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Abstract: Legacy fibers with near-zero and even zero-dispersion bands are being re-purposed
worldwide to host modern coherent systems, in the quest to exploit all possible deployed cables.
Non-linearity modeling for these legacy fibers has not been investigated in depth and no fast
closed-form models are available which are capable of dealing with them. In this work, we first
investigate the accuracy of the EGN model for the prediction of the impact of fiber nonlinearity
on optical coherent transmission systems at zero or near-zero dispersion. We find the EGN model
to be accurate in predicting system performance. We then derive a closed-form EGN-model
approximation capable of handling any combination of high, low and near-zero or zero dispersion
fibers, which we thoroughly test over 9,000 randomized system scenarios. The good accuracy and
real-time computation speed of such a closed-form model potentially makes it a highly flexible
tool for supporting physical-layer-aware management of optical networks, capable of dealing
with all types of fiber, including legacy ones.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Real-time physical-layer-aware management and optimization of ultra-high-capacity optical
networks is becoming an increasingly important aspect of networking, as throughput demand
increases. To achieve it, models for fiber non-linear effects (or NLI, Non-Linear-Interference) are
needed which must be both accurate and computable in real-time.

While several effective NLI models are available [1–7], none of them is real-time in their
native form, as they all include numerical integrals. Recently, though, Closed-Form Models
(CFMs) that approximate the GN/EGN models have been proposed in [8,9], capable of assessing
whole links in fractions of a second. Further improvements and extensions have followed, for
instance [10–15].

In [13,14], a machine-learning approach was used to improve the accuracy of the CFMs. In
[14] they were tested over 8500 highly randomized system scenarios, showing very good accuracy
in reproducing the full-fledged numerically-integrated EGN model, while being many orders of
magnitude faster.

However, one limitation of current CFMs is the requirement of fiber dispersion values D being
greater than about 2 ps/(nm·km). Below this level, they lose accuracy [14]. The reason why
this limitation is significant is that, due to growing traffic demand, there is currently a strong
push towards using all available deployed fibers, as well as extending transmission to the L-band
wherever possible. While most cables are based on SMF and operate at high dispersion, a
considerable portion of deployed cables still hosts non-zero dispersion-shifted fibers (NZDSF),
and even legacy dispersion-shifted fibers (DSFs). Both types are low-dispersion across the C
and L bands. DSFs typically have a dispersion zero in the C-band and NZDSF typically have a
dispersion zero in the L-band. As a result, in the current capacity-constrained scenario, where
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there is a strong push towards exploiting all available deployed fiber and all potentially available
bands, real-time NLI models for physical layer-aware optical networks must be able to handle
near-zero or even zero-dispersion as well.

However, when current CFMs are tested in such low-dispersion scenarios, they show unaccept-
ably high error. In this paper we show this to be the case and try to provide a solution to this
problem. We proceeded as follows.

We first tackled the preliminary question of whether the full-fledged numerically-integrated
EGN model itself can be considered a reliable tool for performance prediction in low-to-zero
dispersion environments. This aspect has never been extensively investigated before, to the best
of our knowledge. We tested for this by comparing system performance predictions based on the
EGN model with the results of full-band split-step simulations, over 200 randomized systems,
where exclusively DSF was present. The results that we found were quite encouraging, as they
showed that the EGN model can correctly handle these rather extreme link scenarios as well.

Given the positive results of this preliminary check, we then thoroughly studied the behavior
of the best performing among the CFMs proposed in [14], called ‘CFM4’, over a 600-system
randomized test-set, again comprising DSF-only links. While very accurate in reproducing the
EGN model when D> 2 ps/(nm·km) [14], our extensive investigation confirmed the inadequacy
of CFM4 in near-zero or zero-dispersion situations. The investigation also allowed us to identify
the main cause of the inaccuracy. It consists of a specific approximation entailing the removal of
the so-called Multi-Channel Interference (MCI) [4,16] from the NLI contributions accounted for
by the model. This approximation is common to all so far proposed CFMs, as MCI is hard to
reduce to closed-form and, at the same time, its contribution to NLI is typically negligible when
dispersion is large. However, in low-to-zero dispersion it is necessary to have MCI accounted for
as well. So, through extensive calculations, we derived a closed-form approximation for MCI.
We then inserted it into CFM4, to produce a new CFM, which we call CFM5.

We then tested CFM5 over the 600-system low-to-zero dispersion test-set as well as over the
8500 links test-set used in [14], for a total of 9100 link configurations. We obtained good overall
results. In particular, the error in the 600 near-zero and zero-dispersion links was drastically
reduced, while we saw no accuracy degradation of CFM5 with respect to CFM4 on the 8500
conventional links.

Overall, CFM5 is a comprehensive closed-form model capable of approximating the EGN
model in all dispersion scenarios, including the challenging near-zero or zero-dispersion links,
in real time, with contained error. This potentially makes it a flexible tool for supporting
physical-layer-aware management of optical networks, capable of dealing with all types of fiber,
including legacy ones.

2. EGN-model accuracy at or near zero-dispersion

The EGN model has been found to be a very accurate tool for the prediction of the amount of NLI
impacting coherent transmission systems. However, almost all investigations involving extensive
tests and validations of the EGN model have been performed well away from zero dispersion.

To check the EGN-model accuracy and hence its viability for the assessment of NLI in zero or
near-zero dispersion scenarios, we first performed a comparison vs. split-step simulations in the
case of a very regular and uniform system configuration. We then moved on to more challenging
tests based on randomized configurations. These tests are shown in the next two sections.

2.1. Testing the EGN model in a uniform system scenario

We considered an optical link consisting of identical 80 km DSF spans with dispersion zero
located at λc = 1550 nm, with dispersion slope β3 = 0.121 ps3/km. Loss was α = 0.22 dB/km
and the nonlinearity coefficient γ = 1.77 (W· km)−1. The WDM comb consisted of 23 channels
with the same launch power, with the center channel placed exactly at frequency of the dispersion
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zero. The transmission rate was Rs = 64 GBaud and the frequency spacing was ∆f = 87.5 GHz.
The channels were raised-cosine shaped with roll-off 0.2. The loss of each span was exactly
compensated for by the EDFA placed at the end of the span.

We considered two formats: PM-16QAM and PM-64QAM. The EDFAs noise figure was 5 dB
and 6 dB for the PM-64QAM and PM-16QAM systems, respectively. The Channels Under Test
(CUTs) were the 1st, 11th, 12th, 13th and 23rd of the comb, as shown in Fig. 1.

Fig. 1. The WDM comb scheme considered for the first test described in Sect. 2.

In the split-step simulations, max-reach was established based on thresholds related to either
GMI or the average SNR directly measured on the received constellation. The GMI max-reach
thresholds were chosen as 87% of the constellation entropy, i.e., 6.96 and 10.44 bits/symb for
PM-16QAM and PM-64QAM, respectively. In this paper we used [17] Eqs. (31) and (32) to
estimate GMI from the constellation. The SNR max-reach thresholds were the ones corresponding
to the above GMI values in AWGN, i.e., 11.47 dB for PM-16QAM and 17 dB for PM-64QAM.
Note that the receiver used a 2x2 complex LMS equalizer operated initially in training mode,
which was then ‘frozen’ to perform the measurements. We tested such receiver simulation
software in back-to-back with ASE noise, at the target SNR, and it delivered a performance which
was superimposed to the ideal BER vs. SNR curves for all formats, showing to be equivalent to
an ideal matched-filter receiver in these conditions.

The simulation-based max-reach assessments were compared with EGN-model max-reach
estimates which were obtained by first numerically integrating the full-fledged version of the
model [4] to obtain the power spectral density of NLI, GNLI (f ). Then, using Eq. (10) in [14],
GNLI (f ) was matched-filtered to find the power of NLI affecting the demodulated constellation
(PNLI ). Next, PNLI was inserted into the non-linear SNR formula:

SNR =
PCUT − PNLI

PASE + PNLI

(1)

where PASE is the noise power affecting the received constellation due to ASE. Note that this
version of the SNR formula approximately accounts for signal-power depletion due to conversion
of signal power into NLI, by subtracting PNLI from PCUT at the numerator [18]. Max-reach was
then assessed using the same SNR thresholds introduced before.

