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Abstract. We describe the fermionic and bosonic Fock representation of endomor-
phisms of the exterior algebra of a Q- vector space of infinite countable dimension. We
achieve our goal by exploiting the extension of certain Schubert derivations, originally
defined for exterior algebras only, to the fermionic Fock space.

Keywords and phrases: Schubert Derivations on the fermionic Fock space, Bilat-
eral Partitions, Bosonic and Fermionic Representations of endomorphisms of exterior
algebras, Symmetric Functions.

Mathematics Subject Classification: 14M15, 15A75, 05E05, 17B69.

Contents

Introduction 2
1 Background and notation 5
2 The generating functions of the bases of A"V and \'V* 11
3 Fermionic and Bosonic Vertex Representation of gl(/ V). 17

*Work sponsored by FAPESP, Processo n. 2016/03161-3 and, partially, by Politecnico di Torino, Finanzia-
mento Diffuso della Ricerca, no. 53_RBA17TGATLET; Progetto di Eccellenza Dipartimento di Scienze Mate-
matiche, 2018-2022 no. E11G18000350001, INDAM-GNSAGA e PRIN ”Geometria delle Varieta Algebriche”.

2010 MSC: 14M15, 15A75, 05E05, 17B69.


https://www.impan.pl/en/publishing-house/journals-and-series/fundamenta-mathematicae/online/114015/bosonic-and-fermionic-representations-of-endomorphisms-of-exterior-algebras

Introduction

0.1 The Goal. Let B := Q[x] be the polynomial ring in the infinitely many indeterminates x :=
(z1,T9,...) and B(£) := B ®g Q[¢7!, €], where ¢ is one further indeterminate over Q. The purpose of
this paper is to describe B(&), which we refer to as the bosonic Fock space, as a (product of) vertex
operator representation of the Lie superalgebra

d(A\V = A\ve AV,

where V := @,., Q - b; is a Q-vector space, with basis b := (b;);cz, parametrised by the integers, and
V* = @jez Qp; is its restricted dual, with basis 3 := () ez, where §;(b;) = d;;. Our goal is achieved
in our Theorem 3.6, already anticipated at the end of this introduction. It generalises, and further
enhances, a classical result which, for convenience, we shall refer to as DJKM representation of gl(V)
(after Date, Jimbo, Kashiwara and Miwa). The latter describes the bosonic Fock space B(§) ®¢ C as
a representation of the Lie algebra gl (C) = gl(V) ®q C, of all the complex valued matrices (a;;); jez,
whose entries are all zero but finitely many.

0.2 Some motivations and background. The representation theory of Lie algebras of endomor-
phisms of infinite dimensional vector spaces, often phrased through the physicist’s jargon of charged
free fermions [13, p. 28] which, in down to the earth terms, are basis elements of a canonical Clifford
algebra supported on V @ V*), got a tremendous impulse from the theory of solitons, as faced by the
Sato’s japanese school of algebraic analysis. In important pioneering work on the subject [3] (see also
[11, Section 1] and [12, Theorem 6.1]), Date, Jimbo, Kashiwara and Miwa deduce a bosonic represen-
tation of the central extension a.,(C) of the Lie algebra of all complex valued matrices (a;;); ez with
finitely many nonzero diagonals. Its elegant shape remarkably involves a discrete version of the vertex
operators occurring in the Skyrme model of self-interacting meson-like fields [16]. The bosonic vertex
representation of gl (C) := gl (Q) ®¢C, as in the cited reference [14, Proposition 5.2], can be regarded
as a particular case of the DJKM’s one. Its expression is defined over the rational numbers. That is
why throughout the paper we considers our scalars in the field Q only. On one hand it is more than
enough for our purposes, because the theory could be more generally developed over the integers, like
in [10]. On the other hand, the rational field is big enough to enable the use of exponential functions to
spell our main formulas, turning easier the comparison with earlier related literature. Since gl(V) is a
Lie subalgebra of gl(/\ V), one must expect our Theorem 3.6 generalising, and therefore recovering, as
a particular case, the DJKM representation of gl(V), as it is the case.

0.3 Generating functions of bases. The idea to compactly describe B(£) as a module over the Lie
algebra gl(V), amounts to a convenient phrasing of the generating function

E(z,w) = Z b ® Biz'w ™, (1)

1,jEZL

of the natural basis b® 3 := (b; ® ;) jez of V@ V*. The program then consists in identifying a suitable
extension of the generating function (1) to a natural basis of gl(/\ V). But first, we must let ta new
character coming into play.

To this end, let P denote the set of all partitions (non increasing sequences of non negative integers
all zero but finitely many). By fermionic Fock space we shall mean a Z-graded Q-vector space F :=
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F(V) = D,z Fm which, like B(€), the bosonic one, possesses a basis [b],,4a parametrised by Z x P.
More than that, it is essential, from our point of view, to think of F as a B({)-module of rank 1
generated by [b]g := by Ab_y Ab_g A--- , such that

ng)\<X) [b]O = [b]m+)\ = ber)\l JAREEIAN bmfr+1+)\r A bmfr A bmfrfl AR ) (2)

