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Preface 

This dissertation synthesizes the major outcomes of a work lasting more than 3 
years that has been conducted on the side of my colleague and friend Leonardo 
Sabatino Scimmi. We spent a lot of time together researching on collaborative 
robotics with the aim to make human-robot collaboration the closest possible. We 
started by following the state of the art and we moved on by proposing some 
novel solutions that we hope can inspire researchers in this field. 

In some ways, this thesis is complementary to the previous work by Leonardo 
Sabatino Scimmi and presents the best advances of my studies, that have been 
mainly focused on robot control strategies for a human-friendly collaboration. The 
title of the dissertation addresses this point and anticipates that the solutions here 
proposed fit the applications where a fast response of the robot to the human 
intentions is required.   

For better readability, because the dissertation treats different aspects and 
applications of human-robot collaboration, the contents are organized by topics, 
distinguishing two main problems: collision avoidance and hand-over. 

The work proposes original solutions to the two problems at different levels: 
some novelties recall the algorithms presented by Leonardo Sabatino Scimmi in 
his PhD dissertation and introduce important advances, others have a significant 
theoretical contribution.  

In particular, the central part of the thesis is dedicated to a novel method to 
control the robot trajectory during collision avoidance using artificial potential 
fields with multiple attractors. 



  
 
 

Abstract 

Collaborative robotics identifies human-robot collaboration in the industrial field. 
It is realized by removing physical fences between human workers and robotic 
systems in favor of a shared workspace. In this way, human and robot can work 
side by side to accomplish a task.  

Robots designed for this type of application are called "collaborative robots" 
and are mostly in the form of anthropomorphic manipulators. For a safe and 
effective collaboration, collaborative robots must respond in real-time to the 
operator's movements. This work describes a solution based on 3D vision systems 
and novel algorithms for real-time trajectory planning, specifically designed for 
the highest level of collaboration. Two possible applications are described: 
collision avoidance and hand-over.  

Collision avoidance algorithms allow the robot to avoid obstacles (objects or 
the human operator) so that the trajectories are safe and ergonomic. This work 
presents two collision avoidance algorithms. One has minor improvements with 
respect to the state of the art. It drives the entire robot body away from obstacles 
using repulsive actions, expressed in terms of repulsive velocities. The other is a 
major contribution to the current state of knowledge. It exploits artificial potential 
fields with multiple attractors to obtain a controlled collision-free motion of the 
end effector.  

Hand-over algorithms allow the bidirectional exchange of objects between 
operator and robot. A reactive hand-over is obtained by driving the robot towards 
the human hand, which can give or receive objects in any point of the robot 
workspace. This work describes an improved algorithm that combine results of 
previous works with a predictive scheme to anticipate human hand motion. The 
method also considers ergonomics and is designed to orient the robot tool 
according to the upper limb of the worker. 

Each algorithm uses robot and human position data to calculate robot 
commands in terms of joint velocities. The actual configuration of the robot is 



 

obtained by direct kinematics from feedback signals. Human motion is tracked by 
a 3D vision system based on multiple Microsoft Kinect cameras. Sensor fusion 
techniques are implemented to optimize human position data by means of 
skeleton as well as point cloud.  

Depending on the grade of novelty, the developed algorithms are verified 
either by simulation or experimental test. The simulation environment is built in 
Matlab, considering a kinematic model of the collaborative robot. The 
experimental tests are carried out with a robotic cell composed of a collaborative 
robot UR3 from Universal Robots and the 3D vision system. The results show 
collision avoidance and hand-over algorithms performances in different scenarios.  

A real-world application of collision avoidance based on repulsive velocities 
is presented. The experimental test with the robotic cell proves that the method 
can safely drive an assembly task. The robot collects the parts to be mounted 
while the human prepares the assembly. The operator can access anytime the 
robot workspace. His position is monitored with skeleton tracking. If the distance 
from the robot is within a defined threshold, the robot reacts with collision-free 
trajectories. Compared to the lowest level of collaboration, where the robot stops 
to prevent hazards, the proposed system optimizes productivity by saving up to 
the 18% of the cycle time. 

Collision avoidance based on repulsive velocities is also tested with human 
point cloud instead of skeleton. Simulation results show that the methodology is 
effective and produces safe robot trajectories. However, the experimental test 
indicates some limitations due to the large amount of data to be processed in real-
time.  

Collision avoidance based on artificial potential fields with multiple attractors 
is verified in the simulation environment and validated with the real robot. The 
obstacles are combined with local attractors opportunely placed to influence the 
robot collision-free trajectory along preferred direction. Results show that the end-
effector avoid obstacles choosing the side of the local attractor. This can be used 
to control the robot behavior when dealing with obstacles, so that trajectories can 
be predicted by the operator. 

A hand-over task is tested with the robotic cell. The improved hand-over 
algorithm can quickly adjust the robot pose according to the human forearm. The 
prediction scheme ensures a more natural hand-over by reducing the waiting time 
of the operator. 
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Chapter 1 

1 Introduction 

In the last decays the role of the robot in the society has been redefined due to the 
scientific and technological progress. The trend is to drop the paradigm of the 
robot as separate identity and to propose a new scenario where it is paired with 
people in every-day life. Nowadays, robots are matched with people in many 
applications. There are robots meant for assisting people and others designed to 
collaborate with them.  

Human-robot collaboration (HRC) is a field whose importance is increasing 
day-by-day. A recent study shows that the number of publications on the topic of 
HRC from 1996 to 2015 has grown exponentially [1]. The authors in [1] give also 
an interesting definition: “Human-robot collaboration is defined when human(s), 
robot(s) and the environment come to contact with each other and form a tightly 
coupled dynamical system to accomplish a task”. In this context, the contact is not 
necessarily physical but is intended as a time-spatial engagement that requires 
mental and physical coordination. The effect of this engagement realizes in the 
environment, where human flexibility and robot reliability meet to accomplish the 
task. The word “reliability” synthesizes repeatability, precision and accuracy of 
the robot. The robot skills, combined with human flexibility, can deal with most 
complex applications. A meaningful example is the use of robots in the field of 
medicine, that has brought significant improvement in minimally invasive 
robotics surgery (Figure 1.1a). Of course, robots intended for collaboration are not 
standard ones: they are designed to facilitate the interaction with humans and to 
increase safety. 
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Introduction 

 

2 

 
Figure 1.1 a) Minimally invasive robotic surgery by NHS [2]. b) Collaborative robotics by 
DIMEAS (Politecnico di Torino) and Ferrero S.p.A. 

1.1 Collaborative robotics 
In the industrial field, the HRC is identified as collaborative robotics. The basic 
idea is to ensure safe robotic systems to allow the removal of the fences that 
divide the working area of the robots from that of the human operators. In this 
way, robots and humans can work together to accomplish a task (Figure 1.1b). 
One of the first studies that introduced this concept is [3]. The authors of [3] 
referred to a mechanically compliant device indicated as cobot (from 
collaborative robot) and designed to help the worker maneuvering payloads safely 
and accurately through virtual surfaces. Since then, collaborative robotics has 
been extended to various industrial applications. An insightful overview of the 
most significant works in this field until 2009 is given by [4], while the up-to-date 
review [5] covers the last applications and aspects. 

A factor that has marked the evolution of collaborative robotics in the last two 
decays is the refining of the capabilities of the cobot. Today, collaborative robots 
are mostly anthropomorphic manipulators specifically designed to increase the 
chances for a tight collaboration. They are equipped with passive and active safety 
features. The passive features are design choices that intrinsically reduce the risk 
of injury in the case of undesired contact, such us lightweight materials and 
rounded edges. The most advanced collaborative robots are equipped also with a 
set of sensors with dedicated software packages to actively handle unexpected 
contacts by stopping the robot if the joint torques or the contact forces exceed 
defined thresholds. Some of the most iconic examples of collaborative robots are 
shown in Figure 1.2. However, features that come with the cobot out of the box 
may not guarantee safe collaborative robotics. In fact, the workspace sharing can 
introduce new hazards and risks for the workers that must be taken into account 
when designing the application. 
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Figure 1.2 From left to right: collaborative robots LBR iiwa 14 from KUKA [6], YuMi - IRB 
14000 from ABB [7] and UR5 from Universal Robots [8] 

The design of the collaborative robotics systems is principally related to the 
task. In fact, according to the International Federation of Robotics (IFR), one may 
require a different level of interaction depending on human and robot activities 
[9]. The most common examples of collaborative robotics provide a shared 
workspace where the robot and employee work sequentially. This type of 
application is also identified as sequential collaboration. On the other hand, the 
most technically challenging application requires a responsive collaboration, 
which means that human and robot work at the same time in the shared workspace 
and they have to coordinate to accomplish the task safely [4]. The different levels 
of collaboration are summarized in Figure 1.3. 

 
Figure 1.3 Level of collaboration identified by IFR [9] 

Regardless of the level of collaboration, if the human and robot workspaces 
intersect, the industrial application must be designed according to the related 
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standards [10]. In particular, two different approaches can be implemented to 
guarantee safety: the power and force limiting (PFL) and the speed and separation 
monitoring (SSM). The PFL combines an accurate risk assessment with risk 
reduction measures so that the contact between the operator and the cobot does 
not result in harm to the operator. Therefore, in addition to passive safety design 
methods, one can actively control the energy of the moving parts of the robot by 
limiting forces, torques, velocities or momentum within a given range. In contrast, 
the SSM does not specify limitation to the robotic system as long as it maintains a 
protective separation distance from the operator. In practice, if the operator is 
within the robot workspace, the SSM translates into online robot controlling to 
generate alternative collision-free paths. In this case, the use of human tracking 
systems is needed for the minimum distance monitoring and collision avoidance 
algorithms shall be implemented to update in real-time the robot trajectory.  

Concerning the human tracking, wearable systems and 3D vision systems are 
the best alternatives (see [11]). The first one would limit the human operator’s 
movements with suits and sensors, while the use of cameras does not require 
wearing dedicated components. For this reason, this work considers a vision 
system based on RGB-D (where “D” stands for “depth”) cameras as human 
tracking device. On the other hand, data obtained from cameras are sensitive to 
occlusions of the sensor. Thus, the problem of sensor fusion will be discussed to 
show how it is possible to use multiple depth sensors to optimize the output, the 
latter being a representation of the human in the three-dimensional space in terms 
of skeleton or point cloud.  

The various aspects that have been discussed indicate that the highest level of 
collaboration, which has been identified as “responsive”, is a synthesis of the 
whole set composed of cobot, operator, tracking system and control strategy for 
the safe accomplishment of a task. The thesis explores the responsive 
collaboration and presents hardware and software solutions to deal with the most 
demanding scenarios in the direction of the SSM approach. In particular, the 
discussion will focus on two main applications: the collision avoidance and the 
hand-over.  

The importance of collision avoidance algorithms has been already pointed, 
while the hand-over represents the exchange of objects between human and robot 
(Figure 1.4). The dissertation treats collision avoidance and hand-over separately 
to simplify the discussion. They are apparently two opposite problems, but they 
can be combined opportunely to give more flexibility to the task. For example, in 
some cases it may be required to alternate a phase in which the robot and the 
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operator carry out two sub-tasks in parallel in the same workspace with a phase 
where they exchange objects. Moreover, even during the hand-over, the robot 
should approach the operator smoothly at the same time being careful to not 
collide with the environment.  

 
Figure 1.4 a) Collision avoidance. b) Hand-over 

1.2 Contribution of this work 
Concerning the novelties of this work, they will be contextualized to the state of 
the art and discussed in detail in the related chapters, but at this point it is worth to 
summarize the major advances with respect to the previous work by Leonardo 
Sabatino Scimmi [12].  

Table 1.1 collects the key points of this document, divided by applications. 
The word “algorithm” refers to a series of instructions and calculations that 
properly combine some inputs, such as robot and human positions, to obtain an 
output, such as a robot command, that can quickly generate a controlled 
trajectory. This is specifically addressed in the title of this work as real-time 
trajectory planning.  

At this point, a clarification is needed. A careful reader may observe that 
trajectory planning consists in defining the robot path and finding a time 
parametrization of the path under certain constraints. In offline applications, this 
can be dealt with classical techniques that allows to globally define the trajectory 
(see [13]). In contrast, most common real-time techniques define the trajectory 
locally, it means that only the motion within a certain range nearby the actual 
configuration is computed. To distinguish reactive local planners from global 
ones, some authors refer to “trajectory generation” instead of “trajectory 
planning” (e.g. [14]). The algorithms of this work use local methods based on 
artificial potential fields (APF) and the expression “real-time motion planning” is 
intended as a synonymous of “trajectory generation”. This is only a formal choice 
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which is consistent with the capability of APF to combine path planning and local 
trajectory planning in a feedback control law, all at once [15].  

In addition to the theoretical novelties, the thesis distinguishes for the 
centrality of some human factors that can improve the experience of the operator 
for a more fluent collaboration. For example, the hand-over algorithm facilitates 
the object exchange by anticipating the human intentions and by orienting the 
end-effector according to the human arm. Moreover, a novel collision avoidance 
algorithm, which is able to control the alternative collision-free path of the robot, 
is presented in the central part of the thesis; the algorithm is named multiple 
attractors potential (MAP) and allows the robot to avoid the operator passing 
through selectable regions with the aim to make the robot path predictable.  

Table 1.1 Contribution of this work 

Application Algorithm Description Previous Work [12] This work 

Collision  
Avoidance 

Robot links -  
human  

(Repulsive 
velocities)  

Evasive motion 
of the robot 

from the human 

Simulation and 
experimental  

validation with 
human skeleton 

Application to an 
assembly task and 
test with human 

point cloud 

Trajectory 
conditioning 

(MAP) 

Controlled  
collision-free  

robot trajectory 

Simulation and 
experimental  

validation using 
attractive and  

repulsive  
geometries 

Simulation and 
experimental 

validation of a 
novel method 

based on multiple 
attractors 

potential (MAP) 

Hand-over 
Hand position and 

orientation 
tracking 

Adaptive 
position and 
orientation of 

the TCP 
towards the 
human hand 

Simulation and 
experimental  

validation 

Experimental 
validation of an 

improved method 
with predicted 
hand position 

 

It is important to specify that the algorithms presented in this work guarantee 
a safe interaction in the sense that they prevent unexpected contact of the robot 
with the operator. In particular, they can potentially satisfy the SSM approach, but 
they have not yet been tuned according to the standards. The reason is that the 
protective distance defined by the SSM is a function of the velocity of the 
operator, that is not directly measured by vision systems. When the operator’s 
velocity is not available, [10] indicates the constant value of 1.6	𝑚/𝑠 to be 



1.2 Contribution of this work  

 

7 

considered. However, this would have limited the testing phase because of a 
higher value of the protective distance. For this reason, a method to estimate the 
human velocity combining vision systems and/or wearable sensors is under study. 
This aspect will be addressed in future works.  

The rest of the dissertation is mainly divided in 4 chapters. Chapter 2 is 
dedicated to human tracking by 3D vision system. Even if this chapter does not 
present theoretical novelties, the reason of spending a separate section relates to 
the importance of human tracking in responsive collaboration. An in-depth review 
of sensing technologies has been carried out to select the best tracking device. 
Chapter 2 also describes the multi-sensor layout and the fusion techniques that 
have been implemented to obtain improved human data, the latter being one of the 
inputs for collision avoidance and hand-over algorithms. In other words, this 
section introduces the scene in which the rest of the dissertation is set. 

Chapter 3 is dedicated to the advances in collision avoidance techniques, by 
distinguishing two types of algorithms: the Robot links - human and the 
Trajectory conditioning (see Table 1.1). The Robot links - human algorithm will 
be also addressed as collision avoidance based on repulsive velocities. It is the 
same presented in [12], but it is reported to support some new applications in the 
results chapter. The second part of Chapter 2 is entirely dedicated to the collision-
free trajectory conditioning problem and the novel method, which is identified as 
MAP.  

Chapter 4 refers to the hand-over problem introduced in [12] and proposes a 
predictive scheme based on Kalman filter to anticipate the human movement.  

Chapter 5 is dedicated to results. Some of them are presented by means of 
simulation tools, others are experimental tests. The results are applications of the 
algorithms presented in Chapter 3 and Chapter 4. In particular, the collision 
avoidance algorithm based on repulsive velocities and skeleton tracking presented 
in [12] is applied to a collaborative assembly task to discuss the advantages of 
collaborative robotics in a practical case. Moreover, the possibility to consider the 
human point cloud rather than the skeleton is investigated and tested. The MAP 
algorithm is verified through simulations and validated with experiments. The last 
section of Chapter 5 is dedicated to the outcomes of the hand-over algorithm. 

The dissertation closes with conclusions and future works to summarize the 
strengths and the limitations of the work with a view on possible developments.



  
 

 

Chapter 2 

2 Human tracking by 3D vision 
systems 

The quality of the human tracking plays a central role in responsive collaboration 
since it may be decisive to ensure safety. In fact, wrong measurements of the 
human position may result in unexpected robot behaviors and serious hazard for 
the operator.  

To limit the risk of injuries some works consider wearable devices, which 
consist of inertial sensors or active markers. However, contact methods create the 
disadvantage of intrusiveness or inconvenience for subjects, that may represent a 
limit for robotics or industrial applications. 

In this work, a significant effort has been spent looking for the best alternative 
to wearables and the current technologies based on markerless 3D vision systems 
has revealed the most attractive solution. In particular, depth cameras, also known 
as RGB-D cameras, have been considered. 

This chapter summarizes the steps that has led to the choice of the human 
tracking device and the sensor fusion algorithms that have been implemented to 
overcome the drawbacks typical of this kind of systems. 

 

Human tracking by 3D vision 
systems 
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2.1 Depth cameras: a survey 
The success of depth cameras, especially among researchers and developers, is 
due to relative low cost, easy programming and capability to give quite robust 
measurements without any wearable sensor. In particular, the last reason made 
this technology suitable for collaborative robotics, where depth cameras are used 
as human-robot interfaces so that the operator is not bound by any additional 
sensor. 

The Microsoft Kinect v1, that was born as a gaming device in 2011, was the 
first cheap and reliable depth camera with built-in human tracking. This 
encouraged developers to create many different applications making their codes 
available for the community. After that, 3D sensors technology has significantly 
expanded and today the market is plenty of RGB-D cameras with different brands 
and specifications.  

For the purpose of this work, the choice of the hardware and software 
technologies to drive the vision system of the collaborative robotic cell is a trade-
off between accuracy, sensitivity to the ambient conditions, human tracking 
capability, hardware-software compatibility and price.  

The raw measurement of a depth camera is a point cloud (Figure 2.1b), which 
is a 3D reconstruction of the observed environment (Figure 2.1a). The quality of 
the point cloud depends on the sensing technology of the camera, that can be 
distinguished in active stereoscopy (AS), structured light (SL) and time-of-flight 
(TOF) [16]. 

The next section briefly describes these technologies for a better evaluation of 
their applicability to collaborative robotics. 

 
Figure 2.1 Color image (a) and point cloud (b) acquired by Kinect v2 
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2.1.1 3D sensing technologies 

2.1.1.1 Active stereoscopy 

Stereoscopy techniques use the same principle of the human eyes, reconstructing 
3D information through images of the same scene from two different points of 
view. Active stereoscopy differs from the passive one due to the presence of a 
light projector, which covers the target with a random texture. This class of 
devices usually consists of two IR (Infra-Red) cameras and a single IR 
transmitter. IR is mounted because the active source is invisible to human eye and 
works in dark environment.  

To merge the information from the two different points of view, feature-based 
or correlation-based matching are used; they identify similar features in the two 
images of the scene to overlap data and to generate a 3D map of the environment. 
The projected texture is an additional information which improves the matching in 
bad light condition or when few features are available. Figure 2.2 shows two 
pictures taken from the IR cameras of the Structure Core depth sensor [17]; the IR 
dotted pattern is clearly visible. In the yellow square it is also shown as the same 
feature does not locate in the same range of pixels for the two different images. 
This allows to extract the depth map on the right, where the colours refer to 
different depths, i.e. different distances of the objects from the sensor.  

Since the depth is computed by triangulation, the algorithms are 
computationally expensive; in contrast, methods to solve the correspondence 
problem are very mature and a high framerate can be achieved [18]. Moreover, 
the depth resolution is quadratically dependent on the distance of the measured 
object, thus short-range applications are preferred [16]; long range and high 
resolution are also possible if longer baseline is chosen for the cameras, but it 
would lead to a bigger device [19]. Many studies revealed that the temperature of 
the IR projector generates texture variations, but in the active stereoscopy this is a 
minor issue since the pattern is not encoded [20]. The use of a random texture is 
also a major factor in multi-sensor setup and allows multiple units to easily 
coexist in close vicinity of each other [21]. Furthermore, the presence of two 
cameras results in a field of view limited by the optical components but makes 
this technology more suitable for outdoor applications [20]. 
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Figure 2.2 Reconstruction of depth images from IR in active stereoscopy-based cameras 

2.1.1.2 Structured light 

Sensors based on structured light use a single camera with a structured-codified 
pattern projected on the target. The known pattern ensures unique 
correspondences to triangulate with the camera and no more sensors are needed. 
Figure 2.3 shows the depth processing of Kinect v1, which uses an IR texture 
projector and a single IR camera.   

The depth information is computed from triangulation and epipolar geometry, 
thus the devices based on structured light technology suffer from the related 
problems mentioned for active stereoscopy. On the other hand, this type of system 
is more compact and the parts used for manufacturing are standard electrical and 
optical components, such as CCD imaging sensors and diffractive optical 
elements [20]. Other error sources for structured light are reflective materials and 
outdoor ambient light, which lead to non-valid pixels [16], [22]. The multi-sensor 
interferences have also been investigated in [23], showing some blind pixels in the 
overlapping area of the pattern projected by different laser; this happens because 
the IR projectors disturb each other, compromising the structure of the pattern 
used for triangulation. Furthermore, some SL sensors project sequentially 
different structured patterns to reconstruct the scene; this affects the computation 
time and may lead to wrong measurements of moving objects [20]. Finally, a 
good resolution and a limited field of view are characteristics of structured light-
based devices. 

 
Figure 2.3 Images acquired from Kinect v1 sensor, using structured-light technology [20] 
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2.1.1.3 Time-of-flight 

A time-of-flight system consists of a light transmitter and a receiver. The 
transmitter radiates a modulated signal which bounces the closest objects; the 
wave is catched from the receiver (Figure 2.4). Thus, the phase difference 
between the emitted signal and the received one is translated in a distance 
information. Depth cameras which exploit the TOF principle measure the depth 
for each pixel of the sensor matrix. They consist of an illuminating optic and a 
lens, which are mounted on the camera with a certain displacement. By means of 
the pin-hole camera model [24], if intrinsic and extrinsic parameters of the camera 
are known, is then possible to convert each pixel measurement into depth data. 
The most famous examples are the Microsoft Kinect v2 and its successor Kinect 
Azure [25], which were launched in 2013 and 2020 respectively. These devices, 
as most of the 3D cameras which works using TOF, have an IR projector. 

 
Figure 2.4 TOF working principle [16] 

In general, TOF sensors are compact because the illumination is placed just 
next to the lens, whereas the other systems need a certain minimum baseline. 
Moreover, the extraction algorithm from signal phase to 3D map is 
straightforward. On the other hand, the IR signal is sensitive to outdoor light 
exposure, to temperature and to reflectivity of the target [16], [20], [26]. For 
instance, a comparison between Kinect v1 and Kinect v2 technologies is reported 
in [22]. The results show that the structured light sensor, when valid pixels are 
delivered, performs better in many critical conditions, e.g. outdoors or with 
reflective surfaces, but in all tests a significant quantity of blind pixels were 
registered. For the TOF sensor of Kinect v2, depth measurements were always 
available (few non-valid pixels) but less accurate. The same behavior was 
observed for multi-sensor interference. Moreover, Kinect v2 was more reliable 
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when tracking objects in motion. This is probably due to hardware-software 
optimization, since usually TOF systems require a certain time to integrate the 
signal captured by the matrix sensor and to increase the signal-to-noise ratio 
(SNR): in this time interval, the scene is supposed to be fixed. In many devices, to 
improve the SNR, multiple sensor pixels are utilized to calculate a single depth 
pixel value; this decreases the effective image size, leading to a lower resolution. 
Common error sources are also the “multipath-effect”, due to reflective, diffracted 
or scattered copies of the transmitted signal (e.g. when illuminating reflective, 
transparent objects or concave corners) and the “flying pixels”, which exhibit in 
regions of discontinuity in depth or reflection [20]. An advantage of TOF systems 
is that the field of view depends on modulation frequency and it is not restricted 
by special optical components [27]. 