All the max-reach results are shown in Fig. 2. Interpolation was used to avoid hard quantization
of max-reach values to an integer number of spans. As a first remark, the reach of the three
center channels is significantly shorter than that of the extreme channels. This was expected,
since the extreme channels (1 and 23) operate at a local dispersion |D| = 0.57 ps/(nm· km) which,
though very low, is not zero, as for the three center channels. In particular, the center channel
is especially challenged by operating at exactly zero dispersion throughout the link. The other
prominent feature of Fig. 2 is that, remarkably, there is very good agreement among the different
max-reach prediction methods. In particular, the EGN model max-reach prediction matches
quite accurately the ones found through split-step simulations, for all five tested channels. This
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represents a quite encouraging first indication of the viability of the EGN model as a performance
prediction tool at near-zero or zero dispersion.

Fig. 2. Maximum reach predictions for different channels-under-test (CUTs) using both
the EGN-model and split-step Fourier method (SSFM) simulations. (a): PM-16-QAM. (b):
PM-64QAM. The test systems used 23 WDM channels at 64 GBaud, spaced 87.5 GHz,
and identical 80-km spans of DSF with dispersion zero located at the center channel (#12)
frequency.

As an interesting aside, the max reach assessment through split-step simulations show GMI
and SNR-based results to essentially coincide. This is in general not a granted circumstance.
While it has been shown to be verified in high-dispersion systems, it had not been shown to hold
for near-zero and zero-dispersion ones. Note that the correspondence between SNR and GMI is
firmly established, by the well-know laws, only if noise is additive, Gaussian and circular. In
the case at hand, at low dispersion, noise could have substantial non-circularity and SNR could
be different from constellation point to constellation point, for instance due to some non-linear
phase noise. So, there can be, in principle, some discrepancy between the value of reach found
based on SNR or based on GMI, even in the case both are directly measured on the constellation.
Interestingly, this offset appears quite limited, which is reassuring. This result will be confirmed
later on on a much larger sample of systems. However, while it would be interesting to investigate
this aspect more in depth, we leave this for possible future investigation.

Overall, these initial tests showed the EGN model to be able to provide accurate performance
prediction in the challenging environment of near-zero or even zero-dispersion, at least in the
highly regular set-ups used in this first test. Actual networks are however characterized by links
that are much less regular and uniform. We therefore proceeded to test the reliability of the EGN
model in predicting link performance when many different highly non-uniform randomized test
systems are considered.

2.2. Testing the EGN model over a randomized system test-set

Similar to the approach in [13,14], which used a set of randomized scenarios to test the accuracy
of various CFMs, we built a test-set consisting of randomly generated full C-band (5 THz)
low-dispersion test systems.
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The test systems were generated as follows. The WDM comb was centered at 193.41 THz
(1550nm). The symbol rate of each individual channel in a comb was randomly chosen among
32, 64, 96 and 128 GBaud with roll-off uniformly-distributed between 0.05 and 0.25. The
null-to-null frequency spacing of any two adjacent channels was randomly chosen between 5 and
20 GHz with uniform distribution. The modulation format of each channel was any of PM-QPSK,
PM-8QAM, PM-16QAM, PM-32QAM and PM-64QAM. The target SNRs for max-reach were
set to correspond to a GMI of 87% of the entropy of each constellation (in AWGN).

The fiber was DSF with α = 0.22 dB/km, γ = 1.77 (W· km)−1 and β3 = 0.121 ps3/km. The
zero-dispersion wavelength λc of each span was randomly chosen with a Gaussian distribution
with mean 1550 nm and standard deviation (st-dev) 5 nm. The length of each span was randomized
and uniformly distributed between 80 and 120 km. The EDFAs noise figures were selected
randomly between 6 and 7 dB. The nominal launch power of each channel was approximately
optimized according to the LOGO strategy [3] Eq. (82). The channel under test (CUT) could
be any one out of the three center ones, or one of the two extreme channels in the WDM comb,
similar to Fig. 1. Note though that, in contrast to Fig. 1, here channels are neither all identical
nor equally spaced.

We generated 200 instances of the test links described above and performed full C-band split
step simulations for all of them. Following the same methodology used in [14], we compared
GMI and SNR values found via either the EGN model or the split-step simulations. This was
done to obtain a precise appraisal of the accuracy of the modeling.

In detail, the test procedure was as follows. For each test system, first the max-reach was
estimated, using the EGN model, as an integer number of spans. Note that due to the great
diversity of the randomized links, the max-reach ranged overall between 1 and 16 spans. Note
also that this estimate of the max-reach was used only to set a suitable measuring location for the
comparison between the different GMI and SNR estimators. The max-reach itself was not the
object of the accuracy test.

At max-reach, the SNR was evaluated both using the EGN-model, according to Eq. (1),
yielding SNREGN , and was also measured on the received constellation obtained through the
split-step simulations, providing SNRSSS . We then computed the SNR estimation error as:

∆
dB
SNR = SNRdB

EGN − SNRdB
SSS (2)

A similar procedure was used for GMI, whose estimation error was computed as:

∆GMI = GMIEGN − GMISSS (3)

Note that GMI cannot be calculated directly from the EGN model. Therefore, to obtain GMIEGN

we took SNREGN and converted it using the ideal SNR-vs.-GMI curves (in AWGN) of the relevant
modulation format (see [19] Fig. 8, shown for reference and for the Readers’ convenience here in
Fig. 3). GMISSS was instead directly estimated from the simulated received constellation points.

The SNR and GMI errors between EGN-model and split step simulations over the 200-system
test-set are shown in Fig. 4, as histograms. The GMI errors ∆GMI are normalized to GMImax,
which is the ideal entropy of the modulation format for the channel under test, i.e., 4, 6, 8,
10 and 12 bits/symb for PM-QPSK, PM-8QAM, PM-16QAM, PM-32QAM and PM-64QAM
respectively.

The results of Fig. 4 are overall quite encouraging. Across the wide variety of test systems,
including CUTs with different positions in the comb, very different symbol rates and different
modulation formats, the mean error is less than 0.2 dB, with a standard deviation of only 0.13 dB.
Regarding GMI errors, they are in the low single-digit percentage point. Nonetheless, there are
some outliers and the histograms of Fig. 4(a) suffer from relatively large peak errors (0.73 dB for
SNR and about 5% for GMI).
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Fig. 3. GMI versus SNR in AWGN for the different modulation formats used in the system
test-set. Shannon’s polarization-multiplexed (PM) Gaussian ideal capacity curve is shown
for reference [19].

Fig. 4. Histograms of the difference between EGN-model based estimates and split-step
simulations measurements. (a): SNR difference, Eq. (2). (b): GMI difference, Eq. (3). ASE
noise is not considered in the NLI estimation based on the EGN model.
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When we looked at the data points that have a larger error, we found out that most of them
correspond to CUTs using either PM-QPSK or PM-8QAM. These CUTs operate at low SNR,
which entails that the ASE noise power is relatively large with respect to the signal power. In
these conditions, ASE is large enough to produce significant NLI itself, especially for PM-QPSK.
Therefore, we decided to re-assess the EGN-model results considering not only signal but also
ASE in the generation of NLI. While a rigorous estimation of the generation of NLI due to ASE is
possible [20,21], we used a simple approximate approach, similar to what was proposed in [18]:
in the EGN model calculations of NLI we added the in-band PASE to the power of each channel,
updating it at the start of each span. Note that while being heuristic, this approach has a physical
justification: the power that would be measured for each channel in an actual system, at any point
in the link, would indeed coincide with our ‘ASE-corrected’ value. On the other hand, certain
aspects are neglected. For instance, the two EGN model parameters Φ and Ψ [see [4], Eqs. (6)],
that depend on the statistical moments of the constellation points, are altered by adding ASE
noise and should be corrected. While doable in principle, we neglect this correction in this paper.