where Sy(x) denotes the Schur polynomial associated to the partition A and to the sequence x. Equal-
ity (2) can be understood either as a Giambelli’s formula for Schubert Calculus on infinite Grassmannian
(see [9]), or as a Jacobi-Trudy-like formula (see [5, p. 32 and 34] and also [15]). To follow more closely
the reference [14, Theorem 6.1], and being more adherent to the subject of the paper, we call (2) the
boson-fermion correspondence. Our starting point is the obvious remark that AV is a (irreducible)
representation of the Lie superalgebra gi(/\ V) of all endomorphisms vanishing at all but finitely many
basis elements of A V. An explicit generating function encoding the gl(/\ V)-module structure of AV
has already been proposed in [1] (see also [2] for a finite dimensional example), where the vertex op-
erators shaping the boson-fermion correspondence spontaneously arise in all their splendour, although
in a more classical framework. In addition, as noticed in [10], little effort is needed to extend the A V-
representation to F, mainly because the latter is a module over the former. This reflects in the fact
that each degree F,, of F, as formula (2) suggests, can be thought of as a semi-infinite exterior power.
Finally, one just pulls back on B() the F-representation of gl(/\ V), invoking the boson-fermion corre-
spondence. The program still demands, however, to identify a convenient generalisation of the DJKM
generating function (1). Last, but not the least, one is left to determine explicitly its action on A V.
This is the point that, as in our previous contribution, the flexible formalism of Schubert derivations
(a distinguished kind of Hasse-Schmidt derivation on an exterior algebra), extended to JF, enters the
game.

0.4 To pursue our program. we use the basis of AV ® A\ V* = Py 15, A"V @ A\'V* given by the union
of those induced on /\k V®/\l V* by b and 3, for all k£, > 0. This is quite straightforward, up to getting
aware of one main combinatorial point, i.e. that they are best parametrised by the set P of what, in

Definition 2.1, lacking of a better terminology, we called bilateral partitions. More precisely, given r > 0,
we stipulate to denote by P, the set of all r-tuples A = (Ay,..., A,) € Z", such that Ay > --- > \.. We

so have i l
AV=@abl and AV =Dl
uefk VEﬁl
where
[b]ﬁ = bkflﬂn ARRRNA b#k and [B]L = 5lfl+zz1 ARRRNA Bl’l'

Then

E(z,w )= > bl [Blsu(z)s.(w ), (3)

muEfk@fl

is the generating function of the distinguished basis [b]}, @ [B]., of AV @ NV, where z; and w;!
are, respectively, k-tuples (z1, ..., z;) and I-tuples (wi', ..., w; ") of formal variables. Abusing notation,

we have chosen to denote by the same symbols s,,(z;) and s, (w; ') natural extensions of the classical
Schur polynomials occurring in the theory of symmetric functions as in, e.g., [6, Section 3] and/or [4,
Section 2.2.]. The difference with the classical ones is that they are symmetric rational functions. They



do coincide with the usual Schur symmetric polynomials whenever A € P, = P N N’. We are now in
position to anticipate the statement of our main result.

Theorem 3.6. The (DJKM bosonic) action of €(zx, w; ') on B(£) is given by

E (2, Wy ') = exp (Z %Pn(ZEI)Pn(Wl)> [z, wi), (4)

n>1

where

i) the expression p,(zy) and p,(wi™) denote the Newton powers sums symmetric polynomials, in the

variables zfl and Wli , t.e. more explicitly
po(ZE) = 2 4 and  pu(wil) = w4 4w
i) the map T(zy, wy) : B(€) — B(€)[z", wi™'] is the vertex operator
R(zk,wfl)exp (Z Tn(pn(zx) — pn(W)) )exp (Z Pn Zk n< )da ) : (5)
n>1 n>1 In

iii) the map R(zyx,w; ") : B(&)[zx, w; '] — B(E)[zx, w; '] is the unique Blzy, w; ']-linear extension

of

Zm—l+1
m m+k—l [
g = 5 H wm—l-i-l'
1<i<k J

1<j<i

The meaning of formula (5) is that if P(x,£) € B(§) is any polynomial, then its “multiplication” by
[b]k ®[B]L,, is the coefficient of s,,(zx)s, (w; ') in the expansion &(zy, w; ') P(x,§). This may seem tricky.
However multiplying the resulting expression by the product of the two Vandermonde determinants,
Ag(xx)Ag(w; 1), it is sufficient to look at the coefficient of the less intimidating monomial zk T 24k
wl—l-‘rl—l/l wl—uk'

To end up, reading formula (5) for k = [ = 1, putting z; = z and w; = w, one has s(;)(z) = z* and
sgy(w™!) = w7, for all 4,j € Z. By the definition of the logarithm of an invertible formal power series:

1w 1
R
n>1 >

m

The fact that, in this case, R(z,w™ )™ = fmz—, equality (4) simplifies into
wm

S(Z,w*1)|B§m_Z— T €XD (anz —w" )exp (—Zz ;wi ai ), (6)

1—— n>1 n>1
Z

which is precisely the original DJKM formula for the bosonic representation of gl(V) (like in [14, Propo-
sition 5.2]. This may look surprising indeed, because comparing (5) with (6), it is apparent that the
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former can be obtained from the latter by simply replacing the variables z,w in (6) by the power sums of
the indeterminates (21, ..., zx) and (wy, ..., w;), respectively, used to define the generating function (3).
As in our previous references [1, 9, 10|, we have borrowed methods from the theory of Hasse-Schmidt
derivations on an exterior algebra, like in the book [7]. The similarity of DJKM formula with our (4),
however, makes us wonder whether there is any other argument to deduce our Theorem 3.6, bypassing
our methods.

