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Abstract

We introduce an algorithm to decompose any finite-type persis-
tence module with coefficients in a field into what we call an interval
basis. This construction yields both the standard persistence pairs of
Topological Data Analysis (TDA), as well as a special set of gener-
ators inducing the interval decomposition of the Structure theorem.
The computation of this basis can be distributed over the steps in the
persistence module. This construction works for general persistence
modules on a field F, not necessarily deriving from persistent homol-
ogy. We subsequently provide a parallel algorithm to build a persistent
homology module over R by leveraging the Hodge decomposition, thus
providing new motivation to explore the interplay between TDA and
the Hodge Laplacian.
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Figure 1: A 3-step filtration by sublevel sets, with respect to the the z
coordinate, of a half torus.

1 Introduction

Consider a monotone persistence module M = {M;, p; : M; — M;1}; over a field
F (PM), indexed over the natural numbers where each M; is called i’ step and
each ; is called " structure map. Assume that the module is of finite type, i.e.
that each F-vector space M; is finite dimensional and only a finite number of maps
among the ;’s are not isomorphisms.

This is the typical setting of persistent homology, the subject in which the name
persistence module originally arose. The two fundamental properties of finite type
persistent modules imply that each {M;, ¢;} can be decomposed, up to ordering,
into a direct sum of interval modules so that the module is completely described
by its persistence diagram or barcode, and furthermore that this decomposition
is stable with respect to noise if the PM is made of the homology groups of a
geometric sampling.

These properties largely account for the success of Topological Data Analysis,
a field that leverages computational techniques in algebraic topology to extract
information from data.

More explicitly, a persistence module can be written uniquely, up to permutations
of summands, as a direct sum of persistence (sub)modules

M= @I[bm,dm}7 (1)

where each term I, 4.1, called interval, is an indecomposable persistence sub-
module depending on the indexes b,, < d,,. The multiset of pairs {(by,,dn)}
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forms the barcode.

Under the isomorphism in Eq.7 for each m, one might search for an element
U in M which, through the application of the structure maps, generates the
submodule I(vy,) corresponding to Iy, 4..]-

In this work, we call a set of generators {vy, } of M an interval basis if it satisfies

M =P I(vm) = P I, a)- (2)

The classical algorithm to construct the barcode of a finite type persistence mod-
ule [5] works at the level of the chain complexes and thus is limited to persistence
module induced by homology. The algorithm yields the pairs {(by,,d,)}, and can
be used to extract a set of homology generators, as done in [13]. However, the ex-
tracted set of generators does not generally satisfy Eq. . For example, consider
a filtration of the half torus such as the one depicted in Fig. [1} which will be our
running example throughout the paper. The classical algorithm correctly identifies
the persistence pairs, but returns the generators depicted in Fig. [2| in accordance
with the so-called elder rule. These generators do not induce a decomposition such
as the one in Eq. , because their images in the final step of the filtration become
homologous. Algebrically, this entails a linear relation between non-zero elements
of M and thus the sum of interval modules in Eq. is not direct.

A principal contribution of this work is to provide a procedure to build an interval
basis. From an interval basis, it is trivial to compute the persistence pairs. As an
example, for the case of 1-homology of the half torus, a set of generators forming
an interval basis is depicted in Fig.

With the classical approach one is only allowed to compute the decomposition of
a persistence module that is the homology of a filtration of simplicial complexes.
Moreover, the algorithm intrinsically works with objects (chain groups and chain
maps) whose dimension is typically much larger than that of their homology mod-
ule.

Our proposed method, instead, addresses the case of finding a decomposition of
a general, i.e. not necessarily a homology, persistence module. As such, we work
directly at the level of {M;, ¢;}. As a consequence, the bulk of our algorithm can
be performed independently for each M;, i.e. is largely parallelizable.

We can summarize the main contribution with the following result

Theorem. Given a finite-type F-persistence module, the output of Algorithm [3
provides an interval basis.

After giving a specific instance of our algorithm for the case of k-persistent homol-
ogy modules, i.e., persistence modules obtained through the k-homology functor



(a) Generator 1 (b) Generator 2

Figure 2: Generators, classical algorithm.

applied to a filtration, we specialize our procedure to the case where the chain
spaces are Euclidean, i.e. have a scalar product. For example, we address the case
of k-persistent homology modules with coefficients in R, which can be built from
the kernel of the k Hodge Laplacian operator with respect to a filtration of simpli-
cial complexes. We construct the induced maps between kernels and, by the known
properties of the Hodge Laplacian, prove it to be equivalent to the k-persistent
homology module. We then apply our decomposition to obtain an interval basis,
which is shown in Fig. [4l This furthers the recent trend of exploring the interplay
between topological data analysis and the properties of the Hodge Laplacian |10,
25, 26).



(a) Generator 1 (b) Generator 2

Figure 3: Interval basis generators for the k-persistent homology module.

(a) Generator 1 (b) Generator 2

Figure 4: Interval basis generators for the harmonic persistence module



Contributions and related work

The key results of this paper can be summarized as:

1. An algorithm for the decomposition of any monotone persistence module on
any field. We do not assume the module is induced by homology. As such,
the module might derive from any sequence of simplicial maps.

2. The generators we provide are such that a decomposition of the persistence
module is given by the interval modules they each generate. We call this an
interval basis.

3. Our algorithm is parallelizable for each step of the module.

We further provide a parallel algorithm to construct a persistence module from
a general collection of simplicial maps. In the special case of real coefficients, we
use the Hodge Laplacian as a construction method for homology groups and maps
between them. We therefore specialize the decomposition algorithm.

The original approach to the decomposition of persistence modules arising from
filtrations of simplicial complexes was introduced in |13], based on the simplex pair-
ing approach of |7]. These algorithms were limited to working with Zy coefficients
and simplicial maps deriving from inclusions of simplicial complexes. Later, this
framework was extended to arbitrary coefficient fields in [5], which established the
notorious correspondence between persistence modules and graded modules over
a PID. It is immediate to construct a set of generators from the output of these
algorithms. However, they do not induce an interval basis decomposition of the
module. A different approach to attempt a principled choice of homology genera-
tors is to introduce a notion of geometric minimality, as it was done in [9, |16, 19].
The distributed computation of the persistence pairs has been addressed in [1],
where arguments from discrete Morse theory are employed to observe that the
reduction of a boundary matrix obtained from a filtration of simplicial complexes
can be performed in chunks. The chunk algorithm can, like the one proposed here,
be run in parallel for each filtration step, and is incremental in that it only consid-
ers cells that are born within the step itself. Its objective, however, is to compute
the persistence pairs of a filtration, whereas our proposal works for general (albeit
monotone) simplicial maps, needs not consider the (typically much larger) space
of k-chains and computes an interval basis.

Subsequently, the case of a monotone sequence of general simplicial maps was ad-
dressed in [8], which relies on the notion of simplex annotation. In this way, and by
interpreting each simplicial map as a sequence of inclusions and vertex collapses,
a consistent homology basis can be maintained efficiently. Later in [20] a variation



of the coning approach of [8] is proposed, which takes a so-called simplicial tower
and converts it into a filtration, while preserving its barcode, with asymptotically
small overhead. Our approach to the problem is different in that we do not need
to work at the level of simplicial complexes or maps, and in fact our decomposi-
tion is independent from the persistence module being induced by a filtration of
simplicial complexes.