The results with such approximate approach for ASE-generated NLI are shown in Fig. 5. The
errors, both for SNR and GMI, are substantially decreased in all statistical indicators. However,
both plots still show a somewhat bi-modal profile, with a secondary lower peak to the left of the
primary one. We looked at the CUTs making up the lower side peaks and found all of them to be
PM-8QAM CUTs. We found no immediately evident explanation of this circumstance and, since
the extra error for these PM-8QAM systems is modest (about 0.2 dB SNR and 2% GMI), we
decided to proceed and leave this aspect for future investigation.

Fig. 5. Histograms of the difference between EGN-model estimates and split-step simulations
measurements. (a): SNR difference. (b): GMI difference. The generation of NLI due to
ASE noise is approximately accounted for in the NLI calculations based on the EGN-model.

In conclusion, we can state that the EGN model performs quite well in predicting system
performance even at near-zero or zero dispersion, to within an error that should be sufficient for
the vast majority of practical use scenarios. However, the EGN model is orders of magnitudes
slower than needed for real-time applications. In the next sections we will try to obtain a real-time
CFM that approximates well the EGN model even in challenging near-zero or zero-dispersion
conditions.

3. Accuracy of closed-form models for NLI evaluation at or near zero-dispersion

In this section we investigate the accuracy of the real-time CFMs presented in [14] when used
in a near-zero or zero-dispersion environment. Specifically, we focus on the most accurate of
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them, called CFM4 in [14]. It was derived from the CFM Eq. (41) in [3], by upgrading it
to support frequency-dependent dispersion and attenuation. In addition, CFM4 makes use of
machine-learning to improve its ability to reproduce the EGN model results faithfully. Specifically,
two simple ‘correction factors’, called ρ(n)nch and ρ(n)CUT in [14], were added to CFM4 and trained
over a large training set of system scenarios. CFM4 was then tested over a test-set, for the most
part different from the training set, made up of 8500 randomized systems, achieving the best
accuracy among the CFMs proposed in [14], with SNR estimation error mean and standard
deviation both below 0.1 dB (vs. the EGN model).

However, as mentioned in the introduction, the key requirement to obtain such good accuracy
is that D>2 ps/(nm· km). Below this level, key approximations used to obtain CFM4 (as well
as the other CFMs in [14]) from the EGN model break down. So, we expected CFM4 to be
inadequate at lower dispersion. Nonetheless, to establish a reference, we tested CFM4 over a
near-zero and zero-dispersion system test-set generated according to the description of Sect. 2.2,
this time comprising 600 system.

The test procedure was similar to the one described in Sect. 2.2. Again, for each test system,
the max-reach was estimated as an integer number of spans using the EGN-model. At such
max-reach, the SNR was evaluated, according to Eq. (1), both using the EGN-model and CFM4,
yielding SNREGN and SNRCFM , respectively. We then computed the SNR estimation error as:

∆
dB
SNR = SNRdB

CFM − SNRdB
EGN (4)

The error histogram over the 600-system test-set are depicted in Fig. 6. It is evident that CFM4
does not work satisfactorily for near-zero dispersion systems. The error standard deviation for
CFM4 is 0.59 and its peak value is 2.68 dB, which are clearly unacceptable levels for reliable
modeling. In passing, we mention that we also tested CFM1 through CFM3 from [14], obtaining
comparable (CFM2 and CFM3) or worse (CFM1) results vs. CFM4.

Fig. 6. Histogram of the SNR estimation error between CFM4 and the EGN model, over
the 600-system near-zero and zero-dispersion test-set generated according to the description
of Sect. 2.2.

We then investigated the possible causes. The seemingly most likely reason behind the
inaccuracy of the CFMs [14] at very low dispersion is that they were derived under the assumption
that the ‘multi-channel interference’ (MCI, [4]) contributions to NLI in the GN/EGN model
integrals are negligible. As a rule of thumb, for most systems MCI starts being non-negligible
when the mentioned dispersion threshold D<2 ps/(nm· km) is reached. As dispersion gets lower,
the discrepancy between the CFMs and the EGN-model prediction increases. This appears to
match the behavior shown by the CFMs. Also, neglecting the MCI contributions to NLI means
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estimating less total NLI than the EGN model, which can be expected to result in a higher
predicted SNR than the EGN model. Indeed, the histogram of Fig. 6 is skewed towards the right,
i.e., towards higher SNRs. This appears to further confirm the conjecture that it is the lack of the
MCI terms that causes the inaccuracy.

One possible objection to some of the reasoning proposed above is the following. As mentioned,
CFM4 relies in part on ‘machine learning’ to improve its accuracy and deliver the very good
results shown in [14]. So, perhaps the unsatisfactory result of Fig. 6 is due to lack of training on
the specific near-zero or zero-dispersion systems that CFM4 is now used on. To rule out this
possibility, we actually re-trained CFM4 while adding a substantial amount of near-zero and
zero-dispersion systems to the training set. The result will be commented in depth in Sect. 5. We
can already say though that the re-training could not improve the performance of CFM4.

4. Extending the closed-form models to account for MCI contributions

As shown in the previous section, our analysis suggests that neglecting MCI is the likely cause for
the substantial discrepancy between CFM4 from [14] and the EGN model when dispersion is at
or near zero. In this section we start over from the description of the system modeling premises
and assumptions in order to gradually arrive at the derivation of the multi-channel interference
(MCI) contributions which are missing in the CFMs.

To present the derivation of the MCI contributions, we first have to establish some conventions
and notation. The structure of the coherent WDM optical fiber communication systems that we
want to model in this paper is as follows. They are composed of Ns fiber spans. A typical fiber
span is shown in Fig. 7. Between two adjacent fiber spans, an optical amplification element is
assumed.We assume that the input signal propagates along the ẑ direction in the fiber span. The
length of ns-th fiber span is Ls(ns) and can be different span by span. The input signal, which is
denoted by Ein(f ) in frequency domain, enters the fiber span at z = 0. In the absence of nonlinearity,
i.e. γns = 0, the electrical field propagates along z as E(z, f ) = Ein(f ) × exp(−jzβns (f ) − αns (f )z)
where αns (f ) and βns (f ) are the fiber attenuation and propagation coefficients, respectively. These
two quantities can be in general frequency-dependent and can be different span by span, hence
the subscript ns. The propagation coefficient is customarily characterized by a Taylor series as:

βns (f ) = β0,ns + 2πβ1,ns (f − f c
ns ) +

4π2

2
β2,ns (f − f c

ns )
2 +

8π3

6
β3,ns (f − f c

ns )
3 (5)

where β0,ns , β1,ns , β2,ns and β3,ns are four constants with respect to frequency. f c
ns is the center

frequency for the Taylor expansion and is a constant for each span.

Fig. 7. A typical fiber span in the system.

The attenuation coefficient αns (f ) is assumed to be a slowly varying function with respect to
frequency, so that it can be approximated with a constant over each WDM channel, while it can
be different channel by channel in the WDM comb. Therefore, the total power attenuation of the
ns-th span (due to signal propagation from z = 0 up to z = Ls(ns)), in the absence of nonlinearity,
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is:
Ans (f ) = exp(−2αns (f )Ls(ns)) (6)

The amplification element shown in Fig. 7 is assumed to potentially comprise an actual
amplifier (such as an EDFA), a spectral shaping filter (including a frequency-dependent phase
factor) and a dispersion compensating element. It is modeled as a Linear Time Invariant (LTI)
system whose input-output electrical field relation in frequency domain, neglecting the noise of
the amplifier, is:

Eout,amp(f ) = Ein,amp(f ) ×
√︁
Γns (f ) × exp (jθns (f )) × exp (−jβ(ns)

DCU (f )) (7)

where Γns (f ), θns (f ) are the power gain and the phase shift due to the amplifier and filter, and
are considered slowly-varying functions with respect to frequency. They are approximated as
constants over each WDM channel, but may be different channel by channel. The parameter
β
(ns)
DCU (f ) describes a dispersion compensating element, if present. Note that the amplification

element input-output power relation, neglecting the noise of the amplifier, is:

Pout,amp(f ) = |Eout,amp(f )|2 = |Ein,amp(f )|2 × Γns (f ) = Pin,amp(f ) × Γns (f ) (8)

The power spectral density (PSD) of the nonlinear interference (NLI) based on the general
formula of the GN model is [3,22]:

GNLI (f ) =
16
27

×

∫ +∞

−∞

∫ +∞

−∞

Gs(f1) × Gs(f2) × Gs(f1 + f2 − f ) ×

|LK(f1, f2, f1 + f2 − f )|2 df1df2
(9)

where in Eq. (9), Gs(f ) is the power spectral density (PSD) of the WDM signal launched into the
fiber and LK(·) is the link function which is determined based on the fiber link configuration and
will be discussed later. The WDM PSD can be written in terms of each channel PSD as:

Gs(f ) =
Nc∑︂

mch=1
Gmch (f ) (10)

where Nc is the number of channels in the WDM comb and Gmch (f ) is the PSD of the mch-th
channel in the WDM comb. Combining Eq. (9) and Eq. (10) we have:

GNLI (f ) =
16
27

×

Nc∑︂
mch=1

Nc∑︂
nch=1

Nc∑︂
kch=1

∫ +∞

−∞

∫ +∞

−∞

Gmch (f1) × Gnch (f2) ×

Gkch (f1 + f2 − f ) × |LK(f1, f2, f1 + f2 − f )|2 df1df2

(11)

We then concentrate on the CUT and look at its center frequency, i.e., fCUT . The PSD of NLI at
fCUT is given by:

GNLI (fCUT ) =
16
27

×

Nc∑︂
mch=1

Nc∑︂
nch=1

Nc∑︂
kch=1

∫ +∞

−∞

∫ +∞

−∞

Gmch (f1) × Gnch (f2) ×

Gkch (f1 + f2 − fCUT ) × |LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(12)

We assume that the PSD of each channel in the WDM comb is raised-cosine. For now, we
approximately replace it with a rectangular channel with the same center frequency as the original
raised-cosine channel. Also, we assume that the null-to-null bandwidth of the approximate
rectangular channel is equal to the symbol rate (baud rate) of the original raised cosine channel.
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Fig. 8. Approximating the PSD of a raised-cosine channel with a rectangular PSD.

We set the flat-top value of the rectangular PSD to the same value as that of the flat-top of the
PSD of the original raised-cosine channel, as it is shown in Fig. 8.

In Fig. 8, r and f0 are the roll-off and center frequency of the original raised-cosine channel,
respectively. Also, fs,nch and fe,nch are the ‘start’ (low) and ‘end’ (high) frequency edges of the
rectangular channel, respectively. We also define: fc,nch ≜

fs,nch+fe,nch
2 , as the center frequency of

the nch-th channel. The center frequency of the CUT is: fCUT ≜ fc,CUT =
fs,CUT+fe,CUT

2 . Applying
the rectangular PSD approximation to Eq. (11) we can rewrite it as:

GNLI (fCUT ) =
16
27

×
∑︂Nc

mch=1

∑︂Nc

nch=1

∑︂Nc

kch=1
Gmch × Gnch ×∫ fe,nch

fs,nch

∫ fe,mch

fs,mch

Gkch (f1 + f2 − fCUT ) × |LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(13)
where Gmch in Eq. (13) is Gmch ≜ Pmch/Rmch where Pmch and Rmch are the power at the launch
location and the Baud rate of the channel mch, respectively. Equation (13) can then be rewritten
as:

GNLI (fCUT ) =
16
27

×
∑︂Nc

mch=1

∑︂Nc

nch=1

∑︂Nc

kch=1
Gmch × Gnch × Gkch ×∯

Smch,nch,kch

|LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(14)

The double integral in Eq. (14) must be carried out over certain confined domains in the f1 − f2
plane, i.e. Smch,nch,kch , which are defined as shown below:

Smch,nch,kch =
{︂

f1 ∈ R , f2 ∈ R | fs,mch ⩽ f1 ⩽ fe,mch & fs,nch ⩽ f2 ⩽ fe,nch &

f
′

s,kch
≜ fs,kch + fCUT ⩽ f1 + f2 ⩽ fe,kch + fCUT ≜ f

′

e,kch

}︂ (15)

We call such confined domains integration islands, as originally done in [16]. In Fig. 9 we can
see the formation of a typical integration island in the f1 − f2 plane, hatched in blue color.

Each integration island generates an additive contribution to the total NLI impinging on the
CUT. Specifically, the island Smch,nch,kch represents the NLI, created by the non-linear interaction
of the WDM channels of index mch, nch and kch, which falls within the bandwidth of the CUT.
Note that indices may repeat and that one or more of the indices can be that of the CUT.

The shape of each island may be rather different based on the bandwidth and spacing of the
channels involved. Also, not all combinations of the three indices correspond to an actual island.
In fact, while any combination of indices may be fed to Eq. (15), many of such combinations
result in an ‘empty island’ (zero-area), which therefore generates no additional NLI. This does
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Fig. 9. Formation of a typical integration island based on the criteria mentioned in Eq. (15).

not mean that the three channels do not interact non-linearly: rather, it means that the non-linear
interaction of the three channels falls outside of the bandwidth of the CUT and therefore does not
affect it.

We define the set S(islands) as the set of all possible integration islands:

S(islands) ≜
{︂
Smch,nch,kch | mch ∈ N , nch ∈ N , kch ∈ N ,

1 ⩽ mch ⩽ Nc , 1 ⩽ nch ⩽ Nc , 1 ⩽ kch ⩽ Nc

}︂ (16)

Using Eq. (16), Eq. (14) can be re-written as:

GNLI (fCUT ) =
16
27

×
∑︂

{Smch,nch,kch ∈S(islands) }
Gmch × Gnch × Gkch ×∯

Smch,nch,kch

|LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(17)

The set S(islands) can be written as the union of two sets: S(islands) = S(islands)
1

⋃︁
S(islands)

2 , where
the two sets are disjoint: S(islands)

1
⋂︁

S(islands)
2 = ∅. They are defined as:

S(islands)
1 ≜

{︂
Smch,nch,kch ∈ S(islands) | (mch = CUT & nch = kch) or (nch = CUT & mch = kch)

}︂
S(islands)

2 ≜
{︂
Smch,nch,kch ∈ S(islands) | Smch,nch,kch ∉ S(islands)

1

}︂
(18)

Therefore, GNLI (fCUT ) can be written as:

GNLI (fCUT ) = G(1)
NLI (fCUT ) + G(2)

NLI (fCUT ) (19)
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where G(1)
NLI (fCUT ) and G(2)

NLI (fCUT ) are:

G(1)
NLI (fCUT ) ≜

16
27

×
∑︂

{Smch,nch,kch ∈S(islands)
1 }

Gmch × Gnch × Gkch ×∯
Smch,nch,kch

|LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(20)

G(2)
NLI (fCUT ) ≜

16
27

×
∑︂

{Smch,nch,kch ∈S(islands)
2 }

Gmch × Gnch × Gkch ×∯
Smch,nch,kch

|LK(f1, f2, f1 + f2 − fCUT )|
2 df1df2

(21)

In the derivation of CFM1-CFM4 in [14], the key approximation of G(2)
NLI (fCUT ) ≅ 0 was made.

In other terms: GNLI (fCUT ) ≅ G(1)
NLI (fCUT ). The rationale behind this approximation is that whenever

dispersion is not too close to zero, the contribution of the islands in S2 becomes small and they
can be neglected [4] Fig. 3, [22]. This aspect was recognized and used early on, for instance to
derive CFM [3], Eq. (42), called CFM0 in [14], of which CFM1-CFM4 represent extensions and
generalizations. The circumstance that the islands in S2 could be neglected was quite welcome,
since accounting for them in closed-form proves significantly more difficult than for the islands
in S1.