0.5 Organisation of the paper. In the first section we recall some more or less known pre-requisites.
We revise, in particular, the construction of the fermionic Fock space following [10, Section 5|, as well
as the way to extend the Schubert derivation on it. A little background on Schur polynomials, mainly
following [6] but also [14, Lecture 6], is included as well. Section 2 is devoted to carefully define the
generating function of the basis elements of /\k V® /\l V*, that is best suited to describe the fermionic
and bosonic representation of gl{(/\ V). In this same section the natural notion of bilateral partition is
also introduced. It is reasonable to suspect that it is somewhere hidden in pieces of less known literature.
Section 3 eventually concerns the statement and proof of our main theorem which, as announced, supplies
the expression of both the fermionic and the bosonic expression of gl(/\ V). The two cases are treated
in a unified way, reflecting the fact inspiring the references [7, 9, 10] that there is a very little, if not any
at all, substantial difference between the two spaces. Indeed, as explained in [1], the vertex operators
occurring in the representation theory of the Heisenberg algebra, come naturally to life, exactly the
same, already at the level of multivariate Schubert derivations on exterior algebras. With no serious
need, at least for the focused purposes of our research, to cross the walls to enter into the realm of the
infinite wedge powers, as however we did in the present contribution.

1 Background and notation

1.1 We shall deal with a Q-vector space V := ,., Q - b; and its restricted dual V* := @jez(@ - B,
where §; € Homg(V, Q) is the unique linear form such that 3;(b;) = d;;. The generating series of the
basis elements of V and V* are, respectively:

b(z) = Z biz' € V[z71 2] and  B(w) = Zﬁjw_j € V*[w,w™!]. (7)
i€z jEZ
1.2 Hasse-Schmidt Derivations on A\ V. A map D(z) : AV — A V[z] is said to be Hasse-Schmidt
(HS) derivation on AV if D(z)(u A v) = D(z)u A D(z)v, for all u,v € AV. Write D(z) in the
form »7.., D;z7, with D; € Endg(A V). Then D(z) is inv_ertible in Endg(A V)[z] if and only if Dy is
invertible. In this case D(z) is invertible and its inverse D(z) in Endg(/\ V)[z] is a HS-derivation as
well.

1.3 Schubert derivations. Consider the shifts endomorphisms 041 € gl(A\ V) given by 041b; = bj1;.
By [7, Proposition 4.1.13], there exist unique HS derivations on o.(z) : AV — A V[z*!] such that

Ui(Z)bj = Z bjiizﬂ.
>0

Let us denote by . (z) their inverses in A V[2*!]. Restricted to V they work as follows
G (2)bj=bj — b1z and  F_(2)b; =bj — b1z . (8)



They are called Schubert derivations in the references [7, 9, 10].

1.4 Fermionic Fock space. We quickly summarise the definition of the fermionic Fock space bor-
rowed from [10]. Let [V] be a copy of V (framed by square bracket to distinguish by the original V itself).
It is the Q-vector space with basis ([b];,)mez. Identify [V] with a sub-module of the tensor product
AV ®q [V] via the map [bl,, = 1 ® [b],, seen as a left A V-module. Let W be the left A V-submodule
of AV ®q [V] generated by all the expressions {b,, @ [bly—1 — [b]m, bm @ [blim tmez. In formulas:

W= AV (bn ® [blm1 — [bm) + /\ V(b @ [blm).
where the module structure is given by u(v ® [b],,) = (WA V) ® [bl,,.

1.5 Definition. The fermionic Fock space is the \ V- module

Fo= Fv) = NV SV * 2o L} (9)

Let AV ®q [V] — F be the canonical projection. The class of u ® [b],, in F will be denoted u A [b],,.
Thus the equalities by, A [b],, = 0 and b,, A [b];,—1 = [b],, hold in F. For all m € Z and X € P let, by
definition

[b]er)\ = brm+)\ A [b]mfr = bm+)\1 A bm71+>\2 ARRRNA bmfr+1+/\r A [b]mfr

where r is any positive integer such that /(A) < r, which implicitly defines b, . as an element of
A" Vom—ri1, where by Vs we understand @, Q - b;. It turns out that F is a graded A V-module:

F = @ Fons
meZ

where

Fm = @Q[b}mﬁ-)\ = @ @ Qbrm-i-)\ A [b]m—ﬁ (10)

AP r>0 AEP;
is the fermionic Fock space of charge m [14, p. 36].
1.6 Proposition.
i) The equality b; A [bl,, = 0 holds for all j < m;
ii) The image of the map \"V ® F,, — F given by (u,v) — u A v is contained in Fp, i,
Proof. They are [10, Proposition 4.4 and 4.5]. .

1.7 Extending Schubert derivations to F. We now extend the Schubert derivations, in principle
only defined on AV, on F according to [10] to which we refer to for more details. First we define their
action on elements of the form [b],, by setting:

7 (2)[blm = 0 (2)[blm := [blm,  04(2)[blm := 04 (2)bm A [blm

and

7 (2Bl = 3 (bl

>0



where (1) denotes the partition with j parts equal to 1. Finally, we set

01 (2)[blmir = 02 (2)bj, x A s (2)[blm—r  and  TL(2)[Plmix = TL(2)bx ATL(2)[blm—r. (1)

1.8 Proposition. For all m € Z, Giambelli’s formula for the Schubert derivation . (z) holds:
[blmsa = det(on,—jvi) [blm (12)
Proof. See [10, Proposition 5.13]. .