To our knowledge, the first paper to deal with persistence module decompositions
without assuming it arises from a family of inclusion maps was an instance of
topological persistence whose underlying structure is not monotone: the so-called
zigzag persistence(|4]). Zigzag persistence is based on a sequence of structure maps
whose direction is not necessarily left to right. They provide an incremental al-
gorithm which computes a decomposition of the zigzag module, without focusing
on its generators. Our proposal differs in that we are restricted to the case of
monotone persistence, but in turn our focus is on the construction of an interval
basis, and on a parallel algorithm.

An analogous point of view is taken in a recent paper by Carlsson et al. ([3]). The
decomposition of the general zigzag module is tackled from the matrix factorization
viewpoint. Starting from a type-A quiver representation, their goal is to compute
a basis for each homogenous component of a persistence module in such a way that
the structure maps are represented as echelon form matrices. In other words, the
matrix associated to the quiver representation is in canonical form. Our algorithm
can decompose the module while avoiding the change of basis operations that are
needed for the construction of the echelon form. Furthermore, by specializing to
monotone persistence modules we can avoid the divide and conquer approach and
instead perform computations in parallel across all degrees.

Structure of the paper

In the background Section [2| we review some concepts about persistence modules,
not necessarily made by the homology of some space, and introduce our notion of
interval basis in connection with the Structure Theorem. Section [3]introduces the
main algorithm (Algorithm 3)) to compute an interval basis of a general persistence
module. In Section [4] we give a constructive method, acting independently over
each step (Algorithm @ and structure map (Algorithm , for constructing a k-
persistent homology module. Moreover, we see how our constructive method can
be adapted to the case of harmonic persistence module where each step is obtained
as the kernel of the Hodge Laplacian operator, and each structure map is easily
obtained via Algorithm The Appendices contain bonus background material
to support the proofs in Section (4] and to recall the construction from simplicial
complexes to chain complexes in the usual TDA pipeline.



2 Background

In order to formalize the problem addressed in this work, we introduce the persis-
tence module.
We define a persistence module M as pair {M;, ; }ien consisting of, for any i € N:

e a finite-dimensional F-vector space M; called step

e a linear map ¢; : M; — M;11 called structure map, such that there exists
n € N for which ¢; is an isomorphism for all i > n.

We denote by ¢;; : M; — M; with i < j the composition ¢;_10...p;. We
remark that the reader may find in the literature more general objects defined as
persistence modules. Our definition corresponds to what is normally referred to
as finite type persistence module [6].

It is useful to underline that any persistence module M can be thought of as a
graded module @, M; over the ring of polynomials F[z], or a graded F[z]-module,
for short. Indeed, the homogeneous part of degree i is the step M; and the ac-
tion over M; under the indeterminate x is given by applying the structure map
;. Being that correspondence an equivalence of categories, we can transpose to
persistence modules some notions of graded modules such as, ismorphisms, homo-
geneous elements, direct sums, generators, and submodules.

Let I(v) = {I;(v),¥i(v) }ien be the submodule of M generated by v € M, (i.e., v
is homogeneous in M, of degree b). Observe that we have

A f>b7 7 (v bea
Ky = Pt Z 0y Jlaen 2
0 otherwise, 0 otherwise,

where the brackets (-) denotes the linear space spanned by their argument.

Now, define an (integer) interval [b,d] with b < d to be the limited set {b,b +
1,...,d} and [b,o0] to be the unlimited set {b,0+ 1,...}. The interval module
Iy, q relative to the interval [b, d], possibly with d = oo, is the persistence module
{I;,¥; }ien such that

L:{F ifh<i<d, %:{MF ifb<i<d,

0 otherwise, 0 otherwise.

Remark 1. Fix a degree b. For each v € M,, there exists d € N or d = oo such
that
I(U) = I[b,d]'



Indeed, each step in I(v) is either isomorphic to the vector space IF or to 0 and the
structure maps are either isomorphisms or the null map. If there exists an integer
r, such that I,(v) = 0, we take d to be the minimum of such r’s. Otherwise, we
set d = oo.

Definition 1. Given a persistence module M = {M;, p;}icn, a finite family
{v1,...,un} C €, M; of homogeneous elements is an interval basis for M if and
only if

N
@I(vm):./\/l

m=1

Proposition 1. Every persistence module M = {M;, p;}ien admits an interval
basis {vi,...,on} C D, M;.

Proof. The existence of an interval basis for each M follows from the interval
decomposition corresponding to the Structure Theorem [5] for finitely generated
graded F[z]-modules. Indeed, the interval decomposition implies that M decom-
poses into a direct sum of interval modules of the form

N
M= @ Iy, dm)s (3)
m=1

where the intervals [by,, d,,] with b, < d,, < co are uniquely determined up to
reorderings. Let ¥ = {W,;};cn be the graded isomorphism of the interval de-
composition. Then, for each summand I, g4,.), the map ¥, detects a vector
Um € My,,. By Remark (1} we have that I(vy,) = I, . for some by, <7, < oo,
Observe now that, for all indexes ¢ € N, the decomposition isomorphisms satisfies
;o W; = Wty o, where ¢; is the structure map of Ipy,, 4,1 This implies that
Tm = dp, for all indexes ¢ € N. O

Formula (3 defines the barcode B(M) as the multiset of pairs
{(bm, dm) }_y, i.e., the collection of pairs in the formula counted with multiplicity.

The pairs of the kind (b, 00) are called essential pairs.

An alternative persistence module decomposition is the one that obtains a so-called
coherent basis.

Definition 2. Given a persistence module {M;, p;}", a coherent basis is given
by a set of bases {Bi = {vf,... ’Uldi}}?207 one for each space M;, such that for any
1=0,...,n it holds,

<api(vz) = Uf:l € Bit1 Vi(vh) = 0> Yol € B;.

9



In words, a coherent basis is a choice of a basis for each step of the module such
that the structure maps are block identity matrices.

Example 1. Consider a persistence module {M;, p;}!", where all ¢;’s are in-
jective. Take any basis of My as By. Suppose inductively that we have already
obtained B; For some i = 0,...,n — 1, since y; is injective, ¢;(B;) defines a basis
for a subspace B;y1 in M; 1. Take any basis completion of B;y1 in M; 1 as Biy1.
Hence, {B;}", is a coherent basis for {M;, p;}i" .

Remark 2. Given an interval basis, we get an induced coherent basis.

Indeed, an interval basis generates each step basis B; by simply considering the
images of the vectors of the interval basis across the maps ¢; with j <.