The set of islands S2 roughly corresponds to the set of the so-called MCI islands (see [4,16]), i.e.,
to the set of islands that involve three different WDM channels (no repetition in the three indices
mch, nch and kch). This is why neglecting the S2 islands can also be termed as ‘neglecting MCI’.
For reference, the islands in S1 include the so-called SCI and XCI-X1 islands [22]. However,
as shown in Sect. 3, Fig. 6, neglecting MCI for zero and near zero dispersion scenarios causes
considerable error in the NLI calculation. Therefore, to be able to deal with these scenarios, one
needs to take into account the MCI contribution too, that is G(2)

NLI (fCUT ) needs to be accounted
for in the NLI evaluation. It is worth mentioning that the islands in S1 consist of those that
account for the traditional taxonomy ‘cross-phase modulation’ (XPM) effect, as well as self-phase
modulation (SPM), the latter consisting of a single island. The islands in S2 can roughly be
ascribed to four-wave mixing (FWM).

To include the G(2)
NLI (fCUT ) contribution in the NLI assessment, we first replace each complex-

shaped integration island from S2 with a suitable rectangular-shaped approximation of it. This is
done in Appendix A. Then, in Appendix B, the double NLI integral Eq. (21) is calculated in
closed-form for each of the rectangular islands, leading to a closed-form expression for the whole
G(2)

NLI (fCUT ) contribution.

5. Accuracy assessment of the augmented closed form model CFM5

In the previous sections we used the closed-form model CFM4 exactly as it was defined in
[14]. In particular, the 24 free parameters a1 − a24 that appear in the machine-learning-based
‘correction factors’ ρ(n)nch and ρ(n)CUT , which had been ‘trained’ in [14], were left unchanged.

We then added the analytical MCI term G(2)
NLI (fCUT ) to obtain CFM5. The model has therefore

changed and it makes sense that the corrections factors be re-trained. It also makes sense that, for
a fair comparison, also the corrections factors of CFM4 be re-trained, giving it perhaps a chance
to improve on the poor results shown in Fig. 6. Note that we want the CFMs to be effective
on both near-zero dispersion systems and on the widely diverse but more conventional systems
considered in [14]. As a consequence, the training set must now comprise suitable samples of
both the systems addressed in [14] and the near-zero and zero-dispersion systems addressed here,
as well.
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Training was hence done for both CFM4 and CFM5 over a total of 600 training systems, of
which 300 were randomly selected from the test-set of 8,500 C-band links described in [14] and
300 were randomly selected among the zero-inline dispersion links specified in Sect. 2.2. The
training procedure is otherwise the same as described in Sect. V of [14]. The new optimized
parameters a1 − a24 for CFM5 are shown in Table 1.

Table 1. Optimized values of the parameters
a1-a24 for the machine-learning factors of CFM5

parameter value parameter value

a1 +1.0529e0 a13 +9.9806e-9

a2 -6.3717e-1 a14 -1.111e0

a3 +9.2990e-1 a15 +5.9989e-3

a4 -2.5140e0 a16 +5.0878e+5

a5 +6.5246e-1 a17 +3.1832e+3

a6 -1.0680e0 a18 -2.1131e0

a7 +4.4556e-29 a19 +1.1485e-1

a8 +2.3111e-3 a20 +4.0594e+2

a9 +8.7048e-1 a21 -2.9537e-1

a10 -1.7748e0 a22 +2.9319e-1

a11 +2.2391e-2 a23 -1.2452e0

a12 -1.7977e+1 a24 +1.8435e0

The histograms of the SNR estimation error for the re-trained CFM4 and for CFM5 are shown
in Figs. 10 and 11. To see how they perform in the various system configurations, four plots are
shown in both figures. Plots (a) are results over the the same 600 zero-inline dispersion test-set
defined in Sect. 2.2 where it was used to test the (non-retrained) CFM4 histogram shown in
Fig. 6.

Comparing Fig. 10(a) with Fig. 6, i.e., non-retrained with re-trained CFM4, we can see
that even with re-training CFM4 still performs poorly over the zero-inline dispersion test-set.
Improvements are marginal and the histogram is still quite substantially spread out.

Looking now at CFM5 performance over the zero-inline dispersion test-set, Fig. 11(a), we can
see an overall much better behavior vs. both the non-retrained CFM4 of Fig. 6 and the re-trained
CFM4 of Fig. 10(a). Taking the latter as reference, the peak error of CFM5 is much smaller, 0.85
dB vs. 2.13 dB. The mean error is virtually zero for CFM5 and the standard deviation shrinks by
60% vs. CFM4, scoring a quite contained value of 0.22 dB.

This good result would however be of limited use if CFM5 was not accurate over more
conventional systems. We therefore tested CFM5 over the same 8,500 highly-randomized system
test-set presented in [14], where CFM4 performed very well. In short, the set includes all QAM
modulation formats from QPSK to 256QAM, as well as Gaussian-shaped constellations. Three
different fiber types are randomly intermixed in the links (SMF, E-LEAF, TWC). Symbol rates
range from 32 to 128 GBaud and many other parameters are also randomized. Please see [14] for
all details and parameter values.

Remarkably, Figs. 11(b), 11(c), and 11(d), which show the error histograms for the lowest,
middle and highest frequency channels in the combs, indicate that the performance of CFM5
is quite good. Incidentally, the reason why the histogram for the highest-frequency channel
Fig. 11(d) is somewhat worse than the other two channels Figs. 11(b), 11(c), is that the TWC
fiber spans, present in some of the systems of the test-set, had dispersion at that frequency of only
about D=0.6 ps/(nm·km), making such spans near-zero dispersion and hence more challenging.
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Fig. 10. Histogram of the SNR estimation error between CFM4 and EGN model where the
machine-learning correction terms are re-trained using a training set that combines both
near-zero and zero-dispersion systems, with conventional systems from [14]. (a): zero
in-line dispersion test set; (b): lowest frequency channel for the 8500-system test set from
[14]; (c): middle frequency channel for the 8500-system test set from [14]; (d): highest
frequency channel for the 8500-system test set from [14].

Fig. 11. Histogram of the SNR estimation error between CFM5 and EGN model where the
machine-learning correction terms are re-trained using a training set that combines both
near-zero and zero-dispersion systems, with conventional systems from [14]. (a): zero
in-line dispersion test set; (b): lowest frequency channel for the 8500-system test set from
[14]; (c): middle frequency channel for the 8500-system test set from [14]; (d): highest
frequency channel for the 8500-system test set from [14].
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In any case, a comparison with the corresponding plots for CFM4 from [14] shows that CFM5
performs almost the same as CFM4 over the 8,500 systems test-set of [14], for which CFM4 had
been trained.

Instead, the corresponding plots for CFM4 after re-training including the near-zero and zero
dispersion systems, Figs. 10(b), 10(c), and 10(d), are actually substantially worse than both CFM5
and non-retrained CFM4 [14]. This result quite strikingly shows that trying to force CFM4 to
support near-zero and zero-dispersion systems by training it over these systems too, not only
does not produce improvements over these systems, but actually degrades substantially CFM4
accuracy over the systems of the 8,500 systems test-set [14]. This strongly hints at CFM4 simply
not being analytically equipped to deal with near-zero and zero-dispersion systems.

In contrast CFM5, thanks to the added MCI contribution G(2)
NLI (fCUT ), manages to achieve a good

performance over near-zero and zero-dispersion systems while retaining a very good performance
over more conventional systems.

As a final comment, while representing very substantial improvement, Fig. 11 does show that
the accuracy of CFM5 for near-zero and zero-dispersion systems is clearly still not as good as for
conventional systems. This is due to the very challenging nature of near-zero and zero-dispersion
systems, where NLI generation calls into play complex-shaped EGN-model ‘islands’ over
which closed-form integration is difficult and can only be carried out with approximations (see
Appendices A and B).

On the other hand, the achieved results may be acceptable in many practical situations and
CFM5 could in those cases be a very useful real-time tool for carrying out on-the-fly management
and control or optimization of systems and networks.

6. CFM5 vs. split-step simulations

So far our benchmark in the evaluation of the accuracy of the CFMs has been the EGN model.
This made sense since we know that the EGN model is quite accurate, as discussed before. We
also specifically tested the accuracy of the EGN model in near-zero and zero-dispersion in Sect.
2, with quite positive outcome.