We introduce now an operator on F which, in a sense, plays the role of the determinant of the shift
endomorphism o;. We denote it by £. We shall understand it as the unique algebra endomorphism of
AV such that £ - b; = b; 1. Being an algebra homomorphism implies that

gbm+A::bm+HA

It is clearly invertible. Its inverse ¢! is such that £7'b; = b;_;. Secondly, we extend it to F as
follows:

g[b]m+)\ - f(b:nJrA) A [b]m—i-l—i-)\; (1?’)

where r is any integer greater than the length of the partition A. It is trivial to check that such a
definition does not depend on the choice of r > ¢(X). So for instance

/

& [b]m+)\ = [b]m+m/+>\-

1.9 Bosonic Fock space. Let B := Q[x], the polynomial ring in infinitely many indeterminates
X = (x1,22,...). As a Q-vector space it possesses a basis of Schur polynomials parametrised by the
set P of all partitions. Moreover, (S(x),S2(X),...) generate B as a Q-algebra, because S;(x) is a
polynomial of degree 7, for all ¢ > 0. If A € P one sets

Sa(x) = det(Sh;—j+i(x)) (14)
where the sequence (S57(x), S2(x), . ..) is defined by
D 8i(x)2 = exp(D _ wi2'). (15)
JEL i>1

Let B(€) := B®gQ[¢™, €] be the Q[¢]-algebra of B-valued Laurent polynomials in . We shall refer
to B(§) as the bosonic Fock space. Tt follows that

B¢)= P Q- ¢m"Sax)

1.10 The space F can be endowed with a structure of free B(§)-module generated by [b]y of rank one
generated by [b]y such that £"Sx(x)[b]o = [b]x, by simply declaring

£"Si(x)[bla = oi[blmia. (16)
In fact



blmia = &£7"[b]a (Equation (13))

= &Mdet(ox,—j+)[blo (Giambelli’s formula for Schubert derivations)
= ¢ det(S);—j+i)[blo (by equality (16))
= {"Sx(x)[blo (Definition of Sx(x)).

Equality (16) can be also phrased by saying that S;(x) is an eigenvalue of the Q(¢)-linear map o; : F — F
with F,, as eigenspaces. It implies that

U+(Z)[b]m+A = €xp (Z Ii2i> [b]m+>ﬂ (17)
i>1
i.e., abusing terminology, exp(}_,, 7;2') is an eigenvalue of o (z).

1.11 Lemma.

i) The Schubert derivations o4 (z),04(z) commute with multiplication by &, i.e.
for(2) =04(2)  and  £o4(2) =T4(2)¢; (18)

i) by regarding the Schubert derivation o_(z) (resp. o_(z)) as a map B — B[z7'] by setting
(0-(2)5x(x))[blm = 0 (2)[blmir (resp. (T-(2)Sx(X))[blm =T (2)[blmir, one has:

(2500 = S(x) - 2 (19)
o (s = Y02, (20
iii) the maps o_(z) and 7_(z) are Q(§)-algebra endomorphism of B(&). In particular
5 (:)83(%) = det (o (), +:(x)) 1)
and
7 (2)9A(x) = det(T(2) Sy, —j+:(x)); (22)

i) the maps o_(z) and G_(z) act on B as exponential of a first order differential operators, namely:

0 (2)Sx(x) = exp <Z Lo > Sx(x) (23)

n
e ox,,

and

0-(2)SA(x) = exp <—Z Lo ) Sa(x). (24)



Proof. i) First we show that the commutation holds on the exterior algebra A V. This is nearly obvious,
because

O’i(Z)fbj = Ui ]+1 Z b]+1iz - SZ b]iz éoi )b

i>0 i>0

The same holds for 74 (z). We have
T4 (2)€0; = T (2)bjs1 = b1 — bjyrar 2™ = E(by — bjur ™) = €T (2)0;.
Secondly, the commutation rules hold for elements of the form [b},,. In fact:
o_(2)¢[blm = o0_(2)[blm1 (Definition of &)
= [blmi1 (0_(2) acts as the identity)

= ¢[blm =&0_(2)[b]m (Definition of £ and o_(z) acts
as the identity on [b],,)

Similarly one sees that _(z){ = £ _(z). The check for o, (z) and 7, (z) works analogously as follows.

o (2)E[blm = 01 (2)[blm (Definition of ¢)
= 0.(2)bmi1 A bl (Definition of o, (2)[b].)
= Yisobm14i2" A bl (Definition of o, (z)b,)

Zizo Ebmyi NE[bBlm—1 = £y (2)[b]m

and
5 (bl = 74 ()bl (Definition of &)
= 201 bmyaras A [blmjz’ (Definition of 7, (2)[b]m+1)
— ijo(—l)jfbm_;’_(lj) N ED] 127 (Definition of multiplying by &)

= £ 501 buni ) A [olim-1-;27 = £54.(2) [b]m

Let us show now that (18) holds when evaluated against a general element of F. We check for o, (z),

the others being analogous and even easier. Let A be any partition and r any integer such that ¢(X) < r.
Then:



0+ (2)(¢[blmea) = 0+(2)[blmiisa (definition of multiplication by &)
= 0+(2)(bl1ia A [Blmt1—r) (decomposition of [b]yni142)
= 04(2)bl, 1A AN o(2)[blmti—r  (04(2) is a derivation)
= 04(2)Eb] A N o (2)E[b]m—r (definition of multiplication by &)
= o1 (2)b]  \ NEoi(2)[b]mr (Lemma 1.11, item 1))

= Sai(z)[b]m—i—)\-
The proof for the Schubert derivations o_(z) and @4 (z) works the same.