Persistence module decomposition via interval basis

Decomposing a persistence module via interval basis consists in retrieving, given
a persistence module M, an interval basis v1, ..., vy with N counting the number
of interval modules in the interval decomposition of Definition

In the following section, we present Algorithm [3|for addressing the decomposition
as stated above. In order to do so from now on, we restrict to persistence modules
M = {M;, p;} admitting no essential pairs in the decomposition. Notice that this
is not restrictive since we deal with persistence modules of finite type. This means
that there exists an integer n such that ¢, is an isomorphism for all m > n.
By setting ¢!, = 0 for all m > n + 1, we slightly modify our persistence module
to get M' = {M;,¥,} in such a way that the interval decomposition admits no
essential pairs. We notice that the interval modules I, q) with d < n are preserved.
Whereas, an interval module I} o) decomposing M corresponds to an interval
module I 4 1) decomposing M. Hence, our working assumption is not restrictive
in practice. The role of our assumption is clarified in the following section.

3 Decomposition of persistence modules

Consider a persistence module {M;, ¢;}" ;, as described in the previous section.
In particular, we suppose without loss of generality that the module is finite and
that the last map ¢, : M;, — M,y is the null one. Denote with m; the dimension
of the space M; and with r; the dimension of Im (p;_1). For each i there is a flag
of vector sub-spaces of M; given by the kernel of the maps ¢; ;:

10



0 C ker(piiv1) € ker(piiya) © -+ S ker(pins1) = M. (4)

where the last equality holds by the assumption above.

Denote for simplicity each space ker(y; ;) as VJZ

An adapted basis for the flag in M; is given by a set of linearly independent vectors
Vi={v1,...,0m,}, and an index function J : V* — {1,...,n — i+ 1}, such that

Vie={veV | Jv) <i+s}) Vs, 1<s<n—i+l. (5)

In words, an adapted basis is an ordered list of vectors in M; such that for every
j, the first dim ij vectors are a basis of V]z (where we assume an empty list is a
basis of the trivial space).

Remark 3. Notice that, without loss of generality, it is possible to choose an
adapted basis of M; in such a way that it contains as a subset a basis of Im (@;_1).

Proof. Let us consider an adapted basis V' = (t1,...,tn,) for the flag of kernels
in M;, with the vectors t1,...,t,, ordered by index function J. We construct the
desired basis explicitly: set V¢ = {t;}. For every s = 2,...,m;, if t, ¢ (V) +
Im (p;_1) add the vector ts to V. Otherwise,it must hold that ¢, = Y acs Aata +x
with z € Im (¢;—1). Then we add to V' the vector x = ts — >, Aatq. In this
way V' is another adapted basis, and the elements added by the second route form
a basis of Im (p;—1). O

From now on, therefore, we shall assume that each basis V* is in the form of Re-
mark Bl

Let us introduce two subspaces of (V%): it holds that (V') = (V5. Y@ (Vi ), where
Vi is the subset of V' made of a basis of Im ¢;_1, and V4, ,, is its complement.

Our objective is to construct a basis of the whole persistence module by leveraging
the adapted bases at each step 1.
Definition 3. Let us define ¥ := |J; Vi 1,

So, set ¥ is made up of the elements of the adapted basis in each degree i that are
not elements of Im (¢;_1). In the following, we prove that ¥ is in fact an interval
basis for {M;, @i} 4.

Lemma 1. For anyi < j, the map ; j| restriction of the map ; ; to the subspace
T={veV' | Jw) >j}) is an injection.

Proof. By definition of T', it holds M; = ker(y; ;) @ T. If the restriction of ¢; ;
onto T' were not injective, then 7" and ker(¢y; ;) would have nontrivial intersection.
This is a contradiction. O

11



Lemma 2. For any i < j € N, it holds

Proof. Suppose that the intersection of the two considered spaces contains a nonzero
vector u:

0#u=; Z AUk | = @i Z pwy

i i
k€ VEiren W€V,

Denote by upg and uj the vectors

= D Mk uw= Y

J(v)>j J(wy)>j
Uk EVEiren w €V,
It holds u = ¢; j (uB) = ;; (ur), since all the elements v such that J(v) < j
belong to ker(y; ;). Then, u is the image through ¢; ; of an element of T' = ({v €
Vi | J(v) > j}). On the other hand also the difference ug —u; belongs to the same
space and is mapped to zero by ¢; j. The restriction of ¢; ; to T' is injective because
of Lemma [l therefore it must be ug — uy = 0. Since, (V') = (Vi ) & (Vi ), it
must be ug = uy = 0, hence u = 0. ]

Theorem 1. The set ¥ is an interval basis for the persistence module M .

Proof. Say that ¥ = {v1,...,vn}. Each vector v; in the set ¥ induces an interval
module I(v;). We want to show that M = @;VZI I(vj). To do so, let us see that
for each 0 < i < n, the space M; is exactly @;V:Ji(vj). By construction we know
that

Mi={veV [v¢Im(pi1)}) @ Im (i) = P Li(v) ® Im (pim1). (7)

veY
deg v=1

All we have to show is that Im (¢;—1) can be written as @ yey ILi(v). At

degv<i
first we will see that it holds Im (p;—1) = + ey I;i(v). By definition, it holds
degv<i
+ vey Li(v) € Im (@i—1). On the other hand, Im (pi—1) C + ey Li(v). We
degv<i degv<i

can see it by induction. Let us consider My = (V°), where none of the elements
of VY belongs to Im (¢_1) = {0}. Then, Im (p9) € + ey I1(v). Suppose by

egv=0
induction that for any k — 1 it holds Im (¢r_2) €+ ey Ix—1(v). Then, since
degv<k—1
My ={v eV [v¢Im (pr2)}) ® Im (p_2), it holds
Im (pr-1) =+ eyt Ii(v) + @r-1(Im (0p—2)) (8)

vEIm (pp—2)

12



Therefore, by the induction hypothesis

Im (pr-1) € + ver Ii(v).
degv<k

Now that we have shown that Im (p;—1) = + ey (I(v));, it remains to see that

deg v<1
this sum is direct. Suppose to have a non trivial combination wi + - -+ + wg =
0, where each w, belongs to I;(v,). Suppose that the wi,...,wy are ordered

according to the degree of the element vy, that generates the interval module they
belong to. Let us say that these elements have a maximum degree [ < ¢. Then, it
holds

wit -t wp =)+ Y Aprlue,),

v, | deg vi, =l

where x € Im (¢;—1). Because of Lemma [2} it must be

ori(z) = > Aepri(v,) =0.

Uty | deg Uty =l

On the other hand we also assumed that the w, are different from zero, therefore
the index .J(vy,) of the vectors in the adapted basis has to be greater than i — .
Hence, because of Lemma (1], it holds that thrl deg vy, =1 Argri(vy,.) = 0 implies
2 e, |degur, =1 ArVt, = 0. Since the {vy,[degv, = I} are linearly independent it
must be A, = 0 for any r, and therefore w, = 0. The same idea can be repeated
for all the previous elements wy, ..., ws, coming from interval modules generated
by vectors with degree less than [. Since there are finitely many vectors this
process has an end and it shows that all the vectors wi, ..., w; are 0 and the sum
is direct. O

We now provide an explicit construction for set #". To do so, we must first obtain
sets V.

Remark 4. Notice that the construction of each V' is independent from the others.
Therefore they can be computed simultaneously.