2.1.1.4 Comparison 

Three main classes of devices have been identified: structured light, active 
stereoscopy and time-of-flight. SL cameras have good resolution and accuracy; 
they perform better indoors than other technologies. On the other hand, they fail 
with direct sun light exposure. AS-based devices combine the advantages of SL 
and stereoscopy to reach high resolution and the best frame rate on the market. 
Moreover, because of their capability to work in any ambient light condition, they 
are the most flexible existing camera for robotics application. TOF cameras mount 
the most advanced technology, since their measurements come from the analysis 
of a physical quantity which directly carries the depth information, in contrast 
with correlation techniques. The results of the works cited in the previous sections 
show that TOF represents a compromise between the accuracy of SL and the 
flexibility of AS; thus, they still represent a reliable solution for indoor usage. 
Moreover, research is moving towards new pixel sensors able to increase the 
signal-to-noise ratio outdoors, so a significant improvement of TOF technology in 
the next years is predictable [28].  

Table 2.1 contains a summary of the main aspects of the 3D sensing 
technologies. It is based on the works cited in the previous sections. Notice that 
marks are referred to the technology itself and not to particular devices since the 
hardware-software integration is crucial for these systems and may significantly 
improve performances of the depth camera.  

To select the most suitable 3D sensor, the first step consisted of comparing 
the existing devices representing the different technologies on the market. Table 
2.2, Table 2.3 and 
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Table 2.4 summarize the most recent depth sensors available for the mass 
market. The devices are grouped by sensing technology (AS, SL and TOF).  

Even if Microsoft has announced the discontinuity of both Kinect v1 and v2 
sensors, they are still considered because they represent great values in their 
category. In the last 4 years there has been a large growth of 3D commercial 
cameras, especially for AS devices. This is due to the high resolution and high 
frame rate which can be delivered with relative low cost, as well as to the 
possibility to work outdoors, that is a great feature for mobile robotics, e.g. drones 
and UGV. Today, Intel RealSense depth cameras represent the most mature AS 
sensor, offering a reliable hardware and a wide range of cross-platform software 
applications.  

Some examples of 3D Vision systems for industrial applications are also 
reported in Table 2.5 and Table 2.6. However, in this phase they have been 
excluded due to the low value for the money and above all the incompatibility 
with the best affordable third-party skeleton tracking software [29]. On the other 
hand, some of the mass market sensors have built-in skeleton tracking, others are 
compatible with the third-party middleware [29].  

At the end, the best cameras are the Microsoft Kinect v2 (TOF), the Intel 
Realsense (AS) and the Orbbec Astra Pro (SL). The Kinect Azure, although the 
improved specifications with respect to the Kinect v2, was still not available on 
the market at the beginning of this research. However, its integration is being 
considered for future works. 

Table 2.1 3D sensing technologies comparison 

Feature Active Stereo Structured Light Time-of-Flight 

Material Cost medium low high 

Compactness low medium high 

Software Complexity high medium low 

Response Time medium high low 

Pixels Resolution high medium low 

Depth Resolution low medium high 

Low-light Performance medium medium high 

Outdoors Performance high low medium 

Object Material Influence medium high high 

Temperature influence medium medium high 

Power Consumption medium medium high 
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The second step for the selection of the 3D sensor is described in the next 

section and consisted in evaluating human tracking capabilities of the best in class 
of each category for a final verdict.  

Table 2.2 Time-of-Flight (TOF) Cameras 

  
Microsoft  
Kinect v2 

 
Microsoft  

Kinect Azure 

 
PMD  

Monstar 

 
Lips  

Edge DL 
Technology TOF TOF TOF TOF 
Range (m) 0.5 - 4.5 0.5 - 3.86 0.5 - 6 1 - 4 
Resolution 512 x 424 640 x 576 352 x 287 320 x 240 

Frame Rate (fps) 30 30 60 30 
FOV (H x V) 70° x 60° 75° x 65° 100° x 85° 74° x 58° 
Dimensions 299 x 66 x 67 103 x 39 x 126 62 x 66 x 29 113 x 37 x 5627 

Software 
Kinect SDK 2.0 

(C,C++,C#), 
libfreenect2 

Azure Kinect  
Sensor SDK,  

Azure Kinect Body 
Tracking SDK (C, 

C++) 

Royale SDK 
(C/C++ based, 

Matlab, DotNet, 
CAPI, OpenCV, 
OpenNI2, ROS) 

Lips SDK, OpenNI 

OS 

Windows8,10 
(Debian, Ubuntu 
14.04 or newer, 
Mac OS X with  

libreenect2) 

Windows 10 (x64), 
Linux  

Ubuntu 18.04 (x64) 
with OpenGLv4.4 

GPU driver 

Windows 7/8/10, 
Linux/ARM, 
Ubuntu Linux 
16.04 + Qt5.5, 

macOS 

Windows,7/8/10, 
Linux, Android, 

MacOS 

 

Table 2.3 Active Stereoscopy (AS) and Passive Stereoscopy (PS) Cameras 

  
Intel 

RealSense D435 

 
Structure  

Core 

 
Mynt 
Eye D 

 
ZED 

Stereo Camera 
Technology AS AS AS PS 
Range (m) 0.1 - 10 0.3 - 5 0.275 - 10 0.5 - 20 
Resolution Up to 1280 x 720 1280 x 800 1280 x 720 2560 x 720 

Frame Rate (fps) Up to 90 60 60 60 
FOV (H x V) 85° x 58° 59° x 46° 120° (D) 90° x 60° 
Dimensions 90 x 25 x 25 105 x 15 x 21 145 x 20 x 28.6 175 x 30 x 33 

Software 
Intel RealSense 
SDK (Supports 
python, node, 

unity, ROS, C++) 

Structure SDK, 
OpenNI2 (C++, C#) 

Mynt Eye SDK (C, 
C++) 

ZED SDK (API in 
C, C++, ROS, 

Matlab, OpenCV, 
Python, Unity) 

OS Windows 10, 
Linux, Mac OS 

Windows, Linux, 
Mac OS, Android 

Windows 10, 
Linux (Ubuntu 

14.04/16.04), Mac 
OS, Tegra 

Windows 7/8/10, 
Linux 
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Table 2.4 Structured Light (SL) Cameras 

  
Microsoft 
Kinect v1 

 
Orbbec  

Astra Pro 

 
Asus  

Xtion 2 

Technology SL SL SL 
Range (m) 0.4 - 4.5 0.6 - 8 0.8 - 3.5 
Resolution 320 x 240 640 x 480 640 x 480  

Frame Rate (fps) 30 30 30 
FOV (H x V) 57° x 43° 60° x 49.5° 74° x 52° 
Dimensions 280 x 63 x 38 165 x 30 x 40 110 x 35 x 35 

Software Kinect SDK 1.8, OpenNI 
2.2 (C++, C#) 

Orbbec Astra SDK, 
OpenNI 

OpenNI SDK bundled 
(C++, C#) 

OS Windows, Linux, MacOS 
X 

Android, Linux,  
Windows 7/8/10 

Windows 8/10, Linux 
Ubuntu 14.04/16.04/17.04 

 

Table 2.5 Time-of-Flight (TOF) Cameras for Industry 

  
Sick 

Visionary-T 

 
Ifm  

3D Camera 

 
Basler  

3D Camera 

Technology TOF TOF TOF 
Range (m) 0.5 - 60 0.3 - 8 0 - 13 
Resolution 176 x 144 352 x 254 640 x 480 

Frame Rate (fps) 30 25 20 
FOV (H x V) 69° x 56° 45° x 60° 57° x 43° 
Dimensions 162 x 116 x 104 120 x 95 x 76 142 x 62 x 69 

Software 

SOPAS, API (Java, 
Matlab), Webserver, 

Telegram listing (universal 
use, e.g. Python, C++, C#), 

Webserver, ROS 

Ifm Vision Assistant, 
XML-RPC, ROS ToF Software (C++, C#) 

OS Windows, Linux Windows 7/8/10, Ubuntu 
14.04/16.04 Windows, Linux 
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Table 2.6 Passive Stereoscopy (PS) and Multi-Structured Light (MSL) Cameras for Industry 

  
Carniege 

Multisense 

 
e-con 

Tara Stereo 

 
Nerian 

Scene Scan 

 
Ensenso 

N35 
Technology PS PS PS MSL 
Range (m) 0.4 - 20 0.5 - 3 scalable 0 - 3 
Resolution 960 x 480 752 x 480 800 x 592 1280 x 1024 

Frame Rate (fps) 30 60 65 10 
FOV (H x V) 80° x 45° n/a scalable 52° x 58° 
Dimensions 130 x 130 x 65 100 x 30 x 35 144 x 41 x 35 175 x 50 x 52 

Software C++ Library, ROS 
NOde 

e-CAMView, 
TARA SDK 

(OpenCV), ROS 

API Library (C++, 
supports 

HALCON, 
Matlab,, ROS) 

MVTec HALCON, 
API Library (C++, 

C# / .NET) 

OS Windows, Linux 
Windows 7/8/10, 
Linux, MacOS, 

Android 
Windows, Linux Windows, Linux 

2.1.2 Human tracking software 
To estimate the human pose from raw data, depth sensors are paired with tracking 
algorithms that take the point cloud as input and perform body tracking in two 
stages. The first stage is the segmentation of the human shape from the whole 
point cloud; the second stage use registration methods to obtain human joint 
positions related to the different body part (Figure 2.5), commonly known as 
skeleton [30]. In practice, the motion tracking algorithm is implemented in 
software packages, that can be third-party or included in the SDK (from software 
development kit) of the depth sensor. 

 
Figure 2.5 Point cloud segmentation (a) and skeleton tracking (b) by Kinect v2 
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What made Kinect cameras so attractive for research and robotics purposes, in 
addition to the depth sensing feature, is the robust proprietary motion tracking 
software, which delivers robust human joint position at 30 fps [31]. The 
discontinuity announced by Microsoft between the v2 and the Azure versions 
boosted the 3D Camera market for competitors and created opportunity for 
sensorless skeleton tracking software development. In particular, PMD, Creative, 
Mynt, Structure, ZED and Asus do not explicitly offer skeleton tracking but keep 
a cross-platform SDK which can be integrated with many of dedicated libraries. 
For instance, free software like OpenNi NiTE [32], Skeltrack [33], OpenPose [34] 
and OpenPTrack [35] are available for download on GitHub and enable to use 
point clouds to extract the human pose information. On the other hand, Intel 
RealSense SDK and Orbbec Body Tracking SDK already offer body tracking, 
even if a valuable option is the Nuitrack SDK [29], which is a 3D skeleton 
tracking middleware very similar to Kinect SDK 2.0.  

Among the selected cameras, the Intel Realsense and the Orbbec Astra Pro 
can run the Nuitrack SDK, thus the skeleton tracking capabilities are similar to 
Kinect v2 sensor and Kinect SDK 2.0. However, the Kinect (hereafter the “v2” is 
not specified anymore) had some important advantages that made it the first 
choice for the development phase of the collaborative robotic cell: hardware-
software integration, easy programming and vast literature. In fact, the sensor 
already comes with the skeleton tracking software bundle and it is officially 
supported by Matlab. In addition, the scientific literature is plenty of studies on 
the actual abilities of the sensor for different applications, as well as on possible 
solutions to improve human tracking.  

A well-known problem is the wrong human pose estimation due to single 
view. In fact, the position and the orientation of the human with respect to the 
camera affects the skeleton tracking [30]. This aspect is even more complex in 
collaborative robotics application, where the human moves not only relatively to 
the camera but also around the robot, the latter representing a potential occlusion 
for the sensor.  

The next section is dedicated to the human tracking algorithms that have been 
implemented to overcome the limitations of using a single Kinect.  

2.2 Sensor fusion 
An intuitive way to mitigate human tracking errors related to single view is to use 
multiple sensors. The idea is to place more Kinect observing the scene from 
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different viewing angles so that merging the information of the cameras results in 
a better human pose estimation. However, the use of multiple sensors is a 
necessary but not sufficient condition, since it translates into data fusion problem. 

A major aspect concerns the type of data to match. Kinect SDK human 
tracking can deliver the human shape in terms of point cloud or a more precise 
representation as skeleton (Figure 2.5). In some applications, where distinguishing 
between the body parts is not relevant, the point cloud can be sufficient to 
describe the human. This has the advantage of using the real measurement of the 
sensor. On the other hand, if the application requires to track the position of the 
human joints, the skeleton is the best option. However, in this case human data are 
an estimation made from the measurement, which means that the risk of tracking 
errors is higher.  

Depending on the type of data for input and output, three fusion schemes are 
possible. The first consist in merging the point clouds into one to obtain a better 
reconstruction of the human shape [36]. This is the most direct approach but may 
require large processing times depending on the resolution of the point clouds, 
which can be made of thousands of points. Because point clouds usually require to 
be denoised, this process can be time consuming and not suitable for real-time. 
Calculations can be parallelized using more computers but optimizing the 
algorithm for fast data transfer can be challenging. The second option is to merge 
the point clouds and to use registration methods on the resulting point cloud to 
extract the skeleton [37]. This is similar to the previous case but requires also 
advanced programming to implement customized skeleton tracking algorithms. 
The third is a more practical scheme that combines the skeleton to better estimate 
human joint positions. The techniques that are based on this approach are fast 
since they work on small amount of data as the Kinect skeleton is made of 25 
joints. The output in terms of skeleton usually is not good as the second class of 
fusion schemes, but the algorithm is easier to implement. 

For the purpose of this work, two different algorithms based on the first and 
the third fusion scheme are described. In particular, the following discussion is 
limited to a layout with two Kinect, but the algorithms here proposed can be 
extended to any number of devices, with some limitations due to the hardware and 
the processing time. More details will be given in the related sections. 

Before describing the fusion algorithms, the method for the spatial matching of 
the depth sensors is reported. 
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2.2.1 Multiple Kinect setup 
In Figure 2.6, the laboratory setup of the vision system based on multiple Kinect 
is shown. For the preliminary study the robot has not been considered to simplify 
the hardware architecture and the software implementation. Two Kinect are 
displaced observing the workbench with their 𝑧𝐾-axes forming an angle of about 
90° and intersecting in the area where the human moves. This choice is related to 
the working principles of the fusion algorithms that have been tested [36], [38].  

A schematic representation of the layout is depicted in Figure 2.7. Two 
computers C1 and C2 acquire the signal from each Kinect separately, as required 
by Kinect SDK [31]. The computers are connected through an ethernet cable and 
can exchange data in a master-slave configuration. The calculations are made in 
Matlab. In Figure 2.7, the world frame ℱ𝑊  and the 𝑅𝑂𝐼 (from region of interest) 
are also shown. The world frame represents the coordinate system where human 
tracking data is processed once the spatial matching of the cameras has been done. 
For instance, the objects on the table in Figure 2.6, indicated with the letters 𝑂, 𝑎 
and 𝑏, are the tools for spatial matching. Further details are given in the next 
section. 

 
Figure 2.6 Multiple Kinect laboratory set-up 
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Figure 2.7 Vision system hardware architecture 

2.2.2 Spatial matching 

The Kinect is equipped by two sensors: the color sensor and the depth sensor. 
The color sensor gives RGB images, while the depth sensor based on TOF 
technology provides the depth information of the closest objects in the scene. The 
two sensors are mounted next to each other and there is a small gap between them, 
so that the color and the depth information are measured in two different pixel 
planes. The point cloud and the skeleton joint coordinates refers to the depth 
sensor. In particular, they are given by Microsoft Kinect SDK in the depth frame 
𝑂𝐾 − 𝑥𝐾𝑦𝐾𝑧𝐾  whose origin is located at the center of the IR sensor and the axis 
are oriented as in Figure 2.8. 

In a multiple camera layout, the spatial matching is the transformation of the 
3D information of each Kinect from the depth frame to a common reference frame 
𝑂 − 𝑥𝑦𝑧, also indicated as the world frame, in order to combine data consistently. 
This can be done by calculating the transformation matrix which allows to 
transform the points from the Kinect depth frame to the world frame. In order to 
identify the world frame with the depth sensor, a method based on solid markers 
has been developed [39].  

Three spherical markers are placed on the table, at the top of a conical base 
(Figure 2.6). The markers are designed so that their geometry can be distinguished 
in the point cloud of the Kinect (Figure 2.9), up to 2.5 𝑚 away from the IR 
sensor. The coordinates of the points 𝒐𝐾 , 𝒂𝐾  and 𝒃𝐾  (the superscript K indicates 
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the point observed in the Kinect depth frame) can be identified from the point 
cloud with an average depth accuracy error < 2 𝑚𝑚 [40].  

The world frame is built considering the origin in 𝑂, the 𝑥-axis aligned with 
𝑎, the 𝑧-axis orthogonal to the plane containing the three markers and the 𝑦-axis 
completing the right-handed coordinate system (Figure 2.8). Once the origin 𝒐𝐾  
and the axis of the depth frame are known, it is straightforward to calculate 𝓐𝐾  
using homogeneous transformation [13]. 

This method based on solid markers will be practical also for the spatial 
matching of the robot. In fact, if the markers are placed within the robot 
workspace, one can just place the TCP (from tool center point) in correspondence 
of the markers to acquire the coordinates of the points 𝒐𝑟,𝒂𝑟,𝒃𝑟 (the subscript 𝑟 
identifies the points observed in the robot frame) and calculate 𝓐𝑟. Further details 
on the experimental set-up with the collaborative robot will be given in the results 
section. 

 
Figure 2.8 Transformation from Kinect frame to world frame 

 
Figure 2.9 Point cloud of the workbench with the markers for spatial matching 



2.2 Sensor fusion 23 

 
2.2.3 Skeleton Fusion 
The skeleton tracking with a single Kinect is not reliable for collaborative robotics 
due to several issues that may led to wrong human joint positions estimation [38]. 
For example, if objects are placed between the sensor and the operator, Kinect 
SDK tries to infer the position of the body parts that are not visible. This problem 
is known as sensor occlusion. Furthermore, even in the absence of objects, 
depending on the human body orientation with respect to the sensor viewing 
plane, some body parts may hide from each other, resulting in self-occlusion. 
Another problem is represented by bone-lengths variation, where for bone it is 
intended the distance between two consecutive joints. In fact, it has been observed 
that they vary during the acquisition of human motion, which is not desirable. 
Other minor errors are identified as vibrations and refer to flickering joints even if 
the human is not moving. 

These problems can convincingly be addressed with the multiple Kinect 
algorithm proposed in [38]. Consider the layout in Figure 2.6. In the same figure 
on the right, the skeletons 𝑆𝐴 and 𝑆𝐵 of the two Kinect labeled with 𝐴 and 𝐵 are 
also shown. Assume that the cameras are spatially matched as described in the 
previous section. Let 𝒑𝑖

𝐴 ∈ 𝑆𝐴 and 𝒑𝑖
𝐵 ∈ 𝑆𝐵 denote the joints of each skeleton in 

the world frame, with 𝑖 = 1,2, … , 𝑛 where 𝑛 = 25 is the number of joints 
composing the single skeleton in full body modality. The algorithm is based on 
constrained minimization and consists of two steps: initialization and 
optimization.  

During initialization, the operator stands in front of the cameras so that his 
body can be easily recognized by each Kinect (Figure 2.6). Thus, the mean 𝒑̅̅̅̅𝑖

𝐴 
and 𝒑̅̅̅̅𝑖

𝐵
 over 30 frames are considered to calculate the bone lengths 𝑙𝑖,𝑗 as: 

 𝑙𝑖,𝑗 = 1
2 ∥(𝒑̅̅̅̅𝑖

𝐴 + 𝒑̅̅̅̅𝑖
𝐵) − (𝒑̅̅̅̅𝑗

𝐴 + 𝒑̅̅̅̅𝑗
𝐵)∥ (2.1) 

Figure 2.10 shows an example of initialization. As the bone lengths vary 
depending on the subject, this phase is performed once and the subject data is 
stored in a database.   

The optimization phase takes into account the joint tracking confidence of the 
Kinect SDK (joint tracked or inferred, see [41]) and the conservation of the bone 
lengths. It is performed for each frame by solving the following problem for the 
optimal joint values 𝒑𝑖

∗: 
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min   ∑ 𝑤𝑖

𝐴

𝑖∈𝑆𝐴

‖𝒑𝑖
∗ − 𝒑𝑖

𝐴‖2 + 𝑤𝑖
𝐵‖𝒑𝑖

∗ − 𝒑𝑖
𝐵‖2 

s. t.  ∑ (∥𝒑𝑖
∗ − 𝒑𝑗

∗∥ − 𝑙𝑖,𝑗)2

{𝑖,𝑗}∈𝑆𝐴

= 0 
(2.2) 

where 𝑤𝑖
𝐴 and 𝑤𝑖

𝐵 are weights calculated according to [38] that depend on the 
tracking confidence of Kinect SDK. For instance, if 𝑤𝑖

𝐴 is greater than 𝑤𝑖
𝐵, the 

optimal 𝒑𝑖
∗ is closer to the joint 𝒑𝑖

𝐴 observed by Kinect 𝐴, and vice versa. The 
problem (2.2) can be solved with the efficient numerical scheme reported in [38]. 
The code has been implemented in Matlab assigning the optimization phase to the 
Master C1, equipped with an intel i7-6700 processor, that can execute the 
algorithm with a processing time < 4.5 𝑚𝑠. 

Figure 2.11 shows the effect of the optimization. In this example, from the 
perspective of Kinect 𝐴 the right arm is occluded and the Kinect SDK tracking 
algorithm fails the pose estimation of the hidden part. However, the optimization 
algorithm recognizes that the confidence of the joints of the right arm is higher in 
Kinect 𝐵 and corrects the estimation. 

 
Figure 2.10 Initialization of the skeleton fusion algorithm: bone lengths calculation 
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Figure 2.11 Skeleton fusion algorithm 

2.2.4 Point cloud fusion 
The skeleton fusion algorithm shows concrete improvements compared to the 
single camera. However, it stands on algorithms to interpret the depth information 
and thus suffer the limitations of registration methods [42]. A solution consists in 
directly using the point cloud to identify the human body volume: the errors can 
only lead to a loss of information, e.g. due to occlusions or reflective materials 
[40], not to a wrong human pose estimation. This is crucial because it is simpler to 
handle the lack of data than to fix the misleading one. For this reason, a method 
based on human recognition from point cloud that allows to merge the point 
clouds acquired by different Kinect has been developed [36].  

The point cloud is the 3D representation of the environment that is directly 
computed from measurements. More precisely, the raw data of a depth sensor is a 
depth image, that gives distance information in a 2.5D format. This means that for 
each pixel of the image plane identified by the coordinates 𝑢𝑥 and 𝑢𝑦 in the pixel 
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frame, the component 𝑝𝑧
𝐾  of the observed point in Kinect frame 𝒑𝐾 =

[𝑝𝑥
𝐾 𝑝𝑦

𝐾 𝑝𝑧
𝐾]T is measured (Figure 2.12).  