ii) The proof of this second statement works verbatim as in [8, Proposition 5.3], where the S;(x) are
denoted by h;;

iii) In this case the check follows by combining [8, Proposition 7.1] and [8, Corollary 7.3];
iv) Recall that B(§) = Q(&)[S1(x), S2(x), . ..]. Equation (15) implies that

9Si(x)
al,j - SZ—J (X)7
Then (19), e.g., says that
_ 10 1 o
o (2)8i(x) = (1 - 28_:701> Si(x) = exp <— n2>:1 ﬁ@x?) Si(x) (25)
o 0 , _
Now WSZ'(X) = a—SZ-(X). Since S;(x) generate B as a Q-algebra and 7_(z) are algebra homomor-
] Tp

phisms coinciding on generators, (24) follows. The proof of (23) is analogous, but it also follows from
inverting both members of the equality (24), obtaining

o_(z) =exp (Z %%) .

n>1

1.12 In the sequel we will need the following observation. Suppose that ¢ is anyone among the
endomorphism o4; of 7;, for 7 and j arbitrary non negative integers. Suppose further that

BBl = 3 @bl

"
Then, for any m' € Z,
Z n [b]m+m’+u = ¢[b]m+m’+>\-
"

The proof is based on the definition of multiplication by &.

Z m [b]m-‘rm’-ﬂt = Z augm’ [b]m-i-u = gm’ Z m [b]m-i-u

7 7 7

= " ¢[blmia = 0™ blmir = S[blmrmia-
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2 The generating functions of the bases of A"V and A\'V*

Let AV = @0 /\kV and AV* = @ /\l V* be the exterior algebra of V and V* respectively. To

describe the bases of A"V and A’ V* induced by the basis b of V and of 3 of V* (Cf. Section 1.1), we
need to explain what we shall mean by bilateral partition.

2.1 Definition. A bilateral partition of length at most r > 1 is an element of the set:
Pri={X=0OL o N)EZT | A > A > - > N\ )

Clearly, P, := P, NN’ is the set of the usual partitions of length at most r, namely the non-increasing
sequences of non—negative integers with at most r non zero parts. If i1 > --- > 4, is a decreasing
sequence of integers, there exists one and only one bilateral partition o € Pj, such that 1y =k —J+p;.
Therefore ([b]},) e, and ([8],,),cp, where:

v veP,
bk =14y A Aby, and (Bl = Bt A A By,
are Q-bases of A"V and \' V* respectively. Let z; := (z1,...,2) and wi ' := (wi',...,w;') be two
ordered finite sequences of formal variables. The /\k V-valued formal power series
b(zx) A -+ Ab(z1)
vanishes whenever z; = z;, for all 1 < ¢ < j < k. Therefore it _is divisible by the Vandermonde
determinant Ag(zx) = [, <, j<,(25—2i). We then define, for all X € Py, the extended Schur polynomial
SA(Zk)

through the equality
> [blhsu(zi)Ao(zi) == b(z) A+ Ab(z1), (26)
HEP

and therefore the expression

b]*(zi) == ) [blys,(zi) (27)

HEPy

is a generating function of the basis elements of /\k V induced by the given basis b of V. Similarly, a

generating function for the basis elements ([B]L)uefl is given by
Blwi ) =Y 1Bl su(wi ), (28)
uefu

where s, (w; ') is now defined, for all v € Py, via the equality

> [Blsu(w ) Ag(w; ) == Blwy ) A A B ), (29)
uef

where I (s — w))
Nowi )= [ (j'—wt)="==E0 (30)

1<<i<j<l [Tim wi

Notice the different numbering adopted for the variables z (formula (26)) and the variables w™! (formula

(29))

11



2.2 Remark. If A\ C N¥, then sx(z) is the usual Schur symmetric polynomial in (21, 2, ..., ). If
A= (A, Ay, Ak) € Py, with all \; < 0, then

s-a(2 )
S)\(Zk) = W (31)
where —X = (=X, =A\k_1,...,—A1). If Ay > 0 and A, <0, instead

(A1t Aer A1 +A0) (Zk)

kA
szo Zj §

It is then clear that all sy(z), where A runs on Py, are Q-linearly independent. The same holds true for

Ao(w; ).

S)\k (Zk) = (32)

2.3 Let § € V*. The contraction 51: AV — AV can be depicted via the following diagram:

B(bT—l-l-)\l) 6(177"—24-)\2) v B(bkr>
(33)
br—140, br—oyre .. by,

to be read as follows. The scalar $(b,_;4,;) is the coefficient of the element of A"V obtained by

removing the j-th exterior factor from [b]j.

The contraction of A"V against [8], € A' V* is well defined as well. It is an element of A”~'V which
can be represented as (See [1]):

Biotim (broign) oo Bioigan (ba,)
[8],,4[b]5 = ﬁyl(b}_wl) . By, (by.) (34)
br—1+)\1 s b/\r

to be read as follows. The Laplace-like expansion of the array (34) along the first row is an alternating
linear combination of contractions of elements of /\ki1 ) against elements of /\li1 V*. Having already
set the case k = 1 in (33), we have described it completely.

2.4 Although it may be easily guessed, let us now make precise the definition of the contraction of an
element of F against an element of A' V*. Giving the definition on bases elements [b],,+x of F and [8].,
(v:=(n>... > 1) of \'V* will suffice. Let r > 0 such that £(A) < r and v, > m — r and define:

(Bl 3l = (18],2[blusx) A (bl

It is straightforward to see that the definition does not depend on the choice of the non-negative integer
> l(A).

