ λ34χÞ;
Φ ¼ κð−λ41ωþ λ42ψ þ λ43ϕþ λ44χÞ; ð96Þ

where the λ’s are, in fact, the elements of M−1 and are
therefore given in terms of the a’s, b’s, and c’s by inverting
M. Generally, A, B,C,Φ depend on all four sources ϕ, χ, ψ ,
ω, while the pseudoscalar mode PðtÞ only on ζðtÞ, as
previously seen and actually expected. In the following, we
will conclude the cosmological analysis of the (general)
theory by deriving the associated Friedmann equations.

A. Friedmann equations with torsion
and nonmetricity

Let us now derive the Friedmann equations in the
presence of both torsion and nonmetricity. Starting from
(75) and considering the cosmological forms (32) of torsion
and nonmetricity, after some straightforward algebra we
finally arrive at

2ðn − 1Þ
�
ä
a
þ ðn − 2Þ

2

�
_a
a

�
2
�
− ðn − 1Þ

�
a1 −

ðn − 2Þ
4

þ ðn − 1Þa3
�
A2 −

ðn − 1Þ
4

½2a1 þ a2 þ ðn − 1Þa4�B2

− ða1 þ a2 þ a3 þ a4 þ a5ÞC2 − ðn − 1Þ½2b1 − b2 þ ðn − 1Þb3 − 4ðn − 2Þ�Φ2 þ 6ðb1 þ b2 − 1ÞP2δn4

− ðn − 1Þ
�
a2 þ

ðn − 1Þ
2

a5 þ
ðn − 3Þ

4

�
ABþ ðn − 1Þð2a3 þ a5ÞACþ ðn − 1Þ

�
a4 þ

1

2
a5 þ

1

4

�
BC

− ðn − 1Þ½c1 þ ðn − 1Þc2 − 2ðn − 2Þ�AΦþ ðn − 1Þ
2

½c1 − ðn − 1Þc3 − 2ðn − 2Þ�BΦþ ðn − 1Þðc2 þ c3ÞCΦ
¼ −½ _f þ ðn − 1ÞHf� − κ½−ρþ ðn − 1Þp�; ð97Þ

where we have also used (58) and introduced

f ≔ ð2a2 þ 2a4 þ na5 þ 1Þ ðn − 1Þ
2

B − ½2ða1 þ a2 þ na3 þ a4Þ þ ðnþ 1Þa5�C
þ ð2a1 þ 2na3 þ a5 − 1Þðn − 1ÞAþ ðc1 þ nc2 þ c3 − 4Þðn − 1ÞΦ: ð98Þ
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Equation (97) is a variant of the first modified Friedmann equation. Now, the acceleration equation (also known as
Raychaudhuri equation, that is the second Friedmann equation) for non-Riemannian universes has been derived in [56]
and reads

ä
a
¼ −

1

ðn − 1ÞRμνuμuν þ 2

�
_a
a

�
Φþ 2 _Φþ

�
_a
a

��
Aþ C

2

�
þ

_A
2
−
A2

2
−
1

2
AC − 2AΦ − 2CΦ: ð99Þ

In order to find its exact form in the present case, we have to compute the term (78) using the cosmological expressions of
torsion and nonmetricity. After some lengthy algebra, we finally find (see Appendix A 3 for details)

ä
a
¼ −

κ

ðn − 1Þðn − 2Þ ½ðn − 3Þρþ ðn − 1Þp�

þ ½a1 þ ðn − 1Þa3�A2 −
1

4
½ð2a1 þ a2Þ þ ðn − 1Þa4�B2 þ 1

ðn − 1Þ ða1 þ a2 þ a3 þ a4 þ a5ÞC2

þ
�
a4 þ

a5
2

�
BCþ ½2b1 − b2 þ ðn − 1Þb3�Φ2 þ ½c1 þ ðn − 1Þc2�ΦA

− ðH − YÞ½γ1Bþ 2γ2Aþ 2γ3Φ� − 1

2
C½ða5 þ 2a4ÞBþ 2ð2a3 þ a5ÞAþ 2ðc2 þ c3ÞΦ�

þ ð2a4 þ a5ÞðH − YÞC −
_l

ðn − 1Þ −Hl

þ 2

�
_a
a

�
Φþ 2 _Φþ

�
_a
a

��
Aþ C

2

�
þ

_A
2
−
A2

2
−
1

2
AC − 2AΦ − 2CΦ; ð100Þ

with γ1, γ2, γ3, and l all respectively given in (A16) and (A18)
of Appendix A 3, where we have also written explicitly the
coefficients appearing inside l [see (A19)]. Recall also that
Y ¼ 2Φþ A

2
(cf. Sec. II). Obviously, to recover the Fried-

mann equations in the case of the theory with the choice
fa2 ¼ 0; b2 ¼ 0; c1 ¼ 0g we have previously made in a
consistent way, it is sufficient to set the aforementioned
coefficients to zero in the expressions above, as the latter have
been derived for the general quadratic theory. We have
therefore obtained the cosmological equations. Aswe are left
withmany free parameters, in order to givemore details in the
following we shall focus on the case in which only the two
quadratic contributions b3SμSμ and a3QμQμ are there,
setting all other coefficients in the general quadratic model
to zero. We perform this particular choice as it involves two
vectors that are particularly relevant in the context of non-
Riemannian geometry, namely the torsion vector Sμ and the
nonmetricity vectorQμ. Additionally, as we will see in what
follows, these two quadratic terms not only simplify the
analysis greatly but also they are fairly representative and
give reliable conclusions to be expected also for the full
quadratic theory.

