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A note on the natural density of product sets

Sandro Bettin, Dimitris Koukoulopoulos and Carlo Sanna

ABSTRACT

Given two sets of natural numbers A and B of natural density 1, we prove that their product
set A-B:={ab:a € A, b€ B} also has natural density 1. On the other hand, for any € > 0, we
show there are sets A of density > 1 — ¢ for which the product set A - A has density < e. This
answers two questions of Hegyvéri, Hennecart and Pach.

1. Introduction

Given two sets of natural numbers A and B, let A-B:={ab:a € A, b € B} be their product
set. Also, for any positive integer k, let A* denote the k-fold product A--- A.

The problem of studying the cardinality of product sets has long been of interest in
mathematics. The classic multiplication table problem due to Erdds [2, 3] asks for bounds
on the cardinality M, of the n x n multiplication table, that is, of the set {1,...,n}?. Erdds
showed that M,, = o(n?) and Ford [5], following earlier results of Tenenbaum [11], determined
the exact order of magnitude of M,,. More recently [7], the second author of the present
paper provided uniform bounds for #({1,...,n1}---{1,...,ns}) holding for a wide range of
ni,...,ns € N.

For more general sets A, the problem of estimating # (A N [1, 2])? was studied by Cilleruelo,
Ramana, and Ramaré [1]. For example, they studied this problem when A is the set of shifted
primes, the set of sums of two squares, and the set of shifted sums of two squares. Moreover,
they computed the (almost sure) asymptotic behavior for #.4% when A is a random subset of
{1,...,n} that contains each element of {1,...,n} independently with probability § € (0,1).
The third author of the present paper [10] extended this last result to the product of arbitrarily
many sets, and Mastrostefano [9] gave a necessary and sufficient condition for having #.4% ~
(#.A)? /2 almost surely.

Hegyvari, Hennecart and Pach [6] considered the analogous problem for infinite sets of
natural numbers. In this context, the role of the cardinality is played by the natural density
d(A) of a set A, defined as usual by

d(A) = tim A0

Tr—r00 X

They asked the following questions ([6, Questions 3 and 2], respectively):
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QUESTION 1. If A is a set of natural numbers of density 1, is it true that A2 also has
density 17

QUESTION 2. Is it true that inf gcn. g(a)=a d(A%) =0 for any o € [0,1), or at least for
a € [0, ap) for some g € (0,1)7

Clearly, Question 1 has an affirmative answer if 1 € A, and Hegyvari, Hennecart and Pach
showed that it also suffices that .4 contains an infinite subset of mutually coprime integers a; <
as < --- such that Zfil ai_1 = +o00. Here, we show that the answer is ‘yes’ in full generality.

THEOREM 1. Let A, BCN. Ifd(A) =d(B) =1, then d(A-B) = 1.
COROLLARY. If A C N is such that d(A) = 1, then d(A*) =1 for each k = 2,3, ...

REMARK. In fact, the case A = B of Theorem 1 implies easily the general case. Indeed,
if d(A) =d(B) =1, then d(ANB) = 1. In addition, if (AN B)? has density 1, then so does
A-B.

As it will be clear from the proof, the difference in the density of d(.A4?) with respect
to Erdés’s multiplication table problem lies in the fact that many elements of A2 come
from very ‘unbalanced’ products, meaning products ab such that the sizes of a and b are
completely different.

Let us now turn to Question 2. We will answer it in a strong form that shows, among other
things, that the condition that d(.A) =1 in Theorem 1 cannot be relaxed.

THEOREM 2. For o € [0,1], we have

d(AQ):{O ifa <1,

inf .
ACN:d(A)=a 1 ifa=1.

2. Preliminaries

Notation. We employ Landau’s notation f = O(g) and Vinogradov’s notation f < g both
to mean that |f| < C|g| for a some constant C' > 0. Moreover, we write f =< g to mean that
f < g and g < f. The notation f = o(g) as x — a (respectively, f ~ g as * — a) means that
lim, . f(z)/g(z) = 0 (vespectively, = 1). Given an integer n, we write P~ (n) and P*(n) for
its smallest and largest prime factors, respectively, with the convention that P~ (1) = co and
Pt(1) = 1. If PT(n) <y, we say that n is y-smooth, and if P~(n) >y, we say that it is y-
rough. As usual, we let ®(z,y) denote the number of y-rough numbers in [1,z]. Given any
integer n, we may write it uniquely as n = ab with P*(a) <y < P~(b). We then call a and b
the y-smooth and y-rough part of n, respectively. Finally, we let 2(n) denote the number of
prime factors of n counted with multiplicity.
We need some standard lemmas. We give their proofs for the sake of completeness.