2.5 Let
&z, w; ') = [b*(z) @ [B]'(w; 1) = Y _[blf @ [BlLsp(zi)su(w; ), (35)

12214
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be the generating function of the basis of /\]’C V& /\l V*. It defines two maps
Ep(zp, Wi ')+ F = Flag, wiz,', wi] (36)
and
Ev(zr, Wy ') = B(§) = B(&)[zr, Wi 2z, wy '] (37)

which we distinguish by putting a subscript in the notation and satisfying the compatibility relation
imposed by the boson-fermion correspondence. More precisely we define:

E(zi, Wi )bl = [b]*(z) A [B]' (Wi )bl (38)
and
(Ev(zr, Wi )E™SA(x)) [blo = Ef(zk, Wy ) [Blinsa (39)
where we have used the notation of (27) and (29).

2.6 Products of Schubert derivations. To further elaborate the shape of (38) and (39), we need
to introduce the following new piece of notation. Let

o4 (k) = 04 (21) - 0y (), 0 (zk) =01 (21) - 74 (), (40)
and
o_(w;) =o0_(wy)-o_(w), T (z) =0_(wy)---7_(w). (41)

Equalities (40) and (41) must be read in Endg(A V)[z] and Endg(A V)[w; '] respectively. They
are multivariate HS-derivations of \'V in the following sense: i) they are multi-variate because are

Endg(A V) formal power series in more than one indeterminate, namely zy, := (21,...,2;) and w; ' :=
(wi',...,w;Y), and ii) are HS derivations, being compatible with the wedge product:
01 (zr) (WA V) =0i(zp)u A og(zg)V and  T4i(zr)(WAV) =0T4(2r)uNTL(Zs)V.

2.7 Lemma. The following commutation rule holds:

oG um) = (1= 22) 7w (w0), (42)

w1
in Endg(F)[w;*, w]]
Proof. First of all we notice that
o_(w1)7 4 (wo)u = o4 (wy)a_(wy)u, (43)
for all u € V. It is sufficient to check for one basis element. One one hand

o_(w1)T (w2)b; = o (wi)(bj — bjr1wa) = ij—iwl_i - Z bjs1—iwy wo

i>0 i>0

13



= Z bj—qwy " — Ul(z bj—iwy )w =Ty (wa)o_ (wr);

>0 >0

and (43) is proven. Now we prove that (42) holds for elements of the form [b],,. In fact

o_(w1)o 4 (ws)[blym = o—(w1) (bl — (bag1 A [Blm—1)ws + (g1 A by A [Bli_a)ws + -+ -)

= [bln — <bm+1 - i—”;) A Bl 1w + bygr A (bm _ b;nU:l) A [Bla)w? + -
= Tulw)lbly ~ 2wl = (1= 22) 7 wbly = (1= 22) 7w (w)lbl,

To conclude the proof we must check it on the general basis element [b],,+x € F. One has:
o (W) (w2)[blmix = o-(wi)ay (wa)([blrx A [Plm-r)

= 0 (w1)a(w2)[bly, A A o (w1)T 4 (w2)[blm—r

= 7. (w1)o_ (ws)[blh, A (1 - %) 74 (wz)o(wi)[blm—r

w1

_ (1 . —) 7 () () ([blx A [Bl)

w
= (1= &) 7w (bl
and the Lemma is proven. .

2.8 Corollary. Let w; \ wy = (wy,...,w;) and w; ' \wi' == (wy"',...,w;"). Then

o_(wy)a(w; \ wy) = H (1 — Z—i) cT (W \ wy)o_(w). (44)

Jj=2

Proof. Induction on [ > 2. Lemma 2.7 sets the case [ = 2. Suppose that the property holds for all
{—1>2. Then

o_(w)or(wWi\wi) = o_(w1)o4(Wii\wi)o_(w)
_ H ( . Zj_) T (Wi \wn)o— () (wr)
. lli[: (1 - Zj—i) 7 (wWiot\wy) (1 — Zj—j) o+ (w)o—(wi)



wj

= ; (1 — —) o (Wi\wi)o—(wr)

; wq
J

because 74 (w;_1\wy)74(w;) = a4 (w;\wy), by definition. .

2.9 Proposition. The following equality holds:

No(w; )
1 m—t1 0+
Hj:l wy

Bwi') A AB(w; ) a[blnsr = (Wi)o— (W) [b]m—isa- (45)

Proof. If [ = 1 formula (46) reads as

Blwi ) ablmia = wi™T (wi)o(wi)[blm-11x
and this is precisely [10, Proposition 6.13]. Assume the formula holds for [ — 1 > 0. For notational

simplicity let w)\w; := (wy, ..., w;) and w; "\w;' == (wy*',...,w;"). Then

B(wi™) A+ A Bw; ) a[blimia

= Blwi s (Bwy") - AB(w;)ablmsn) (Associativity of "A” )

- Bl (%) 7. (wiwn)o (i) bl 114

= w; ™ ?_[OEZI_T;ZEJE+ (wi)o—(w1)o - (wi\wi)o— (Wi\wi) [blm—k+a-

Using the commutation rule (2.8) one then obtains

7m+l71 -1 —1
Y Ao(w, \wy ') _
- _— — “ e J— . _ bm_
W (wr —wy) -+ - (wy —wy) ijm—i-l—Z 0 4(W1)o— (W) [b]n—rra
w, " L 1) Aow Nyt
I P - bl,.—
whitw,y - -, (wj wl) Hw;anQ T4 (W1)o—(Wi)[blm—rsa
Ao(w; )