Construction of Vi .1,

We first recall that a simple basis extension algorithm is given by the the pro-
cedure described in the following Algorithm The set W is ordered, and its
elements are added to U in their ascending order in W, so that U is extended to
a basis of (U) + (W). In the following, we refer to the extension of basis U by the
vectors in set W through Algorithm 1| as bea (U, W).

13



Algorithm 1: Basis completion algorithm

Input: linearly independent vectors U = {uy, ..., u,}, linearly
independent vectors W = {wq, ..., w,};
Result: minimal set of vectors wj,, ..., w;, €< U > such that

<UUA{w;, ..., w, } >=<UUW >

R={}h

for +=1,..., n do
if rankU < rank(U U {w;}) then
U=UU{w};
end
end
return R

We now give a general algorithm to construct the set V]éirth for a given M; of
the persistence module. To find an adapted basis V' we need only to iteratively
complete a basis of ker(y; ;) to a basis of ker(y; j+1), using for example the algo-
rithm described above. In general, the basis obtained through Algorithm [I] will
not contain a basis of the space Im (p;_1), so the procedure does not match the
construction in Remark [3 We show below that this is not strictly necessary, so we
can save computations without hindering the correctness of the algorithm. In fact,
we obtain the set V]éirth applying the reduction algorithm, using as inputs any basis
of Im (¢;_1) and the adapted basis Vi. This is equivalent to using the construction
of Remark [3] and then discarding the elements that belong to Im (¢;—1). Consider
the ordered set V' = {vy,..., vy, } and a set U = {u1,...,u,,}, basis of Im (p;_1).
Vector v; is modified by the procedure in Remark [3|if it can be written as a linear
combination of the vectors {u1,...,ur;,v1,...,v;—1}. If that is the case, it is mod-
ified so that it belongs to me, and then it is not included in V]iBirth' In the same
way, Algorithm [I] discards such vectors without performing further calculations.
The vectors belonging to V]iBirth are the same in both procedures, hence the result
is valid.

The full procedure to construct Vfgirth from M; and the structure maps is described
in Algorithm

14



Algorithm 2: Single step decomposition

Input: map ¢,y : M;—y — M;, maps {@; : M; = M;1)},i<j<N;
Result: Vj, ,, and associated index function J

Take a basis U = {uy,...,ux} of Im (¢;_1);

k:=dimIm (p;_1);

R:=1d: M; — M;;

r = rank(R);

VIZBirth = {} )

for s=0,...,N —ido
R = Pits - R ;
r’ = rank R;

if 7 < r then

B = basis of ker(R) ;
vy, ...,v, =bcald, B
U=UU{v, ... v}

);

)

V]éirth = V]éirth U {visa s ,v;‘js}, J(Uf) == J(”,i) =s+1;
r=r';
end
if =0 or |Vj,,| + k = dim M; then
‘ break ;
end

end
return Vi, . J : Vi, — {1,...,N —i+1}.

15



In the following, we refer to the construction of Vﬁirth through Algorithm [2| as
ssd(M;).

Once the decomposition of each space is performed, it is immediate to assemble
the interval basis ¥. Further, we can read the persistence diagram of module
{M;, ¢;}i off of the interval basis by storing the indices of appearance and death
of its elements, without increasing the computational cost. This is the content of
Algorithm [3] which summarizes the procedures introduced so far into a single rou-
tine that takes a persistence module and returns its interval basis and persistence
diagram.

Algorithm 3: Persistence module decomposition

Input: persistence module {M;, i} 4;
Result: persistence basis {v]} and persistence diagram
o = empty matrix with dim My rows and 0 columns;
Pn+1 = empty matrix with 0 rows and dim M,, columns;
PB ={};
PD = {};
forb=1,....,n+1do
Véirw J = ssd(pp-1, {@j}jzb);
if Vi, is not empty then
Add to the interval basis PB the vectors in V]éirth;
Update the persistence diagram with the points (b, J(v) + b) for
CAS V]girth;
end

end
return Interval basis, persistence diagram

We refer to the decomposition of Algorithm (3| as pmd(M).

Example. Consider the following R-persistence module

0 2% RS R 2 RZ
0) (0) IO

Where the matrices below each arrow represent the map above it in the canonical
bases. We showcase the procedure of Algorithm [3] and compute its interval basis.
Notice that this example matches the persistence module generated by persistent
homology in Fig. [2| For ¢ =0,1,2,3 we need to compute Véirth.

Clearly g is the null map, so the flag for the first step is trivial and V}%irth is empty.

For i =1 we have Im (p;—1) = 0 and ker(yi2) = ker(¢1,3) =0, so R = ker(¢1,4).
By ssd we extend a basis of Im (¢g) (which is empty) to a basis of R, which yields

16



vector 1. Then Vi ., = {1} with persistence pair (1,4).

For i = 2 we have Im (p;—1) = ( (é)) Furthermore ker(¢23) = <<_11>>, so we extend
the basis of Im (1) against the basis of ker(ys 3) obtaining set { (jl), @}, which

spans R?, so ssd terminates setting V3., = {(fl)} with persistence pair (2,4).
For i = 3 we have Im (p;_1) = R, so V3, ,, is empty.

Finally, the interval basis is ¥ = {1, (711) }, with persistence diagram PD =

{(1,4),(2,4)}.

The case of real coefficients

In case we use the field R in the persistence module, we can specialise the
decomposition of the space described in the previous paragraph. We will use the
followong notation: given a matrix A with m rows and n columns, A[:, ] denotes
the i-th column of the matrix , whereas A[:,: i] denotes the submatrix given by
the first i columns of A. The same notation is used on the first arguments in the
parenthesis to denote operations on rows. We will make use of this simple result
in linear algebra.

Lemma 3. Given three vector spaces Vi, Va, and V3 over R and two linear maps

1 Vi — Vo and i : Vo — V3 it holds

ker (12 0 ¥1) = ker(1)1) @ ker (% o Tﬁlf(ker(zpl))L) '

Proof. Let = be an element of ker(¢9 o ¢1). It can be written uniquely as z =
v + w, with v € ker() and w € (ker(¢1))*. Since (2 0 91)(v + w) = 0 and
v € ker(¢r), it must be ¥9(1)1(w)) = 0, therefore w € ker(¢9 o 1p1). Then, w

belongs to ker <¢2 0 Y1 (ker w1)¢> and the statement follows. O

Fix My, and suppose that ¢, = 0. For each M;, denote with d; the number dim M;.
Consider ¢y and decompose it via the SVD decomposition in ¢y = UOSOVOT. If
ro = rank g, then kg = dy — r¢ is the dimension of ker ¢g. Notice that Sy is a
matrix d; X dy with non-zero elements only on the first ¢ positions on the main
diagonal. Therefore, if e; is the i-th element of the canonical basis of R%, with
ro < i < dp, then pgVphe; = UypSpe; = 0. Then, a basis of ker g is given by
the vectors {Voery+1,...,Voeq,}. The index function J attains the value 1 on
all of them. All such vectors will be also in the kernel of the maps ¢ ; for all
7 > 0. In order to avoid repetitions, it will be considered only the restriction of
each ¢ ; on the orthogonal complement of ker ¢g. This operation will not change
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the result because of Lemma To do so, consider the map @9 = UOSO, where
Sy = Sol:,: 7o), given by the first ry columns of Sy. Repeating the same process, it
will be considered m; = ¢1¢g instead of g 2. Call di = dy — ko. Decompose again
myp = U151V1T and call r; = rankmy and k1 = dy — r; = dimkerm;. Again, a
basis of ker m; is given by the vectors Vie, +1,...,Vieq,. Recall that this vectors
are expressed in the basis {Vo[:, 1], ..., Vo[:,70]} of ker pg. To return them in the
canonical basis of My it is sufficient to consider the matrix ny with dy rows and rg
columns such that 79[z, j] is equal to 1if 1 <14 = j < 1y and 0 otherwise. Then, the
vectors in the canonical basis of My are {VonoVier 41, ..., VonoVieq, }- In this case
the value of the index function for these vectors will be 2. For the general step j,
consider m; = pjm;_1 = UijVjT. The adapted basis of My will be updated with
the vectors