Nonetheless, we decided to perform a direct comparison between split-step simulations and
CFM5, since the former are arguably the ultimate benchmark (short of validation experiments,
which however typically pose difficult hurdles). The limitation in this case is the number of
systems that can be practically considered, due to the computational effort required by simulations.
We considered 200 systems, randomly selected out of the 600 zero-dispersion scenarios described
in Sect. 2.2. We looked at both SNR and generalized mutual information (GMI), similarly to
what was done in Sect. 2.2 when comparing the EGN model vs. split-step simulations. We did it
again at max-reach, at a GMI which is 87% of the entropy of the constellation. Note that for
SNR estimation with CFM5 we used again Eq. (1) and we also approximately took into account
NLI generated by ASE noise, as explained in Sect. 2.2.

Figure 12 shows the error histograms for SNR and GMI between CFM5 and split step
simulations. The GMI error is normalized by GMImax which is the maximum GMI of the
modulation format for the channel under test, i.e. 4, 6, 8, 10 and 12 bits/symb for PM-QPSK,
PM-8QAM, PM-16QAM, PM-32QAM and PM-64QAM respectively.

We consider the results quite positive. Specifically, there appears to be no substantial
degradation vs. the most directly comparable result, i.e., the SNR error histogram of Fig. 11(a).
The standard deviation is the same. Peak error indicators are even lower in Fig. 12(a), likely
because the the lower number of samples simply did not manage to generate enough outliers.
Overall, though, the two histograms are quite comparable and this represents a confirmation of
the effectiveness of CFM5.
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Fig. 12. histogram of the difference between CFM5 and split-step simulations. (a): SNR.
(b): GMI.

7. Computation time

As one may expect, by adding G(2)
NLI (fCUT ) contribution, the computation time increase. We tested it

on the 600 zero-dispersion test-set for CFM4 and CFM5 on a laptop using interpreted MATLAB
code. For CFM4 it took 110 seconds to calculate SNR for all 600 systems and for all WDM
channels in each system. The same calculation took 1500 seconds for CFM5. The average
channel number in each scenario is 48 and average fiber span number is 13. Therefore, we can say
that CFM5 is more than one order of magnitude slower than CFM4 due to adding the G(2)

NLI (fCUT )

contribution. However, as compared to the EGN model and split-step simulations, CFM5 is still
much faster. We ran some extensive tests (370 systems) and found that the speed gap is at least
four orders of magnitude in favor of CFM5 vs. EGN.

8. Conclusion

Due to the so-called ‘capacity crunch’, low and even zero-dispersion fibers are being considered
for use or re-use. Also, alternative fiber bands are being explored, which can be near or at zero
dispersion. In this paper we first tackle the question of whether the EGN model can be considered
a reliable tool for performance prediction in such low-to-zero dispersion scenarios. Then, we
improve the closed-form model CFM4 from [14] with new analytical terms that make it capable
of handling such environments. We finally test it both at low-to-zero dispersion, and over the
general test-set used in [14], for a total of over 9,000 system configurations. The good accuracy
results show it to potentially be a viable tool for real-time management of physical-layer-aware
networks even in challenging low-dispersion scenarios.

Appendix A: approximation of integration islands

To achieve a closed form formula for G(2)
NLI (fCUT ) the double integral in Eq. (11) needs to be

analytically calculated. One main challenge in calculation of the double integral is the complex
shape of the area (integration island) that integral must be calculated over it. In fact, the diversity
of the integration island shapes makes the integral solution in Eq. (11) very complex particularly
when our approach is finding a closed form formula for the 2-D integral. In Fig. 13 we see some
of the possible geometric shapes of integration islands hatched by blue color we may face in a
WDM comb scheme.



Research Article Vol. 29, No. 7 / 29 March 2021 / Optics Express 10842

Fig. 13. Some possible shapes for integration islands.

To overcome the problem of complex integration island shapes, our idea is that we find the
geometric center of the integration island and then replace the original shape island with a
rectangle whose area and geometric center are the same as the original shape. This would be
the same as the moment matching approach in the approximation of a 2-D shape with another
one in which their three lowest order moments are matched [23]. One example is schematically
depicted in Fig. 14 where the red island S2 is replaced by the blue rectangle island S1. Given the
said procedure, we expected the result of the integration over the rectangle to be approximately
the same as the result of the integration over the original integration island. In the end, though,
the only way to validate this approximation was by extensive numerical testing, as we actually
did in this paper.

Fig. 14. Replacing an arbitrary shape integration island with a concentric equivalent
rectangle with the same area.

Considering S as a set of points in two dimensional x−y plane, the coordinates of the geometric
center of S are (x∗, y∗) where:

x∗ =

∬
S xdxdy∬
S dxdy

, y∗ =

∬
S ydxdy∬
S dxdy

(22)

In detail, the geometric center (centroid) of a parallelogram and a right-angled triangle are
shown in Fig. 15 [24].Furthermore, there are properties for the geometric center calculation. One
important property that we use in this appendix is that for a complex shape composed by different
sub-shapes, knowing the area and geometric center of each sub-shape, we can easily find the
geometric center of the overall combined shape [25] as it is shown in Fig. 16. In general if we
have a shape containing N sub-shapes:

S =
⋃︂N

k=1
Sk (23)
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Fig. 15. Geometric center points of (a). a typical right-angled triangle and (b). a typical
parallelogram.

Fig. 16. Geometric center of an overall shape S made up of several sub shapes. The
coordinates of the geometric center of sub shape Sk are

(︂
f k,∗
1 , f k,∗

2

)︂
and the coordinates of

the geometric center of the overall shape S are
(︂
f ∗1 , f ∗2

)︂
in f1 − f2 plane.

While we use notations S and Sk both for the shapes (as a set of points in the f1 − f2 plane) and
the area of the shapes, it is also assumed

(︂
f k,∗
1 , f k,∗

2

)︂
to be the coordinates of the geometric center

of the sub-shape Sk and
(︁
f ∗1 , f ∗2

)︁
to be the coordinates of the geometric center of the overall shape

S. The coordinates of the overall shape are:

f ∗i =
∑︁N

k=1 Sk × f k,∗
i∑︁N

k=1 Sk
, i = 1, 2 (24)

On the contrary, if the area and geometric center of the complex shape, composed by different
sub shapes, is known and also the area and geometric center of the all the sub shapes except
one of them (q-th) are known, by using Eqs. (23) and (24) it is deduced for the sub shape with
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unknown geometric center:

Sq = S −

N⋃︂
k=1,k≠q

Sk (25)

f q,∗
i =

S × f ∗i −
∑︁N

k=1,k≠q Sk × f k,∗
i

S −
∑︁N

k=1,k≠q Sk
, i = 1, 2 (26)

These properties are useful in derivation of the geometric center of an arbitrary shape integration
island. In general, if we have three basic typical shape geometric center, we will be able to
compute the geometric center of an arbitrary island. These general shapes are shown in Fig. 17.

Fig. 17. Three different general shapes forming an arbitrary island.

As it is clear from Fig. 13, each integration island can generally partitioned to the sum of three
hatched typical shapes in Fig. 17. In other words, having the geometric center and area of three
hatched areas in Fig. 17, we can analytically find geometric center and area of each arbitrary
integration island shape by using Eqs. (23), (24), (25) and (26). The area and coordinates of
the geometric center of each of the three typical shapes are calculable by considering geometric
centers of two geometric shapes, i.e. right-angled triangle and parallelogram shown in Fig. 15(a)
and Fig. 15(b) respectively. The green and violet hatched areas in Fig. 17 are the subtraction of
two right-angled triangle and also the blue hatched area in Fig. 17 is a parallelogram. Thereupon,
the area and geometric center of each of the three basic hatched shapes in Fig. 17 can be calculated
by having the geometric center and area of four different typical shapes shown and calculated in
Fig. 18.