LEMMA 2.1. Forz >y > 1, we have ®(z,y) < z/logy.
Proof. This follows for example from [8, Theorem 14.2] with f(n) = 1p- (). O

LEMMA 2.2. Uniformly for x > y? > 1 and v > 1, we have

#{n < x : 3d|n such that PT(d) <y andd >y} < x- (e " +y~1/3).
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Proof. Without loss of generality, u > 4. Let B denote the set of n € ZN[1,z] that have
a y'/“-smooth divisor d > y. Given n € B, let p; < p2 < --- < pi be the sequence of prime
factors of n of size < y'/* listed in increasing order and according to their multiplicity. By
our assumption on n, we must have p;---pgp > y. Let j be the smallest integer such that
p1---p; >y. We must have j > 5 because all factors p; are < y'/* < y'/%. We then set a =
p1--pj2, p=pj-1, and b = n/(ap), so that a > y/(p;—1p;) = /¥, ap <y, and P*(a) <p <
P~(b). Consequently,

<22 Zl<<ZZ

P<J1/“ Pt(a)<p b<wz/(ap) p<y'/* P (a
Vy<a<y/p P~ (b)=p a>\f

(1)

ap 1ogp

by Lemma 2.1. If we let ¢, = min{2/3,2/log p}, then Rankin’s trick implies

a/\f y 5:!7/2 1
Pey ¥ = 2 >
p<y!/* PF(a)<p aplogp p<yt/v plogp Pia<e

The sum over a equals [, (1—¢ '**)~" with ¢ denoting a prime number. Since ¢°» =
1+ O(log g/ log p) for ¢ < p, Mertens’ estimates [8, Theorem 3.4] imply that the sum over a is
< log p. We conclude that

# e~ logy/logp e—Ju

Payir ¥ STyt Y

p

100<p<yt/ v J21 g1/ (uiG+D) <pLyl/ (wi)
< yfl/d + E eI & yfl/d 4
jz1
using Mertens’ estimates once again. This completes the proof. O

LEMMA 2.3. Let y > 2 and X €[0,1.99], and set Q(A) = AlogA—A+1 for A >0 and
Q(0)=0. If0 < A <1, then

11 (1 - 1) S < (logy) W,

PY P Pt (m)<y
Q(m)<Aloglogy

whereas if 1 < A < 1.99, then

H (1 - 1> Z % < (log y)’Q(A).

p<Yy p Pt (m)<y
Q(m)>=Xloglogy

Proof. The result is trivial if A = 0 by Mertens’ estimates [8, Theorem 3.4], so assume A > 0.
If0 < A <1, then

1 )\Q(Tn)—)\log logy A -1
- g = (1 —Alog A 1-2
> - > = (lgy) 11

Pt (m)<y P+ (m)<y p<y p
Q(m)<Aloglogy

e (1)

Py
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where we used Mertens’ estimates once again. Similarly, if 1 < A < 1.99, then
1 )\Q(m)—/\log logy 1
— < — =l QW) 1-—- .
> ooae ¥ A oxn) “V T (1-1)
Pt (m)<y P+ (m)<y Py
Q(m)>Aloglogy

This completes the proof. (Il

LEMMA 2.4. Let P be a set of primes such that 1/p < oo. Then

peEP
1

d{neN:pn =p¢P}) = 1—-).
o rery =11

Proof. The number of integers n < x with a prime divisor p > log x from P is
x
< Z — =o(x) as T — 09,
p>logxz, peP
because ) . 1/p converges. Hence, if we write P’ =P N [1,logz], then

Hin<aipln > pgPy=#m<ziphn =pgP)+of —zH(l—) o(z)

pEP’

from the inclusion—exclusion principle that has < o#P' L glogw — o(zx) steps (for example, see

8, Theorem 2.1]). Since (1 —=1/p) ~ 1 by our assumption that 1/p < o0, the
pEP\P pEP

proof is complete. U

3. Proof of Theorem 1

Assume z is sufficiently large and let y = y(z) and v = u(x) to be chosen later, with y, u — +o0
slowly as  — +o0o. In particular, y < y/z. In the following, for the sake of notation, we will
often omit the dependence on z,y, u

With a small abuse of notation, given an integer n, let ngmooth denote its yl/ “-smooth part
and let n,ougn denote its yl/ “-rough part. We then set

N = {TL < T Nsmooth < y}

By Lemma 2.2, we have #N ~ x as ¥ — oco. Therefore, in order to prove Theorem 1, it is
enough to show that

#C =o(z), where C: =N\ (A-B).