 
Figure 2.12 Pinhole camera model 

To transform from pixel frame to world frame, a pinhole camera model with 
radial distortion is used [24], giving the following relationships: 

 𝓐𝐾 = [𝓡𝐾 |𝒐𝐾 ]       𝓚 = [
𝑓𝑥 0 𝑐𝑥
0 𝑓𝑦 𝑐𝑦
0 0 1

] (2.3) 

 𝒑𝐾 = 𝓐𝐾
−1𝒑         𝒑̂𝐾 = 𝒑𝐾 𝑝𝑧

𝐾        ⁄  (2.4) 

 [
𝑢𝑥
𝑢𝑦
1

] = 𝓚𝒑̂𝐾  (2.5) 

 𝑥𝑑 = 𝑥𝑝(1 + 𝑘1𝑟𝑝
2 + 𝑘2𝑟𝑝

4 + 𝑘3𝑟𝑝
6) (2.6) 

 𝑦𝑑 = 𝑦𝑝(1 + 𝑘1𝑟𝑝
2 + 𝑘2𝑟𝑝

4 + 𝑘3𝑟𝑝
6) (2.7) 

 𝑟𝑝 = √𝑥𝑝
2 + 𝑦𝑝

2 (2.8) 

where 𝓡𝐾  is the rotation matrix from Kinect frame to world frame, 𝒐𝐾  is the 
translation vector, 𝑓𝑥𝑓𝑦 are the focal lengths, 𝑐𝑥𝑐𝑦 are the coordinates of the 
principal point in the image plane and 𝑘1𝑘2𝑘3 are the coefficients of radial 
distortion. 𝓚 defines the intrinsic parameters of the camera. 𝑥𝑝 𝑦𝑝 are the 
distortion-free coordinates on image plane, 𝑥𝑑 𝑦𝑑 are the corresponding real 
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coordinates. If 𝓚 is unknown, a calibration procedure is required for each 
camera. In this case 𝓚 is obtained directly from the camera using the C++ 
wrapper function in [43], passing through Microsoft SDK. Table 2.7 summarizes 
the intrinsic parameters of the two Kinect used in the laboratory setup of Figure 
2.6. Using equations (2.3)-(2.8) and values in Table 2.7 it is possible to convert 
points from depth space to cartesian space, obtaining the 3D point cloud. In 
practice, this step is implemented in a custom Matlab function. 

Table 2.7 Kinect intrinsic parameters 

 Kinect A Kinect B 

fx 366.0512 367.4633 

fy 366.0512 367.4633 

cx 260.5019 256.212 

cy 205.2539 208.8752 

k1 205.2539 208.8752 

k2 -0.27082 -0.2719 

k3 0.098178 0.10081 

Once the point clouds in the world frame are available on both C1 and C2, the 
human volume is extracted by means of segmentation. Thus, the signal is 
downsampled and denoised using the Matlab Computer Vision System Toolbox. 
This step is required to speed up calculation and to eliminate outliers. 
Successively, the tuned point clouds are collected and merged in C1 to obtain the 
human shape. Figure 2.13 illustrates the steps for point cloud processing. In this 
example, a grid step value of 0.01 is chosen for the downsample Matlab function 
and the merged human point cloud consists of 11372 points in the cartesian space. 
Notice how the use of two sensors fills the self-occlusion of the human.  

Human point clouds corresponding to different downsampling grid steps are 
shown in Figure 2.14 (decreasing the grid step results in higher resolution of the 
point cloud). Moreover, the possibility to use a convex hull instead of the point 
cloud is evaluated. The convex hull is built from the grid 0.02 point cloud. It was 
observed that using different grid steps does not produces significant differences 
in triangulation, since the mesh is convex. The effect of the convex hull will be 
analyzed in the results chapter. At this point, it is worth mentioning that the 
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convex hull can be intended as a more conservative approach, since the human 
size is augmented.  

In Table 2.8, the influence of the point cloud density on the processing time is 
reported. Time data are obtained considering 300 test samples for different 
downsampling grid steps. Because some phases are parallelized (see Figure 2.13) 
it is specified that C2 is equipped with an intel i7-7500U processor. The standard 
deviation for each measurement was close to zero, so it is omitted. In all cases the 
entire algorithm performs at higher frequency than Kinect sensor refresh rate. This 
is a significant result since Matlab is not optimized for real time application with 
large amount of data.  

 
Figure 2.13 Point cloud fusion algorithm 
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Figure 2.14 Point clouds and convex mesh with different downsampling grid steps 

Table 2.8 Calculation times (in 𝑚𝑠) 

 Point Cloud Convex Hull 
 grid 0.02 grid 0.03 grid 0.03 grid 0.04 

Point cloud extract. 2.3 2.3 2.3 2.3 
Downsample 4.1 4.1 4.1 3.8 

Denoise 8.3 6.1 6.1 4.3 
Send data 5 5 5 5 
Merging 2.1 2 1.9 1.7 

Total time 21.8 19.5 19.4 17.1 

2.2.5 Discussion 
The fusion algorithms presented in this chapter use the same hardware 
architecture to obtain an optimized output. They can be intended as a piece of 
software for human tracking, with dedicated inputs and outputs (Figure 2.15). 
However, depending on the selected algorithm type, human data is processed in 
different manners.  

The skeleton fusion has the advantage of a better efficiency and the capability 
to recognize human body parts. These features make it the most attractive solution 
for collaborative robotics where a fast and human-friendly response of the robot is 
desired. For example, it will be seen that distinguishing the human pose is 
fundamental for the ergonomics of hand-over tasks and for trajectory conditioning 
in collision avoidance applications.  

The point cloud fusion algorithm is better when a more reliable and precise 
human size representation is needed. However, it has a larger processing time and 
does not provide human pose estimation. Despite the limitations, point cloud 
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fusion is still considered in this work to show the current capabilities of the 
proposed method in collision avoidance applications and to lay the foundations 
for future developments.  

 
Figure 2.15 Human tracking block. The two ways indicate the possibility to select either skeleton 
or point cloud fusion. Depending on the selection, the optimized output is in terms of skeleton or 
point cloud 



  
 

 

Chapter 3 

3 Collision Avoidance 

Collision avoidance is a main branch of robotics research. It collects strategies 
and algorithms to let the robot move according to the task without colliding with 
obstacles. Its most powerful application is in unknown or unstructured 
environments, where real-time control techniques are required to quickly react to 
dynamic obstacles by choosing alternative trajectories. Collaborative robotics is 
one of those application that can take advantage of collision avoidance. However, 
because the obstacle is a human and not an object, different aspects should be 
considered.  

The aim of collaborative robotics is the safe and efficient accomplishment of 
a task. The safety is related to preventing potential hazards due to unexpected 
contacts, while the efficiency refers to task time. Depending on the level of 
collaboration, handling safety and efficiency can be more challenging.  

For example, in sequential collaboration the risk of collision occurs only if the 
operator accesses accidentally to the shared workspace, when his presence is not 
expected. Since this may be a rare event, choosing to stop the robot can be an 
acceptable safety measure that may not significantly affect efficiency, the latter 
being more related to sequential task planning.  

In responsive collaboration, since human and robot work at the same time in a 
shared workspace, stopping the robot every time a potential collision is detected 
can have high impact on task time. This can be addressed by collision avoidance, 
so that the robot carries on the task maintaining a safety distance from the 

Collision Avoidance 
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operator rather than stopping. In this case, collision avoidance is synonymous of 
both safety and efficiency.  

However, a successful collision avoidance implementation, that ensure safety 
and prevent the robot to stop, may be not sufficient to improve efficiency. In fact, 
recent studies reveals that the mental engagement of the operator affects the 
fluency of collaboration and the task time [44], [45]. For example, the operator 
could feel uncomfortable due to sudden robot behaviors. 

Human factors as the emotional state are not addressed by the standards but 
should be considered to exploit HRC. This is even more important as the level of 
collaboration increase. Consider responsive collaboration equipped by collision 
avoidance. The standards do not specify any requirements for the collision-free 
robot trajectory. However, the velocity and the predictability of the alternative 
trajectory are perceived by the human. 

In addition to the aspects already discussed, the success of collision avoidance 
strategies lays on some technical challenges. Without loss of generality, consider 
an anthropomorphic manipulator. If human motion is tracked by a 3D vision 
system, his position with respect to the robot is given.  

In this case, human-robot distances can be monitored to activate collision 
avoidance when the operator is in the proximity of the robot. It means that the 
algorithm should continuously check for the minimum distances between two data 
sets representing the robot and the human positions. Distance calculation may be 
not trivial, depending on the complexity of the approximation made to represent 
human and robot bodies. For this reason, it’s common practice to use elementary 
geometries, e.g. points, spheres and cylinders, to identify the body parts. 

Another aspect is that the collision avoidance algorithm should take into 
account whole robot and human bodies, so that the evasive motion of the robot 
involves all links, not only the TCP. Assume the robot task defined as a TCP 
planned trajectory towards a point in the workspace. If a potential collision is 
detected, whatever robot or human parts are involved, the algorithm should drive 
TCP away from the obstacle and towards the target, through a collision free 
motion extended to the entire robotic arm.  

Moreover, it is fundamental that the collision avoidance algorithm has low 
computation time. In fact, high delays between the instant when human is detected 
and the one when robot reacts may led to collision. 
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This chapter describes two different collision avoidance algorithms that have 

been developed trying to address the points above. The first algorithm is designed 
so that the robot feels a repulsion effect on each link depending on the distance 
from the operator. The third algorithm is more focused on human factors and 
wants to address predictability of the robot trajectory. 

Before discussing the novelties and the theory behind each method, an 
overview of the existing robot collision avoidance techniques is presented.  

3.1 State of the art 

3.1.1 Robot collision avoidance 
For a better classification of the existing methods, it is useful to consider collision 
avoidance as a combination of two problems: trajectory planning and motion 
planning.  

Let the robot task consist of moving from a point to another, according to 
spatial and task constraints. Spatial constraints are the obstacles or, more in 
general, the environment; examples of task constraints are the time to reach the 
target or the energy consumption.  

Trajectory planning consists of finding a geometric path (path planning) that 
satisfies the spatial constraints and endowing it with the time information [46]. 
Motion planning identifies the process of selecting the robot input such that all 
constraints are satisfied [47].  

For this reason, the differences among collision avoidance methods may be 
found at different levels. In literature, there are works that focus only the path 
planning, others that address the trajectory planning and even more that propose 
different control schemes for motion planning. Due to such a wide topic, this 
dissertation focuses on a classification based on the application.  

Consider the simplest case where spatial constraints are completely defined 
and do not vary in time. It means that the robot has a priori information on the 
static environment where it navigates. In this kind of application, the collision-
free trajectory can be programmed offline, i.e. before the task has started.  

However, even in static environment, the robot does not necessarily have 
complete information on the geometry of the obstacles. In other words, the spatial 
constraints may not be completely defined, even if they do not vary in time. If the 
robot is equipped with sensors, this problem can be dealt with online collision 
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avoidance methods, which means that the robot is able to detect the obstacle and 
to plan a collision-free trajectory on the go.  

Now consider the most challenging application, with no a priori information 
on spatial constraints of a dynamic environment. In this case, as the previous one, 
the robot must be controlled to adjust the path once the obstacle is detected by 
sensors. However, the obstacle can move and decision on the evasive motion must 
be taken in a hurry. 

A first classification can be made considering offline and online methods. 
However, a more common distinction, which is indirectly related to the previous 
one, refers to global and local methods [48]. Global methods allow to completely 
define the robot trajectory from the start point to the goal point and require prior 
information of the environment. For this reason, global methods are usually 
offline techniques. On the other hand, local methods consist of observing the 
proximity of the robot to change the path locally in the presence of an obstacle. 
For that, local methods are usually suitable for online collision avoidance. 

3.1.1.1 Global methods 

The most common approach of global methods is to use optimization problem 
(OP) to obtain the best path that satisfies spatial and task constraints [49]. Since 
infinitely many collision-free paths are usually possible, the criterions used to 
select the optimal path are most often the minimum time [50], the minimum jerk 
[51] and the lowest energy consumption [52]. Even a combination of the 
mentioned criterions can be used. This translates into a cost function to minimize. 
Depending on the number of variables, finding the global minimum of the cost 
function can be non-trivial and, most important, time consuming.  

A significant example is [53], where the collision-free trajectory of an 
industrial manipulator is obtained with an approach based on OP. In [53], the 
objective function considers restrictions associated with the maximum power and 
torque of the robot, the jerk and the total energy. The author of [53] claims that 
the proposed approach is efficient since it can compute the best trajectory in 
0.49 𝑠. This result is relevant compared to the previous work based on similar 
methods, but clearly shows the limitation of OP.  

OP can be formulated in the cartesian space or, more in general, in the C-
space (from configuration space). For instance, the C-space of a robotic 
manipulator can be obtained considering the joint angles as the generalized 
coordinates. In addition to OP, there are global techniques that are based on a 
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geometric representation of the C-free, i.e. the portion of the C-space 
corresponding to collision-free robot configurations. 

Roadmap techniques map the C-free into a system of one-dimensional curves 
(the roadmap) that describe adequately the connectivity of C-free. The collision-
free path is then obtained by connecting the initial and final configurations 
through a feasible path [46]. Methods that use roadmaps mainly differs depending 
on how the roadmap is generated. Voronoi diagrams, for example, are a well-
known criterion to select the feasible paths considering the Euclidean distance 
between the robot configuration and the C-obstacle, i.e. the portion of the C-space 
that maps collision configuration [13].   

Another possible use of the C-space is via cell decomposition. It consists in 
dividing the C-space in simply shaped regions to obtain a connectivity graph. The 
nodes of this graph are the cells, that can be connected through a path which is a 
subset of C-free [13].  

As the OP, roadmaps and cell decomposition are effective methods for global 
planning, but they have the disadvantages of being slow, especially in high-
dimensional problems [54]. For this reason, they are not suitable for online 
collision avoidance. 

3.1.1.2 Local methods 

Existing local methods distinguish between adaptations of the global techniques 
and approaches based on artificial potential fields. In any case, if an obstacle is 
detected, they do not redefine the entire trajectory, but they act on the input of the 
robot at each control step so that the system evolves according to the 
measurements of the sensors. 

The local application of OP consists of solving objective functions for the best 
control input that satisfy some criterion. For example, in [55] the separation 
distance between the robot a spherical obstacle is monitored with a vision system. 
At each sample, the solution of the OP is the manipulator velocity that most 
closely matches the desired velocity while not violating spatial and kinematics 
constraints. Once the optimal velocity has been found, it is used as control input 
for the robot. A similar application of OP is [14], where the algorithm is 
formulated in terms of a QP (from quadratic programming) problem whose 
solution, at each time step, is a set of joint reference accelerations. Recent 
developments in local use of OP consists of hybrid control schemes. The works 
[56], [57] combine global exploration and OP to compute the robot motion. In 
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particular, in [57] the control algorithm is separated in two stages: the path 
planning stage, which is solved with global techniques, and the joint configuration 
planning stage, handled by OP. 

Probabilistic roadmaps are fast methods that address the high computational 
cost of the standard roadmaps. In this kind of algorithms, a commonly choice is to 
follow a rectilinear path between the initial and final configurations in the C-space 
[13]. By sampling the path with a sufficient resolution, if at a certain sample a 
possible collision is detected, the algorithm generates a random sample in the C-
space. If the sample does not fall into the C-obstacle, it becomes a feasible 
configuration resulting in a local path variation. The drawback of this methods is 
that it may fail in narrow passages, i.e. zones surrounded by C-obstacle [13]. In 
this case, in fact, the probability to place a feasible configuration through random 
sampling is low and the algorithm may require some time until to obtain a 
solution. 

A method which performs better in narrow passages is the bidirectional RRT 
(from rapidly-exploring random tree) [13]. Compared to roadmaps, the RRT 
explores only a subset of C-free, this resulting in a more efficient scheme.  

In general, even if probabilistic roadmaps and RRT are significantly better 
than global methods in terms of efficiency, they have the disadvantage of 
planning in the C-space, where the obstacles need to be mapped. This can be 
computationally complex in dynamic environments, where moving obstacles must 
continuously be re-mapped [55].  

When a fast response to moving obstacle is required, one of the best solutions 
is represented by the artificial potential field (APF). In APF-based methods, the 
target and the obstacle are modelled with potential functions so that the total 
potential shows a global minimum at the target and high potential in 
correspondence of the obstacle [13], [58]. The gradient of the potential function is 
used as the control vector to obtain a collision-free motion towards the target. 
Even if APF can also be used as global planner, their most common application is 
for online local planning. This explain why they have been listed among local 
methods.  

Because of its centrality in the dissertation, the state of the art of APF is 
summarized in a dedicated chapter, with an extended review of the literature. 
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3.1.1.3 Artificial potential field 

The artificial potential field is a well-known technique which can be used both as 
a global or a local planner for robots. The bases of obstacle avoidance with 
artificial potential fields were introduced in [58]. The robot moves under the 
effect of virtual forces generated by a potential field, built considering the target 
as the attractor, i.e. the global minimum of the potential, and the obstacles as 
repulsors, i.e. confined regions with high potential. If the negative gradient is 
chosen as the input force for the robot dynamics, the system would evolve 
towards the global minimum.  

Thereafter, many studies have been conducted on this method. Major efforts 
have been focused on solving the local minima problem, which is the main 
drawback of this approach. A superquadratic potential function to eliminate local 
minima around the obstacle is proposed in [59]. One of the most interesting 
theoretical result is described in [15], where the navigation function is introduced 
to solve local minima. However, the proposed control scheme required prior 
information, stationary obstacles and fixed destination. An extension of the 
navigation function has provided an algorithm to calculate the parameters of the 
navigation function for obstacle avoidance in a sphere world [60]. Other studies 
that have been inspired by the drawback of the artificial potential fields lead to 
alternative methods, like the harmonic potential functions [61], the dynamic 
window [62], the collision cone [63] and the attractor dynamics [64]. 

Another branch of the potential field research moved towards more practical 
approaches that propose a different interpretation of the artificial potential. For 
example, the gradient tracking control based on sliding mode, described in [65], 
considers the gradient as the desired velocity vector field for the robot; this allows 
the exact tracking of gradient lines and the convergence to the goal, in contrast 
with the standard method. In fact, if the force is considered as the robot input, a 
dissipative term must be added to the control scheme to ensure asymptotic 
stabilization [58].  

In general, the gradient vector field can be coupled with additional vector 
terms to prevent local minima or to generate convenient paths. For instance, 
tangential fields can be activated locally to escape from spurious stationary points 
and guide the robot around the obstacle [66]. Selective attraction and tangential 
fields can be merged to let the robot approach the goal from a desired direction 
[67]. Another example is the virtual target approach, that consists of substituting 
the global target with a local one around the object to avoid local minima [68], 
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[69]. Alternatively, the robot goal position can be temporarily moved [70] or 
projected [71] to overcome local minima. 

Plenty of literature works studied how to solve or improve potential fields 
built from a single goal and multiple obstacles but there is a lack of contribute on 
the use of multiple attractors to make the robot reach the final goal by avoiding 
obstacles and passing through attractive regions. 

An introduction to potential fields with multiple attractors and repulsors is 
given in [72], where the possibility to model and combine the potential fields of 
each element by using quadratic or exponential function is discussed. However,  
[72] is limited to introducing the concept of multiple attractors and does not give 
an optimal strategy to sculpt the potential field; moreover, it does not distinguish 
the roles of the global and local attractors. 

3.1.2 Collision avoidance methods for collaborative robotics 
Human-robot collaboration at the highest level requires fast robot reaction so that 
local methods are commonly preferred over the global ones. In this section, the 
most significant developments on collision avoidance algorithms for collaborative 
robotics are summarized, with a focus on approaches inspired by local methods.  

 One of the first examples is the application of APF-based techniques to 
human robot interaction. In [73] a collaborative robot carries out a task as a 
planned trajectory and the workspace is monitored by a Kinect. When the operator 
moves nearby the robot, a collision avoidance control scheme based on APF is 
used to generate an evasive motion of the manipulator. The originality of [73], in 
addition to the distance calculation algorithm, is the use of repulsive velocities as 
repulsive vector, instead of the classical APF. Even if this possibility had already 
been discussed by [65], [73] has shown that it can be effective for HRC. Another 
example of APF inspired collision avoidance algorithm for collaborative robotics 
is [74]. The similarity with APF is that [74] computes the robot control vector as 
the gradient of a scalar function built considering the position and the velocity of 
the source of danger. The control strategy of [74] is validated with a collaborative 
robot equipped with Kinect skeleton tracking. A more recent work which exploits 
APF and repulsive velocities is [75]. In [75], the repulsion effect is adjusted by 
varying the size of the operator bounding volumes used to approximate his body. 
In particular, the size of the area of influence around the obstacle is reshaped with 
a logic similar to [74], which takes into account the velocity of the obstacle. The 
method [75] has been applied to an industrial collaborative task with promising 
results. However, the operator is tracked with wearable sensors. 
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In addition to APF-based techniques, recent studies on collaborative robotics 

applications investigate the possibility to use local OP or RRT for fast human-
robot collision avoidance. The work [76] formulates the robot collision-free 
trajectory through OP, by calculating at each control step the optimal joint 
positions vector which satisfies the safety constraints. The method in [76] is 
applied to a 6dof collaborative robot and the movements of the operator are 
monitored by Kinect skeleton tracking. Even if the results shows that the local OP 
is fast compared to global methods, the computing time is still higher than the 
APF-based approach. In fact, the author of [76] claim that the OP solver runs at 
0.01 𝑠, which is suitable for real-time. However, APF-based techniques, e.g. [73], 
[74], are able to calculate the repulsive control vector from 7 to 10 times faster. 
The authors of [77] describe an improved RRT algorithm that can potentially deal 
with moving obstacles. The method is tested with a collaborative robot and the 
human-robot distances are monitored by a Kinect sensor. Even in this case, the 
efficiency with respect to older RRT techniques is consistent, but the average 
planning time of 0.079 𝑠 makes the improved RRT algorithm still unusable with 
fast obstacles. 

Due to the limitations of other local methods, APF-based approaches remain 
the most popular solution for responsive collaboration. This trend emerges also in 
the detailed overview of safety systems for HRC [78].   

3.2 Contribution to the current state of knowledge 
This thesis discusses two different collision avoidance algorithms based on APF. 
The algorithms are summarized in Table 1.1.  

The Robot links - human collision avoidance algorithm guarantees collision-
free trajectories though a repulsive action of the obstacles, which is applied to the 
robot in terms of repulsive velocities. This algorithm is not novel, since it has 
been already introduced in [12], [79], [80], but within this work some practical 
ways for its implementation have been analysed and the results are reported in the 
dedicated chapter. A first application regards the study of an assembly task, which 
has inspired the latest publication [81]. In fact, the previous works [12], [79], [80] 
formulates and validates the algorithm from theoretical and technical point of 
views, but does not demonstrate how it can be used in a collaborative task to 
exploit the advantages of responsive collaboration. A second relevant result is 
about the algorithm testing with human point cloud as described in [36], that was 
not discussed in [12]. 
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The most relevant advance obtained in this work is a new algorithm, 
identified as MAP algorithm, which is a novel technique that addresses the robot 
trajectory conditioning problem. In collaborative robotics, this problem involves 
human factors and it is based on recent studies [44], [45], which proves that it is 
not only important to drive the robot away from the obstacles, but also controlling 
the alternative trajectory can be fundamental. In particular, a more fluent 
collaboration is observed when the robot motion is predictable [45]. In this 
context, a predictable motion is defined as a functional motion that matches what 
the human would expect, given the robot goal [44]. When the robot moves 
undisturbed, anticipating the robot intention can be easier for humans because of 
repeatability of the robot task. Major issues arise when the robot chooses 
alternative path to avoid collision with unexpected obstacles, e.g. a moving object 
or the human’s body itself. If the robot reaction is not controlled in some way, the 
trajectory becomes unpredictable for the human, even if he knows the robot final 
goal. To make it predictable, the robot could be controlled to behave in a 
repeatable way when avoiding obstacles, for example passing always through 
defined regions. In this way, the human can anticipate how the robot choose the 
collision-free trajectory. For this reason, the author of [12] has investigated the 
possibility to conditionate the robot alternative path. In [12], attractive and 
repulsive geometries like plane and cylinders are opportunely placed nearby the 
human skeleton to force the robot through preferred regions. However, the 
method in [12] has the limitation of being not precise, so that the effect on the 
trajectory may not be sufficient to generate predictable behaviors. The importance 
of finding a simple and effective solution to deal with obstacles in a more 
controlled manner motivated the author of this dissertation to develop a novel 
method.  