B. Subcase involving only two
quadratic contributions

Let us now restrict ourselves to the following quadratic
theory, subcase of the general one previously discussed, in
n ¼ 4 spacetime dimensions:

S½g;Γ;φ� ¼ 1

2κ

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rþb3SμSμþa3QμQμ� þShyp;

ð101Þ

that is we set b1¼a1¼a2¼a4¼a5¼c1¼c2¼c3¼0 in
the general quadratic model. The metric and connection
field equations can be immediately derived by implement-
ing these constraints in the corresponding equations derived
for the general theory. We will now analyze the cosmology
of (101). From the connection field equations we get the
following relations:

P ¼ −
κ

2
ζ;

12a3Aþ 3

2
B − 4a3C ¼ −κω;

1

2
A −

1

2
Cþ 4Φ ¼ κψ ;

12a3A −
1

2
B − 4a3C − 3b3Φ ¼ κϕ;

−
3

2
Aþ B −

1

2
Cþ ð−4þ 3b3ÞΦ ¼ κχ: ð102Þ

The latter can be solved giving the expressions of the
torsion and nonmetricity variables in terms of the hyper-
momentum sources, namely
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P¼−
κ

2
ζ;

A¼ κ

½16a3ð3b3− 32Þ− 18b3�
fð64a3þ 3b3þ 8Þωþ½−16a3ð3b3 −8Þ− 9b3�ψ þ½64a3þ 9b3− 24Þ�ϕþð128a3þ 9b3Þχg;

B¼ κ

½8a3ð3b3− 32Þ− 9b3�
f2½a3ð64− 12b3Þþ 3b3�ωþ 72a3b3ψ − ½8a3ð3b3− 16Þ�ϕ−24a3b3χg;

C¼ κ

½16a3ð3b3− 32Þ− 18b3�
fð192a3þ 3b3− 8Þωþ½27b3− 48a3ð3b3 − 8Þ�ψ þ 3ð64a3þ 3b3þ 8Þϕþð384a3þ 9b3Þχg;

Φ¼ κ

½8a3ð3b3− 32Þ− 9b3�
f−ð1− 8a3Þω− 48a3ψ þð8a3þ 3Þϕþ 16a3χg: ð103Þ

Furthermore, the first modified Friedmann equation (97) becomes

6

�
ä
a
þ
�
_a
a

�
2
�
− 3

�
−
1

2
þ 3a3

�
A2 − a3C2 − 3ð3b3 − 8ÞΦ2 − 6P2 −

3

4
ABþ 6a3ACþ 3

4
BC

þ 12AΦ − 6BΦ ¼ −ð _f þ 3HfÞ − κð−ρþ 3pÞ; ð104Þ

where now

f ¼ 3

2
B − 8a3Cþ 3ð8a3 − 1ÞA − 12Φ; ð105Þ

while the second (i.e., acceleration) Friedmann equations reads

ä
a
¼ −

κ

6
ðρþ 3pÞ þ a3

3
ð3A − CÞ2 þ 3b3Φ2 −

1

3
ð_lþHlÞ þH

�
2Φþ Aþ C

2

�
−
�
2Φþ A

2

�
ðAþ CÞ þ 2 _Φþ

_A
2
; ð106Þ

where now

l ¼ 2a3ð3A − CÞ: ð107Þ

It is worth emphasizing that the second and third terms in
the right-hand side of Eq. (106) retain a fixed sign once the
values of a3 and b3 are given. In particular, it is interesting
to note that for a3 > 0 and b3 > 0 both of these non-
metricity and torsion contributions accelerate the expan-
sion. Incidentally, this also means that in order for the
aforementioned terms to have an accelerating effect on the
expansion, both “mass” terms for torsion and nonmetricity
must have the correct (positive) sign.
We shall then consider also the conservation laws for our

cosmological hyperfluid model. Here let us assume that the
fluid is hypermomentum preserving, or, in other words, that
the metrical energy-momentum tensor coincides with the
canonical one, namely

tμν ¼ Tμν; ð108Þ

which implies [cf. Eqs. (58) and (59)]

ρc ¼ ρ; pc ¼ p: ð109Þ

This will be one of our assumptions when we will focus on
a particular type of hypermomentum (i.e., more precisely,
pure dilation hypermomentum) in the following. Observe
that the same would also apply to the case of the uncon-
strained hyperfluid of [36]. In fact, recalling that we are
considering a homogeneous cosmological setup, we have
that any antisymmetric two index object vanishes identi-
cally. In particular, this means that t½μν� ≡ 0 and, therefore,
only its symmetric part survives, i.e., tμν ¼ tðμνÞ. Hence we
can consistently assume (108) to hold for our model.
Consequently, the conservation laws (61) and (62) become

∇̃μTμ
ν ¼

1

2
ΔλμνRλμνα; ð110Þ

∇̂νð
ffiffiffiffiffiffi
−g

p
Δλ

μνÞ ¼ 0; ð111Þ

respectively, where in order to reach the above result we
have also expanded ∇̂μTμ

ν into its Levi-Civita part plus
non-Riemannian contributions. Now, plugging (58) and

ΔðnÞ
αμν ¼ ϕðtÞhμαuν þ χðtÞhναuμ þ ψðtÞuαhμν þ ωðtÞuαuμuν

þ ϵαμνρuρζðtÞ ð112Þ
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into the above conservation laws, and recalling that in a
homogeneous cosmological setup the homothetic curvature
tensor R̂μν has to be identically vanishing, the above
conservation laws respectively boil down to (see also [40])

_ρþ 3Hðρþ pÞ ¼ −
1

2
uμuνðχRμν þ ψŘμνÞ; ð113Þ

where Řμν is the co-Ricci tensor, and

− δμλ
∂νð ffiffiffiffiffiffi−gp

ϕuνÞffiffiffiffiffiffi−gp − uμuλ
∂ν½ ffiffiffiffiffiffi−gp ðϕþ χ þ ψ þ ωÞuν�ffiffiffiffiffiffi−gp þ

��
2Sλ þ

Qλ

2

�
uμ −∇λuμ

�
χ

þ ½ð2Sμ þQμ − qμÞuλ − gμν∇νuλ�ψ þ uμuλð_χ þ _ψÞ − ðϕþ χ þ ψ þ ωÞð _uμuλ þ uμ _uλÞ ¼ 0: ð114Þ

The former of the above equations is the modified
perfect fluid continuity equation which receives corrections
from the hypermomentum, while the latter provides the
evolution laws for the hypermomentum currents (i.e., non-
Riemannian degrees of freedom). Therefore, we are left
with Eqs. (103), (104), (106), (113), and (114), ruling
the cosmology of the theory. In the following, we will
complete the analysis by focusing on the cases in which
specific parts of the hypermomentum tensor are switched
on in order to highlight the role of its irreducible parts and
their contribution separately. To be more specific, the
hypermomentum tensor can be decomposed as follows
[42] (recall that we are considering four spacetime dimen-
sions):