Let n € C. Since 7 = Nsmooth * Nrough, We must have that either ngmooth ¢ A Or Nyougn € B.
Consequently,

#C < 51+ 52
with

S1:=#{n e N : nomootn ¢ A} and Sy :=#{n € N : nyougn ¢ B}.
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Let us first bound Sy. Letting m = ngmooth, We have

Si< > B(x/m,y ") < 2 > %

lo
m<y, m¢A &Y m<y, m¢A

by Lemma 2.1. Since we have assumed that d(A) = 1, we must have that d(N\ .A4) =0 and
thus

1 1
oz(t)::—t E — =0 as t — oo.
m
m<t, mg¢A

Hence, setting u = u(y) := a(y) "'/, we have u — 400 and S; = o(z) as z — +oo.

Let us now bound Sy. Writing m’ = nyoygh, we have

Sy < Z #{m' <z/m:m’ ¢ B}.

m<y
By hypothesis, we have d(B) = 1, so that d(N'\ B) = 0. Thus

5(0) i sup OB

s>t S

as t — oo.

Hence, setting y := min(z'/2, exp(B(x'/?)~1/?)), we have y — +o00 as & — 400 and

S2< 3 Ble/d) 5 < wBlafy) I 5 < 2B logy < B = ofa).

d<y d<y
In conclusion, #C = o(z), as desired.
REMARK. The proof of Theorem 1 can be made quantitative. For example, if one has
#{n<az:ng AL #{n<z:n¢ B} <a(logz)™* for some fixed 0 < a <1, then taking y =

exp((logz)™7) and u = loglog x in the above argument yields

TU zlogy
(logy)* ~ (logx)®

(12
#{n<r:n¢g A- B <ze "+ < z(logz)” TFato),

An interesting question is to determine the optimal exponent of log x in this upper bound.

4. Proof of Theorem 2

The case a = 1 follows from Theorem 1, whereas for the case a = 0 one can just observe that
d(0) = d(0*) = 0. We may thus assume « € (0,1). Given any £ > 0, we need to construct a set
A of density a such that the density of A? exists and is smaller than e.

Let k€ N, y > 1 and a set of primes P C (y,+o00) with Zpep 1/p < oo to be chosen later.
Using the notation Qy(n) =3 .|, ,<, 1, let us consider the sets

Byep:={neN:Qyn) >k, (n,p)=1VYpeP}.

The key property these sets have is that Biklp = By okp.
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Now, using Lemma 2.4 twice (once, with PrLemma 24 =P U{p <y} and once with
PrLemma 2.4 = {p < y}), we find that

1 1 1 1
d(B,rp) =[] (1 — ) II (1 — ) Y = =dBy) ][] (1 - )
p p P+(’rn)§y m peEP p
Q(m)>k

Similarly,

d(Bi,k,P) = d(By,%,P) = H (1 - ;)d(By,Qk,(D)'

peEP

Now, take y := exp(exp(4k/3)), so that k = %log logy. For any fixed € > 0, Lemma 2.3
implies that if & is sufficiently large in terms of a and ¢, then d(B,, 1 9) > o and d(B, 210) < €.
Let us fix for the remainder of the proof such a choice of k. We then construct P in the following
way: we take p; >y to be the smallest prime such that (1 —1/p1)d(B, x,0) > @, p2 > p1 the
smallest prime such that (1 — 1/p1)(1 — 1/p2)d(B, k,9) > « and so on. Taking P := {p1,p2,... }
we clearly have d(Byxp)[[,ep(1 —1/p) =a. Thus, d(Bypr)=ca and d(B;k’P) <e, as
desired.

REMARK. If d(A?%) in Theorem 2 is replaced by the upper density d(.A2), then one could
just take A to be any density a subset of {n € N:Q,(n) > 2loglogy} for y large enough.
However, in general there is no guarantee that .42 has asymptotic density. For this reason, in
order to prove Theorem 2, it is more convenient to construct explicit suitable sets A.
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