In contrast with [12] and with the Robot links - human collision avoidance 
algorithm, the MAP does not use repulsive and attractive velocities, but require an 
optimal potential field to be sculpted so that the robot is driven towards the goal 
by following the negative gradient direction. The robot goal is represented as an 
attractor which is modelled to be the global minimum of the potential field. The 
obstacles are described as confined regions with high potential. The main aspect 
that distinguishes the MAP from the previous works on artificial potential fields is 
the addition of strategical attractive points, that are modelled as optimal 
deflections of the potential field, i.e. without being local minima. To the author 
knowledge, the problem of finding an optimal solution for the coexistence of 
attractors and repulsors has not been investigated in previous works. The MAP 
represents a solution to this problem in an original form.  
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3.3 Robot links - human collision avoidance algorithm 
Consider a 6dof robotic manipulator whose generic pose is identified by 𝝌𝑒 =
[𝒑𝑒 𝝓𝑒]𝑇 , where 𝒑𝑒 is the (3 × 1) vector that defines the position of the end-
effector and 𝝓𝑒 is the (3 × 1) vector that defines orientation of the end-effector 
with respect to the world frame 𝑂 − 𝑥𝑦𝑧. Assume that the robot task is given to 
the end-effector in terms of final position 𝒑𝑓  and orientation 𝝓𝑓 . In particular, the 
robot starting from the pose 𝝌𝑠 = [𝒑𝑠 𝝓𝑠]𝑇  must navigate towards the final pose 
𝝌𝑓 = [𝒑𝑓  𝝓𝑓]𝑇 . In the absence of obstacles, the simplest path is the straight line 
connecting 𝒑𝑠 to 𝒑𝑓 . In general, every path can be approximated to a sequence of 
𝑁 + 1 points 𝒑0, 𝒑1, … 𝒑𝑁  connected by N segments. If 𝑡0 and 𝑡𝑁  are 
respectively the initial and final time instants of the trajectory, for 𝑡0 < 𝑡 < 𝑡𝑁  
offline trajectory planning techniques can be used to associate the 𝑁 + 1 points 
along the path to the values 𝒑̇𝑑(𝑡) and 𝝓𝑑̇(𝑡) corresponding to a desired velocity 
profile [13]. 

Once the trajectory related to the task has been planned as 𝝌̇𝑑 =
[𝒑̇𝑑(𝑡) 𝝓𝑑̇(𝑡)]𝑇 , a possible control scheme for the robot is the inverse kinematics 
algorithm with Jacobian inverse [13]. The control vector is chosen as the vector of 
joint velocities 𝒒 ̇defined by: 

 𝒒 ̇ = 𝐽−1(𝒒)(𝝌̇𝑑 + 𝑲𝐽 𝒆) (3.1)  

where 𝒒 is the (6 × 1) vector of joint positions, 𝐽−1(𝒒) is the Jacobian inverse, 
𝑲𝐽  is a positive definite (6 × 6) matrix and 𝒆 is the (6 × 1) vector of the 
operational space error between the desired and the actual end-effector position 
and orientation:  

 𝒆 = 𝝌𝑑 − 𝝌𝑒 (3.2)  

In the absence of obstacles, the control law (3.1) ensures the convergence to the 
goal. For instance, if a rectilinear trajectory is chosen, the end-effector traces the 
path in Figure 3.1a. 

Consider an obstacle entering in the robot workspace, so that it intercepts the 
planned trajectory during the task (Figure 3.1b). The idea behind the collision 
avoidance algorithm is to add a repulsive velocity term in the control law which 
depend on the distance between the robot and the obstacle. For example, if the 
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distance vector between the end-effector and the obstacle 𝒅𝑒−𝑜 = 𝒑𝑒 − 𝒑𝑜 is 
considered, the linear repulsive velocity 𝒗𝑟𝑒𝑝 can be modelled as: 

 𝒗𝑟𝑒𝑝 = 𝑣𝑟𝑒𝑝
𝒅𝑒−𝑜

‖𝒅𝑒−𝑜‖
 (3.3)  

 𝑣𝑟𝑒𝑝 =
𝑣𝑟𝑒𝑝,𝑚𝑎𝑥

1 + 𝑒(‖𝒅𝑒−𝑜‖(2 𝜌⁄ )−1)𝛼 (3.4) 

where 𝑣𝑟𝑒𝑝 is the magnitude of the linear repulsive velocity, 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥 is the 
maximum magnitude of the linear repulsive velocity, 𝛼 and 𝜌 are the parameters 
that regulates the variability of 𝑣𝑟𝑒𝑝 with ‖𝒅𝑒−𝑜‖ = 𝑑𝑒−𝑜. An example is shown in 
Figure 3.2. 

The repulsive velocity term for the control law is then obtained as: 

 𝝌̇𝑟𝑒𝑝 = [𝒗𝑟𝑒𝑝
𝟎 ] (3.5)  

where 𝟎 is the (3 × 1) null vector. Thus, the control law becomes: 

 𝒒 ̇ = 𝐽−1(𝒒)(𝝌̇𝑑 + 𝑲𝒆 + 𝝌̇𝑟𝑒𝑝) (3.6)  

However, (3.3) and (3.4) considers only the distance between the end-effector and 
the obstacle. Moreover, due to the full Jacobian in (3.6), the repulsive action 
affects the end-effector only (see Figure 3.1b). The strategy proposed in [12] 
permits to extend the repulsive effect to the entire robot. In particular, the 
manipulator is identified by a finite number of control points displaced along the 
kinematic chain (Figure 3.1c). Each link of the robot is intended as a set 𝐿𝑖 of 
control points, where the subscript 𝑖 indicates the 𝑖-th set. For each set 𝐿𝑖, one can 
measure the closest control point to the obstacle to find the minimum distance 
𝒅𝐿𝑖−𝑜 between the corresponding link and the obstacle. Thus, a repulsive velocity 
𝒗𝐿𝑖 is applied at the closest control point of each link (Figure 3.1d): 

 𝒗𝐿𝑖 = 𝑣𝐿𝑖
𝒅𝐿𝑖−𝑜

‖𝒅𝐿𝑖−𝑜‖
 (3.7)  

 𝑣𝐿𝑖 =
𝑣𝑟𝑒𝑝,𝑚𝑎𝑥

1 + 𝑒(‖𝒅𝐿𝑖−𝑜‖(2 𝜌⁄ )−1)𝛼 (3.8) 

The repulsive effect related to each link, is converted to the joint space: 
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 𝒒𝐿̇𝑖 = 𝐽𝐿𝑖
−1(𝒒𝐿𝑖)𝝌̇𝐿𝑖 (3.9)  

where 𝐽𝐿𝑖
−1 is the partial Jacobian related to the closest control point of the link 𝐿𝑖 

and 𝝌̇𝐿𝑖 is the corresponding repulsive velocity term, obtained using 𝒗𝐿𝑖 in (3.5). 
The control law (3.6) is modified as follows: 

 𝒒 ̇ = 𝐽−1(𝒒)(𝝌̇𝑑 + 𝑲𝒆) + ∑ 𝒒𝐿̇𝑖
𝐿𝑖

 (3.10)  

In (3.10), the first term on the right side is related to the task while the summation 
over each set 𝐿𝑖 provide the repulsive action.  

 
Figure 3.1 A 6dof manipulator represented as a kinematic chain in Matlab through the Corke 
Robotic Toolbox [82]. The robot is plotted in various configurations with different opacity to give 
the idea of motion 
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Figure 3.2 Magnitude of the repulsive velocity 𝑣𝑟𝑒𝑝 versus the generic distance  
𝑑. The curve is obtained with 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥 = 0.3 𝑚/𝑠, 𝜌 = 0.4 𝑚 and 𝛼 = 0.4. 

3.4 Multiple attractors potential (MAP) 
In this section, the Multiple Attractors Potential (MAP) is presented. First, the 
approach is described in ℝ2. The potential field is modelled by means of classic 
quadratic and exponential functions ([58], [72]). Thus, the parameters for the 
optimal tuning are discussed. Finally, the method is extended to ℝ3.  

3.4.1 Introduction to the MAP 
Consider the robot end-effector as a point in the two-dimensional cartesian space, 
whose task is to reach the final position 𝒑𝑓  from a starting position 𝒑𝑠. The final 
position can be seen as an attractive potential field 𝑈𝑓  which is modelled with the 
quadratic function ([58]): 

 𝑈𝑓(𝒑) = 1
2 𝜎∥𝒑 − 𝒑𝑓∥2 (3.11)  

where 𝜎 is a positive parameter which regulates the intensity of the quadratic 
function and 𝒑 = [𝑥 𝑦]𝑇  represents the generic point in the cartesian space. In 
(3.11), it is written 𝑈𝑓(𝒑) to exploit the dependency on 𝒑. In general, it is 
𝑈𝑓(𝒑, 𝒑𝑓 , 𝜎) but 𝒑𝑓  is given by the task and the parameter 𝜎 is supposed to be 
chosen. To simplify the reading, hereafter, only the spatial variable 𝒑 is exploited, 
except where otherwise specified. 

Suppose the presence of an obstacle. In general, it may have any geometry. 
Sometimes it is convenient to approximate objects by composing simple shapes, 
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i.e. spheres, cylinders and planes. Other applications may need more accurate 
potential functions to describe the obstacles. The method presented in this chapter 
can be applied to any geometry. For the discussion, only the case of a spherical 
object, i.e. the disc in two dimensions, is considered. The reader is referred to the 
literature for general obstacle modelling ([15], [58], [59], [83]). 

The obstacle is centred in 𝒑𝑜, with radius 𝑅𝑜 (Figure 3.3a). It produces a 
repulsive potential field 𝑈𝑜, which is modelled with the exponential function 
([72]): 

 𝑈𝑜(𝒑) = 𝛽𝑜𝑒−𝛾𝑜
2 ‖𝒑−𝒑𝑜‖2  (3.12)  

where 𝛽𝑜 and 𝛾𝑜 are the positive parameters that determine the shape of the 
gaussian around the obstacle; in particular, 𝛽𝑜 is the peak value, while 𝛾𝑜 is the 
exponential decay parameter. In Figure 3.3a, the outer circle centred in 𝒑𝑜 
identifies the active region 𝑈𝑜

∗, defined as the circle with radius 𝑅𝑜
∗ , so that the 

gradient of 𝑈𝑜 goes to zero outside 𝑈𝑜
∗ and grows rapidly at the contour of the 

obstacle, at a radius 𝑅𝑜. 

If only the final position and the obstacle are considered, the resulting total 
potential field 𝑈𝑓𝑜 can be written as: 

 𝑈𝑓𝑜(𝒑) = 𝑈𝑓 + 𝑈𝑜 = 1
2 𝜎∥𝒑 − 𝒑𝑓 ∥2 + 𝛽𝑜𝑒−𝛾𝑜

2 ‖𝒑−𝒑𝑜‖2  (3.13)  

The generic potential field 𝑈𝑓𝑜  is shown in Figure 3.4a. The control law can be 
chosen so that the command vector has the direction of the negative gradient. In 
the specific case of Figure 3.3a, if 𝒑𝑠, 𝒑𝑜 and 𝒑𝑓  are aligned, by following the 
negative gradient the robot can potentially stuck at the classical saddle point 
([15]). This is a limit case. In fact, in presence of a small perturbation in the 𝑦 
direction, the robot can potentially trace either the continue or the dashed path.  

In this thesis, the idea is to introduce an attractive source 𝒑𝑎 nearby the 
obstacle, as depicted in Figure 3.3b. To distinguish the local attractive effect of 𝒑𝑎 
from the global one related to the final position, 𝒑𝑎 is called “local attractor”, 
while the name “global attractor” is used to identify 𝒑𝑓 . The local attractor 
potential field 𝑈𝑎 is modelled with the negative exponential function ([72]): 

 𝑈𝑎(𝒑) = −𝛼𝑎𝑒−𝛾𝑎
2 ‖𝒑−𝒑𝑎‖2  (3.14)  
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where 𝛼𝑎 and 𝛾𝑎 are the positive parameters that regulate the intensity and the 
decay of the attractive effect. In particular, 𝛾𝑎 can be chosen so that the attractive 
gradient assumes an appreciable value at 𝑅𝑎, which identifies the radius of the 
local attractor. This aspect deserves a further discussion. In fact, for the obstacle it 
is straightforward to associate to 𝑅𝑜 the physical meaning of the contour of the 
object, i.e. a region that the robot should not enter. This also explain the choice of 
a thicker line to represent the obstacle contour in Figure 3.3. On the other hand, 
𝑅𝑎 has not a tangible match in the real world but represents the region where the 
robot starts perceiving the attraction towards 𝒑𝑎. In other words, 𝑅𝑎 indicates the 
distance from 𝒑𝑎 where the magnitude of the gradient of 𝑈𝑎 is not negligible 
when combined with the one of 𝑈𝑓𝑜. 

 
Figure 3.3 Two-dimensional analysis of the possible robot paths obtained by following the 
gradient lines of a quadratic potential function, with a single obstacle and a local attractor 
modelled with the exponential functions. a) In presence of the obstacle, the robot can potentially 
follow either the dashed or the solid lines; in the same figure, the classical saddle point is shown. 
b) The robot path is influenced by the local attractor placed on the obstacle side; the styles of the 
lines identify alternative paths related to different starting positions, i.e. different approaching 
directions of the robot towards the obstacle 

 
Figure 3.4 Influence of the exponential repulsive and attractive potential fields on a quadratic 
potential field; the 𝑥𝑦-plane, in addition to the significant points, contains the isolines of the 
potential field. a) Case with a single obstacle; in the same figure, the classical saddle point is 
shown. b) Case with a single obstacle and a local attractor; the high intensity of the local attractor 
generates a local minimum, as indicated by the isolines 
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In Figure 3.3b, the outer circle centred in 𝒑𝑎 identifies the active region 𝑈𝑎

∗, 
defined as the circle with radius 𝑅𝑎

∗  so that the gradient of 𝑈𝑎 goes to zero outside 
𝑈𝑎

∗. The parameters 𝛼𝑎 and 𝛾𝑎 can be opportunely tuned to design the active 
region. For example, 𝑈𝑎

∗ can be extended all around the obstacle to guide the robot 
obstacle avoidance on the local attractor side for a good range of approaching 
directions, i.e. for different 𝒑𝑎 (see the path lines in Figure 3.3b). 

The total potential field with the obstacle and the two attractors becomes: 

 
𝑈𝑡(𝒑) = 𝑈𝑓 + 𝑈𝑜 + 𝑈𝑎

= 1
2 𝜎∥𝒑 − 𝒑𝑓 ∥2 + 𝛽𝑜𝑒−𝛾𝑜

2 ‖𝒑−𝒑𝑜‖2 − 𝛼𝑎𝑒−𝛾𝑎
2 ‖𝒑−𝒑𝑎‖2  

(3.15)  

A generic potential field 𝑈𝑡 is shown in Figure 3.4b. The attractive source 𝒑𝑎 acts 
bending the potential on its side. 

A local minimum may result if 𝛼𝑎 and 𝛾𝑎 are not adequately tuned and the 
robot would stop at the equilibrium point close to 𝒑𝑎. Anyway, there exist some 
values of 𝛼𝑎 and 𝛾𝑎 for which the total potential field deflates near 𝒑𝑎 without 
suffering local minima (Figure 3.5). If this happens, the potential field 𝑈𝑡 is a 
MAP, i.e. 𝑈𝑡 = 𝑈𝑡,𝑀𝐴𝑃 . 

 
Figure 3.5 MAP resulting from a single obstacle and a local attractor. The intensity of the local 
attractor is limited so that the local minimum does not show, as indicated by the isolines   
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For simplicity, the case with single obstacle 𝒑𝑜 and single 𝒑𝑎 is considered in 
the next section, where the formula to obtain 𝑈𝑡,𝑀𝐴𝑃  is presented. The name 
“multiple attractors”, in this example, refers to the coexistence of the global 
attractor and the local one. However, the approach can be extended even 
combining a number 𝑛 of local attractors 𝒑𝑎,𝑖, with 𝑖 = 1,2, … , 𝑛, around any 
number 𝑚 of obstacles 𝒑𝑜,𝑝, with 𝑝 = 1,2, … , 𝑚. A generalization of the MAP 
will be given at the end of the chapter. 

3.4.2 MAP parameters tuning 
In this section, the method to sculpt the potential field to obtain the MAP is 

presented. The final target 𝒑𝑓  is modelled with the quadratic function 𝑈𝑓 . The 
purpose is to find the values of 𝛼𝑎 and 𝛾𝑎 which generate the maximum deflection 
nearby the obstacle without that the local minimum due to 𝒑𝑎 occurs. First, the 
strategy to choose the obstacle parameters 𝛽𝑜 and 𝛾𝑜 is discussed. Then, the 
formulas to calculate the optimal values of 𝛼𝑎 and 𝛾𝑎  are deduced for the local 
attractor. 

Given the position of the disc obstacle 𝒑𝑜, its potential field 𝑈𝑜 can be 
modelled with the exponential function (3.12). By considering the repulsive 
gradient modulus as a design variable, the obstacle design ratio 𝜆𝑜 is introduced 
as: 

 𝜆𝑜(𝑅𝑜, 𝛾𝑜) =
|∇𝑈𝑜|𝑅𝑜

|∇𝑈𝑜|𝑚𝑎𝑥
 (3.16)  

where |∇𝑈𝑜|𝑅𝑜
 is the modulus of the gradient at the distance 𝑅𝑜 from 𝒑𝑜, and 

|∇𝑈𝑜|𝑚𝑎𝑥 is the maximum magnitude of the gradient (see Appendix A for further 
details). Usually, it is required that the potential grows with a sufficient rate at the 
disc contour since it is not necessary that 𝑈𝑜 assumes an infinite value at the edge 
of the obstacle ([59]). Thus, given 𝑅𝑜 and by fixing a suitable 𝜆𝑜, one can find the 
value of 𝛾𝑜 which satisfies (3.16): 

 𝛾𝑜 = − 1
𝑅𝑜

2 𝑊−1 (− 𝜆𝑜
2

𝑒 ) (3.17)  

where 𝑊−1 is the solution corresponding to the lower branch of the Lambert 𝑊  
function (see Appendix B for further details). In other words, (3.17) gives the 
value of 𝛾𝑜 so that the gradient at 𝑅𝑜 is 𝜆𝑜 times the |∇𝑈𝑜|𝑚𝑎𝑥. Intuitively, one 
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can choose 𝜆𝑜 = 1 to set the maximum gradient at the contour; then, 𝛽𝑜 can be 
arbitrarily chosen to regulate the gradient magnitude. In practice it will be seen 
that the robot reacts to the obstacle even with 𝜆𝑜 < 1  for certain values of 𝛽𝑜. 

Furthermore, once 𝛾𝑜 and 𝛽𝑜 have been selected, it is useful to estimate the 
active region 𝑈𝑜

∗. The radius 𝑅𝑜
∗  can be calculated by solving |∇𝑈𝑜| = 𝑠𝜖, where 

𝑠𝜖 is a small positive value, hereafter named “zero threshold” (see Appendix C for 
further details): 

  𝑅𝑜
∗ = [− 1

𝛾𝑜
𝑊−1 (− 𝑠𝜖

2

𝛽𝑜2𝛾𝑜
)]

1 2⁄
 (3.18)  

A practical example, which will be studied more in details in the results chapter, is 
presented. In Figure 3.6a the function 𝑈𝑜 in the radial direction of a disc obstacle 
is shown, for two different values of 𝜆𝑜. If the gradient vector field is utilised to 
generate the robot path, e.g. [65], it can be convenient to choose the value 𝜆𝑜 =
0.2 to concentrate 𝑈𝑜

∗ near the obstacle. In this case, in fact, a small 𝜆𝑜 can be 
sufficient to bend the gradient lines around the obstacle. On the other hand, if the 
negative gradient is used to produce repulsive forces on the robot, e.g. [58], the 
choice 𝜆𝑜 = 1  is justified but translates into a wider 𝑈𝑜

∗, whose limit in Figure 
3.6a is represented by the dotted circle. 

Once the obstacle is identified, the attractor 𝒑𝑎 can be placed near 𝒑𝑜 to affect 
the collision avoidance path. It is assumed that 𝒑𝑎 is sufficiently far from the 
active region 𝑈𝑜

∗. Without loss of generality the following relation must hold:  

  ‖𝒑𝑎 − 𝒑𝑜‖ > 𝑅𝑜
∗ + 𝜀 ̃ (3.19)  

so that the problem of finding the local minimum related to 𝑈𝑎 will simplify. The 
meaning and the lower bound of the positive quantity 𝜀 ̃ will be pointed later. 
Moreover, the following assumption which regulates the size of 𝑈𝑎

∗ must be 
satisfied: 

  ∥𝒑𝑎 − 𝒑𝑓 ∥ ≥ 𝑅𝑎
∗  (3.20)  

otherwise, the global minimum would be perturbed. The constraints (3.19) and 
(3.20) are acceptable and do not represent a limit in practical applications, as will 
be shown in the results section. In Figure 3.7 a generic case which satisfies 
conditions (3.19) and (3.20) is depicted. 
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Figure 3.6 Numeric example which shows the influence of 𝜆𝑜 and 𝜇𝑎 on the shape of the repulsive 
and attractive exponential functions. a) Function 𝑈𝑜 in the radial direction of a disc obstacle with 
𝑅𝑜 = 0.075 𝑚, 𝛽𝑜 = 0.5 and the active region defined by 𝑠𝜖 = 10−2; to visualize the extension of 
the obstacle and of 𝑈𝑜

∗, the circles at 𝑅𝑜 and 𝑅𝑜
∗  are projected on the plane where the potential 

curve is plotted. b) Function 𝑈𝑎 in the radial section, with 𝑅𝑎 = 0.2786 𝑚, 𝛼𝑎 = 0.0558 and the 
active region defined by 𝜇𝜖 = 10−2; to visualize the extension of the attractor, the circles at 𝑅𝑎 
and 𝑅𝑎

∗  are projected on the plane where the potential curve is plotted 
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Figure 3.7 Generic case with the obstacle and the local attractor potential functions designed 
according to the MAP geometrical constraints 

When placing 𝒑𝑎 it is desirable to shape the function 𝑈𝑎 so that the magnitude 
of the attractive gradient |∇𝑈𝑎|𝑅𝑎

 at a certain distance 𝑅𝑎 is an appreciable 
fraction of the maximum value |∇𝑈𝑎|𝑚𝑎𝑥. The local attractor design ratio 𝜇𝑎 is 
introduced as: 

 𝜇𝑎(𝑅𝑎, 𝛾𝑎) =
|∇𝑈𝑎|𝑅𝑎

|∇𝑈𝑎|𝑚𝑎𝑥
 (3.21)  

with the same meaning of (3.16) but related to the attractive potential (see 
Appendix D for further details). By choosing the 𝑅𝑎 and a desired 𝜇𝑎, one can 
calculate: 

 𝛾𝑎 = − 1
𝑅𝑎

2 𝑊−1 (− 𝜇𝑎
2

𝑒 ) (3.22)  

The active region 𝑈𝑎
∗ is determined by finding the distance from 𝒑𝑎 in which the 

gradient magnitude goes to zero. For the attractor, it is convenient to write this 
condition by solving for the distance where the attractive gradient becomes a 
small fraction 𝜇𝜖 of the maximum value, where 𝜇𝜖 is named “zero-ratio threshold” 
(see Appendix E for further details): 

  𝑅𝑎
∗ = [− 1

𝛾𝑎
𝑊−1 (− 𝜇𝜖

2

𝑒 )]
1 2⁄

 (3.23)  

In practical application, if 𝜇𝜖 is sufficiently small, 𝑅𝑎
∗  obtained with (3.23) is also 

a distance where |∇𝑈𝑎| is negligible; thus, formulations (3.18) and (3.23) do not 
play different roles in practice. However, the distinction is made for the following 
reasons. From a theoretical point of view, definition (3.18) is more rigorous; this 
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will be useful to deal with the local minima problem. On the other hand, (3.23) 
does not depend on 𝛼𝑎 and this will bring two advantages: first, in the design 
phase, the geometrical assumptions (3.20) can be quickly verified before that the 
optimal 𝛼𝑎 is calculated; second, the analytic solution of the optimal parameters 
in the case of dynamic attractors will be simplified, as will be seen later. 