Δαμν ¼ Δ½αμ�ν þ
1

4
gαμDν þ Δ̆αμν; ð115Þ

where the first term on the right-hand side represents the
spin part, Dν ≔ Δμ

μν is the dilation, and Δ̆αμν the shear
(traceless symmetric part of the hypermomentum tensor).
Then, given the most general form (60) of hypermomentum
compatible with the cosmological principle (i.e., respecting

both isotropy and homogeneity), the spin, dilation, and
shear parts read

Δ½αμ�ν ¼ ðψ − χÞu½αhμ�ν þ ϵαμνρuρζ; ð116Þ
Dν ≔ Δαμνgαμ ¼ ð3ϕ − ωÞuν; ð117Þ

Δ̆αμν ¼ ΔðαμÞν −
1

4
gαμDν ¼

ðϕþ ωÞ
4

ðhαμ þ 3uαuμÞuν
þ ðψ þ χÞuðμhαÞν; ð118Þ

respectively. Besides, for the case of pure dilation we are
going to discuss in the following, we will assume that the
perfect hyperfluid variables are related through a barotropic
equation of state of the usual type, namely

p ¼ wρ; ð119Þ
wherew is the associated barotropic index. Substituting this
into the acceleration equation (106) we may then use the
latter and eliminate the double derivative term (ä) from
(104), in such a way so as to obtain the final form of the first
modified Friedmann equation for the model at hand, under
the above assumptions, which reads

H2 ¼ 1

2
ð1 − 6a3ÞA2 −

1

6
a3C2 þ

�
−4 −

3

2
b3

�
Φ2 þ P2 þ 1

8
ABþ

�
1

2
þ a3

�
AC −

1

8
BC

þ 2AΦþ BΦþ 2CΦ − 2a3 _A −
1

4
_Bþ 2

3
a3 _CþH

��
1

2
− 6a3

�
A −

3

4
Bþ

�
2a3 −

1

2

�
Cþ 4Φ

�
þ κ

3
ρ; ð120Þ

where we recall that

H ≔
_a
a

ð121Þ

is the Hubble parameter. Furthermore, using (119) into
(113), the latter becomes

_ρþ 3Hð1þ wÞρ ¼ −
1

2
uμuνðχRμν þ ψŘμνÞ: ð122Þ

To recap, the two Friedmann equations (103) and (120)
supplemented with the conservations laws (114) and (122),

close the system of equations and we can now concentrate
on the cosmological effects of dilation and spin.11

1. Purely dilation hypermomentum

Let us now consider the case in which the hyper-
momentum tensors encode only dilation, namely Δ½αμ�ν ¼
0 and Δ̆αμν ¼ 0. Specifically, this implies

11We leave the case of pure shear hypermomentum to future
work. The role of the latter but in the case where only the
Einstein-Hilbert term was present in the gravitational action was
investigated in [42].
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ζ ¼ 0; ψ ¼ 0; χ ¼ 0; ω ¼ −ϕ; ð123Þ

which gives

Δαμν ¼
1

4
gαμDν ¼ gαμϕuν: ð124Þ

Therefore, we are left with just one independent, non-
vanishing source, that is ϕ. As a result, from (103) now
we get

P ¼ 0;

A ¼ κ

� ð16 − 3b3Þ
8a3ð32 − 3b3Þ þ 9b3

�
ϕ;

B ¼ κ

�
6b3

8a3ð32 − 3b3Þ þ 9b3

�
ϕ;

C ¼ −κ
� ð16þ 3b3Þ
8a3ð32 − 3b3Þ þ 9b3

�
ϕ;

Φ ¼ −κ
�

4

8a3ð32 − 3b3Þ þ 9b3

�
ϕ: ð125Þ

As we can see, the pseudoscalar mode P vanishes, while the
other ones are given in terms of ϕ. It is interesting to note
that when the “mass” term for the torsion vector is absent
(i.e., b3 ¼ 0) it follows that B ¼ 0 and Aþ C ¼ 0, which is
exactly the case of a Weyl nonmetricity. In other words, for
b3 ¼ 0, interestingly enough, the geometry is fixed to be
that of Weyl-Cartan type. Note also that there exist specific
values for b3 for which one can obtain a vanishing part for
all (but one each time) of the three nonmetricity functions,
while there is no parameter value for b3 (or even a3) that
yields a vanishing torsion function Φ. Going back to our
analysis, the conservation laws (114) and (122) respectively
reduce to

∂νð
ffiffiffiffiffiffi
−g

p
ϕuνÞ ¼ 0; ð126Þ

_ρþ 3Hð1þ wÞρ ¼ 0: ð127Þ

In particular, the latter provides the evolution of ρ, while
from the former we get

_ϕþ 3Hϕ ¼ 0: ð128Þ

Note that in this case the density decouples and evolves as
in the usual perfect fluid continuity equation, while also for
ϕ we observe an analogous evolution which, in particular,
mimics that of dust. Moreover, plugging (125) into (120)
we are left with

H2 ¼ −
κ

6
_ϕ −

κ

2
Hϕ

−
½3072þ 8a3ð32 − 3b3Þ2 − 288b3 − 81b23�

12½9b3 − 8a3ð3b3 − 32Þ�2

× κ2ϕ2 þ κ

3
ρ; ð129Þ

where, of course, we have 9b3 − 8a3ð3b3 − 32Þ ≠ 0.
Furthermore, using the above continuity equation for ϕ
the latter simplifies to

H2 ¼ −
½3072þ 8a3ð32 − 3b3Þ2 − 288b3 − 81b23�

12½9b3 − 8a3ð3b3 − 32Þ�2

× κ2ϕ2 þ κ

3
ρ: ð130Þ

Observe that for ϕ ¼ 0 or a3 ¼ 3ð−1024þ96b3þ27b2
3
Þ

8ð1024−192b3þ9b2
3
Þ onewould

recover the usual (Riemannian) cosmological equation in
the flat (that is, K ¼ 0) case.12 Concluding, let us also
report the final form of the acceleration equation, that is

ä
a
¼ ½4a3ð32− 3b3Þ2þ 9ð16− 3b3Þb3�

3½9b3− 8a3ð3b3− 32Þ�2 κ2ϕ2−
κ

6
ð1þ 3wÞρ:

ð131Þ

Again, note that for ϕ ¼ 0 or a3 ¼ 9ð−16b3þ3b2
3
Þ

4ð1024−192b3þ9b2
3
Þ one

would recover the usual (purely Riemannian) acceleration
equation. We are now in a position to provide solutions.