Vono - .. Vi—inj—1Vjer, 1 +1<a <dj, 9)

and it will be J(Vono ... Vj—1nj—1Vjey) = j+ 1 for every r; + 1 < 2 < d; Once
all the vectors are obtained, as in the general case, it is necessary to complete a
basis of Im (¢;—1) to a basis of M), introducing the vectors in V in ascending order
given by the function J. The resulting vectors will be part of the interval basis.
The procedure is encoded in Algorithm [5] which makes use of the matrix decom-
position routine Algorithm [4] and specializes Algorithm [2| to the case of real coef-
ficients. We denote it by ssdR(M;). Then, the full decomposition of Algorithm
can be specialized to the reals by replacing ssd(M;) with ssdR(M;).

Algorithm 4: Matrix decomposition

Input: matrix A;

Result: Restriction of A on the space orthogonal to its kernel with
respect to a basis V' of the domain, V' matrix whose columns
are a basis of the domain of A, dim(ker A)* ,dim ker A

U,S,V =SVD(A);

nz = rank S, d = number of columns of A, dk = d — nk ;

R=US[:;,: nz];

return R, V, nz, dk
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Algorithm 5: single step decomposition on R

Input: map ¢;—1 : M;_y — M;, maps {¢; : M; = M;41)},i <j< N ;
Result: Vectors Vi, .\,

U, S,V = 8SVD(pi-1) ;

r = rank(p;_1);

U = U[:,: r| basis of the image of ¢;_1;

Vi = {}; 1k =0;

R=1d: M; — M;;

d = dim M; ;

‘/tot:Id;

for s=0,...,N —ido
R =51+ R;

if number of rows of R = 0 then
k := number of columns of R;

V = I
nz = 0;
dk = k;
else
‘ R,V.nz, dk = dec(R);
end

Viemp = La, L = ord(V'), Viempl: 1,: 1] = V¥
V;fot - ‘/tot : ‘/temp;

if dk > 0 then

T =becald, Vipt[:,d — Ik — dk : d — lk]);
U=UUVyl:,d—1lk—dk: d— k]
Viirth = Vi U T
J(t)=s+1forallt eT;

Ik =1k + dk;
end
if nz=0 or |V|+r =d then
‘ break;
end

end
i
return Vj, ., J
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4 The k-persistent homology module

A chain complex with coefficients in F is a sequence C' = (Cl, 0, ) of F-vector spaces
connected by linear maps with k € N

ak—+>20k+1ak—;ck Ck 1ak—> % C1—>C()—>0
such that 9x110; = 0 for all k € N. Each F-vector space CY is called the space of
k-chains.
A chain complex can be constructed from a simplicial complex. We refer the reader
to the Example [f] in Appendix [B] for the details of the construction.
The subspace Z = ker(dg) is called the space of k-cycles. The subspace By =
Im (Oky1) is called the space of k-boundaries. The condition Ox410; = 0 ensures
that

By, C Z;, for all £ € N.

The quotient space Hy = Zi /By, is called the k-homology space.
A chain map f : (Cs,0E) — (Ds, 0P) is a collection of linear maps fy, : Cy — Dy,
such that

fr08 1 = 01 frya, for all k € N. (10)

A chain map induces a linear map of homology spaces. Indeed, for each k-cycle z
in Cy or Dy, we write [z]¢ or [z]p for its projection onto the homology space HC
or Hk , respectively. By Equation (1 , we get that fk(BC) C Bk Hence, we get
induced a map fj, : — Hj, D defined by

Fi([£le) = [fu(2)]p- (11)

This property is called functoriality of the homology construction.
The k-persistent homology module with coeffients in F is the persistence module
obtained from a sequence of chain maps

f
0" Cy

fy -1 T fn—1)

C Cn), (12)

by applying the homology construction to get the following diagram of vector
spaces

fk,(o) fk,(l) fk,(ifl) fk,(i) fk,(nq)
0—>Hk,(1) Hk,(z)—>—>Hk,(n) (13)

The persistent homology is a persistence module .# = {M;, p;}i_, by setting
M; = Hy ;) and i = fi )

In the following section, we introduce a way of computing the persistent homology
of a given sequence of chain complex connected by linear maps.
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4.1 Construction of the persistent homology module

In this section, we present a construction of the k-persistent homology module
{H}, i }ien for general coefficients from a general chain complex C = (C,, ds).
For each index i € N, we first introduce Algorithm |§| for constructing the step H ,2
Afterwards, we introduce Algorithm [7] for retrieving the structure map ¢; as the
map at homology level induced by a general chain map f : (C,,dS) — (Ds, dP)
in degree k. In the persistent homology module construction, f is one of chain
maps f(; connecting subsequent chain complexes (See Section .

Notice that these two constructions can be distributed and performed in parallel
for each i € N.

Computing the homology steps in parallel

For computing the step H}, we want to find a split sequence of kind c¢) (see
the Splitting Lemma |5 in the Appendix for the short exact sequence given by
By, C Z; and the definition of homology as H}C = 71/ By (see Example [2| in the

Appendix

0—sK—> 4—2% ,0——0

idKT hT idQT (14)
0 % incl, K&Q proj, 0 0,

where the map h is the isomorphism assigning the standard basis of the biprod-
uct to the basis {h1,...,hg, } retrieved by the Algorithm @ and the maps incl;
and proj; are the standard inclusions and projection of the component ¢ in the
biproduct space.

Algorithm |§| accepts as inputs the boundary matrices Opy1 and 9y expressed in
terms of the standard basis of C. The algorithm reflects the standard idea intro-
duced by Edelsbrunner et al (|7]) and called left-to-right reduction, and it boils
down to computing the column reduction of the boundary matrices 0y and Oy 1.
Let us call Vi, and Vi1 the matrices such that Ry = 0V}, and Ri41 = Ok+1 Vi1 are
matrices reduced by columns. The columns of Vj, corresponding to zero columns of
Ry provide the the basis {v1,...,vs} for Zi, whereas the non-zero columns of Ry
provide the basis {b1,...,b,} for By. Let us call 8y = dim H. In the for-cycle,
the left-to-right reduction is exploited again to obtain the result by completing the
basis of By to a basis of Zj, using the vectors yielded by V. It is straightforward
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to check that the Diagram [14] commutes.
Algorithm 6: Computing homology

Input: Boundary matrices Ok, Ox41 of the chain complex C ;

Result: Betti number fj, and basis {h1,...,hg,,b1,...,b.} of Zi, where
span{[hl], ey [hgk]} = Hk and span{bl, ce ,br} = Bk.