The area and geometric center of the hatched triangle in Fig. 18(a) are:

S1(τ) ≜
(τ − fs,mch − fs,nch )

2

2

f (1)1 (τ) ≜
2fs,mch

3
+
τ

3
−

fs,nch

3

f (1)2 (τ) ≜
2fs,nch

3
+
τ

3
−

fs,mch

3

(27)

To continue, we first define:
BWmch ≜ fe,mch − fs,mch (28)
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Fig. 18. Four useful typical shapes for modeling an arbitrary integration island.
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BWnch ≜ fe,nch − fs,nch (29)

u(x) ≜

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1 x>0
1
2 x = 0

0 x<0

(30)

We can then easily combine the calculated results in Figs. 18(b) and 18(c) to calculate the
hatched parallelogram for two different scenarios BWmch>BWnch and BWmch<BWnch as:

S2(τ1, τ2) ≜ (τ2 − τ1) × min(BWmch , BWnch )

f (2)1 (τ1, τ2) ≜
fs,mch + fe,mch

2
× u(BWnch − BWmch )+

(
τ2 + τ1

2
−

fs,nch + fe,nch

2
) × u(BWmch − BWnch )

f (2)2 (τ1, τ2) ≜
fs,nch + fe,nch

2
× u(BWmch − BWnch )+

(
τ2 + τ1

2
−

fs,mch + fe,mch

2
) × u(BWnch − BWmch )

(31)

Also the area and geometric center of the hatched triangle in Fig. 18(d) are:

S3(τ) ≜
(τ − fe,mch − fe,nch )

2

2

f (3)1 (τ) ≜
2fe,mch

3
+
τ

3
−

fe,nch

3

f (3)2 (τ) ≜
2fe,nch

3
+
τ

3
−

fe,mch

3

(32)

Therefore, we define:
f ′s,kch

≜ fs,kch + fCUT (33)

f ′e,kch
≜ fe,kch + fCUT (34)

F1 ≜ fs,mch + fs,nch (35)

F2 ≜ min({fs,mch + fe,nch }, {fe,mch + fs,nch }) (36)

F3 ≜ max({fs,mch + fe,nch }, {fe,mch + fs,nch }) (37)

F4 ≜ fe,mch + fe,nch (38)

τ+1 ≜ min(f ′e,kch
, F2) (39)

τ−1 ≜ min(f ′s,kch
, F1) (40)

τ1 ≜ min(f ′e,kch
, F3) (41)

τ2 ≜ min(f ′e,kch
, F2) (42)

τ+3 ≜ max(f ′s,kch
, F3) (43)

τ−3 ≜ min(f ′e,kch
, F4) (44)

S+1 ≜ S1(τ
+
1 ) × u(F2 − f ′s,kch

) × u(f ′e,kch
− F1) (45)

S−1 ≜ S1(τ
−
1 ) × u(F2 − f ′s,kch

) × u(f ′e,kch
− F1) (46)
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S+2 ≜ S2(τ1, τ2) × u(F3 − f ′s,kch
) × u(f ′e,kch

− F2) (47)

S+3 ≜ S3(τ
+
3 ) × u(F4 − f ′s,kch

) × u(f ′e,kch
− F3) (48)

S−3 ≜ S3(τ
−
3 ) × u(F4 − f ′s,kch

) × u(f ′e,kch
− F3) (49)

With above definitions, the area of the integration island is calculated as:

S = S+1 − S−1 + S+2 + S+3 − S−3 (50)

Also the coordinates of the geometric center of the integration island, which we call it (f ∗1 , f ∗2 )
in f1 − f2 plane, will be:

f ∗1 ≜
S+1×f (1)1 (τ+1 ) − S−1×f (1)1 (τ−1 ) + S+2 × f (2)1 (τ1, τ2) + S+3×f (3)1 (τ+3 ) − S−3×f (3)1 (τ−3 )

S+1 − S−1 + S+2 + S+3 − S−3
(51)

f ∗2 ≜
S+1×f (1)2 (τ+1 ) − S−1×f (1)2 (τ−1 ) + S+2 × f (2)2 (τ1, τ2) + S+3×f (3)2 (τ+3 ) − S−3×f (3)2 (τ−3 )

S+1 − S−1 + S+2 + S+3 − S−3
(52)

We have another degree of freedom in specifying the ratio between the equivalent rectangle
length and width. We simply consider the same value for length and width which indeed the
equivalent shape will be a square.Therefore:

L1 = L2 =
√

S =
√︂

S+1 − S−1 + S+2 + S+3 − S−3 (53)

It is worth mentioning that making the rectangular shape assumption for the equivalent island
was done for simplicity. It is possible that better approximations can be found in future research.

The original integration island and the equivalent rectangle with their coordinates in axis f1
and f2 are shown in the Fig. 19.

Fig. 19. Original integration island and the equivalent island.

Appendix B: closed form formula derivation

In this Appendix we use the result of Appendix A to find the analytic form of G(2)
NLI (fCUT )

in Eq. (21). The LK(·) in Eq. (21) is the link function that is specified based on the fiber
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link configuration [9,26]. Neglecting Inter-channel Stimulated Raman Scattering (ISRS) and
accepting the incoherent GN (iGN) approximation and some other reasonable assumptions,
|LK(f1, f2, f1 + f2 − fCUT )|

2 presented in Eq. (14) can be approximated as [9]:

|LK(f1, f2, f1 + f2 − fCUT )|
2 ≅

∑︂Ns

ns=1
γ2

ns×∏︂(ns−1)

p=1
Γp(fc,mch )Γp(fc,nch )Γp(fkch )Ap(fc,mch )Ap(fc,nch )Ap(fc,kch )×

1

4
[︂
α
(mch,nch,kch)
ns

]︂2
+ 16π4(f1 − fCUT )

2(f2 − fCUT )
2 ×

[︁
β2,ns + πβ3,ns (f1 + f2 − 2f c

ns )
]︁2
×

∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT )

(54)

where α(ns)
(mch,nch,kch)

is defined as [9]:

α
(ns)
(mch,nch,kch)

=
αns (fc,mch ) + αns (fc,nch ) + αns (fc,kch ) − αns (fCUT )

2
(55)

Now, we use the result of Appendix A and replace the Smch,nch,kch in Eq. (21) with the equivalent
rectangular shape. Therefore, Eq. (21) is approximated as:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂

(mch,nch,kch)∈S′2
Gmch × Gnch × Gkch×∫ f ∗1 +L1/2

f ∗1 −L1/2

∫ f ∗2 +L2/2

f ∗2 −L2/2
LK(f1, f2, f1 + f2 − fCUT )|

2 df2df1
(56)

where the set S′
2 in Eq. (56) is:

S′
2 ≜

{︃
(mch, nch, kch)

|︁|︁|︁|︁ mch ∈ N & nch ∈ N & kch ∈ N &

1 ⩽ mch ⩽ Nc & 1 ⩽ nch ⩽ Nc & 1 ⩽ kch ⩽ Nc

& (mch, nch, kch) ∉

{︃
(mch = CUT & nch = kch) or (nch = CUT & mch = kch)

}︃}︃ (57)

It is worth mentioning that parameters f ∗1 , f ∗2 , L1 and L2 are functions of (mch, nch, kch) and this
functionality is eliminated for the sake of brevity in Eq. (56). In other words, for each triple of
(mch, nch, kch), the parameters f ∗1 , f ∗2 , L1 and L2 are calculated by Eqs. (27)–(53) in Appendix A.
Inserting Eq. (54) in Eq. (56) we have:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂

(mch,nch,kch)∈S′2
Gmch × Gnch × Gkch×∑︂Ns

ns=1
γ2

ns ×
∏︂(ns−1)

p=1
Γp(fc,mch )Γp(fc,nch )Γp(fkch )Ap(fc,mch )Ap(fc,nch )Ap(fc,kch )

×
∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT ) ×∫ f ∗1 +L1/2

f ∗1 −L1/2

∫ f ∗2 +L2/2

f ∗2 −L2/2

df2df1

4
[︂
α
(ns)
(mch,nch,kch)

]︂2
+ 16π4(f1 − fCUT )