— —WE_,_ (WZ)U_ (Wl)[b]m—k—i-A;
H§:1 wj +1

as desired. "

2.10 Corollary. The generating function (28) acts on F according to:

l

Z 181,80 (W, 1) a[blmia = H w; "G (Wi) o (W) [Blim - (46)

Vefl Jj=1

Proof. It is a consequence of equality (29) and of Proposition 2.9 up to dividing by the Vandermonde
determinant. -
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2.11 Proposition. For all k > 1:

k
b(z1) A= Ab(z1) A [blinax = [ [ 27 Do) (24)7 - (2, ) [Blma-

j=1
Proof. By induction on £ > 1. If k = 1, the formula reads as
b(21) A [blmia = 27" 04 (21)7 - (21)[blms14a
and this is Proposition 6.9 in [10]. Assume the formula holds for £ — 1 > 0. Then,
b(zi) A+ Ab(z1) A [Blmsa

= b(z) A (b(2k—1) A+~ Ab(z1) A [B]imta) (Associativity of "A” )

= blze) Az 2 oy (20-1)T - (Ze—1) [Dlmgk—144 - Do(Ze-1)

= Pt T A (2k-1) 04 (20)T - (20) 04 (Z-1)T - (Z1—1) [B)imka

_ Z;
= +k+1 Hf 11 ;ﬂﬂ H§:11 (1 - Z—2>A0(Zk—1)'

04 (21)0 1 (21-1)T(21)T—(Zk—1)[Dlmir—112

m+k+1 k-1
= k T H A H 2k — 2j) Bo(zk-1) - 04 (24)0—(Z) [D]im+k—142

7j=1

k
= JIzr" Aolzr)o (21)7 - (20) [Blumsisa

j=1

as desired. .

2.12 Corollary. The generating function (26) acts on on the basis element [b],4+a € Faccording to:

k
> olsu(zi) A blusa = [ 27 04 (20)7— (21) [blimsrsa (47)
KEP Jj=1

Proof. By Proposition 2.11, using expression (26), dividing by the Vandermonde Ay(zy). .

3 Fermionic and Bosonic Vertex Representation of gl(A V).

3.1 Lemma. The following commutation rule holds in Endg(F)[z!, w]
— = wNT
7 (7sw) = (1-7) Fulw)o-(2), (48)



— e (Z %f—n) 5 (W)F_(2). (49)

Proof. Formula (48) is [10, Proposition 8.4, Formula (54)] and (49) uses the equality of formal power
series (1 — )~ = exp(},,5; 2"/n). .

k !
3.2 Proposition. Let p, Zk Zzl and p,(wy) Zw;‘ (the symmetric power sums Newton

j=1
polynomials). The following equalmes holds on Endge)B(§):

and

Therefore

7 (2x)o (W)[bluwia = [exp (— > palzi) - pn<w;1>)a%> smsmx)] b (52)
Proof. The operators

11 0 11 0 11 0 11 0
2 nT o XnT O 2mwndn’ 2 muwrdm

n>1 n>1 J n>1 p n n>1 q

commute for all choices of 1 < 4,5 < k and 1 < p,q <[. Then the product of their exponential is the
exponentials of their sum:

S ICREE | ERIC oF=-
_j=1 B P nzj} Oy
1 /1 1 0
= exp<—gﬁ<g+---+%) 3xn>
1 4, 0
- P <_Zﬁpn(zk1)07>a

which validates (50). Formula (51) is checked analogously. Formula (52) follows from (50) and (51) and
0 0

the fact that th t —Dn — and n
using again the fact that the operators E p (z,;") an E p (w; 1) 5

commute. Thus:

@x n
n>1
_ 1 _ 8
7 (m)o-(w) = exp (—Z;M % )exp (Z Pl )
n>1 n>1 Ln
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= eXp <_Z %(Pn(zil) _pn(wl_l))aixn) . (53)

n>1

3.3 Proposition. The following commutation rules holds:

(k)04 (W) = exp (Z %pn(wl)Pn(Zzzl)> o (wi)o_(zp). (54)

n>1
Proof. We first prove that

k

7 (27 (w) = HH (1-2) "arwom (55)

=1 j=1

For k =1 =1 the formula is Proposition (3.1). Suppose it holds for k —1 > 1 and [ = 1. Then

a@@WQ:IﬁﬁJQM) (definition of 7 (z))

—1k-1
= (1 — —) HO’ 2)0 4 (w1)T_(21) (first step of induction on 1)

—1k-1
= (1 — ﬂ) (1 — —> +(un HU 2;)0_(z) (inductive hypothesis
on k)

::ﬁo_fy}mmam> (definition of _(z)).