Compute the reduction Ry = iV} ;

Compute the reduction Ryg11 = Ogr1Via1 ;

bi,...,b, := non-zero columns of Ry ;

v1,...,Vs := columns of Vj corresponding to zero columns of Ry ;
J := matrix with columns {by,...,b.,v1,...,0s} ;

Be=1;

fori=r+1,..r+sdo

while 3j < i s.t. low(J[i]) = low(J[i]) do
= low(J[i]);

v = JL /L )

Ji] = Jli] =~ J[j);

end
if J[i] is non-zero then
hg, = Jil;
Br = Bk + 1;
end
end

return [y, basis {h1,...,hg,,b1,...,b.}

Computing the homology structure maps in parallel

For any index 4, Algorithm [7| computes the structure map ; as the map fr
at homology level induced by a general linear map as the degree k of chain map
fr : Cx — Dyg. Our algorithm assumes that the homology splittings Zx(C) =
Hi(C) @ B(C) and Zi(D) = Hy(D) @ Bi(D) are already obtained by applying
Algorithm [6]
In particular, this means that we have the splitting bases: {[h{],..., [hgkc]} for

Hy(C), {[h), ., [hp]} for Hy(D), and {bD,....bP} for By(D).

Theorem 2. The map fk defined in Algorithmlj is well-defined and it is the map
induced by fi through the homology functor.

Proof. The map fk is obtained as fk = proj;h~! frhincly as derived in Remarkin
the Appendix |Al Precomposing by fxhincl; implies applying f to [h{] € Hy(O).
The following composition of proj;h~! implies that the image of [h$] € Hy(C)
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(a) Step 1 (b) Step 2 (c) Step 3

Figure 5: Example of filtration.

under f is independently retrieved by finding A1, ..., A BP solving the linear system
in the for-cycle of Algorithm

~ D
This yields the desired map in the form fk([hlc]) = E]ﬁi 1 )\j(i)[h]D ]. O

Algorithm 7: Induced map between homology spaces

Input: Chain map fj : Cr — Dy, representatives cycles h?, cees hgc of a basis
of H(C), B,? and {hP ..., hé)l?, bP, ..., bP} output of Algorithm/ﬁ for D;

Result: map fi : H,(C) — Hy(D) induced by fy.
fr := zero matrix BkD X ,6’,? ;
forz':l,...,ﬁkc do
Solve fi(h{) = Efgl Nih® + 37 b ;
felil = (M, - - Agp)T
end
return fk

4.2 Constructing the persistent homology through har-
monics

In this section, we present a construction of the k-persistent homology module
{H}., fitien for coefficients in R through the space of k-harmonics. We call the
persistence module {#}, f;}ien the harmonic persistence module.

After some preliminaries on the Hodge Laplacian operator, by means of the Hodge
decomposition (Formula, for each index 7 € N, we retrieve the persistence mod-
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ule step of the harmonic persistence module. Afterwards, we introduce Algorithm §]
for retrieving the structure map f, as the map, at k-harmonics level, ensuring the
isomorphism of persistence modules between the k-persistent homology module
{H},¢;} and the harmonic persistence module {#}, fi} proven in Theorem No-
tice that this construction, as it was for the case of general coefficients, can be
distributed and performed in parallel for each ¢ € N.

The Hodge Laplacian operator
Since R has characteristic equal to 0, given a chain complex

3k+2 Ok11 It

Ck:—i—l k — Ck 1—> Cl—>00—>0

we fix an inner product (-, -); on each space of k-chains Cj so that each operator
O, has a well-defined adjoint operator 0y, i.e.,(Ok(c),d)r, = (c, O}(d)) .
We consider the sequence C*

5 %2 o;., or Oy 5 ; &

CkHHCM—Ck L& 0 ROy 20,

For k € N, the Hodge Laplacian in degree k (Laplacian, for short) is the linear
operator on k-chains Ly : C, — C given by

Lk = 8k+1a;+1 + 8;(% (15)

Constructing the harmonic step in parallel
For each index i € N, the step in the harmonic persistence module is given by
the space of k-harmonics. The space of k-harmonics of a chain complex is the

subspace of C},

My = ker(Ly,). (16)
Remark 5. If h € Hy, then h € ker(dy) and h € ker(9; ;).
Indeed, both 9;0 and 0k 119;., | are positive semidefinite, as (c, 9;0kc)r, = (Okc, Okc)r >
0 and (¢, Ox1105, 1¢)k = (05,16, 05,0k > 0. Hence, Ly is positive semidefinite,
and Lgc = 0 implies 9;0kc = 0 and 94105, ¢ = 0. Thus, (Okc, Okc), = 0 and

(0F 116,08, 10k = 0.
Elements of ker(9j,) are called k-cocycles. We refer to [18] for more details.

Before moving to the computation of the structure maps in the harmonic persis-

tence module, we discuss some useful results relative to the single step ’H}c
First of all, the Hodge decomposition theorem states that:
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Theorem 3. For a chain complex C and for every natural k,
Cr =Hi & Im (O41) & Im (%)
Moreover, this decomposition is orthogonal and Zy = Hj @& Im (Ok41).

By Remark [5|, we can consider the homology class [h] of an element h € Hy. As
per Hodge theory (|11}, 18]), it holds

Theorem 4. The linear map vy : Hy — Hy defined by ¢i(h) = [h] is an
isomorphism.

Given the Hodge decomposition there is the orthogonal projection 7y : Zr — Hi
that is equal to the identity on Hj; and sends the elements of By to zero.

Lemma 4. For any k-cycle z € Zy, it holds [z] = [m(2)] in Hy.

Proof. Any k-cycle z can be written uniquely as h + b, where h € Hy and b € By.
Since 7, sends boundaries to zero and it is the identity on Hy, it holds z — mx(z) =
h+b— h = b, and therefore z and 7;(z) are in the same homology class. O

Remark 6. If one chooses an orthonormal basis for the k-harmonics Hj and repre-
sent it via the matrix V; whose columns are the basis vectors, then the projection
7y, is represented by the matrix VkT.

Computing the harmonic structure map in parallel

In order to define the persistent homology with respect to harmonic representa-
tives, we focus on the behavior of the harmonic subspace under the action of chain
maps. On the one hand, we need to remark the following.

Remark 7. A chain map f : C — D does not restrict to a map between the
harmonic subspaces ch and HkD .

Indeed, given an element h € ch, the k-cycle f(h) is not necessarily in ”HkD . More
precisely, f(h) is necessarily a k-cycle but not necessarily a k-cocycle.