In Figure 3.6b, a practical example is shown for the local attractor. Here the 
function 𝑈𝑎 in the radial section is plotted for two different values of 𝜇𝑎. Even in 
this case, decreasing 𝜇𝑎 allows to concentrate the effect within 𝑅𝑎. Notice that the 
curves are obtained with 𝛼𝑎 = 0.0558, that at this point of the discussion has an 
indicative value only.  

To calculate the optimum value of 𝛼𝑎, the local minimum problem related to 
𝒑𝑎 is discussed. This can be solved by considering the function 𝑈𝑓𝑎, defined as the 
sum of the two potential fields of the attractors: 

 𝑈𝑓𝑎(𝒑) = 𝑈𝑓 + 𝑈𝑎 = 1
2 𝜎∥𝒑 − 𝒑𝑓∥2 − 𝛼𝑎𝑒−𝛾𝑎

2 ‖𝒑−𝒑𝑎‖2  (3.24)  

In fact, because of assumption (3.19), the local minimum will appear in the region 
where 𝑈𝑓𝑎 ≅ 0. By studying the points where the gradient vanishes, the condition 
is: 

 
𝜕
𝜕𝒑 𝑈𝑓𝑎(𝒑) = 𝜎(𝒑 − 𝒑𝑓) + 𝛼𝑎𝛾𝑎(𝒑 − 𝒑𝑎)𝑒−𝛾𝑎

2 ‖𝒑−𝒑𝑎‖2 = 0 (3.25)  

The problem can be further simplified by writing the system (3.25) in the 
auxiliary reference frame 𝑂′ − 𝑥′𝑦′ with origin in 𝑂′ ≡ 𝒑𝑓  and whose 𝑥′-axis is 
aligned with 𝒑𝑎 (see Figure 3.7). Thus, by considering 𝒑𝑓

′ = [0 0]𝑇  and 𝒑𝑎
′ =

[𝑥𝑎
′  0]𝑇  the system becomes: 

 𝜕
𝜕𝑥′ 𝑈𝑓𝑎(𝒑′) = 𝜎𝑥′ + 𝛼𝑎𝛾𝑎(𝑥′ − 𝑥𝑎

′ )𝑒−𝛾𝑎
2 [(𝑥′−𝑥𝑎

′ )2+𝑦′2] = 0 (3.26)  

 
𝜕

𝜕𝑦′ 𝑈𝑓𝑎(𝒑′) = 𝜎𝑦′ + 𝛼𝑎𝛾𝑎𝑦′𝑒−𝛾𝑎
2 [(𝑥′−𝑥𝑎

′ )2+𝑦′2] = 0 (3.27)  

where 𝒑′ = [𝑥′ 𝑦′]𝑇  is the spatial variable which identifies a point in the auxiliary 
reference frame. Since 𝜎, 𝛼𝑎 and 𝛾𝑎 are positive, (3.27) is true only for 𝑦′ = 0. 
This suggests that the local minimum must lie on the 𝑥′-axis. Therefore, the 
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problem can be studied in one dimension. In fact, by considering 𝑦′ = 0, (3.26) 
reduces to: 

 𝜕
𝜕𝑥′ 𝑈𝑓𝑎(𝑥′, 0) = 𝜎𝑥′ + 𝛼𝑎𝛾𝑎(𝑥′ − 𝑥𝑎

′ )𝑒−𝛾𝑎
2 (𝑥′−𝑥𝑎

′ )2 = 0 (3.28)  

Given 𝜎, 𝑥𝑎
′  and 𝛾𝑎, equation (3.28) is parametric in 𝛼𝑎 and the number of 

solutions for 𝑥′ depend on 𝛼𝑎. This can be visualized by plotting the solution in a 
graphical fashion. By considering: 

 𝐴 = 𝜎𝑥′  , 𝐵 = 𝛼𝑎𝛾𝑎(𝑥′ − 𝑥𝑎
′ )𝑒−𝛾𝑎

2 (𝑥′−𝑥𝑎
′ )2  (3.29)  

the graphical solution is shown in Figure 3.8b, for fixed 𝜎, 𝑥𝑎
′  and 𝛾𝑎. In Figure 

3.8a, the resulting potential 𝑈𝑓𝑎(𝑥′, 0) is plotted. For small values of 𝛼𝑎, the 
curves identifying −𝐴 and 𝐵 have only one intersection point at the global 
minimum, i.e. in 𝑥′ = 0. By Increasing the value of 𝛼𝑎, the potential starts 
bending around 𝑥′ = 𝑥𝑎

′ . The value of 𝛼𝑎for which 𝑈𝑓𝑎(𝑥′, 0) shows a saddle 
point in 𝑥′ = 𝑥′̃, i.e. when the curves −𝐴 and 𝐵 become tangent (dashed line), is 
then the upper bound 𝛼𝑎̃. For 𝛼𝑎 > 𝛼𝑎̃, the green and the blue curves intersect in 
3 points, i.e. at the global minimum and at the local stationary points; in this case 
the local minimum lies in the interval 0 < 𝑥′ < 𝑥𝑎

′ .  

The important result is that, given 𝜎, 𝑥𝑎
′  and 𝛾𝑎, if 𝛼𝑎 < 𝛼𝑎̃ no local 

stationary points occur. Hereafter, the saddle point represents the theoretical limit 
in this sense: the maximum admissible depression near 𝒑𝑎

′ , i.e. the maximum 
attraction, is obtained by choosing an 𝛼𝑎 just below	𝛼𝑎̃.  

Notice that, except where otherwise specified, the saddle point here discussed 
is the one related to the local attractor; in fact, the one introduced in Figure 3.3a 
and Figure 3.4a has a different meaning and it is identified as the “classical” 
saddle point. 

To find	𝛼𝑎̃, the condition which generates the saddle is studied. In the saddle 
point, the first and the second derivative must vanish. Therefore, (3.28) must hold 
together with the following: 

 
𝜕2

𝜕2𝑥′ 𝑈𝑓𝑎(𝑥′, 0) = 𝜎 + [ 1
𝛾𝑎

− (𝑥′ − 𝑥𝑎
′ )2] 𝛼𝑎𝛾𝑎

2𝑒−𝛾𝑎
2 (𝑥′−𝑥𝑎

′ )2 = 0 (3.30)  
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Figure 3.8 Analysis of the parametric solution of equation (3.28). The different style of the lines 
refers to different values of 𝛼𝑎; the square identifies the saddle point related to the local attractor. 
a) Potential function 𝑈𝑓𝑎 along the 𝑥′ axis; the saddle point exists for the dashed line, at 𝑥′̃. b) 
Graphical solution by means of the intermediate variables (3.29); the saddle point is represented 
by the point of tangency 

The system of equations (3.28) and (3.30) is verified if (see Appendix F): 

 (𝛾𝑎)𝑥′3 − (2𝑥𝑎
′ 𝛾𝑎)𝑥′2 + (𝑥𝑎

′2𝛾𝑎)𝑥′ − 𝑥𝑎
′ = 0 (3.31)  

which gives the 𝑥′ = 𝑥′̃ where the inflection arises (see Figure 3.8). The cubic 
(3.31) has 3 real solutions for 𝑥′ if: 

 𝑥𝑎
′ > √

27
4𝛾𝑎

 (3.32)  

In this case, the meaningful solution is: 

 
𝑥′̃(𝑥𝑎

′ , 𝛾𝑎) = 2
3 𝑥𝑎

′ [cos (𝜗 + 4𝜋
3 ) + 1] 

𝜗(𝑥𝑎
′ , 𝛾𝑎) = cos−1 ( 27

2𝛾𝑎𝑥𝑎
′2 − 1) 

(3.33)  
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And by substituting (3.33) in (3.28) it results: 

 𝛼𝑎̃(𝜎, 𝑥𝑎
′ , 𝛾𝑎) = −𝜎𝑥′̃

𝛾𝑎(𝑥′̃ − 𝑥𝑎
′ )𝑒−𝛾𝑎

2 (𝑥̃′−𝑥𝑎
′ )2

 (3.34)  

where it is stressed the dependency of 𝛼𝑎̃ from 𝜎, 𝑥𝑎
′  and 𝛾𝑎. Solution (3.34) is 

related to the case (3.32), which says that the distance between the desired point 
and the attractor 𝑥𝑎

′  must be greater than a certain value. However, if assumption 
(3.20) holds, in practice (3.32) is always satisfied, as can be seen by 
substituting (3.23) into (3.20) and comparing with (3.32): 

  −𝑊−1 (− 𝜇𝜖
2

𝑒 ) > 27
4  (3.35)  

which is true for 𝜇𝜖 < 0.1466. In practice 𝜇𝜖 must be smaller than 0.1466, 
because it determines the distance where the gradient of 𝑈𝑎 goes to zero through 
(3.26). This result is shown in Figure 3.9, where the curves refer to different 
positions 𝑖 of the local attractor 𝒑𝑎𝑖

′ = [𝑥𝑎𝑖
′  0]𝑇  characterized by the same 𝑅𝑎, i.e. 

same 𝛾𝑎, and by different 𝛼𝑎̃𝑖 = 𝛼𝑎̃(𝜎, 𝑥𝑎𝑖
′ , 𝛾𝑎). At this point it is specified that 

with the letter and subscript 𝒑𝑎𝑖 it is indicated the same attractor, i.e. with a fixed 
𝑅𝑎, placed in different positions 𝑖; on the other hand, the nomenclature 𝒑𝑎,𝑖 refers 
to different attractors 𝑖, i.e. with different positions and radii. In Figure 3.9, the 
dotted line is related to 𝒑𝑎3

′ = [𝑥𝑎3
′  0]𝑇 , which is placed at the limit (3.32); the 

dotted green line intersects the blue one at a point 𝑥′ ≠ 0, therefore the global 
minimum is perturbed. To avoid this, condition (3.20) has been introduced. In the 
same figure, the point 𝒑𝑎2

′ = [𝑥𝑎2
′  0]𝑇  is placed at the lower boundary of (3.20); in 

this case, since the derivative of 𝑈𝑎 goes to 0 in 𝑥′ = 0 (curve 𝐵 with the solid 
line), the global minimum is undisturbed. Finally, 𝒑𝑎1

′ = [𝑥𝑎1
′  0]𝑇  is another point 

which satisfies (3.20).  

In Figure 3.10a, a possible two-dimensional representation of the 3 cases 
discussed in Figure 3.9 is shown. In fact, because 𝑈𝑓  and 𝑈𝑎 are radial fields, for 
any 𝒑𝑎𝑖 one can analyze the potential along the relative 𝑥′-axis and compare the 
results in the same graph. 



Collision Avoidance 

 

56 

 
Figure 3.9 Analysis of the influence of 𝑥𝑎

′  on the solution of (3.28); the different style of the lines 
refers to 3 positions of the local attractor 𝒑𝑎𝑖

′ , with intensity 𝛼𝑎̃𝑖. a) Potential function 𝑈𝑓𝑎 along 
the 𝑥′-axis; the saddle point is indicated with a square. b) Graphical solution; the saddle point is 
represented by the point of tangency at 𝑥𝑖̃

′ 

 
Figure 3.10 Analysis of the saddle point for different positions of the local attractor 𝒑𝑎𝑖, with 
intensity 𝛼𝑎̃𝑖. For each 𝒑𝑎𝑖, the relative frame 𝑂′ − 𝑥′𝑦′ is not reported, but the direction of the 
𝑥′-axis is identified with a line segment connecting 𝒑𝑓  to 𝒑𝑎𝑖; thus, the saddle point is identified 
with a square on the 𝑥′-axis. a) The circles identify the active regions; the different style for the 
contours of circles refer to the 3 cases of Figure 3.9. b) Study of the importance of the saddle point 
position in presence of an obstacle 
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The point on the 𝑥′-axis where the saddle appears is given by (3.33). Notice 

that the gradient lines of 𝑈𝑓𝑎 in the active region 𝑈𝑎
∗ would converge towards the 

saddle point. This can be guessed even by observing the one-dimensional plot of 
𝑈𝑓𝑎 in Figure 3.8a. Here, the saddle point is indicated with a square on the dashed 
line and it is 𝑥′̃ < 𝑥𝑎

′ . Therefore, in general, even if 𝑈𝑎 is centred in 𝒑𝑎, the sum 
with 𝑈𝑓  causes a slight shifting of the resultant attractive effect in the direction of 
the 𝑥′-axis, towards 𝒑̃′ = [𝑥′̃ 0]𝑇 . This aspect can be quantified by calculating the 
distance ‖𝒑𝑎

′ − 𝒑̃′‖ = 𝑥𝑎
′ − 𝑥′̃, which depends only on 𝑥𝑎

′  and 𝛾𝑎. In particular, 
given 𝛾𝑎, the distance increases for smaller 𝑥𝑎

′ , i.e. when the local attractor 𝒑𝑎 
gets closer to the final position 𝒑𝑓 . In fact, in Figure 3.9b, where for each 𝒑𝑎𝑖 the 
saddle point coordinate is identified with a square in 𝑥𝑖̃

′, it is (𝑥𝑎1
′ − 𝑥1̃

′ ) <
(𝑥𝑎2

′ − 𝑥2̃
′ ) < (𝑥𝑎3

′ − 𝑥3̃
′ ). Because of (3.20), the maximum distance 𝜀 =

(𝑥𝑎
′ − 𝑥′̃)𝑚𝑎𝑥 is calculated with 𝑥𝑎

′ = 𝑥𝑎2
′ = 𝑅𝑎

∗  (see Appendix G for further 
details). The result is: 

 

𝜀 = 1
3 [− 1

𝛾𝑎
𝑊−1 (− 𝜇𝜖

2

𝑒 )]
1
2

[1 − 2 cos (𝜗𝜀 + 4𝜋
3 )] 

𝜗𝜀 = cos−1

⎝
⎜⎜
⎛ −27

2𝑊−1 (− 𝜇𝜖
2

𝑒 )
− 1

⎠
⎟⎟
⎞ 

(3.36)  

which is the expression of 𝜀 as a function of 𝛾𝑎, given 𝜇𝜖. 

In Figure 3.10b different positions of the local attractor nearby an obstacle are 
analysed. For each 𝒑𝑎𝑖 one can find the saddle point by studying 𝑈𝑓𝑎, as 
discussed. This stationary point is aligned with the relative 𝑥′-axis and is 
identified with a square symbol. 

Two scenarios can be distinguished. In the first one, the line segment 𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
does not intersect 𝑈𝑜

∗ (see point 𝒑𝑎4); in this case, the stationary point would fall 
outside 𝑈𝑜

∗. The second scenario arises if the line segment 𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ crosses 𝑈𝑜
∗ (see 

the points 𝒑𝑎5  and 𝒑𝑎6): here, if the attractor 𝒑𝑎 is inside the circle of radius 𝑅𝑜
∗ +

𝜀 the saddle point of 𝑈𝑓𝑎 may overlap with the obstacle (see the point 𝒑𝑎5); thus, 
when considering the total potential 𝑈𝑡 the saddle may not exist and the control on 
the attraction effect of 𝒑𝑎 is lost. In this case, the main issue is that the depression 
which can still manifest within 𝑈𝑎

∗ would push the robot towards the obstacle, 
which is not advisable. On the other hand, if 𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ crosses 𝑈𝑜

∗ but the local 
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attractor is outside the circle of radius 𝑅𝑜
∗ + 𝜀, this will not happen (e.g. point 

𝒑𝑎6).  

From this analysis, the value 𝜀 ̃ in condition (3.19) can be calculated for the 
two different scenarios as: 

 
𝜀 ̃ = 0       if  𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  ∩  𝑈𝑜

∗ = 0 
𝜀 ̃ = 𝜀       if  𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  ∩  𝑈𝑜

∗ ≠ 0 
(3.37)  

Since for a given 𝜇𝜖 the distance 𝜀 depends only on the attractor parameter 𝛾𝑎, 
equations (3.36) and (3.37) can be applied to any geometry of the obstacle and, 
more precisely, for any shape of the function 𝑈𝑜. For example, Figure 3.11 shows 
different positions of the local attractor near different shapes of 𝑈𝑜

∗ that satisfies 
the geometrical constraints (3.19) and (3.20). 

 
Figure 3.11 Example of a MAP built using different shapes rather than the circle to represent the 
potential field of the obstacle. For each 𝒑𝑎𝑖, the saddle point is identified with a square on the line 
segment connecting 𝒑𝑓  to 𝒑𝑎𝑖 and the geometrical constraints (3.19),(3.20) are satisfied; in fact, 
the saddle points do not overlap with 𝑈𝑜,𝑝

∗  

For the disc obstacle, the following method is proposed to facilitate the design 
phase. When building the MAP, if the attractor 𝒑𝑎 is placed so that line segment 
𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  does not intersect 𝑈𝑜

∗, it is 𝜀 ̃ = 0 and condition (3.19) is always verified. On 
the other hand, if 𝒑𝑎𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ crosses 𝑈𝑜

∗,  equation (3.36) can be used to set the upper 
bound to 𝑅𝑎. In fact, once the attractor position 𝒑𝑎 has been chosen, since 𝒑𝑜 is 
supposed to be identified, one can obtain the admissible 𝜀𝑙𝑖𝑚 from (3.19). Then, 
the 𝛾𝑎,𝑙𝑖𝑚 can be exploited from (3.36):  
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𝜀𝑙𝑖𝑚 = ‖𝒑𝑎 − 𝒑𝑜‖ − 𝑅𝑜

∗ 

𝛾𝑎,𝑙𝑖𝑚 = 1
9 [− 1

𝜀𝑙𝑖𝑚
2 𝑊−1 (− 𝜇𝜖

2

𝑒 )] [1 − 2 cos (𝜗𝜀 + 4𝜋
3 )]

2

 
(3.38)  

and used in (3.22) to calculate: 

 𝑅𝑎,𝑙𝑖𝑚 = [− 1
𝛾𝑎,𝑙𝑖𝑚

𝑊−1 (− 𝜇𝑎
2

𝑒 )]
1 2⁄

 (3.39)  

Therefore, if in (3.22) is selected 𝑅𝑎 < 𝑅𝑎,𝑙𝑖𝑚, condition (3.19) is verified. 

Finally, formula (3.34) is discussed. If 𝒑𝑎 is close to the global attractor, the 
𝛼𝑎̃ decreases and a smaller depression can be obtained. On the other hand, 𝛼𝑎̃ is 
proportional to 𝜎. In other words, by increasing 𝜎 one can augment the attraction 
towards the desired position and, at the same time, the effect of the local attractor. 
This suggest that one can select higher values for 𝜎 when 𝒑𝑎 is in the proximity of 
𝒑𝑓  and the effect of the local attractor is poor. 

3.4.3 Dynamic obstacle and attractor 
In the previous section the obstacle is treated as a steady object in the 𝑥𝑦-plane. 
As a consequence, the local attractor 𝒑𝑎 can be fixed in a desired position to guide 
the collision avoidance along a preferred region nearby the obstacle. However, in 
many applications the object can move, thus it is desirable that 𝒑𝑎 moves as well 
to keep the collision avoidance conditioning around the obstacle. In this scenario, 
the attractor can be fixed to the obstacle frame in order to reflect its motion. The 
result is that 𝒑𝑎 can potentially move relatively to the goal 𝒑𝑓 . 

Consider the following practical example. In Figure 3.12a, the object whose 
position and orientation are defined by the reference frame 𝑂′′ − 𝑥′′𝑦′′ with 
𝑂′′ ≡ 𝒑𝑜, has been identified at time 𝑡0 and its shape has been approximated to a 
sphere with centre in 𝒑𝑜(𝑡0) and radius 𝑅𝑜. The repulsive potential can be 
modelled with the exponential function 𝑈𝑜 characterized by 𝛽𝑜, 𝛾𝑜 and 𝜆𝑜 
according to (3.17) and (3.18). These parameters are constant because they 
depend only on the obstacle geometry. The final goal 𝒑𝑓  is a fixed point in the 
plane, i.e. in the world frame, described by the attractive quadratic function 𝑈𝑓  
with the intensity 𝜎. 

For some reason, it is desired that the robot avoids the object passing through 
the region defined by the circle with centre in 𝒑̂𝑎

′′ = [0 𝑦𝑎
′′ 1]𝑇 = 𝓐′′(𝑡)𝒑̂𝑎(𝑡) and 



Collision Avoidance 

 

60 

radius 𝑅𝑎(𝑡0), where 𝓐′′(𝑡) is the (3 × 3) matrix which transforms the vector 
𝒑̅̅̅̅𝑎(𝑡) from the world frame to the obstacle frame. For consistency, the vectors 𝒑̂𝑎

′′ 
and 𝒑̂𝑎 have been introduced to indicate respectively 𝒑𝑎

′′ and 𝒑𝑎  in homogeneous 
coordinates.  

To facilitate reading, hereafter the subscript 𝑡ℎ indicates the physical quantity 
at the times instant ℎ = 0,1,2. For instance, it is 𝑅𝑎,𝑡0

= 𝑅𝑎(𝑡0). Otherwise, the 
subscript 𝑡 indicates the value at the generic time. For example, it is 𝒑𝑎,𝑡 = 𝒑𝑎(𝑡). 

The attractive potential 𝑈𝑎,𝑡 is modelled with the exponential function. At 
time 𝑡0, the parameters 𝛾𝑎,𝑡0

= 𝛾𝑎(𝑅𝑎,𝑡0
) and 𝛼𝑎,𝑡0

< 𝛼𝑎̃(𝜎, 𝑥𝑎,𝑡0
′ , 𝛾𝑎,𝑡0

), with 
∥𝒑𝑎,𝑡0

− 𝒑𝑓 ∥ = 𝑥𝑎,𝑡0
′ , can be calculated according to (3.22) and (3.34). Moreover, 

suppose that assumptions (3.19) and (3.20) are verified at 𝑡0 (Figure 3.12a).  

Suppose that for 𝑡0 < 𝑡 ≤ 𝑡1 the object 𝒑𝑜,𝑡 moves in the world frame with a 
generic trajectory (Figure 3.12b). The attractor 𝒑𝑎,𝑡 also moves in the plane 
accordingly to 𝓐𝑡

′′. Thus, the distance ∥𝒑𝑎,𝑡 − 𝒑𝑓 ∥ = 𝑥𝑎,𝑡
′  may vary. The value of 

𝛾𝑎,𝑡  is considered constant and equal to 𝛾𝑎,𝑡0
 since it is defined by the attractive 

range 𝑅𝑎,𝑡0
. On the other hand, for each instant, one can adjust the intensity 𝛼𝑎,𝑡 

in order to have the maximum attractive effect near the point 𝒑𝑎,𝑡. In fact, by 
measuring 𝑥𝑎,𝑡

′ , it is straightforward to calculate the 𝛼𝑎̃(𝜎, 𝑥𝑎,𝑡
′ , 𝛾𝑎,𝑡0

) with (3.34). 
The limit case related to time 𝑡1 is depicted in Figure 3.12c; here it is 𝑥𝑎,𝑡1

′ =
𝑅𝑎,𝑡0

∗ . 