Purely dilation hypermomentum solutions.—Let us first of
all collect all relevant cosmological equations obtained
until now in the case of pure dilation. They are

H2 ¼ κ

3
ρþ B

κ2ϕ2

4
; ð132Þ

ä
a
¼ −

κ

6
ð1þ 3wÞρ − C

κ2ϕ2

2
; ð133Þ

_ρþ 3Hð1þ wÞρ ¼ 0; ð134Þ

_ϕþ 3Hϕ ¼ 0; ð135Þ

where, for simplicity, we have introduced

12On the other hand, considering a nonflat cosmological
background, namely introducing a curvature parameter K ≠ 0,
one would get

H2 ¼−
K
a2

−
½3072þ 8a3ð32− 3b3Þ2 − 288b3 − 81b23�

12½9b3 − 8a3ð3b3 − 32Þ�2 κ2ϕ2þ κ

3
ρ;

where we can see that the usual term induced by the presence of a
non-null curvature parameter K appears on the right-hand side.
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B ≔ −
½3072þ 8a3ð32 − 3b3Þ2 − 288b3 − 81b23�

3½9b3 − 8a3ð3b3 − 32Þ�2 ; ð136Þ

C ≔ −
½4a3ð32 − 3b3Þ2 þ 9ð16 − 3b3Þb3�

3½9b3 − 8a3ð3b3 − 32Þ�2 ; ð137Þ

with, of course, 9b3 − 8a3ð3b3 − 32Þ ≠ 0. Some comments
are in order. First, notice that in Eqs. (132) and (133), in the
end, there are no linear terms inH and these equations have a
more clear physical interpretation. In fact, from the afore-
mentioned equations we can see that ϕ2 acts as an additional
perfect fluid component with some peculiar associated
density and pressure which can just have a net effect that
accelerates the expansion. The two Friedmann equations are
then supplemented with the conservation laws (134) and
(135), and we have a closed system of equations. Besides,
note from (133) that the effect of dilation hypermomentum
on the cosmological expansion depends crucially on the sign
of C. More specifically, for C > 0 the dilation hypermomen-
tum slows down expansion, while for C < 0 it accelerates the
latter and for C ¼ 0 it has no effect on the acceleration
equation. We shall therefore refer to these cases as repulsive
(C > 0), attractive (C < 0), and static (C ¼ 0) dilation,
respectively (following the same lines of [42], where,
however, shear hypermomentum was considered).
Secondly, from (132) it follows that if B > 0 then dilation
enhances the total density (and we have an effective
amplification of the latter), while for B < 0 it decreases
the total density and forB ¼ 0 it does not affect the equation.
This is also supported by the fact that onlyϕ2 terms appear in
the two Friedmann equations, meaning that an identification
ρ ∝ ϕ2 is possible. Finally, differentiating (132) and employ-
ing both (134) and (135), comparing the result with (133),
one obtains

C ¼ B; ð138Þ

which, in turn, implies

a3 ¼
3½−512þ 9b3ð8þ b3Þ�

2ð32 − 3b3Þ2
: ð139Þ

Hence, we are left with a single independent parameter, b3,
13

and the final system of equations reads as follows:

H2 ¼ κ

3
ρþ B

κ2ϕ2

4
; ð140Þ

ä
a
¼ −

κ

6
ð1þ 3wÞρ − B

κ2ϕ2

2
; ð141Þ

_ρþ 3Hð1þ wÞρ ¼ 0; ð142Þ

_ϕþ 3Hϕ ¼ 0; ð143Þ

with

B ¼ −
ð32 − 3b3Þ2½−1024þ 3b3ð64þ 3b3Þ�

9½2048 − 3b3ð128þ 9b3Þ�2
; ð144Þ

along with, of course, 2048 − 3b3ð128þ 9b3Þ ≠ 0. We can
finally recognize the following distinct cases: repulsive
(B > 0, for which dilation also enhances the total density),
attractive (B < 0, for which dilation also reduces the total
density), and static [B ¼ 0, for which dilation does not affect
Eq. (140) and (141)] dilation, respectively.
Now, as it is commonly accepted that non-Riemannian

effects may have played a significant role in the early stages
of the Universe, for early times one can assume dilation to
be dominating with respect to the perfect fluid character-
istics. Hence, in this regime, we can safely ignore the latter,
namely ρ and p, and focus only on the cosmological effects
of dilation. By doing so, we are left with

H2 ¼ B
κ2ϕ2

4
; ð145Þ

ä
a
¼ −B

κ2ϕ2

2
; ð146Þ

while Eq. (143) can be immediately integrated to get

ϕ ¼ ϕ0

�
a0
a

�
3

; ð147Þ

given that for some fixed time t ¼ t0 we have aðt0Þ ¼ a0
and ϕðt0Þ ¼ ϕ0. On the other hand, from (145) we can see
that we must have B > 0 [i.e., deceleration, from (146)].
Besides, solving (145) for H, we find

H ¼ B1ϕ; B1 ≔ � κ
ffiffiffiffi
B

p

2
: ð148Þ

Then, plugging the above expression for ϕ into this last
equation, after integration we obtain

aðtÞ ¼ a0½B1ϕ0ðt− t0Þþ 1�13 ¼ a0

�
�κ

ffiffiffiffi
B

p
ϕ0

2
ðt− t0Þþ 1

�1
3

:

ð149Þ

The latter describes the cosmological evolution for our
model in the case of a dilation dominated Universe. Quite
remarkably, we can notice that the effect of dilation is
identical to that of stiff matter. To conclude the analysis
regarding purely dilation hypermomentum, let us also

13The relation between a3 and b3 we get as explained above is
a peculiarity of the quadratic model we are considering under the
assumptions (109) and (119) in the case of pure dilation hyper-
momentum.
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mention that, from the two modified Friedmann equations,
exploiting the definition of the deceleration parameter q,
one easily finds

q ≔ −
äa
_a2

¼ 2 > 0; ð150Þ

meaning, in accordance with the fact that here we must
have B > 0, that considering our model in the case of a
dilation dominated (early) universe, one finds out that the
latter is subject to a cosmic deceleration.