On the other hand, we can define a map fK : ’ch — ’HkD in the following way.
Consider the natural inclusion zkc : 7—[]? — C}% and the projection 77,? : Dy — ”HkD .
We define

fe =7 fuif, (17)
Notice that the above definition corresponds to the general quotient map construc-
tion in Equation of the Appendix
Algorithm |8 computes Equation by applying Remark@ the domain C and the
target D to represent maps zkc and W,? .
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Consider now a sequence of chain complexes connected by linear maps as in the
sequence . We get induced the following sequence of linear maps between
k-harmonic spaces

fk,(o) fk,(l) fk,(i—l) fk,(i) fk,(n—l)
0——= /Hk7(1) ce ce Hk;,(z) NN k,(n)-

Theorem 5. The persistent homologies { Hy, ;) fk ) Hieo and
{Hk,(l 7fk,(1 -, are isomorphic as persistence modules with coefficients in R,

Proof. Tt is enough to show that, for any chain map f : C — D, the following
diagram commutes

i
HY —— Hp
L
fk HD

That is, for any h € HS, it must be fi,(¢< (h)) = ka( fx(h)). By the definition of
fi and fi the equality becomes [f(h)] = [x D(fx(n))]. Since fi(h) belongs to ZP,

the statements follows from Lemma [4]
O

Algorithm 8: Induced map between Laplacian kernels

Input: Chain map fi : Cx(C) = Cr(D), Vi basis of ker(Li(Cx(C))), Vb
basis of ker(Lg(Ck(D))) ;

Result: Matrix ® representing fj, : Hy(C) — Hp(D)

o=V fi Ve

return (9;)

5 Conclusions and Future Works

In this work, we have introduced an algorithm for decomposing any persistence
module, not necessarily a persistent homology module, into interval modules. We
have discussed our method as supporting parallel and distributed implementations.
We have presented it into two versions: a general one and a specific one for the
case of real coefficients where one can take advantage of the SVD matrix decom-
position.

We have introduced the notion of interval basis as the persistence module ana-
logue for the notion of minimal homogeneous generators of a graded module with
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(a) Generator 1 (b) Generator 2

Figure 6: Generators, classical algorithm.

coefficients in F[z]. We have provided a proof of correctness of our approach which
can be seen as an alternative and constructive proof of the Structure Theorem.
Afterwards, we have made explicit how to integrate our approach into the persis-
tent homology pipeline, the main computational framework in TDA. Indeed, we
have practically indicated how to obtain a persistent homology module out of a
monotone sequence of chain complexes. Above all, we have remarked that each
step and structure map in the module can be obtained independently, thus being
suitable for parallel and distributed approaches.

Such an integration has offered interesting insights to be investigated further. For
instance, it has made possible to geometrically locate the interval basis vectors
onto a filtration of simplicial complexes. We have discussed simple examples to
make comparisons with the classica generators obtained through the reduction
algorithm [5]. We believe that the descriptive power of the interval basis deserves
further study since it encodes implicitly the relations among evolving homology
classes along a filtration.

As a last point to be addressed in the future, we have seen how working at per-
sistence module level might be favorable for dealing with the persistence of har-
monics. In particular, we have discussed how to overcome the non-functoriality
of the harmonic forms by working at persistence module level. From the compu-
tational complexity point of view, we have shown how, for a persistence module,
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both our decomposition and our construction procedures can take advantage of
having real coefficients. From the geometrical point of view, we have shown how
the interval basis choice for generators applies to the harmonic case. Hence, our
work contributes in combining harmonic generators into the persistent homology
framework.
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A Appendix - Categorical Aspects

A.1 Notes on linear maps of short exact sequences in
the category of finite vector spaces

In this section, all spaces are finite vector spaces and all maps are linear maps.

Short exact sequences
A short exact sequence (s.e.s., for short) is a sequence of maps

0 K—54-—"25Q 0 (18)

such that, for each space in the sequence, the image of the map targeting the space
and the kernel of the map which follows are equal.

In the category of finite vector spaces, a quotient space @ = A/ ~ of a space A
induces an s.e.s. where K is the kernel of the quotient relation ~, the map s is the
natural injection of K into A, ¢ is the natural projection from A to A/ ~. Since
the category of finite vector spaces with linear maps is known to be an Abelian
category (see Chapter VIII in [22]), the category admits kernel representations
for surjective maps and quotient representations for injective maps. Hence, up to
isomorphisms, a short exact sequence represents a quotient space. This motivates
us in calling, given an s.e.s. such as the one in , the space @ the quotient
space, and the space K the kernel space of the s.e.s.

Example 2. An example of a short exact sequence is given by the k-homology
space Hy, as a quotient of the k-cycle space Zj, with kernel of the quotient relation
given by the k-boundary space Bj:

0 B¢ Z i H, 0,

where the arrow ——— denotes the natural injection and the map [-] is the natural
quotient projection defining the k-homology space (see Section .

Example 3. Another relevant short exact sequence is the one involving the space
of k-harmonics Hy, introduced in Section[4.2] Indeed, the Theorem[4] as a corollary
of the Hodge Decomposition Theorem [3] and the definition of the projection map
7, satisfying Lemma [4] ensure the exactness of the following sequence

Tk

0 By© Z

Hy, 0. (19)
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Consider the two short exact sequences as in the rows of the following diagram,

0 K—+4A—-250 0
lso lél J/EQ (20)
00— K AL ——0

a map of short exact sequences is a tuple (g9, €1,€2) of maps such that the diagram
in (20) commutes. An isomorphism of short exact sequences is a map of short
sequences where each map is an isomorphism.

Lemma 5 (Splitting [17]). For a short exact sequence

0 K—54-25Q 0,
the following statements are equivalent:

a) there exists a surjective map p: A—— K such that ps =idg : K —— K

b) there exists an injective map r: Q —— A such that qr =idg : Q —— Q

c) there exists an isomorphism K Q M A such that (idg, h, idg) is an iso-
morphisms of short exact sequences

0—sK—5 A4—% ,0——0

idKT 4 z'dQT (21)
0 K nch K®Q prog, 0 0.

where morphisms incly, projy are the canonical inclusion and projection of the
direct sum .

Remark 8. In the category of finite vector spaces with linear maps, each short
exact sequence admits a splitting, i.e. the sequence in the bottom row in isa
split sequence.

Indeed, this follows by noticing that any set of linearly independent vectors in a
vector space can be extended to a basis.
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Maps induced on quotient spaces by representatives

With respect to the notation in Diagram , we say that amape: A — A’ is
compatible with the short exact sequences if it satisfies £(s(A)) C s'(A’). In other
words, a compatible map preserves kernels between the domain and the target
sequences so that it is possible to induce maps on kernels and quotient spaces.

Remark 9. If a map € : A — A’ is compatible with the short exact sequences
in Diagram , then there exists only one map of short exact sequences (¢, ¢, €)
where
e = p'fs, with p’ as in the splitting of case a) (22)
€= ¢ fr, with r as in the splitting of case b). (23)

Indeed, the maps €| and ¢ are well defined and unique by the compatibility as-
sumption. As for the existence, it is ensured by Remark

Example 4. An example of a map compatible with two short exact sequences is
given by the map fi in the degree k of a chain map (see Section . By homology
functoriality, we have the following commutative diagram

[

0 B;.© Zy. H; 0
| |
i lfk | fx (24)
N H/ <

0 B¢ Z, Hj, 0,

where maps f| and f satisfy Equation and , respectively.