Suppose now that (55) holds for all £ > 1 and [ — 1 > 0. Then

0 (ze)o (W) = 0_(zk) T4 (w)o_(Wi1)

- H(l__)l T4 (w)o—(zr)T 4 (Wi-1)

=1

- H<1_£) I (%) oo

j=1 ¢ 1<i<k
1<j<i-1
w;\ !
- ] (——ﬂ) (w7 (20)
Zi
1<i<k
1<j<i



which is precisely (55). To phrase (55) in the form (54) one first notice that

(1-2) - ($2)

Z.
v n>1

I ( _w_)_ [T e (Z%w—):p (Z%pn<wl>pn<zkl>)

By a simple manipulation one sees that

1<i<k 1<i<k
1<j<lI 1<j<I
as desired. -
3.4 Let Rp(zg,w; ') : F — Flz', wi™'] defined on homogeneous elements as:
Hk melJrl
i=1 i k1
LS (bl

Rf (Zk? Wfl)[b]M+A =
Hj:l w;

and Ry(zy, w; ') € Homgpg(B(€), [z, wi™']) defined by
(R (ze, Wy )€™ SA(x))[blo = Ry (2, w; ) [blmsx

from which
1 H]'c 1Zm_lJrl k-1
_ ie1 %i _
Ry(zp, w; ") -1 = Hl Wi~ l+1g
7=1

3.5 Proposition. The map Rf(zk,wfl) commutes with Schubert derivations, in the sense that
Ry (2, wi )7+ (24).

and Ty (z)Ry(zk, w; ') =

01 (21) Ry (2, W ') = Ry (ze, w; ' )os(z1)
Proof. It is enough to prove that it commutes with o4; and &1;, 7,7 > 0, which are by definition
Q[xy, w; J-linear. First of all recall that the product o4;[b]mix (A € P,) is ruled by some Pieri’s-like

osiblmix = Y Blorps

formulas
HEPL
where P, (resp. P_) is the set of all partitions p; > po C >y (7“ > ((A)) such that uy > A\ >
>k > A and || = [A| 47 (resp. Ay > g > Ao > e > - > A > and |p| = |A] — ). Then we
have
. zm-l—l 1 Zm+l 1
Uiin(zkawl_ )[b]m+)\ = 04y H Zm I+1 § [ ]m—l-)\ = H Zm 1+1§ Uii[b]m-i-)\
1§z’§kwj 1§z‘§kw9
1<;5<1 1<;5 <l
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m+l 1

I X Bl = ) S Bl

1<i<k W pePt
1<5 <!

= Ry(zg, W; ')osi[blmia
Thus o4 (z;) commutes with Ry(zy, 2z, ") and so do &+ (zx). Indeed:
Ti(an)Ry(zr 2 ) = Ti(zn)Rzw, 2z )os(2)o(2r)

= . (z)os(z) Rz, w; )7s (2)

= Ry(z, w; )T (z).

3.6 Theorem. Notation as in (38) and (39). Then:

Ep(zr, W, 1) = exp (Z %pn(wl)Pn(Zzzl)> Ly (21, wi)

n>1

and

Ep(zr, W 1) = exp (Z %Pn(WZ)Pn(Zk1)> Uy(zg, w1.)

n>1

where the fermionic and bosonic vertex operators are, respectively

Uyp(zi,wi) = Ry(zr, w; oy (z)o (wi)T—(z)o-(wi)

nePL

= Rylo,wi)exp (Z oo (z) —pn<wo>> 7 (21)o- (W),
and N
rb<zk,wl>=Rb<zk,w;1>exp(zxn@n(zk) pa(wi) )exp( S ) i) aa)
Proof. We have: - -
& wi Nbloea = (b4 () A B (W) ) alblsr (definition of &;(z, w; 1))

k m—I+1
Hi—l 2

(Corollary 2.10)

= =0+ (21)0 - (21)0 (W) o (W) [bligr—iea  (Corollary

H] 1’(1)

= Rlz, w; )0y (21)7(21)7 (W) (W ) [blmia

20
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(Definition
of R(z, wl_l))

(59)



By invoking the commutation relation proven in Proposition 3.3, one obtains
1
gf(Zk, Wl_1>[b]m+)‘ = exp <Zﬁpn(wl)pn(z’;1)> R(Zk7 Wl_l)a+(zk)6+(wl)5_ (Zk)U_ (Wl)[b]m+>\ (60)
n>1

which already proves that the expression of f(z, w; ') is exactly (56). To continue with, the B(¢)-
module structure of F says that F,, is an eigenspace of o, (z)7, (w;) with eigenvalue

Hexp <Z xnzzn) Hexp (— anw?) = exp (Z :vnpn(zk)) exp <— Zmnpn(wl))

n>1 n>1 n>1 n>1

= €xp (Z xn(pn(zk) _pn(wl>>> . (61)

n>1

Thus formula (60), up to replacing o, (zx)74(w;) by its eigenvalue (61) with respect to F,,, is precisely
(56), with I'¢(zg, w;) given by expression (58). To prove (57) we recall that

(Elaw W) SA GNPl = &5 (e w7 ) Blnsr = exp (;%pnm)pn(z;l)) L), W) Bl
Now 7
(o wi)blmen = Ryl w; ') exp (;xn<pn<zk>—pn<wl>>> 7 (1) (1)l
However, by Proposition 3.2, formula (52), _

7_(2a)—(w0) bl n = [exp (— S el ) —palwi ) é{z) s”sA(x)] b

n
n>1

which shows that
I ¢(zk, Wi)[Dlimsar = (Fb(zk,wfl)fmSk(x))[b]g,

proving the theorem. .

3.7 Remark. In formula (57) let us set k = [ = 1 and call z = 2; and w = w;. Then p,(z*!) = 2™

and p,(w*!') = w*™. Then
1w
&(z,w) = exp (Z ﬁ?) [z, w)

n>1

where

n>1 n>1
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Keeping into account that

and using the definition of Ry(z,w™") one sees that

Zm

o _— LI
z

n>1 n>1

which is the celebrated DJKM formula.
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