2(f2 − fCUT )
2 ×

[︁
β2,ns + πβ3,ns (f1 + f2 − 2f c

ns )
]︁2

(58)
Gmch in Eq. (58) is the PSD of the mch-th channel at the launch point (z = 0 in first span). The
PSD at the input of ns-th fiber span is:

G(ns)
mch ≜ Gmch ×

(ns−1)∏︂
p=1
Γp(fc,mch )Ap(fc,mch ) (59)
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Therefore, using Eq. (59), Eq. (58) can be also represented as:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
G(ns)

mch × G(ns)
nch × G(ns)

kch
×∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT ) ×∫ f ∗1 +L1/2

f ∗1 −L1/2

∫ f ∗2 +L2/2

f ∗2 −L2/2

df2df1

4
[︂
α
(ns)
(mch,nch,kch)

]︂2
+ 16π4(f1 − fCUT )

2(f2 − fCUT )
2 ×

[︁
β2,ns + πβ3,ns (f1 + f2 − 2f c

ns )
]︁2

(60)
To have an analytic solution for the double integral in Eq. (60), we approximately replace the

term β2,ns + πβ3,ns (f1 + f2 − 2f c
ns ) with it’s value at the center of the equivalent rectangular island

similar to the approaches in [9,10]. We define:

β
(ns)
2,eff ,mch,nch,kch

≜ β2,ns + πβ3,ns (f
∗
1 + f ∗2 − 2f c

ns ) (61)

Therefore Eq. (60) can be approximately written as:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
G(ns)

mch × G(ns)
nch × G(ns)

kch
×∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT ) ×∫ f ∗1 +L1/2

f ∗1 −L1/2

∫ f ∗2 +L2/2

f ∗2 −L2/2

df2df1

4
[︂
α
(ns)
(mch,nch,kch)

]︂2
+ 16π4(f1 − fCUT )

2(f2 − fCUT )
2 ×

[︂
β
(ns)
2,eff ,mch,nch,kch

]︂2

(62)

Changing the variables of the double integral to f ′1 = f1 − fCUT and f ′2 = f2 − fCUT , we can rewrite
Eq. (62) as:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
G(ns)

mch × G(ns)
nch × G(ns)

kch
×∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT ) ×∫ f ∗1 −fCUT+L1/2

f ∗1 −fCUT−L1/2

∫ f ∗2 −fCUT+L2/2

f ∗2 −fCUT−L2/2

df ′2df ′1

4
[︂
α
(ns)
(mch,nch,kch)

]︂2
+ 16π4f ′1

2f ′2
2 ×

[︂
β
(ns)
2,eff ,mch,nch,kch

]︂2

(63)

The double integral in Eq. (63) has an obvious solution of (L1 × L2)/

(︃
4
[︂
α
(ns)
(mch,nch,kch)

]︂2
)︃

when|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁ = 0 while for
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁ ≠ 0 it has also a more complex analytic solution
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and we can write:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
G(ns)

mch × G(ns)
nch × G(ns)

kch
×∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT ) ×

1

16 × π2 × α
(ns)
(mch,nch,kch)

×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁×{︄
Fint

⎛⎜⎜⎝
2π2 ×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT + L2/2) × (f ∗1 − fCUT + L1/2)
⎞⎟⎟⎠+

Fint
⎛⎜⎜⎝

2π2 ×
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT − L2/2) × (f ∗1 − fCUT − L1/2)
⎞⎟⎟⎠−

Fint
⎛⎜⎜⎝

2π2 ×
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT + L2/2) × (f ∗1 − fCUT − L1/2)
⎞⎟⎟⎠−

Fint
⎛⎜⎜⎝

2π2 ×
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT − L2/2) × (f ∗1 − fCUT + L1/2)
⎞⎟⎟⎠
}︄

(64)

The function Fint in Eq. (64) is:

Fint(x) ≜ j ×
{︃
Li2(−jx) − Li2(jx)

}︃
(65)

The function Li2(x) in Eq. (65) is the polylogarithm function or Jonquiere’s function of order
two that can be approximated by asinh(·) function as [9]:

Fint(x) ≜ j ×
{︃
Li2(−jx) − Li2(jx)

}︃
≅ π × asinh(x/2) (66)

Therefore, using Eq. (66), Eq. (64) can be finally approximated as:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
G(ns)

mch × G(ns)
nch × G(ns)

kch
×{︂∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT )

}︂
× J(ns)

mch,nch,kch

(67)

Considering the case of
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁ = 0, Eq. (64) has a singularity. In this case we can

directly calculate the double integration in Eq. (63). Therefore J(ns)
mch,nch,kch

in Eq. (67) is:

J(ns)
mch,nch,kch

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
W (ns)

mch,nch,kch
for

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁>0
L1×L2

4
[︂
α
(ns)
(mch,nch,kch)

]︂2 for
|︁|︁|︁β(ns)

2,eff ,mch,nch,kch

|︁|︁|︁ = 0
(68)
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where W (ns)
mch,nch,kch

in Eq. (68) is:

W (ns)
mch,nch,kch

=
1

16 × π × α
(ns)
(mch,nch,kch)

×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁×{︄
asinh

⎛⎜⎜⎝
π2 ×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT + L2/2) × (f ∗1 − fCUT + L1/2)
⎞⎟⎟⎠+

asinh
⎛⎜⎜⎝
π2 ×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT − L2/2) × (f ∗1 − fCUT − L1/2)
⎞⎟⎟⎠−

asinh
⎛⎜⎜⎝
π2 ×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT + L2/2) × (f ∗1 − fCUT − L1/2)
⎞⎟⎟⎠−

asinh
⎛⎜⎜⎝
π2 ×

|︁|︁|︁β(ns)
2,eff ,mch,nch,kch

|︁|︁|︁
α
(ns)
(mch,nch,kch)

× (f ∗2 − fCUT − L2/2) × (f ∗1 − fCUT + L1/2)
⎞⎟⎟⎠
}︄

(69)

We must mention here that as we use the incoherent GN (iGN) model to derive the formula
in Eq. (67), in general, the presented approach can be extended for the scenarios where WDM
channel scheme can be different span by span. This is applicable for networks with add/drop
channel capability in some nodes. In this case, channel under test (CUT) remains the same for all
fiber spans while other channels can be different span by span. Therefore, f ∗1 , f ∗2 , L1 and L2 in
Eqs. (68) and (69) are not only dependent to mch, nch, kch but also become function of ns. In
other words, f ∗1 , f ∗2 , L1 and L2 must be calculated by Eqs. (27)–(53) in Appendix A for each span
separately. To make the aforementioned extension, Eqs. (67), (68), and (69) are exactly the same
as presented above considering the fact that f ∗1 , f ∗2 , L1 and L2 are functions of not only mch, nch,
kch but also function of ns and must be calculated for each span separately by Eqs. (27)–(53) in
Appendix A. Also, the set S′

2 in Eq. (67), should be modified to S′
2
(ns) as:

S′
2
(ns) ≜

{︃
(mch, nch, kch)

|︁|︁|︁|︁ mch ∈ N & nch ∈ N & kch ∈ N &

1 ⩽ mch ⩽ N(ns)
c & 1 ⩽ nch ⩽ N(ns)

c & 1 ⩽ kch ⩽ N(ns)
c

& (mch, nch, kch) ∉

{︃
(mch = CUT & nch = kch) or (nch = CUT & mch = kch)

}︃}︃ (70)

where N(ns)
c is the number of channels in WDM comb for the ns-th span which in general can be

different span by span. The modified version of Eq. (67) will be:

G(2)
NLI (fCUT ) ≅

16
27

×
∑︂Ns

ns=1
γ2

ns ×
∑︂

(mch,nch,kch)∈S′2
(ns) G(ns)

mch × G(ns)
nch × G(ns)

kch
×{︂∏︂Ns

p=ns
Γp(fCUT )Ap(fCUT )

}︂
× J(ns)

mch,nch,kch

(71)

where J(ns)
mch,nch,kch

in Eq. (71) is expressed in Eq. (68) and f ∗1 , f ∗2 , L1 and L2 must be calculated
separately for each span through Eqs. (27)–(53) in Appendix A.
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