Indeed, homology functoriality depends on the map f preserving k-cycles and
k-boundaries. In particular for the map f between quotient spaces, a choice of
homology representative corresponds to a splitting map rp : Hy — Zj, satisfying
case b) in Lemma

This gives us a way of retrieving the map fk as

fo = furn (25)
for some choice rj of homology reprentatives, i.e., such that [-]ry = idg, .

Example 5. Moreover, by homology functoriality, we get that the map f is
compatible with two short sequences like in Diagram where we substitute the
k-homology space with the k-harmonic space Hj and where, this time, we call fk
the map induced between quotient spaces

0 B¢ Ty —5 1, 0
| |
I fik J,fk | fr (26)
<+ - <

0 B¢ Z;, —H), 0.
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Indeed, the compatibility condition on the map fi depends on the natural inclu-
sions By C Zj whereas the exactness of rows has already been discussed.

In particular, given a basis for the space of k-harmonics as a map ri : Hp — Z,
as in the splitting of case b) in Lemma [5, we can express the map induced at
harmonics level as follows

fr = T firs. (27)

Maps induced on quotient spaces by split sequences

As a last remark, we express the Equations and of the maps induced
on quotient and kernel terms in the case of split sequences satisfying case ¢) in
Lemma [5| with respect to two given short exact sequences with the notation of
the rows in Diagram . Let € be a map compatible with the two original
short exact sequences with maps €| and € induced on kernel and quotient spaces,
respectively. We claim that the map ¢ induces a map *, that we call direct sum
map, compatible with the two split sequences of case c¢) associated to the domain
and target sequences

i T0j
0—>KLC11>K@QH>Q—>O

€l - F (28)
0 i incly KaqQ proj, o 0.

Indeed by assumption, we have two isomorphisms h : K & Q — A such that
qh = proj, and b’ : K’ ® Q" — A’ such that ¢’h/ = proj,. We define * = h'~1ch.
It is easy to check that conditions gh = proj, and ¢'h’ = proj, expressing the
commuativity of Diagram ensure that the maps ¢ and € are the same as in
Diagram . Hence the following remark holds.

Remark 10. Given the direct sum map €* of a compatible map ¢ inducing maps
g| and € between kernel and quotient spaces respectively, we get that

€ = projye*incly (29)
g = projie*incly, (30)

where the tuple (5|,5*, £) defines a map of short exact split sequences.

B Appendix - Preliminaries on simplicial com-
plexes and persistent homology

In this appendix, we recall some basics in Simplicial Homology 17 21} 23].
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Our purpose is that of moving from the purely algebraic setting presented so
far along the paper to the main input representation within the persistent ho-
mology pipeline, namely the notion of simplicial complex. (Geometric) simplicial
complexes allow for representing geometric shapes into combinatorial and discrete
terms. This way, a simplicial complex captures the topology of a shape into com-
putable terms.

Here, we start by introducing the (abstract) definition of a simplicial complex.
The relevance of the abstract point of view derives from its descriptive power. In-
deed, not all datasets come associated with an embedding into a coordinate space.
Nonetheless, those datasets might be endowed with the purely combinatorial struc-
ture of an abstract simplicial complex where the topology is given by pairwise and
higher-order relations among data. The reader interested in the persistent homol-
ogy setting is referred to the surveys [2, 12} |14} |15 24].

Abstract simplicial complexes

An abstract simplicial complex 3. on a finite set V is a subset of the power set
of V', with the property of being closed under restriction. An element of ¥ is
called a simpler and if 0 € X, 7 C o then 7 € X. Elements of V are usually
called wertices. Simplices of cardinality p + 1 are called p-simplices. We also say
a p-simplex has dimension p. We call the p-skeleton of 3 the set of simplices of
3 of dimension < p. If 7 C o we say that 7 is a face of ¢ and o is a coface of 7.
The dimension of a simplicial complex is defined as dim ¥ := max{dimo / o € ¥}.

Geometric simplicial complexes

Simplicial complexes have a natural geometric interpretation: a (geometric) p-
simplex ¢ is the convex hull of p 4+ 1 affinely independent points in the Euclidean
space. As such, a 0-simplex is a point, a 1-simplex an edge, a 2-simplex a trian-
gle, a 3-simplex a tetrahedron, and so on. Every abstract simplicial complex has
a geometric realization (and actually many of them), i.e. a geometric simplicial
complex to which it is homeomorphic. A realization of an abstract complex is
denoted by |X.

From simplicial complexes to chain complexes

For ¥ a simplicial complex and F any field, the k'"-chain space Cj(3;F) of %
is defined as the F-vector space generated by the oriented k-simplices of ¥ and
such that —o coincides with the opposite orientation on ¢. When clear from the
context, we drop the indication of the base field to ease the notation. An element
of Cy(X) is called k-chain: it is a finite linear combination ), n;[o;] with 7; € F.
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Up to fixing an orientation for each k-simplex when k > 0, and instead naturally
when k£ = 0, a canonical basis of Cx(X) is given by the k-chains corresponding to
the individual oriented k-simplices of X.

Chain spaces are instrumental in introducing a linear operator that expresses the
above-mentioned adjacency relations across dimensions. The boundary operator
is a linear map 0y : Ckx(X) — Ck—1(X) that on an element of canonical basis

corresponding to the oriented k-simplex o = [v, ..., v, is defined as:
k .
8k(0) = Z(—l)l[’vo,...,f}i,...,'ljk], (31)
i=0

where v; means that vertex v; is omitted. It extends to the whole chain space by
linearity.

Example 6. The collection Cy = {C}}32, along with the collection of boundary
operators 0, defines a chain complex like the one introduced in Section [4]
Indeed, it is easy to check that 90k, = 0, for all integers k.

Simplicial complexes and persistence modules

A simplicial complex ¥ can be made into a filtration of simplicial complexes
(or a filtered simplicial complex) by taking a finite sequence of subcomplexes
Yo € ¥y C - C X, =3, where a subcomplezr is a subset and also a simpli-
cial complex.
For any index i = 0,...,p, define Cj;) = (C’h(i),@k,(i)) to be the chain com-
plex associated with the simplicial complex ¥; in the filtered complex. Notice
that each inclusion induces a linear chain map ¢, ;) : Ck, ;) — Cg, (i+1). Indeed,
U, (i) Ok41,k,() = Ok, (i)tk+1,s)- Hence, any filtered complex induces a (free) persis-
tence module

t(k,0)

bk, (1) bk, (i-1) bk, (3) bk, (n—1)

0 Cr(1) Cr.() Crmy,  (32)

and by applying the homology construction we get the associated persistent ho-
mology module

Tk,(0) Uk,(1) Uk, (i-1) Uk, (0) Uk, (n—1)

The sequences (32)) and correspond to the general sequences constructed in
Formula and in Section {4 where the discussion was purely algebraic.
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