Then, at time 𝑡1 < 𝑡 ≤ 𝑡2 the 𝒑𝑎,𝑡 gets close to 𝒑𝑓  so that 𝑥𝑎,𝑡
′ < 𝑅𝑎,𝑡0

∗
 (Figure 

3.12d). In this particular case, one can shrink the active range of 𝑈𝑎,𝑡 by 
dynamically adjusting 𝛾𝑎,𝑡 with the value which satisfy (3.20). This is applicable 
because of the choice of defining 𝑈𝑎

∗
  through (3.23): since 𝛾𝑎 does not depend on 

𝛼𝑎̃, one can calculate 𝛾𝑎,𝑡 = 𝛾𝑎(𝑥𝑎,𝑡
′ ) by considering 𝑅𝑎

∗ = 𝑥𝑎,𝑡
′

 in (3.23); because 
𝛾𝑎,𝑡 is not constant in 𝑡1 < 𝑡 < 𝑡2, by substituting the expression of 𝛾𝑎(𝑥𝑎,𝑡

′ ) in 
(3.34), one can also find 𝛼𝑎̃(𝜎, 𝑥𝑎,𝑡

′ , 𝛾𝑎,𝑡) = 𝛼𝑎̃(𝜎, 𝑥𝑎,𝑡
′ ).  

Another aspect to consider is that, for 𝑡1 < 𝑡 ≤ 𝑡2 by varying 𝛾𝑎,𝑡 also the 
distance 𝜀(𝛾𝑎,𝑡) changes. But, since here 𝛾𝑎,𝑡 > 𝛾𝑎,𝑡0

 (to shrink 𝑈𝑎,𝑡
∗ , the 

parameter 𝛾𝑎,𝑡 must grow), if condition (3.19) is verified for 𝑡0 < 𝑡 ≤ 𝑡1, it 
remains true in 𝑡1 < 𝑡 ≤ 𝑡2. In fact, by increasing 𝛾𝑎,𝑡, from equation (3.36) 
𝜀(𝛾𝑎,𝑡) < 𝜀(𝛾𝑎,𝑡0

). 
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Figure 3.12 Case study with dynamic obstacle and local attractor. The dashed line represents the 
obstacle path. The object moves with a generic motion from 𝒑𝑜(𝑡0) to 𝒑𝑜(𝑡2); the local attractor is 
fixed to the obstacle frame and moves with respect to the world frame. The figures from a) to e) 
represents the scene at significant times     
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The important result is that, given 𝜎, regardless of the obstacle trajectory in 
𝑡0 < 𝑡 < 𝑡2, the distance 𝑥𝑎,𝑡

′  is the only information required to regulate the 
parameters 𝛾𝑎,𝑡 and 𝛼𝑎,𝑡. To visualize how 𝛾𝑎 and 𝛼𝑎̃ vary depending on 𝑥𝑎

′ , a 
numerical example is shown in Figure 3.13 (this will be discussed more in details 
in the result chapter). Notice that if one wants a higher intensity 𝛼𝑎, a solution is 
to increase 𝜎.  

Finally, one wonders if the strategy of squeezing 𝑈𝑎
∗ is just a compromise to 

satisfy condition (3.20). Actually, the proposed method is also justified by the fact 
that, in practice, when 𝑥𝑎

′  becomes small, the role of the local attractor starts 
confusing with the global one and vice-versa (Figure 3.12e). In fact, at the limit 
case 𝒑𝑎 = 𝒑𝑓 , it is reasonable to set 𝛼𝑎, i.e. 𝑈𝑎, to zero. In other words, when 𝒑𝑎 
gets close to 𝒑𝑓 , one can leave to 𝒑𝑓  both the roles of global and local attractor. It 
means that the robot would navigate towards 𝒑𝑓 , but also avoiding the obstacle on 
the side where 𝒑𝑎  has been placed. 

 
Figure 3.13 Numerical example of the case described in Figure 3.12. The example refers to a local 
attractor with the initial values 𝑅𝑎,𝑡0

= 0.1304 𝑚, 𝛾𝑎,𝑡0
= 449.5, 𝑅𝑎,𝑡0

∗ = 0.1685 𝑚. The graph 
shows also the 𝛼𝑎̃ curve for different values of 𝜎; the 𝛾𝑎   curve remains the same, since it does not 
depend on 𝜎 
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3.4.4 Three-dimensional trajectories 
In the previous sections, the MAP has been discussed in two dimensions, 
considering a single obstacle and one local attractor. In this section, the method is 
extended to the three˗dimensional case with multiple obstacles 𝒑𝑜,𝑝 and local 
attractors 𝒑𝑎,𝑖. 

By considering the robot as a point 𝒑𝑟 moving in the three-dimensional space, 
the generalization is straightforward if it is observed that it is always possible to 
identify a plane which contains 𝒑𝑟, 𝒑𝑓  and 𝒑𝑎 Figure 3.14. In this plane, since 𝑈𝑓  
and 𝑈𝑎  are radial fields, all the results from the previous sections are still valid. 
Moreover, after choosing 𝜎 and 𝑅𝑎, the 𝛼𝑎̃ is a function of the only distance 
between the final point and the attractor ∥𝒑𝑎 − 𝒑𝑓 ∥ = 𝑥𝑎

′  and can be obtained from 
the same equation (3.34). Notice that the conditions (3.19) and (3.20) remain since 
they are geometrical constraints that can be easily transposed to three dimensions. 
In particular, the presence of the obstacle is handled by (3.19), which says that the 
attractor 𝒑𝑎 must be at a distance greater than 𝜀 ̃ from 𝑈𝑜

∗. Thus, if one chooses a 
more complex 𝑈𝑜 and can compute the distance from the obstacle, the shape and 
the dimension of the object becomes secondary. 

 
Figure 3.14 Three-dimensional analysis of the spherical active region of a generic local attractor. 
The circles with radius 𝑅𝑎 and 𝑅𝑎

∗  identify the section of the sphere in the plane containing 𝒑𝑟, 𝒑𝑓  

and 𝒑𝑎. The figures a) and b) considers two different positions of the robot 

Consider now the case in which the robot navigates towards the goal 𝒑𝑓  
dealing with 𝑚 obstacles 𝒑𝑜,𝑝 with 𝑝 = 1,2, … 𝑚. Suppose that 𝑛 attractors 𝒑𝑎,𝑖, 
with 𝑖 = 1,2, … 𝑛, are displaced around the obstacles in order to guide the robot 
along a preferred path Figure 3.15. The method can still be applied with the 
following assumptions: 
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  ∥𝒑𝑎,𝑖 − 𝒑𝑜,𝑝∥ > 𝑅𝑜,𝑝
∗ + 𝜀𝑖̃ (3.40)  

  ∥𝒑𝑎,𝑖 − 𝒑𝑓 ∥ ≥ 𝑅𝑎,𝑖
∗  (3.41)  

  ∥𝒑𝑎,𝑖 − 𝒑𝑎,𝑗∥ ≥ 𝑅𝑎,𝑖
∗ + 𝑅𝑎,𝑗

∗  (3.42)  

The constraints (3.40),(3.41) are the equivalent of (3.19),(3.20) extended to 
each attractor 𝒑𝑎,𝑖 and each obstacle 𝒑𝑜,𝑝. Condition (3.42) prevents the active 
regions 𝑈𝑎,𝑖

∗  from overlapping, so that the local minima problems are decoupled 
and each single attractor can be handled as discussed in the previous sections. 

 
Figure 3.15 Example of a three-dimensional MAP with 𝑚 = 3 obstacles and 𝑛 =  4 local 
attractors. For clarity, the local attractors are represented only by the spheres with 𝑅𝑎,𝑖

∗ . The 
dashed curve identifies a possible robot path 

3.4.5 Summary of the MAP design steps 
In this section, the steps to design the MAP are summarized in a schematic form 
to facilitate the practice. For clarity, a two-dimensional graphics is utilized to 
show the various steps, but the algorithms here proposed are intended for the most 
general case in three-dimensions. Since the case with multiple local attractors and 
obstacles can be solved with the same formulas by modelling each element 
separately, the analysis is related to generic 𝒑𝑜,𝑝 and 𝒑𝑎,𝑖. In Table 3.1, the 
algorithm to design the MAP is reported; the numbers in the left column refers to 
the design steps illustrated in Figure 3.16. If the MAP is static, i.e. if the obstacles 
and the local attractors do not move, one can use the steps 1-7; if the MAP is 
dynamic, i.e. if the elements move, one can follow the steps 1-9. In fact, at the 
initial time 𝑡 = 𝑡0, the rules to design the MAP are the same of the static case 
(steps 1-7); in addition, the steps 8-9 take into account the variability of 𝑥𝑎,𝑖

′ (𝑡). 
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Table 3.1 MAP algorithm 

1 
>> Define 𝒑𝑠 and 𝒑𝑓  

>> choose 𝜎 

2 
>> localize the obstacle 

>> identify 𝒑𝑜,𝑝, 𝑅𝑜,𝑝 

3 
>> choose 𝜆𝑜,𝑝, 𝑠𝜖 and 𝛽𝑜,𝑝   

>> use (3.17) to calculate 𝛾𝑜,𝑝  and find 𝑅𝑜,𝑝
∗  with (3.18) 

4 >> place 𝒑𝑎,𝑖 outside 𝑈𝑜,𝑝
∗  

5 
>> if   𝒑𝑎,𝚤𝒑𝑓̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅  ∩ 𝑈𝑜,𝑝

∗ ≠ 0  

>> calculate the 𝑅𝑎,𝑙𝑖𝑚 using (3.38)(3.39)     

6 >> choose 𝑅𝑎,𝑖 < 𝑅𝑎,𝑙𝑖𝑚  

5' >> elseif  𝒑𝑎,𝚤𝒑𝑓̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅  ∩ 𝑈𝑜,𝑝
∗ = 0 

6' 
>> choose 𝑅𝑎,𝑖  

>> end 

7 

>> choose 𝜇𝑎,𝑖 and 𝜇𝜖 < 0.1466 

>> use (3.22) to calculate 𝛾𝑎,𝑖 and find 𝑅𝑎,𝑖
∗  with (3.23)   

>> calculate 𝑥𝑎,𝑖
′  and verify (3.41)(3.42)  

>> calculate 𝛼𝑎̃,𝑖  with (3.34) and choose 𝛼𝑎,𝑖 < 𝛼𝑎̃,𝑖 

8 

>> while (3.41)(3.42) 

>> if   𝑥𝑎,𝑖
′ (𝑡) ≥ 𝑅𝑎,𝑖

∗ (𝑡0) 

>>      𝛾𝑎,𝑖(𝑡) = 𝛾𝑎,𝑖(𝑡0)  

>>      find 𝛼𝑎̃,𝑖(𝑡) with (3.34) and choose 𝛼𝑎,𝑖(𝑡) < 𝛼𝑎̃,𝑖(𝑡) 

9 

>> elseif  𝑥𝑎,𝑖
′ (𝑡) < 𝑅𝑎,𝑖

∗ (𝑡0) 

>>      find 𝛾𝑎,𝑖(𝑡) by placing 𝑅𝑎,𝑖
∗ (𝑡) = 𝑥𝑎,𝑖

′ (𝑡) in (3.23) 

>>      find 𝛼𝑎̃,𝑖(𝑡) with (3.34) and choose 𝛼𝑎,𝑖(𝑡) < 𝛼𝑎̃,𝑖(𝑡) 

>> end 

>> end. 



Collision Avoidance 

 

66 

 
Figure 3.16 Design steps of the MAP algorithm 
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3.4.6 Trajectory generation and motion planning 
Consider a 6dof robotic manipulator. Assume the task is given to the robot in 
terms of end-effector position and orientation. The goal is to reach the 𝒑𝑓  by 
avoiding the obstacles, still controlling the orientation. 

Concerning the position problem, the gradient tracking method is chosen to 
take full advantage from the potential field generated with the MAP. This simple 
and effective technique produces an exact tracking of the gradient lines and can be 
applied to any smooth artificial vector field ([65]). It consists in regarding the 
velocity vector rather than the acceleration vector as the variable under control. 
To move the end-effector towards the desired position 𝒑𝑓  the linear velocity can 
be chosen as: 

 𝒑̇𝑒 = −𝑣𝑒
∇𝑈𝑡,𝑀𝐴𝑃

∥∇𝑈𝑡,𝑀𝐴𝑃 ∥
 (3.43)  

where ∇𝑈𝑡,𝑀𝐴𝑃  is the gradient of the MAP and 𝑣𝑒 is the desired scalar velocity. 
If 𝑣𝑒 = 0 at the starting and final positions, a suitable choice for the linear velocity 
magnitude is ([65]): 

 𝑣𝑒 = min (𝑎𝑚𝑎𝑥𝑡, 𝑣𝑚𝑎𝑥, (2𝑎𝑚𝑎𝑥𝑒𝑝(𝑡))
1
2) (3.44)  

where 𝑎𝑚𝑎𝑥
 is the maximum acceleration, 𝑣𝑚𝑎𝑥  the maximum velocity and 

𝑒𝑝(𝑡) = ∥𝒑𝑓 − 𝒑𝑒(𝑡)∥ is the magnitude of the position error.  

The orientation problem can be handled without requiring the MAP. Suppose 
that the actual and final orientation of the robot frame with respect to the world 
frame are identified by the rotation matrices 𝓡𝑒 and 𝓡𝑓  respectively. Let 
𝓠𝑒(𝑡) = {𝜂𝑒, 𝝈𝑒} and 𝓠𝑓(𝑡) = {𝜂𝑓 , 𝝈𝑓 } represent the quaternions associated 
with the rotation matrices 𝓡𝑒 and 𝓡𝑓 . The orientation error 𝒆𝑜 = 𝒆𝑜(𝑡) between 
the actual and the final orientation is calculated using unit quaternions ([13]): 

 

𝒆𝑜 = 𝜂𝑒𝝈𝑓 − 𝜂𝑓𝝈𝑒 − 𝓢(𝝈𝑓)𝝈𝑒 

𝓢(𝝈𝑓) =
⎣
⎢
⎡

0 −𝝈𝑓(3) 𝝈𝑓(2)
𝝈𝑓(3) 0 −𝝈𝑓(1)

−𝝈𝑓(2) 𝝈𝑓(1) 0 ⎦
⎥
⎤ 

(3.45)  
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where 𝓢(∘) is the skew-symmetric operator. Then, the angular velocity of the end-
effector is chosen as: 

 𝝓𝑒̇ = 𝝎𝑒 = 𝜔𝑒
𝒆𝑜

‖𝒆𝑜‖
 (3.46)  

If 𝜔𝑚𝑎𝑥 is the maximum angular velocity and 𝝍𝑚𝑎𝑥 is the maximum angular 
acceleration, a suitable value for the magnitude can be:   

 𝜔𝑒 = min (𝝍𝑚𝑎𝑥𝑡, 𝜔𝑚𝑎𝑥, (2𝝍𝑚𝑎𝑥‖𝒆𝑜(𝑡)‖)
1
2) (3.47)  

The inverse kinematics algorithm based on the inverted Jacobian is utilized 
[13] and the resulting control law for the manipulator can be written as: 

 𝒒 ̇ = 𝑱−1𝝌̇𝑒 = 𝐽−1 [𝒑̇𝑒
𝝎𝑒

] (3.48)  

where 𝒒 ̇is the (6 x 1) vector of the joint velocities and 𝑱  represents the geometric 
Jacobian. The practical advantage of the control law (3.48) is that the magnitude 
of linear velocity of the robot is not dependent on the intensity of the gradient. In 
the specific case of the MAP, if 𝛼𝑎 is reasonably close to 𝛼𝑎̃, the gradient 
magnitude in the region nearby 𝒑̃′ tends to zero. But the solution proposed by [65] 
applied to this case allows to pass through 𝑈𝑎

∗ without decelerating. 

3.5 Discussion 
The two algorithms presented in this chapter exploit the repulsive action in 
different manners.  

The robot links - human collision avoidance algorithm use repulsive velocities 
on control points of the manipulator to generate an evasive motion across the 
entire robot body, depending on the minimum distances with the obstacle. The 
method is synthesized in a control law whose total effect is the sum of the 
velocities related to the planned trajectory with the ones generated locally by the 
repulsive action. The method has been proven in [12], [79], [80] and stands on 
similar studies that have already shown the effectiveness of repulsive velocities 
[73]–[75]. 

The MAP is a novel method that expands the capabilities of collision 
avoiance by conditioning the collision-free path through a potential field with 
multiple attractors. The optimal coexistence of multiple attractors has not yet been 
addressed by the literature. To reduce the complexity of this problem, the exact 
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solution has been presented by considering only the robot end-effector. The MAP, 
combined with the sliding mode [65], would drive the end-effector at the final 
point with a collision-free path that is affected by the local attractors. 

The two algorithms use different control laws. The control law (3.10) not 
necessarily generates a collision free motion. For instance, the actual end-effector 
trajectory depends on the magnitude of the velocity related to the task and the 
intensity of the repulsive effects of each link. Since the task velocity is given, the 
parameters 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥, 𝛼 and 𝜌 have to be tuned experimentally to guarantee a 
collision free trajectory. On the contrary, with (3.43) and (3.48) the end-effector 
directly tracks the collision free path, with a velocity law defined by 𝑣𝑒 and 𝜔𝑒. 

In the results chapter, the strengths and the drawback of the MAP will be 
pointed analysing different tests. It is worth to mention that the most important 
limitation in comparison with the robot links - human collision avoidance 
algorithm is that with the current MAP theory the manipulator cannot avoid 
obstacles with each link. However, because the output of both the algorithms is a 
set of joint velocities 𝒒𝑠̇𝑒𝑡 for the manipulator, the MAP can potentially be 
extended by adding repulsive velocities to (3.48), with the same principle of 
(3.10). This will be addressed by future works. 

At the end, as for human tracking algorithms, collision avoidance algorithms 
presented in this chapter can be grouped in a software block with inputs and 
outputs. Figure 3.17 shows how the human tracking block can be integrated with 
the collision avoidance block by means of distance calculation. More details will 
be given in the results chapter. 

 
Figure 3.17 Block scheme of the integration between human tracking and collision avoidance 
algorithms



  
 

 

Chapter 4 

4 Hand-over 

Objects exchange between human and robot goes under the name of human-robot 
hand-over. In collaborative robotics, the hand-over is the action that best 
represents responsive collaboration as it requires human robot coordination in 
space and time [4].  

From the technical point of view, the hand-over involves different challenges 
depending on the representation of the OTP (from object transfer point). If the 
OTP is a fixed point in the robot workspace, it is supposed that human and robot a 
priori know the place to meet for the object exchange. Instead, a reactive hand-
over tracks the human hand as the OTP for a more natural gesture.  

In contrast to collision avoidance, where the human is seen as a disturbance 
by the robot and vice-versa, the reactive hand-over consider the human hand as 
the robot target. For this reason, developing a reactive hand-over involve in robot 
trajectory and motion planning with dynamic target. However, more specific 
aspects like the robot velocity profile [84], the human-robot relative position at 
the OTP and the waiting time for the operator [85], can be fundamental. In 
particular, it will be seen that reducing the waiting time for the operator results in 
a more natural hand-over, in addition to an improved task time. For this reason, 
predicting the position of the human hand represents an important factor. 

This chapter presents a reactive hand-over algorithm and a control strategy 
that can deal with the mentioned aspects. The hand-over algorithm specifically 
addresses approach and reach phases of a canonical hand-over task [86], which 
are the actions that involve the approach of the robot to the human hand until they 

Hand-over 
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are close enough. In other words, the algorithm represents a solution to the 
trajectory and motion planning problems. In general, the hand-over also involves 
the transfer and the retract phases, where giver and receiver complete the object 
transfer and move back. The rules on how and when the hand-over algorithm is 
triggered within each phase are addressed by a dedicated hand-over strategy, 
which is presented at the end of the chapter.  

Before describing the theory behind the algorithm, the state of the art is 
analysed. Concerning the existing robot trajectory and motion planning techniques 
in presence of a dynamic target, they are not discussed in a dedicated section since 
they can be basically reconducted to local methods reviewed in the previous 
chapter. 

4.1 State of the art 
The earliest studies on human-robot hand-over have been conducted in the 
nineties by applying human arm mathematical models [87] and human-human 
hand-over patterns [85] to simplified robot models. This has permitted to 
investigate human-robot preferences and to design the first hand-over control 
strategies [88]. In particular, [85] observed that bell-shaped velocity profile of the 
robot while approaching the human hand, as well as natural handing point, i.e. the 
OTP, positively affect human emotions during the task. The results of [85] are 
obtained using a one-dimensional robot. In [88], a fuzzy logic control is applied to 
a mobile manipulator with 3dof to adjust the OTP depending on the human arm 
motion. Even if [88] uses a two-dimensional problem to validate the control 
strategy, this work is still one of the first successful attempt of human-robot hand-
over. 

In the last two decades, different aspects of human-robot hand-over have been 
studied: psychological effects on the human worker, ergonomics, grasping and 
motion-planning.  

By learning from natural hand-over, the psychological aspects due to the 
robot velocity addressed by [85] have been further investigated in [84], [89], [90]. 
The work [84] has confirmed that minimum jerk profile in spatial coordinates 
performs better than conventional trapezoidal velocity profiles in joint space for a 
robot manipulator. This result has been improved by the same authors in [89], 
where a trajectory generator that resembles human motion is obtained with a 
decoupled minimum jerk velocity profile. The study [90] investigated the robot 
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role as a giver and observed that predictability of robot actions makes the human 
more comfortable, increasing the chances of a fluent hand-over.  

Ergonomics is mainly related to position and the orientation at which the 
object is presented and how the robot should be configured around the object. The 
studies [91], [92] observed that not only the OTP, but also the robot orientation 
should be adjusted to help object transferring. In [91] the robot delivers different 
objects through configurations learned from human preferences. A different 
method is described in [93], where feasible ergonomic configurations of the 
human arm are selected through cost learning problem.  

Other works focused on the study of the grasping forces. For instance, [94] 
observed that humans apply pulling forces on the robot tool in specific directions 
when receiving an object. Thus, pulling forces are monitored in [94] to identify 
the appropriate moment for the robot to release the object. Hand-over interaction 
forces have been also registered in [95], where the results show that givers trigger 
their release on a relative force change. 

 The cited literature investigated specific features of human robot preferences. 
Results are obtained through experimental tests specifically designed to observe 
the features under study. Some of them used predetermined ([84], [89]–[91]) or 
fixed ([93]–[95]) hand-over position for the robot.  

The most insightful contributions describe real-world hand-over applications 
requiring motion planning at a level that allows the robot to adapt to human 
movement ([96]–[102]). A reactive bidirectional path planner for hand-over 
actions is described in [96], [97]. The work [96] considers wearable sensors 
combined with active control to recognize human intention and optimize the 
hand-over task. In [97] AR (from augmented reality) tags are used to increase the 
vision system robustness. However, the use of wearable device limit the 
applicability of [96], [97] in an industrial scenario. In [98]–[102] a Kinect camera 
is used to track the human or the object to be delivered. In particular, [98] 
consider a domestic environment where a mobile manipulator receives objects 
from a human. In [98] the pose of human’s arm is obtained from skeleton 
tracking, while a 3D perception module based on point cloud is capable of object 
detection; the robot recognizes human’s intention from the pose of his arm and a 
reactive control strategy drives the robot towards the object. However, the 
perception system runs at 5 𝑓𝑝𝑠, which is limiting. In [99] a hybrid approach 
similar to [98] gives human and object position data using skeleton and point 
cloud. Depending on the object type and position, the robot hand-over 
configuration is chosen to orient the handle of the object towards the human torso. 
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However, the robot best trajectory is planned offline. In [100] a collaborative 
robot is tested as robotic assistant to a car mechanic; a dynamic movement 
primitives-based control is implemented to characterize the hand-over by means 
of spatial and time indexes. A major limitation of the method described in [100] is 
that hand tracking is performed through color image segmentation and requires 
the use of a glove to increase color contrast for the desired tracking precision. The 
work [101] presents an adaptive control strategy for a 6dof manipulator. In [101] 
the hand-over task is categorized into six different states that identify the activity 
for the giver and the receiver. Depending on human’s activity, the best robot 
motion is determined based on a probability distribution obtained from data on 
human-human interactions. Even if the algorithm in [101] allows the robot to wait 
or slow-down to adapt to user’s task demand, the discrete state-based control is 
not suitable for a reactive hand-over. The study [102] presents a control algorithm 
that permits reactive bidirectional hand-over operations. The experimental results 
of [102] shows that the waiting time (the time between the worker stops to move 
the hand and the hand-over task is per- formed) is long, reducing hand-over 
fluency and task efficiency 

To reduce the waiting time, in some studies the robot anticipates human 
intentions using predictive models [101], [103]–[106]. In [101] the user’s current 
state, e.g. reaching (the robot) or retracting (the arm), is predicted by observing 
skeleton joints and finding the activity that best matches human-human 
interactions data based on temporal and spatial features. A more precise model is 
described in [103], where the target of the human reaching phase is also 
estimated. However, [103] makes prediction among a predefined set of targets. In 
[104] the OTP is predicted through a joint torque cost function, which is limited 
by the assumptions of planar hand-over motion and 2dof human arm model. An 
OTP estimator based on a model trained with human-robot handover 
demonstrations is used in [105], but only the case of human giver is considered. 
The work [106] describes a method to predict the human hand position under the 
assumption of linear hand-over motion with bell-shaped profile.  