2. Purely spin hypermomentum

It is also interesting to study the case in which the
hypermomentum is only of pure spin type. In this instance
we have that Δαμν ¼ Δ½αμ�ν and accordinglyDν ¼ 0 as well

as Δ̆αμν ¼ 0. The latter imply

ϕ ¼ 0; ω ¼ 0; χ ¼ −ψ ; ð151Þ

along with

Δαμν ¼ Δ½αμ�ν ¼ 2ψu½αhμ�ν þ ϵαμνρuρζ; ð152Þ

and as a result the nonmetricity and torsion cosmological
functions become

P ¼ −
κ

2
ζ; ð153Þ

A ¼ −
3b3
b0

ð3þ 8a3Þκψ ; ð154Þ

B ¼ 96a3b3
b0

κψ ; ð155Þ

C ¼ b3
b0

9ð1 − 8a3Þκψ ; ð156Þ

Φ ¼ −
64a3
b0

κψ ; ð157Þ

where we have set

b0 ≔
1

8a3ð3b3 − 32Þ − 9b3
: ð158Þ

From the above forms we can infer some quite interesting
characteristics. In particular, we see that in order to have
nonvanishing nonmetricity variables it must hold that
b3 ≠ 0, that is the SμSμ term must be present. On the
other hand, in order for the torsion functionΦ not to vanish
we must have that a3 ≠ 0, namely the SμSμ term must be
there.14 From the above we also observe a highly nontrivial

consequence: the spin part can source nonmetricity (along
with torsion). Let us note that for the spin part to source
these non-Riemannian degrees of freedom the inclusion of
the quadratic torsion and nonmetricity invariants in the
Lagrangian is absolutely essential.
Here, let us continue our analysis without imposing the

assumptions (109) and (119), as releasing the latter, in this
case, leads to interesting results. From the conservation law
(61) we get the two relations,

pc − p ¼ 1

4
Bψ ; ð159Þ

ρc − ρ ¼ 3

4
Bψ ; ð160Þ

which also imply that15

ρc − ρ ¼ 3ðpc − pÞ: ð161Þ

We notice, from the above equations, that it is quite
crucial in this case to consider a generalized nonpreserving
hypermomentum, namely ρc ≠ ρ and pc ≠ p need to hold
true. In the case of a hypermomentum preserving hyper-
fluid (ρc ¼ ρ, pc ¼ p) from the above it immediately
follows that either ψ ¼ 0 or B ¼ 0. For the former
possibility (ψ ¼ 0), the full hypermomentum would van-
ish, trivializing therefore the whole analysis. Also, in the
latter case, given (155), the constraint B ¼ 0 would then
demand either a3 or b3 to vanish, producing, therefore, an
inconsistent theory. With the above in mind, we can then
combine Eqs. (159) and (160) with (155) to obtain the net
density

ρc ¼ ρþ 72a3b3
b0

κψ2 ð162Þ

as well as the net pressure

pc ¼ pþ 24a3b3
b0

κψ2: ð163Þ

From these we see that it is important to include both
quadratic terms in torsion and nonmetricity (i.e., a3 ≠ 0 and
b3 ≠ 0) at the same time in order to observe modifications
to the total pressure and density due to the hypermomentum
degrees of freedom. In addition, as it is obvious from the
above exposure, depending on the sign of the ratio a3b3=b0
the hypermomentum contribution can either enhance or
decrease the observed density and pressure. It is interesting
to note that the hypermomentum contribution to the density
might as well be negative since as long as it does not exceed

14This is a very remarkable duality and of course highly
nontrivial or to be excepted by any speculation.

15Note that this seems to be a “radiationlike” equation of state
p̂ ¼ ρ̂=3 for the modified pressure p̂ ¼ ðpc − pÞ and density
ρ̂ ¼ ðρc − ρÞ.
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ρ the net density will always be positive.16 However, in the
very early Universe there might exist an exotic hyperfluid
displaying a negative total density.
Coming back to our cosmological analysis, from the

modified continuity equation (62), after some algebra and
simplifications, it follows that

_ρc þ 3Hðρc þ pcÞ ¼ −
3

2
μ1κψð _ψ þHψÞ − 3ψ

ä
a
; ð164Þ

where

μ1 ≔
28a3 þ 48a3b3 þ 9

2
b3

b0
: ð165Þ

Now, during a hypermomentum dominated era (very early
universe), the main contributions in (162) and (163) would
be the ones ∝ ψ2. In other words, the classical perfect fluid
contributions ρ and p can be ignored. The same consid-
erations apply to the acceleration equation (106), which can
therefore be written in terms of ψ as follows:

ä
a
¼ κ

2b20
ð _ψ þHψ − 2304κa23b

2
3ψ

2Þ: ð166Þ

From the right-hand side of the above equation, we note that
the last term, keeping a fixed negative sign, always decel-
erates the expansion. However, there is also the presence of
the first and second terms which can radically change the net
result. As we will show shortly in the following, the actual
effect of the spin part of hypermomentum on the acceleration
depends on the parameters of the quadratic theory. Having
obtained the acceleration equation above we can then use it
in order to eliminate the double derivative term ä

a from the
continuity equation, which results in

_ψ þ ð1þ μ2ÞHψ þ μ3κψ
2 ¼ 0; ð167Þ

where we have also introduced

μ2 ≔ 96a3b3ν1;

μ3 ≔ −
2304

b0
a23b

2
3ν1; ð168Þ

with

ν1 ≔
1

½−9b3 þ 8a3ð−32þ 15b3Þ þ b0μ1�
: ð169Þ

On the other hand, the first modified Friedmann equa-
tion (104) now becomes

H2 þ ä
a
¼ κ

4b0

�
κ

b0
½−9b3 þ 8a3ð32þ 3b3Þ�½9b3 þ 8a3ð−32þ 9b3Þ�ψ2 þ 2

b0
ð _ψ þ 3HψÞ

	
þ κ2

4
ζ2: ð170Þ

Finally, plugging (166) into the above equation in order to eliminate ä
a, we are left with

H2 ¼ κ

2b20

�
π1 _ψ þ ð2þ π1ÞHψ þ κ

2
π2ψ

2

�
þ κ2

4
ζ2; ð171Þ

where

π1 ≔ 1þ 9b0b3 − 8a3b0ð−32þ 3b3Þ;
π2 ≔ −81b23 − 144a3b3ð−32þ 3b3Þ þ 64a23ð−1024þ 192b3 þ 99b23Þ: ð172Þ

Now, even though at first sight the system might not look so
manageable, as we will show with some simple observa-
tions we can get exact solutions quite easily.

Purely spin hypermomentum solutions.—To begin with, we
note that the remaining spin part ζ will be related to ψ with
a barotropic equation of state of the form ζ ¼ wζψ , where
wζ is the barotropic index related to this spin part (cf. also

Appendix B of [40]). Next we may use (167) in order to
eliminate the derivative term _ψ from the modified first
Friedmann equation above, ending up with

H2 − λ1Hψ − λ2ψ
2 ¼ 0; ð173Þ

where

λ1 ≔
κ

2b20
ð2−μ2π1Þ; λ2 ≔

κ2

2b20

�
−π1μ3þ

π2þb20w
2
ζ

2

�
:

ð174Þ
Then, we observe that (173) is a simple quadratic equation,
which, considering H as the unknown variable, admits the
solutions (for λ21 þ 4λ2 > 0)

16This situation shares a certain similarity with the negative
temperature system in thermodynamics. It is known that in given
thermodynamical systems some property of the system can
possess negative temperature but the net temperature will always
be positive.
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H ¼ λ0ψ ; λ0 ¼
λ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 þ 4λ2

p
2

: ð175Þ

Substituting this back into the continuity equation for ψ it
follows that

_ψ ¼ −μ0ψ2; μ0 ¼ λ0ð1þ μ2Þ þ κμ3; ð176Þ

which trivially integrates to

ψðtÞ ¼ 1

c1 þ μ0t
; ð177Þ

where c1 is an arbitrary integration constant. Finally,
substituting this form for ψ back into (175) and integrating,
we find the following expression for the scale factor:

aðtÞ ¼ c2ðc1 þ μ0tÞ
λ0
μ0 ; ð178Þ

where c1 and c2 are integration constants that can be
expressed in terms of the values a0 and ψ0 for some fixed
time t0. Therefore, we have established exact solutions for
both the scale factor and the spin hypermomentum variable
ψ . We see that we get power-law solutions for the scale
factor and inverse time evolution for the spin part. As a
result, ψ diminishes with the passing of time, while the
scale factor goes like

a ∝ t
λ0
μ0 : ð179Þ

It is also interesting to study the two limits μ0 → 0 and
μ0 → ∞. In the former case the spin concentration (ψ )
becomes constant and subsequently we get de Sitter-like
expansion for the scale factor a ∝ eH0t. Hence we see that a
constant spin distribution produces an exponential expan-
sion. In the latter case (i.e., μ0 → ∞) ψ essentially vanishes,
resulting also in H ¼ 0 and yielding, therefore, a static
universe. These cover the two extreme cases and for the rest
in between we have the nice power-law solutions we
derived above.

V. CONCLUSIONS

We have investigated cosmological aspects of the most
general parity preserving MAG theory quadratic in torsion
and nonmetricity in the presence of a cosmological hyper-
fluid, deriving the modified Friedmann equations in a
FLRW background. The theory exhibits, in principle, 11
parameters coming as coefficients of the 11 quadratic
torsion and nonmetricity scalars supplementing the
Einstein-Hilbert term in the gravitational action. For this
general quadratic MAG theory we have subsequently
derived the most general form of the modified
Friedmann equations, along with the associated conserva-
tion laws for the sources, in the presence of a cosmological
hyperfluid [40,41]. Then, in order to get a grasp of the

effect of the quadratic terms and also simplify the analysis,
we have focused on a particular but fairly representative
subcase involving only the two quadratic contributions with
the parameters a3 and b3, namely a3QμQμ and b3SμSμ,
which are respectively quadratic in the nonmetricity vector
Qμ and in the torsion vector Sμ. For this case we have
studied the modified Friedmann equations along with the
conservation laws of the perfect cosmological hyperfluid
and we have been able to provide exact solutions for
particular types of hypermomentum, that of purely dilation
and purely spin matter. It is worth mentioning that for the
pure dilation case if the torsion squared term is absent (that
is for b3 ¼ 0), quite remarkably, the geometry is fixed to be
that of Weyl-Cartan type. On the other hand, for the pure
spin case, interestingly, the presence of b3 ≠ 0 is essential
to guarantee nonvanishing nonmetricity, while nonvanish-
ing a3 is required in order for the torsion not to be zero.
This is a quite compelling result showing a dualistic
relation between torsion and nonmetricity, that is in order
to have nonvanishing nonmetricity the pure torsion term
must be present and the torsion is nonvanishing if the pure
nonmetricity term is there, as seen from Eqs. (153)–(157).
Now, coming back to the hypermomentum parts, regard-

ing pure dilation we have found that, for early times in
which non-Riemannian effects are dominant, dilation
causes a cosmic deceleration and its effect is indistinguish-
able from that of stiff matter.17 A very similar result was
found for the purely shear counterpart of hypermomentum
that was studied in [42]. With these two results, one could
go as far as to say that the rather unconventional character
of “stiff” matter component acquires a clear physical
meaning as a specific part of the hypermomentum con-
tribution (either shear or dilation) of the hyperfluid. On the
other hand, concerning purely spin hypermomentum, we
have obtained power-law solutions for the scale factor and
inverse time evolution for the spin part ψ . In particular, ψ
diminishes with the passing of time, while the scale factor
behavior is given by Eq. (179). Here, two particular limits
emerge: one in which we have an exponential expansion for
the scale factor induced by a constant spin distribution and
the other in which the result is a static universe (H ¼ 0). We
have therefore proven that the presence of torsion and
nonmetricity driven by dilation and spin hypermomentum
types in the context of quadratic MAG can have highly
nontrivial effects on the cosmological evolution.
It would be interesting to study also the purely shear

hypermomentum in this context. Another possible future
development of the present work could consist in perform-
ing the cosmological analysis by including also parity odd
quadratic terms into the gravitational part of the action
which also include the so-called Hojman [57] (sometimes
also referred to Holst [58]) parity violating term, whose
contribution in the framework of MAG has been recently

17The same result was also reported in the analysis of [47].
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presented and studied to some extent in [8]. Finally, it
would be of much interest to investigate the possible
changes implied by the inclusion of mixed torsion-non-
metricity terms such as SμQμ on top of the pure torsion and
pure nonmetricity terms we have considered here.
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APPENDIX: USEFUL FORMULAS IN
QUADRATIC MAG AND COSMOLOGICAL

ASPECTS

In this Appendix we collect some formulas useful for the
study of quadratic MAG and cosmological aspects of the
latter that we have pursued in the main text.