4.2 Contribution to the current state of knowledge 
The state of the art shows that most of the applications that provide human-aware 
control strategies considered the case of robot-to-human hand-over ([97], [99], 
[101], [103], [104], [106]). Only few of them studied human-to-robot ([98], [105]) 
and bidirectional ([96], [100], [102]) hand-over. Furthermore, the mentioned 
bidirectional applications do not consider prediction of the human motion. 
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The work [12] introduced a novel algorithm based on [39] and [107] that 
permits to have fast and reactive bidirectional hand-over considering not only the 
human’s hand position, but also his forearm orientation. 

This thesis presents an improved version of the algorithm in [12] and [107] 
which takes into account human motion prediction. The reader is referred to the 
latest publication [108]. The features that distinguish the improved algorithm from 
the state of the art can be summarized as following: 

• it is reactive, i.e. it responds in real-time and adapts robot motion to 
human’s intention; 

• it is bidirectional, i.e. both robot and human can be giver or receiver;  

• it works with 3D vision systems which deliver skeleton tracking, 
without requiring wearable sensors;  

• it makes the hand-over comfortable by orienting the robot TCP 
according to human’s forearm;  

• it reduces the waiting time by anticipating human motion. 

To the author knowledge, no one of the previous studies addressed all the 
listed features in a unique framework. 

4.3 Improved hand-over algorithm  
The hand-over algorithm implemented in this work is the result of the 
combination of several modules. A schematic representation of the algorithm is 
shown in Figure 4.1. Human position data is retrieved in terms of skeleton from 
the sensor fusion module. The prediction module estimates the position of the 
hand at future samples. This information, together with a convenient 
representation of the target in terms of virtual hand, is exploited by the trajectory 
generation and motion planning module, which uses local methods to drive the 
robot towards the dynamic target. The output of the algorithm is the control vector 
for the manipulator as joint velocities. In the following sections the prediction 
module as well as the trajectory and motion planning module are described.  
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Figure 4.1. Block scheme of the hand-over algorithm 

4.3.1 Human-hand position prediction 
The optimized skeleton is quite robust to occlusions, but still suffers from jitters, 
which may affect the hand-over. In order to stabilize the robot target, a Kalman 
filter is applied to the optimal human hand joint, since it is proved to be an 
effective technique for a low-latency data smoothing in skeleton tracking 
[109]. Moreover, by modeling the human hand motion as a Wiener process [110] 
and by propagating the prediction stage of the Kalman filter, a prediction scheme 
is introduced to optimize the task time. In fact, in the previous works [39], [107], 
the limited velocity of the robot due to collaborative constraints resulted in a 
waiting time for the operator: the human reaches the OTP and waits for the robot 
before being able to hand-over the piece. In this work, the predicted position of 
the hand is estimated so that the robot, by slightly anticipating the target, is better 
synchronized with the human. 

 The assumption of linearity leads to the following discrete state-space 
representation for the dynamic target and the sensor: 

 𝒙𝑘 = 𝑭𝑘𝒙𝑘−1 + 𝒘𝑘 (4.1)  

 𝒛𝑘 = 𝑯𝑘𝒙𝑘 + 𝒗𝑘 (4.2) 

Equation (4.1) represents the state equations and relates the state vector 𝒙𝑘, at the 
discrete-time index 𝑘, to the state 𝒙𝑘−1, at time index 𝑘 − 1, through the state 
transition matrix 𝑭𝑘. The process noise vector 𝒘𝑘 represents the fact that the 
dynamic of the target is not perfectly known and takes into account also the 
inaccuracy of the discrete representation of the continuous-time process. 
Measurement equations are collected in (4.2) and define the measurement vector 
𝒛𝑘 as a function of the state 𝒙𝑘 by means of the measurement matrix 𝑯𝑘. The 
measurement noise 𝒗𝑘 is the uncertainty due to the imperfection of the sensor. It is 
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assumed that 𝒘𝑘 and 𝒗𝑘 are white noises with zero mean and covariance matrix 
𝑸 = 𝐸{𝒘𝒘𝑇 } and 𝑹 = 𝐸{𝒗𝒗𝑇 }, respectively.  

Given Equations (4.1) and (4.2), the Kalman filter provides an unbiased and 
optimal estimate of the state-vector in two steps: the prediction stage and the 
updating stage. The prediction stage gives a priori information about the 
probability distribution of the state, before that any measure of the system is 
acquired: 

 𝒙̅̅̅̅𝑘
− = 𝑭𝑘 𝒙̅̅̅̅𝑘−1

+  (4.3)  

 𝑷𝑘
− = 𝑭𝑘𝑷𝑘−1

+ 𝑭𝑘
𝑇 + 𝑸𝑘 (4.4) 

where 𝒙̅̅̅̅𝑘
− is the a priori estimate of the state and 𝑷𝑘

− denotes the state covariance 
matrix. Once the measurements are available, the update step is computed as 
follows: 

 𝑲𝑘 = 𝑷𝑘
−𝑯𝑘

𝑇 (𝑯𝑘𝑷𝑘
−𝑯𝑘

𝑇 + 𝑹𝑘)−1 (4.5)  

 𝒙̅̅̅̅𝑘
+ = 𝒙̅̅̅̅𝑘

− + 𝑲𝑘(𝒛𝑘 − 𝑯𝑘 𝒙̅̅̅̅𝑘
−) (4.6) 

 𝑷𝑘
+ = 𝑷𝑘

− − 𝑲𝑘𝑯𝑘𝑷𝑘
− (4.7) 

where 𝑲𝑘 is the Kalman gain while 𝒙̅̅̅̅𝑘
+ and 𝑷𝑘

+ are the updated state vector and 
state covariance matrix. The superscript + and − in equations (4.5),(4.6),(4.7) 
indicate if the estimated statistics have been updated or not.  

For the purpose of this work, the observed system is the human hand, whose 
position in the Cartesian space is indicated with 𝒔. It is assumed that the hand 
acceleration is not exactly constant, and its changes are modeled by a continuous-
time zero-mean white noise. The discrete-time state equation (4.1) with sampling 
period 𝑇  is written considering: 

𝒙 = [
𝒔
𝒔̇
𝒔̈
] , 𝑭 =

⎣
⎢
⎡𝑰 𝑇𝑰 1

2 𝑇 2𝑰
𝟎 𝑰 𝑇𝑰
𝟎 𝟎 𝑰 ⎦

⎥
⎤ , 𝑸 = 𝐸{𝒘𝒘𝑇 } =

⎣
⎢
⎢
⎢
⎢
⎡

1
20 𝑇 5𝑰 1

8 𝑇 4𝑰 1
6 𝑇 3𝑰

1
8 𝑇 4𝑰 1

3 𝑇 3𝑰 1
2 𝑇 2𝑰

1
6 𝑇 3𝑰 1

2 𝑇 2𝑰 𝑇𝑰 ⎦
⎥
⎥
⎥
⎥
⎤

𝑞 ̃ (4.8)  

where 𝑰  is the (3 × 3) identity matrix, 𝟎 is the (3 × 3) null matrix, and 𝑞 ̃ is the 
process noise intensity. Introducing the measurement noise intensity 𝑟,̃ equations 
(4.2) are described by: 
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 𝒛 = 𝒑𝐻
∗ , 𝑯 = [𝑰 𝟎 𝟎], 𝑹 = 𝐸{𝒗𝒗𝑇 } = 𝑰𝑟 ̃ (4.9)  

At the end, the predicted state at sample 𝑘 + 1, … , 𝑘 + 𝑛𝑘, being 𝑛𝑘 the 
prediction index, is obtained by propagating the updated state through the 
transition matrix: 

 𝒙̅̅̅̅𝑘+1
− = 𝑭𝑘 𝒙̅̅̅̅𝑘

+, ... , 𝒙̅̅̅̅𝑘+𝑛𝑘
− = 𝑭𝑘 𝒙̅̅̅̅𝑘+𝑛𝑘−1

−   (4.10)  

and the estimated hand position vector at time index 𝑘 + 𝑛𝑘 is: 

 𝒑𝐻,𝑛𝑘
𝑒 = 𝒙̅̅̅̅𝑘+𝑛𝑘

− (1: 3)  (4.11)  

In Figure 4.2, the output of the optimization problem of data fusion and the 
predicted human hand positions resulting from Kalman filter are represented. 

 
Figure 4.2 Optimized and predicted hand position 

The sampling period is the Kinect refresh time rate, which corresponds to 
𝑇 = 33 𝑚𝑠. The prediction index is chosen as 𝑛𝑘 = 2. It means that the 
prediction is made with a time horizon of 𝑛𝑘𝑇 = 66 𝑚𝑠.  

Concerning the order of magnitude for the Kalman filter parameters 𝑞 ̃and 𝑟,̃ 
in general it can be deduced with some prior analysis. However, for the best 
values, it is required to carry out some experimental tests and choose the ones that 
lead to the best practical result.  

By observing equation (4.8), the process is modeled so that the changes in the 
acceleration for each coordinate over a sampling period 𝑇  are on the order of 
√𝑞𝑇̃ . As a consequence, higher values of 𝑞 ̃ would produce a more responsive 
filter; on the other hand, one can prefer lower values of 𝑞 ̃for signal smoothing. In 
this work, various experiments have been conducted and the value 𝑞 ̃=
150 𝑚2 𝑠5⁄  seems to balance these two effects, producing a filtered signal which 
preserves the information of the original one.  
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The order of magnitude for the parameter 𝑟 ̃can be deduced by analyzing the 
error of the sensor. For example, the authors of [111] apply Kalman filter to 
Kinect measurements to improve the reliability of motion tracking. The results 
show that the root-mean-square error in the displacement estimation between 
measurement and ground truth data varies within 0.02 𝑚 and 0.2 𝑚, where the 
higher values show during occlusions. However, multiple Kinect techniques can 
significantly improve the human pose estimation [38], [112]. In this work, the 
optimized position of the hand 𝒑𝐻

∗  is considered in the measurement equations 
(4.9). This takes into account occlusions and joint-to-joint distances by means of 
(2.2). After some experiments, the measurement noise 𝑟̃ = 0.002 𝑚2 has been 
selected, which refers to the reasonable displacement error for each coordinate of 
0.045 𝑚. 

4.3.2 Trajectory generation and motion planning 

Without loss of generality, consider an anthropomorphic manipulator as the 
collaborative robot. The motion that ensures convergence of the TCP position and 
orientation at the target is obtained through a method similar to the APF-based 
collision avoidance algorithms presented in Chapter 3. The only difference is that 
the target is dynamic, as it is calculated from the human hand position and the 
forearm orientation.  

In particular, it was observed that the robot should move towards the front of 
the hand in order to facilitate the piece exchange. The reason is in the size of the 
exchanged object, which must be considered. Thus, a virtual point at a certain 
distance from the hand is introduced. This point is named virtual hand and is 
indicated as 𝒑𝑉𝐻 . The virtual hand 𝒑𝑉𝐻  represents a projected point of the 
estimated hand position 𝒑𝐻,2

𝑒  in the direction of the forearm axis 𝒂𝐹𝐴, defined as: 

 𝒂𝐹𝐴 = 𝒑𝑊
∗ −𝒑𝐸

∗

‖𝒑𝑊
∗ −𝒑𝐸

∗ ‖  
(4.12)  

where 𝒑𝑊
∗  and 𝒑𝐸

∗  denote the optimized position vectors of the wrist and the 
elbow of the operator. The forearm axis and the significant points are shown in 
Figure 4.3. Notice that only the hand position 𝒑𝐻,2

𝑒  is predicted since, during the 
experimental test, the prediction scheme presented in the previous section 
revealed weak results with the elbow and wrist joints. Therefore, the virtual hand 
is built from the predicted signal, but the forearm axis is referred to the optimized 
elbow and wrist skeleton joints, not to the predicted ones. In the results section it 
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will be shown that this compromise does not represent a limit to achieve the hand-
over. On the contrary, it is simple and produces evident results.  

 
Figure 4.3 a) Desired hand-over. b) Virtual hand and forearm axis 

 

 
Figure 4.4 Magnitude of the attractive linear velocity of the TCP versus the distance between 
virtual-hand and robot TCP. 
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The position problem is addressed with a local planner based on attractive 
velocities. Let 𝒆𝑝,𝑇𝐶𝑃  denote the position error with respect to the dynamic target: 

 𝒆𝑝,𝑇𝐶𝑃 = 𝒑𝑉𝐻 − 𝒑𝑇𝐶𝑃   (4.13)  

To drive the TCP at the target 𝒑𝑉𝐻 , an attractive velocity vector 𝒗𝑎𝑡𝑡 is introduced 
as: 

 𝒗𝑎𝑡𝑡 = 𝑣𝑎𝑡𝑡
𝒆𝑝,𝑇𝐶𝑃

∥𝒆𝑝,𝑇𝐶𝑃 ∥  (4.14)  

 

⎩
{{
{{
⎨
{{
{{
⎧𝑣𝑎𝑡𝑡 =

𝑣𝑎𝑡𝑡,𝑚𝑎𝑥

(1 + 𝑒
((𝜌𝑎𝑡𝑡,1−∥𝒆𝑝,𝑇𝐶𝑃 ∥) 2

𝜌𝑎𝑡𝑡,1
−1)𝛼𝑎𝑡𝑡,1)

 , 𝑖𝑓 ∥𝒆𝑝,𝑇𝐶𝑃 ∥ ≤ 𝜌𝑎𝑡𝑡,1 

𝑣𝑎𝑡𝑡 =
𝑣𝑎𝑡𝑡,𝑚𝑎𝑥

(1 + 𝑒
((∥𝒆𝑝,𝑇𝐶𝑃 ∥−𝜌𝑎𝑡𝑡,1) 2

𝜌𝑎𝑡𝑡,2
−1)𝛼𝑎𝑡𝑡,2)

 , 𝑖𝑓 ∥𝒆𝑝,𝑇𝐶𝑃 ∥ > 𝜌𝑎𝑡𝑡,1

 (4.15)  

Equation (4.15) gives a bell-shape velocity profile (see Figure 4.4) for a human-
like motion, as reported in [84], [85]. In particular, 𝑣𝑎𝑡𝑡,𝑚𝑎𝑥 is the maximum 
magnitude of the attractive velocity, 𝜌𝑎𝑡𝑡,1 is the distance at which the magnitude 
of the velocity reaches the maximum value and 𝜌𝑎𝑡𝑡,2 defines the length of the 
right branch of the curve. 𝛼𝑎𝑡𝑡,1 and 𝛼𝑎𝑡𝑡,2 are the shape factors of the two 
branches of the curve.  

To define the orientation of the virtual hand, it is assumed that the worker's 
hand is aligned with the forearm axis during the object exchange. To obtain an 
ergonomic human–robot hand-over, the robot desired orientation is chosen in 
order to align the 𝑧-axis of the TCP with the forearm axis, as shown in Figure 
4.3b. In this way, the orientation of the gripper allows a more fluent hand-over 
operation. The angular velocity vector that permits to obtain the desired TCP 
orientation is calculated as: 

 𝝎𝑇𝐶𝑃 = 𝑲𝑜𝒆𝑜,𝑇𝐶𝑃   (4.16)  

where 𝒆𝑜,𝑇𝐶𝑃  is the quaternion difference between the desired orientation of the 
TCP and the actual one. The TCP desired pose is: 

 𝝌̇𝑇𝐶𝑃 = [
𝒗𝑎𝑡𝑡

𝝎𝑇𝐶𝑃
] (4.17)  
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To obtain the desired motion, the robot is controlled in terms of joint velocities. 
The control law is similar to (3.1) and corresponds to the control law of the 
inverse kinematics algorithm with Jacobian inverse: 

 𝒒 ̇ = 𝐽−1(𝒒)(𝝌̇𝑇𝐶𝑃 ) (4.18)  

which is asymptotically stable since 𝑲𝑜 is positive definite [13]. 

4.4 Hand-over strategy 
The hand-over algorithm is part of a higher-level hand-over strategy that has been 
developed to establish the time relationship between the phases of a canonical 
hand-over process.  

Figure 4.5 shows a schematic representation of the collaborative workspace. 
Assume the operator is close to the robot and can access anytime to the robot 
workspace. To characterize the hand-over task, the collaborative volume and the 
meeting volume are introduced. The collaborative volume is defined as the 
intersection of human’s and robot workspace. The meeting volume, indicated with 
𝑉𝑚, is a sphere centered at the robot TCP and represents the volume in which the 
hand-over takes place.  

In Figure 4.6, a scheme of the human–robot hand-over task is shown, where 
the main tasks are inside the boxes, while the subtasks are underlined. In the 
middle, the events that trigger the subtasks are labelled. The operator and the 
robot can be both giver and receiver in order to consider a wide range of possible 
hand-over applications. The human task begins when the operator moves the hand 
towards the workspace of the robot to reach a desired point. The robot starts to 
move when the hand of the operator enters in the collaborative volume. The 
manipulator follows the human through the hand-over algorithm and it stops its 
following motion when the distance between the TCP and the hand of the operator 
is less than the radius of the meeting volume; then, the human adjusts his pose so 
that the hand-over is accomplished. At the end, the operator moves his hand 
outside the workspace, and the robot returns to its home configuration through a 
point-to-point motion generated offline in the joint space. 
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Figure 4.5 Collaborative workspace 

 

 
Figure 4.6 Human-robot hand-over sequence 

 



  
 

 

Chapter 5 

5 Results 

Different tests have been carried out to prove the effectiveness of collision 
avoidance and hand-over algorithms. Depending on the grade of novelty, some 
algorithms are directly validated with a real robot, others are previously verified 
in a simulation environment.  

For instance, the effectiveness of the basic collision avoidance algorithm with 
skeleton tracking have been already discussed in [12] by means of simulation 
tools and experimental tests. However, [12] does not show the advantages of 
collision avoidance in a real-world collaborative task. In this chapter, a section is 
dedicated to demonstrate how collision avoidance can be used in a collaborative 
assembly task to guarantee safety and to improve the task time. Another aspect 
that has not been investigated in [12] is the application of the basic collision 
avoidance algorithm with the human point cloud. In the following, this case will 
be analyzed with both simulation and experimental tests. The reason is that by 
modifying the input of the algorithm, i.e. the way the person is tracked, some 
parameters requires to be tuned. This step will be done by simulation. 

The MAP algorithm is the core of the dissertation. Both simulation and 
experimental tests will be shown. A prior simulation is fundamental to visualize 
how the insertion of local attractors modifies the potential field and to analyze the 
effect of the MAP parameters on the gradient vector field. Successively, the 
experiments with the real robot are required to validate the control law and to 
demonstrate how the MAP can be used in collaborative robotics scenarios.  

Results 
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The hand-over algorithm contains a revision on how the target position is 
estimated. This modifies the input of the algorithm and that does not affect the 
control law of the manipulator. The effect of prediction on task efficiency 
compared to the basic version of the algorithm will be proved in a real human-
robot hand-over. 

The first section of this chapter describes the simulation environment and the 
robotic cell utilised in the experimental tests. Successively, the outcomes are 
grouped in two main sections, distinguishing collision avoidance and hand-over 
tests. The observed strenghts and drawbacks of each algorithm are pointed with a 
discussion at the end of the relative section. 

5.1 Tools and methods 
The aim of this section is to present the hardware/software solutions and the 
control architecture that have been used to obtain a reactive robot motion 
according to the algorithms presented in the previous chapter. The algorithms are 
basically pieces of software that elaborate the inputs to produce some outputs in 
terms of numbers. However, the robot response will depend also on the hardware 
and software integration, i.e. on tools and techniques used to compute those 
numbers. Moreover, so far the collaborative robot has been addressed as a system 
consisting in a generic manipulator that receives commands and executes motion. 
In this section, the robot is identified as a specific component of a control 
architecture so that more details on the robot type as well as on the robot 
controller are given. 

5.1.1 Simulation environment 
The proof of concept and the parameter tuning of each algorithm has been done in 
Matlab 2019b running in Windows 10 pro. The computer used for simulation is 
equipped with i7-7500U processor and 16 GB RAM. To improve efficiency and 
flexibility of simulation codes, Corke Robotics Toolbox has been utilized [82]. It 
is a collection of Matlab libraries specifically designed for robot modelling, which 
provides easy tools and functions to handle direct and inverse kinematics, as well 
as simulation and animation.  

The simulation program is a Matlab script composed of three main sections: 
human/objects detection, control algorithm and robot model. Human/objects 
detection and control algorithm sections contain a list of commands that solve the 
mathematics presented in the previous chapters. The robot motion is calculated 
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considering the kinematics of existing collaborative robots. In the following 
sections, the robot models and the simulation program are described. 

5.1.1.1 Robot modelling 

Two different collaborative robots have been considered for simulation: the LBR 
iiwa 14 by KUKA [6] and the UR3 by Universal robots [113]. 

The LBR iiwa 14 is natively a 7dof manipulator and has a spherical 
workspace with radius of 1.360 𝑚 at the end-effector (Figure 5.1). Because of the 
rounded edge design, human-sized workspace, redundancy, payload (14 𝑘𝑔), and 
built-in torque sensors at each joint, the LBR iiwa 14 is one of the most flexible 
collaborative robots on the market. These features made it the first choice when 
selecting the robot for simulation in the first part of the research, when a real robot 
was not available.  

After the purchase of the most affordable UR3 from DIMEAS (department of 
mechanical and aerospace engineering) the attention has been moved on the real 
robot and the UR3 model has been also considered for simulation before the 
experimental tests. Compared to the LBR iiwa 14, the UR3 has 6dof, a smaller 
workspace of 0.5 𝑚 at the end-effector (Figure 5.1) and a reduced payload of 
3 𝑘𝑔. 

 
Figure 5.1 Workspace sizes of the robots LBR iiwa 14 (a) and UR3 (b) 
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Figure 5.2 Models of robots LBR iiwa 14 (a) and UR3 (b) built in Matlab with the Corke Robotics 
Toolbox 

Table 5.1 Denavit Hartenberg parameters according to modified convention 

UR3 

Link 𝛼𝐷𝐻 [𝑟𝑎𝑑] 𝑎𝐷𝐻 [𝑚] 𝑑𝐷𝐻 [𝑚] 𝜃𝐷𝐻 [𝑟𝑎𝑑] 

1 0 0 0.1519 −𝜋 

2 − 𝜋
2⁄  0 0 0 

3 0 0.24365 0.11985 0 

4 0 0.21325 0.00945 0 

5 − 𝜋
2⁄  0 0.0834 0 

 6 𝜋
2⁄  0 0.0834 0 

LBR iiwa 14 

Link 𝛼𝐷𝐻 [𝑟𝑎𝑑] 𝑎𝐷𝐻 [𝑚] 𝑑𝐷𝐻 [𝑚] 𝜃𝐷𝐻 [𝑟𝑎𝑑] 

1 0 0 0.36 0 

2 − 𝜋
2⁄  0 0 0 

3 𝜋
2⁄  0 0.42 0 

4 𝜋
2⁄  0 0 0 

5 − 𝜋
2⁄  0 0.4 0 

6 − 𝜋
2⁄  0 0 0 

7 𝜋
2⁄  0 0.163 0 
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Because the prior tests with the LBR iiwa 14 model have been made by 

considering the 3𝑟𝑑 joint fixed, so not exploiting the redundancy of the 7dof, the 
models of the two robots have similar kinematics and the simulated results 
obtained with the LBR iiwa 14 have been easily transferred to the UR3 model by 
modifying the DH (from Denavit-Hartenberg) parameters and by adapting the 
task to the reduced size of the workspace. In Figure 5.2, the robot models built 
with the Corke Robotics Toolbox according to modified DH parameters of Table 
5.1 are shown. 