1. Hypermomentum and Palatini tensor contractions

Considering the cosmological setup described in Sec. II
and the hypermomentum in Eq. (60), we find the following
contractions:

hαμΔαμν ¼ ðn − 1Þϕuν;
hανΔαμν ¼ ðn − 1Þχuμ;
hμνΔαμν ¼ ðn − 1Þψuα;

ϵαμνλΔαμν ¼ −6uλζδn4;

uαuμuνΔαμν ¼ −ω; ðA1Þ

that is

ϕ ¼ −
1

ðn − 1Þ h
αμuνΔαμν;

χ ¼ −
1

ðn − 1Þ h
ανuμΔαμν;

ψ ¼ −
1

ðn − 1Þ h
μνuαΔαμν;

ζ ¼ 1

6
ϵαμνλΔαμνuλδn4;

ω ¼ −uαuμuνΔαμν: ðA2Þ

On the other hand, regarding the Palatini tensor, whose
definition is given in (70), we get

Pαμν ¼
�ðn− 3Þ

2
Aþ 2ðn− 2ÞΦ−

C
2

�
uαhμν

þ
�ðn− 2Þ

2
B−

ðn− 1Þ
2

A− 2ðn− 2ÞΦ−
C
2

�
uμhαν

−
B
2
uνhμα−

ðn− 1Þ
2

Buαuμuν− 2ϵαμνρuρPδn4: ðA3Þ

Then, we have

hαμPαμν ¼−
ðn− 1Þ

2
Buν;

hανPαμν ¼ ðn− 1Þ

×

�ðn− 2Þ
2

B−
ðn− 1Þ

2
A− 2ðn− 2ÞΦ−

C
2

�
uμ;

hμνPαμν ¼ ðn− 1Þ
�ðn− 3Þ

2
Aþ 2ðn− 2ÞΦ−

C
2

�
uα;

ϵαμνλPαμν ¼ 12Puλδn4;

uαuμuνPαμν ¼
ðn− 1Þ

2
B ðA4Þ

as fundamental contractions.

2. Variation of the quadratic nonmetricity terms with
respect to the metric

Let us report here some calculations regarding the
variation of the quadratic pure nonmetricity terms in the
general quadratic theory (64), as it is slightly more
complicated with respect to the variation of the other
quadratic terms. First of all, note that the pure nonmetricity
quadratic combinations in the general quadratic model can
be written as

LQ ¼ a1QαμνQαμν þ a2QαμνQμνα þ a3QμQμ

þ a4qμqμ þ a5Qμqμ

¼ Qα
βγQσ

λρða1gσαgλβgγρ þ a2δσβδ
α
ρgγλ

þ a3gβγgλρgσα þ a4δσλδ
α
βgγρ þ a5δσλδ

α
ρgβγÞ: ðA5Þ

Then, defining

Dσα
λβγρ ≔ ða1gσαgλβgγρ þ a2δσβδ

α
ρgγλ þ a3gβγgλρgσα

þ a4δσλδ
α
βgγρ þ a5δσλδ

α
ρgβγÞ; ðA6Þ

we have

LQ ¼ Qα
βγQσ

λρDσα
λβγρ; ðA7Þ

and, introducing the quantities
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ð1ÞΩα
βγ ≔ Qσ

λρDσα
λβγρ ¼ a1Qα

βγ þ a2Qβγ
α þ a3Qαgβγ þ a4δαβqγ þ a5qαgβγ;

ð2ÞΩσ
λρ ≔ Qα

βγDσα
λβγρ ¼ a1Qσ

λρ þ a2Qρλ
σ þ a3Qσgλρ þ a4δσλqρ þ a5δσλQρ; ðA8Þ

it follows that

LQ ¼ ð1ÞΩα
βγQα

βγ ¼ ð2ÞΩσ
λρQσ

λρ: ðA9Þ

Accordingly, we may express the variation with respect to the metric as

δgð
ffiffiffiffiffiffi
−g

p
LQÞ ¼ −

1

2

ffiffiffiffiffiffi
−g

p
LQgμνδgμν þ

ffiffiffiffiffiffi
−g

p
δgLQ; ðA10Þ

and, after some algebra, we find

δgð
ffiffiffiffiffiffi
−g

p
LQÞ ¼ δgμν

ffiffiffiffiffiffi
−g

p �
−
1

2
LQgμν þ

1ffiffiffiffiffiffi−gp ∇̂αð
ffiffiffiffiffiffi
−g

p
WαðμνÞÞ þ a1ðQμαβQν

αβ − 2QαβμQαβ
νÞ − a2QαβðμQβα

νÞ

þ a3ðQμQν − 2QαQαμνÞ − a4qμqν − a5qαQαμν

�
; ðA11Þ

where ∇̂ is defined in (19) and WαðμνÞ is given by (67).

3. Advantageous relations for FLRW cosmology of quadratic MAG

Let us now collect some important relations we used throughout our study of the FLRW cosmology of quadratic MAG.
First, let us compute the form of the quadratic Lagrangian

L2 ≔ b1SαμνSαμν þ b2SαμνSμνα þ b3SμSμ

þ a1QαμνQαμν þ a2QαμνQμνα þ a3QμQμ þ a4qμqμ þ a5Qμqμ

þ c1QαμνSαμν þ c2QμSμ þ c3qμSμ:

Using the cosmological forms of torsion and nonmetricity tensors given by (32), after some straightforward algebra we find

L2 ¼ −ðn − 1Þ½a1 þ ðn − 1Þa3�A2 −
ðn − 1Þ

4
½2a1 þ a2 þ ðn − 1Þa4�B2 − ða1 þ a2 þ a3 þ a4 þ a5ÞC2

− ðn − 1Þ
�
a2 þ

ðn − 1Þ
2

a5

�
ABþ ðn − 1Þð2a3 þ a5ÞACþ ðn − 1Þ

�
a4 þ

1

2
a5

�
BC

− ðn − 1Þ½2b1 − b2 þ ðn − 1Þb3�Φ2 þ 6ðb1 þ b2ÞP2δn4

− ðn − 1Þ½c1 þ ðn − 1Þc2�AΦþ ðn − 1Þ
2

½c1 − ðn − 1Þc3�BΦþ ðn − 1Þðc2 þ c3ÞCΦ: ðA12Þ

Notice that all A, B, C and Φ couple among each other, while the pseudoscalar mode P appears only as P2. Of course there
is no surprise here, since P is a pseudoscalar, the total Lagrangian L2 must be a scalar, and the only combination in P that
can yield a scalar result is P2 (i.e., indeed, pseudoscalar × pseudoscalar). Here we also compute the following quantities:
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Wα
μνuμuν ¼ 2ða1 þ a2 þ a3 þ a4 þ a5ÞCuα − ðn − 1Þð2a3 þ a5ÞAuα − ðn − 1Þða5 þ 2a4Þ

B
2
uα;

Πα
μνuμuν ¼ −ðn − 1Þðc2 þ c3ÞΦuα;

WαðμαÞ ¼
�
a2 þ 2a3 þ

ðnþ 1Þ
2

a5

�
Qμ þ ½2a1 þ a2 þ 2a3 þ a5 þ ðnþ 1Þa4�qμ

¼ 1

2
ðn − 1Þ½2a2 þ 4a3 þ ðnþ 1Þa5�Auμ þ

1

2
ðn − 1Þ½2a1 þ a2 þ a5 þ ðnþ 1Þa4�Buμ

þ 1

2
½−4a1 − 4a2 − 4a3 − 2ðnþ 1Þa4 − a5ðnþ 3Þ�Cuμ;

ΠαðμαÞ ¼
�
−
c1
2
þ c2 þ

ðnþ 1Þ
2

c3

�
Sμ ¼ ½−c1 þ 2c2 þ ðnþ 1Þc3�Φuμ;

Wαμνuαuμuν ¼ 2ða1 þ a2ÞQαμνuαuμuν − ð2a3 þ a5ÞQμuμ − ða5 þ 2a4Þqμuμ

¼ −2ða1 þ a2 þ a3 þ a4 þ a5ÞCþ ðn − 1Þð2a3 þ a5ÞAþ ðn − 1Þða5 þ 2a4Þ
B
2
;

Παμνuαuμuν ¼ −ðc2 þ c3ÞSμuμ ¼ ðn − 1Þðc2 þ c3ÞΦ: ðA13Þ
Besides, given (78) and specializing to the FLRW cosmology case we considered in the main text [i.e., using (32)], we find

ðAμν þ Bμν þ CμνÞuμuν ¼ ðn − 1Þ½a1 þ ðn − 1Þa3�A2 −
1

4
½ð2a1 þ a2Þ þ ðn − 1Þa4�ðn − 1ÞB2

− ða1 þ a2 þ a3 þ a4 þ a5ÞC2 þ ðn − 1Þ
�
a4 þ

a5
2

�
BC

þ ðn − 1Þ½2b1 − b2 þ ðn − 1Þb3�Φ2 þ ðn − 1Þ½c1 þ ðn − 1Þc2�ΦA: ðA14Þ
Note that there are no AC, AB, ΦB, ΦC terms in the equation above, that is A and Φ couple only among themselves and so
do B and C. Observe also that here P does not appear. Moreover, after some long calculations we find

−2ðΠαðμνÞ þWαðμνÞÞuμ∇αuν ¼ ðn − 1ÞðH − YÞ½γ1Bþ 2γ2Aþ 2γ3Φ�

þ ðn − 1Þ
2

C½ða5 þ 2a4ÞBþ 2ð2a3 þ a5ÞAþ 2ðc2 þ c3ÞΦ�
− 2ða1 þ a2 þ a3 þ a4 þ a5ÞC2 − ðn − 1Þð2a4 þ a5ÞðH − YÞC; ðA15Þ

where

γ1 ¼ 2a1 þ a2 þ ðn − 1Þa4; γ2 ¼ a2 þ
ðn − 1Þ

2
a5; γ3 ¼

1

2
½−c1 þ ðn − 1Þc3�: ðA16Þ

Gathering all the above results and combining them with (77), we finally arrive at

Rμνuμuν ¼
κ

ðn − 2Þ ðT þ ðn − 2ÞTμνuμuνÞ

−
�
ðn − 1Þ½a1 þ ðn − 1Þa3�A2 −

1

4
½ð2a1 þ a2Þ þ ðn − 1Þa4�ðn − 1ÞB2

− ða1 þ a2 þ a3 þ a4 þ a5ÞC2 þ ðn − 1Þ
�
a4 þ

a5
2

�
BC

þ ðn − 1Þ½2b1 − b2 þ ðn − 1Þb3�Φ2 þ ðn − 1Þ½c1 þ ðn − 1Þc2�ΦA

	

þ ðn − 1ÞðH − YÞ½γ1Bþ 2γ2Aþ 2γ3Φ� þ ðn − 1Þ
2

C½ða5 þ 2a4ÞBþ 2ð2a3 þ a5ÞAþ 2ðc2 þ c3ÞΦ�
− 2ða1 þ a2 þ a3 þ a4 þ a5ÞC2 − ðn − 1Þð2a4 þ a5ÞðH − YÞC
þ _lþ ðn − 1ÞHl; ðA17Þ
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where

l ¼ β1Aþ β2Bþ β3Cþ β4Φ; ðA18Þ

with

β1 ¼
�
n − 1

n − 2

�
½2a1 þ 4a3 − a5ðn − 3Þ�;

β2 ¼
�
n − 1

n − 2

�
½a2 − a4ðn − 3Þ þ a5�;

β3 ¼
1

ðn − 2Þ ½2a1ðn − 3Þ þ 2a2ðn − 3Þ − 4a3 þ 2a4ðn − 3Þ þ a5ðn − 5Þ�;

β4 ¼
�
n − 1

n − 2

�
½c1 þ 2c2 − c3ðn − 3Þ�: ðA19Þ

All these formulas are particularly useful to reproduce the results we have presented in Sec. IV.

4. Coefficients in quadratic MAG cosmology

For the sake of completeness, in the following we report the explicit expressions of the coefficients αij appearing in
Eqs. (90)–(93) in terms of the a’s, b’s, and c’s. They read

α11 ¼ 2ðn − 1Þð2a3 þ a5Þ; α12 ¼ ðn − 1Þ
�
1

2
þ a5 þ 2a4

�
;

α13 ¼ −4ða1 þ a3 þ a4 þ a5Þ; α14 ¼ 2ðn − 1Þðc2 þ c3Þ;

α21 ¼
ðn − 3Þ

2
þ ðn − 1Þa5; α22 ¼ 2a1 þ ðn − 1Þa4;

α23 ¼ −
�
1

2
þ 2a4 þ a5

�
; α24 ¼ 2ðn − 2Þ þ ðn − 1Þc3;

α31 ¼ 4a1 þ 4ðn − 1Þa3 −
ðn − 1Þ

2
c2; α32 ¼ ðn − 1Þa5 −

ðn − 1Þ
4

c3 −
1

2
;

α33 ¼
1

2
ðc2 þ c3Þ − 4a3 − 2a5; α34 ¼ 2ðn − 1Þc2 − 2b1 − ðn − 1Þb3;

α41 ¼ ðn − 1Þ
�
−
1

2
þ a5 þ

c2
2

�
; α42 ¼

ðn − 2Þ
2

þ 2a1 þ ðn − 1Þa4 þ
ðn − 1Þ

4
c3;

α43 ¼ −
�
1

2
þ 2a4 þ a5 þ

c2 þ c3
2

�
; α44 ¼ −2ðn − 2Þ þ 2b1 þ ðn − 1Þc3 þ ðn − 1Þb3: ðA20Þ

These are the elements of the matrix M we have introduced in Sec. IV.
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