5.1.1.2 Software structure 

The simulation script consists of a loop structured as in Figure 5.3. At each 
simulation step, the human position is sampled from data acquired with the vision 
system layout of Chapter 2. Alternatively, in collision avoidance applications, a 
preliminary test with simple objects can be considered by defining the position 
and the geometry of the obstacle at each sample. A distance calculation sub-
section takes the human and the robot position data to compute the minimum 
distances. In particular, a knnsearch (from k-nearest-neighbors, see [114]) is 
performed between the set of points identifying the human position (skeleton or 
point cloud) and the significant points related to the robot, depending on the 
control algorithm. The robot motion is obtained by first order integration. If the 
controller of the manipulator runs at the frequency fc, for each step 𝑘 one can 
compute: 

 𝒒𝑘 = 𝒒𝑘−1 + 𝒒𝑠̇𝑒𝑡,𝑘
1
𝑓𝒄

 (5.1)  

 
Figure 5.3 Simulation software structure 
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5.1.2 Experimental set-up 
A collaborative robotic cell has been designed to prove the effectiveness of the 
control algorithms in a real scenario. A picture of the experimental set-up is 
reported in Figure 5.4. The collaborative cell is built from the vision system 
presented in Chapter 2. In the following sections, the components and the control 
architecture are described. 

 
Figure 5.4 Laboratory set-up of the collaborative robotic cell 

5.1.2.1 Workspace design 

The robotic cell can be divided in two main areas (Figure 5.5): the collaborative 
workspace and the computing area. The collaborative workspace is composed of a 
workbench, a collaborative robot UR3 equipped with a Robotiq 2F-85 gripper 
[115] and 2 Kinect. The layout of the multiple Kinect have been chosen according 
to the best performance of the vision system ([38], [40]). The robot is mounted in 
front of the operator to facilitate the range of movements ([116]). The computing 
area is composed of the robot controller, 3 computers and a HUB. The hardware 
specifications of each component are listed in Table 5.2. The controller terminates 
at the HUB through an ethernet cable. At the same manner, the HUB hosts three 
computers so that the controller and the computers are physically connected under 
the same local network. 
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Figure 5.5 Schematic of the robotic cell 

Table 5.2 Hardware specifications 

Component Specifications 

C1 i7-6700, 32 GB RAM, NVIDIA GTX 970 

C2 i7-7500U, 16 GB RAM, NVIDIA GTX 950M 

C3 i7-6700 HQ, 16 GB RAM, NVIDIA GTX 960M 

KA, KB Microsoft Kinect v2  

HUB Tp-link Wireless N Router, 300 Mbps 

Cables 4 x CAT 5e Ethernet  

5.1.2.2 Software and control architecture 

The control architecture of the system is schematized in Figure 5.6. Each 
computer runs Matlab 2019b.  

C1 and C2 acquire and merge signals from two Kinect sensors in a master-
slave configuration, as described in Chapter 2. To synchronize C1 and C2, the 
master sends a trigger to the slave through the HUB and they acquire Kinect 
frames at the same time.  

Optimized human data position is sent from C1 to C3 at 30 𝐻𝑧. C3 also 
receives the robot feedback from the UR controller. Further information related to 
the feedback data can be found in [117]. The kinematic model of the UR3 is 
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implemented in C3, which uses the feedback data to obtain the actual 
configuration of the robot. Human-robot distances are computed with the 
knnsearch Matlab function, which is the same used for simulations. 

Human and robot positions are the input of the control algorithm, that 
calculate the signal for the UR3 according to collision avoidance and hand-over 
strategies, i.e. trajectory planning and motion control techniques presented in 
Chapter 3 and Chapter 4. In each case, the output is the vector of joint velocities, 
calculated with a frequency of 62.5 𝐻𝑧.  

The control vector is sent to the UR Controller as input of URScript 
commands speedj and stopj [118]. These commands are sent as strings to the UR 
Controller. The collaborative robot UR3 receives commands from the robot 
controller with a frequency of 125 𝐻𝑧. 

The URScript command is a high-level control of the UR3 and permits to 
benefit of the default safety functions of the robot. In this way, the robotic cell is 
monitored with another safety tool beyond the collision avoidance algorithm. For 
example, UR safety functions allow to set the maximum values of the TCP 
velocity and of the joint velocities. Furthermore, a safety function permits to 
define planes that the TCP of the collaborative robot must not cross. Two planes 
have been defined. One plane is parallel to the table and positioned 50 𝑚𝑚 above 
it; the other plane is vertical and positioned in front of the Kinect sensors. In this 
way, the TCP does not collide with the table and the Kinect v2 sensors. Violations 
of safety functions lead to a stop of the UR3. 

 
Figure 5.6 Control architecture of the robotic cell 
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5.2 Collision avoidance 

5.2.1 Application of the robot links - human algorithm to 
collaborative assembly task 

This section investigates how the robotic cell driven by 3D vision system and the 
basic collision avoidance algorithm can be used to exploit the advantages of the 
highest level of collaboration in a specific assembly task. The idea is to employ a 
human worker in the added value operations of the task, i.e. assembly, while 
letting a robot collect the parts to be assembled and deliver them on the assembly 
table, where the human operates. Thanks to the collision avoidance algorithm, the 
operator can access the shared workspace anytime, without being influenced by 
the presence of the robot.  

5.2.1.1 Workspace and task design 

The case study is an assembly cell which receives three parts to be assembled as 
input and produces an assembly made of the same parts. The parts consist of 
cubes of different sizes, while the assembly is obtained by sticking the cubes 
together, as shown in Figure 5.7.  

The entire task can be divided in two main operations: collecting the 
components to be assembled and assembling them. Concerning the first operation, 
the components are supposed to be stored so that a robot can easily pick them up. 
The second operation is supposed to be too complex or too variable for a full 
automation solution, so that the human presence is required. For this reason, the 
operator should be able to take the parts to be assembled from a certain area 
which must be a portion of the robot workspace, since the robot has the role to 
provide the parts to the operator. With this aim, the workspace of the robot is 
divided in two zones, as shown in Figure 5.8. The parts are stored in the “pick 
zone”, where no human presence is expected. In the “collaborative zone”, where 
the human and robot can potentially come to contact as their workspaces intersect, 
the operator takes the components to be assembled. 

 
Figure 5.7 Assembly process 
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Figure 5.8. Collaborative assembly cell 

The human worker and robot perform seven operations in parallel to carry out 
the assembly task, as reported in Figure 5.9. The task, which is also identified as a 
cycle, starts when the operator takes the cube positioned in station 𝐴. As the 
human hand enters in the collaborative zone, the robot task begins by replacing 
the cube in 𝐴 with a new one from station 𝑎. In parallel, the operator puts the glue 
on the first cube, takes the second cube by station 𝐵, and prepares both cubes to 
be glued. The next step for the robot is taking a cube from station 𝑏 and placing it 
in station 𝐵, to replace the one taken by the operator. Meanwhile, the human 
picks up the last cube in station 𝐶 and assembles the tower of cubes. Finally, the 
robot replaces the cube in station 𝐶 and returns in the home position, while the 
worker checks the edges of the assembly to remove the exceeding glue before 
delivering.  

Concerning the human task, the phases in which he takes the components 
happen in the collaborative zone, while the other phases are carried out on the 
assembly table, outside of the robot workspace. On the other hand, the “pick” 
stages of the robot task identify the robot motion in the pick zone, i.e. outside the 
collaborative zone, while the “place” stages identify the robot motion within the 
collaborative zone. The execution of these operations involves a responsive 
collaboration. In fact, as the human and robot carry out the subtasks in parallel, 
the operator can access the collaborative zone at any time, even if the robot is 
placing a component. The experimental setup specifically modified to carry out 
the assembly task is shown in Figure 5.10. 
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Figure 5.9 Assembly task phases 

 
Figure 5.10 Experimental layout of the collaborative assembly cell 

5.2.1.2 Robot control strategy 

The TCP motion is planned by combining planar trajectories that trigger and 
terminate at strategical nodes. When the robot moves above the stations of the 
components from the pick zone to the collaborative zone, the TCP planned 
trajectory is planar at 𝑧 =  0.3 𝑚, where 𝑧 is measured from the robot mounting 
table. To grasp or release the cubes, the robot follows a vertical path. The 
strategical nodes are defined as the intersection points between the plane 𝑧 =
 0.3 𝑚 and the vertical paths.  

For example, in Figure 5.11 the main directions of the robot planned 
trajectory in the collaborative zone are shown, together with the 𝑥 and 𝑦 axis of 
the robot base. Regardless of the cube to be placed, the robot approaches the 
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collaborative zone always from point 𝒑𝐶 , then it navigates towards the station to 
be refilled. Once the component has been replaced, the robot drives backwards 
through the same path, returns in 𝒑𝐶  and leaves the collaborative zone. However, 
due to the human presence, the planned trajectory may deviate from the rectilinear 
paths. In fact, if the operator takes a component and gets close to the robot, which 
is going to replace another one, the risk of collision occurs. Then, the robot 
planned trajectory is modified through the collision avoidance algorithm. 

 
Figure 5.11 Planned trajectory in the collaborative zone 

In particular, to avoid undesired contacts between the worker and the moving 
links of the manipulator, nine points divided in five sets have been assumed 
within the robot, as seen in Figure 5.12. The positions of these reference points 
are calculated by direct kinematics, exploiting the feedback joint degrees of 
freedom provided by the UR controller. The distances between the human joints 
and the points on the UR3 robot are then evaluated using the knnsearch 
function. Given the human-robot distances 𝒅𝐿𝑖−ℎ𝑢𝑚𝑎𝑛, the repulsive velocities 
𝒗𝐿𝑖

are calculated for each cluster using the equations (3.7),(3.8). 
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Figure 5.12 Control points considered on the UR3 robot 

The magnitude 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥 has been modelled as in Figure 3.2. Concerning the 
value of 𝜌 = 0.4 𝑚 (that determines the distance between the control points on 
the robot and the skeleton that triggers the repulsive effect), even if it may seem 
quite conservative, takes into account the real dimensions of the human body and 
robot. In fact, 𝒅𝐿𝑖−ℎ𝑢𝑚𝑎𝑛 are point-to-point distances, so the human body and 
robot dimensions have been included in the reference distance 𝜌. Moreover, 𝜌 
also considers the position uncertainties of the operator and robot resulting from 
measurement tolerances of the sensing devices according to what is required by 
the standards. Concerning 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥 and 𝛼, their values are chosen considering the 
TCP velocity during the pick-and-place phases, to obtain evasive movements of 
the robot from the operator which were smooth and seamless. 

It is important to highlight that the values of the three parameters 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥, 𝜌 
and 𝛼 used in the experimental phase result in a safe collision avoidance in the 
sense that they can prevent the collision with the operator, even if the algorithm 
described in this section does not fully respect the equations related to the SSM 
presented in [10]. In the technical specification, the value of the minimum human-
robot distance is not constant and depends on several terms. The velocity of the 
human operator is one of the terms that modify the value of the minimum 
distance. In this task, a constant reference distance 𝜌 was adopted and the 
influence of the human velocity was taken into account choosing sufficiently 
precautionary values of the three parameters involved in the calculation of the 
repulsive velocities. 
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5.2.1.3 Results and discussion 

The effectiveness of the proposed collaborative layout is evaluated in terms of 
safety and productivity. Concerning the safety, the experimental tests prove that 
the collision avoidance algorithm can quickly drive the robot through alternative 
trajectories in order to avoid the human.  

Figure 5.13 shows an example of collision avoidance that happens when the 
robot is placing 𝑎↦𝐴 and the operator is taking 𝐵. For each frame, the simulation 
environment is reported in the robot base reference frame. In the latter, the robot 
links are represented as blue lines, together with the nine control points. The 
optimized skeleton of the human upper body is colored in red and made of 15 
significant joints. The robot planned trajectory is also shown as the rectilinear 
dashed path connecting 𝒑𝐶  to 𝒑𝐴, while the solid line is the trace of the actual 
collision avoidance trajectory.  

Observing Figure 5.13, the robot approaches the collaborative zone from 
point 𝒑𝐶  and starts following the rectilinear planned path towards 𝒑𝐴, while the 
human is still applying the glue on the first cube (Frame 1). Then, the operator 
finishes preparing 𝐴 (Frame 2) and takes 𝐵, while the robot is crossing the 
relative station, so that the robot reacts backwards to avoid the human hand 
(Frame 3). As the hand retracts, the robot returns on the planned path (Frames 4 
and 5) and reaches 𝒑𝐴, while the human is preparing 𝐴 + 𝐵 (Frame 6).  

The collision avoidance trajectory is analyzed in Figure 5.14. The robot 
planned trajectory is also shown with the dashed line, together with the strategical 
points. To give an idea of the repulsive effect, the repulsive velocity vectors 
acting on the TCP are reported on the actual path at significant samples. The 
repulsive effect increases nearby 𝒑𝐵, which is the point above station 𝐵 where the 
human takes the cube. Here, the actual path bends backwards due to the presence 
of the human hand. The operator takes the cube within a time interval of 1 𝑠, so 
the repulsive effect is localized only on a limited portion of the collision 
avoidance path. 
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Figure 5.13 Frames of the collision avoidance during the “Place a↦A” stage 

The possibility to carry out the task with the highest level of collaboration 
brings significant advantages in terms of task times. At the top of Figure 5.15, the 
workflow diagram of the proposed assembly cell is shown. In this case, which 
represents a responsive collaboration, the human and the robot complete their task 
in the same time interval, resulting in a mean cycle time of 112 𝑠. Human and 
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robot tasks run in parallel and the robot collaborates while the human executes 
value added operations, i.e. actions that carry on the assembly process.  

To stress the importance of this result, it is assumed that the same assembly 
cycle is carried out by considering the lowest level of collaboration. The latter 
identifies a sequential collaboration, where the human and robot workspaces 
intersect, but without the possibility for the human to access the collaborative 
zone if it is already occupied by the robot, and vice-versa. With this more 
restrictive safety constraint, the workflow diagram would be the one in the middle 
of Figure 5.15. In fact, when the operator finishes preparing 𝐴, he cannot enter in 
the collaborative zone until the robot accomplishes the “Place 𝑎↦𝐴” phase. 
After that, the robot leaves the collaborative zone and the operator can take 𝐵. 
This generates a first delay of approximately 23 𝑠 on the human’s task. A second 
delay of approximately 3 𝑠 would be at the end of the “Prepare 𝐴 + 𝐵” phase, 
since the robot has not finished yet the “Place 𝑎↦𝐴” stage and is still in the 
collaborative zone, therefore, the human must wait before he takes 𝐶. The mean 
cycle time, in this case, is 138 𝑠. Comparing the latter result with the previous 
case, the major result is that the highest level of collaboration optimizes 
productivity by saving up to the 18% of the cycle time. 

 
Figure 5.14 Collision avoidance trajectory during the Place a↦A stage 
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Figure 5.15 Workflow diagram of the assembly cycle for responsive and sequential collaborations 

5.2.2 Point cloud-based collision avoidance 

In this section, the robot links - human collision avoidance algorithm is applied 
representing the human size by means of point cloud. The influence of the point 
cloud density on distances calculation time and the possibility to use the convex 
hull instead of the point cloud are investigated by simulations. Therefore, an 
experimental demonstration of the algorithm is proposed. 

5.2.2.1 Simulation 

Simulation tests are carried out considering the LBR iiwa 14 model, with the 
hybrid setup of Figure 5.16. Human motion is acquired experimentally by the 3D 
vision system, while the robot motion is simulated in Matlab. The human moves 
handling objects on the table as it would perform an assembly task, while the 
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simulated robot is moving with its base positioned at the world frame, which is 
built from the physical markers. 

 
Figure 5.16 Set-up for human motion data acquisition and robot simulation 

 
Figure 5.17 Simulation environment for collision avoidance with the point cloud 
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To interface the point cloud with the robot, two different techniques are used. 

The first one simply considers the point cloud. The minimum distance between all 
the human points and a discrete number of control points on the robot is 
calculated using the knnsearch function. The second approach is based on the 
convex hull of the point cloud generated by means of triangulation; here the 
minimum distances are estimated using mesh to point algorithm [119]. The 
second approach excludes the case in which the robot would choose a path 
between the human hand and his body, representing a more conservative 
approach. The simulation environment with the acquired point cloud and the robot 
model is shown in Figure 5.17. 

The first test is carried out with the point cloud using a grid step of 0.03. The 
frames of the test are reported in Figure 5.18. The human reaches the workbench 
with his right arm, while the serial manipulator is pointing towards the final task 
configuration. When the hand crosses the robot planned trajectory, the end-
effector starts to move away from the obstacle, choosing a path which depends on 
the shape of the obstacle and its relative position from the human operator. In 
Figure 5.19 the resulting collision-free path of the end-effector is depicted.  

 
Figure 5.18 Frames of the simulation with the point cloud 
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Figure 5.19 Robot path resulting from the simulation with the point cloud 

A second test is performed by considering the human convex hull, represented 
as a mesh. The simulation is run with the same human motion acquired in the test 
with the point cloud. Figure 5.20 represents a comparison of distance calculation 
in the starting frame of the two tests, in which the human is going to move his 
hands towards the robot. The convex hull approach is more conservative as 
expected since the robot is detected at a lower distance from the mesh. This aspect 
is confirmed by the analysis of the end-effector paths for the two cases (Figure 
5.21). If the human is represented by a triangle mesh, the convex hull fills the 
space between the human hand and his body (see Figure 5.20). The resulting 
distance vectors from the control points on the robot are different both in module 
and direction.  

Focusing on the end effector, this can be observed also in Figure 5.22a, where 
the normalized repulsive velocity vectors of the end effector 𝒗𝐿3 𝑣𝑟𝑒𝑝,𝑚𝑎𝑥⁄  is 
plotted for each test sample. The blue vectors refer to the point cloud approach 
while the red ones to the convex hull. When the obstacle is represented by means 
of point cloud, the robot drives its end-effector choosing to pass above the hand, 
in a resulting path which is closer to the human body. On the other hand, the mesh 
generates a repulsive velocity vector which deforms the path backward. 
Therefore, when safety is a crucial factor, it can be useful to compute distances 
from a convex hull rather than a point cloud.  
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Figure 5.20 Minimum distances calculation by means of point cloud (a) and convex hull (b) 

 

 
Figure 5.21 Collision free paths of the end-effetor 
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Figure 5.22 a) Effect of the repulsive velocity. b) influence of different downsampling grid steps 
on the end-effector path 

The influence of downsampling on the end-effector paths when the point 
cloud is used to compute distances is presented in Figure 5.22b. The curves are 
very similar in all cases, which means that the grid step does not significantly 
influence the robot trajectory. This suggests selecting the larger grid step in order 
to reduce the computation time.  

For instance, the total times of human data fusion, human-robot distance 
calculation and collision avoidance algorithm is reported in Table 5.3 for 
significant values of the grid step. Observing the calculation times during 
experiments, building the triangle mesh and calculate distances, or computing 
distances with knnsearch, has the same weight in terms of time processing. It 
means both point cloud and convex hull can be chosen to detect the human motion 
with an efficient data flow.  

Table 5.3 Calculation times (in 𝑚𝑠) 

 Point Cloud Convex Hull 
 grid 0.02 grid 0.03 grid 0.03 grid 0.04 

Fusion algorithm 21.8 19.5 19.4 17.1 
Distance calculation 2.5 1.4 2.5 1 
Collision avoidance 5 5 5 5 

Total time 29.3 25.9 26.9 23.1 

 

Finally, Figure 5.23 describes the effect of the grid step (indicated with 
different line types) on computed distance values for each link set (drawn with 
different colors). In particular, the minimum distance from each link set is plotted 
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as a function of the task time. The distance values are similar in all cases, which 
means that downsampling does not significantly influence the relative position 
between the human body and each of the robot links. 

 
Figure 5.23 Minimum distance of each link set from the human 

5.2.2.2 Experimental test 

A test similar to the ones of the simulation environment has been carried out with 
the collaborative robotic cell. The robot UR3 is represented by means of 9 control 
points, divided in 5 sets (see Figure 5.12). The end-effector is programmed to 
follow a rectilinear path, as in Figure 5.20. During the robot motion, the human 
operator intercepts the robot planned motion from different directions.  

The case with the hand approaching the robot tool frontally is depicted by the 
frames of Figure 5.24. In the same figure, for each frame, the Matlab calculation 
environment with the robot control points and the minimum distances is shown. In 
Figure 5.25, the human hand intercepts the robot wrist from the top. In both cases, 
the robot responds to human motion according to the collision avoidance 
algorithm. 

However, real word experiments put in evidence some limitations. In fact, 
when the operator is close to the robot, the human point cloud segmentation 
becomes noisy. For the most part, this can be fixed by excluding the points of the 
point cloud proximal to the robot, as the robot configuration is given by feedback 



Results 

 

106 

data and direct kinematics. But the presence of false positives can still occur. 
Therefore, to improve the quality of human segmentation, a more aggressive 
denoising step is required, which means a larger processing time. For instance, in 
the tests of Figure 5.24 and Figure 5.25, the performance of fusion algorithm 
dropped from 30 𝐻𝑧 to 20 𝐻𝑧. This caused that the robot did not respond 
effectively at faster huma motion.  

 
Figure 5.24 Frames of the experimental test of collision avoidance algorithm with the human point 
cloud approaching the robot TCP from the front 

 
Figure 5.25 Frames of the experimental test of collision avoidance algorithm with the human point 
cloud approaching the robot wrist from the top 
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For safety concerns, further experiments will be addressed by future works. In 

fact, a more efficient implementation of the algorithm at a lower-level 
programming language is currently under development. The aim is to speed up 
calculation to keep the frequency at 30 𝐻𝑧.  

5.2.2.3 Discussion 

The simulations have shown that the basic collision avoidance algorithm can be 
applied to the human point cloud with the same methodology used for the 
skeleton. The main difference involves the human tracking algorithm and the 
distance calculation. The knnsearch function is still a good way to calculate 
minimum distances, since it can deal with thousands of points within 2.5 𝑚𝑠. The 
results of simulation indicate that robot can safely avoid the point cloud and that 
the robot collision-free path is slightly affected by the point cloud density. 
Moreover, the possibility to use a convex hull of the point cloud has been 
investigated. The results have shown that the convex hull can be intended as a less 
accurate but more safe approach.  

The preliminary experimental test has proven that the methodology is capable 
of dealing with a real robot with some limitations. The point cloud segmentation 
suffers the presence of the real robot and a stronger denoising step is required. 
The major drawback is that the algorithm slows down. This aspect will be 
addressed in future works, together with the experimental comparison between 
collision avoidance with skeleton, point cloud and convex hull. 

5.2.3 MAP 

5.2.3.1 Simulation 

The analysis will focus on the position problem since it is produced by the MAP. 
Thus, the robot path will be discussed in depth. However, a graphical 
representation of the manipulator will be used to give an idea on the motion of the 
robot frame. For example, in Figure 5.26, the manipulator is depicted at different 
times; the initial pose is the most transparent, the actual pose has the maximum 
opacity and the desired pose is identified by 𝒑𝑓  and the attached frame. In all 
tests, the robot starts with the 𝑥𝑒-axis perpendicular to the 𝑥𝑦-plane and with the 
𝑧𝑒-axis intersecting the 𝑧-axis. The subscript “e” indicates the frame centred in 𝒑𝑒 
that defines the pose of the end-effector. The final orientation is chosen by 
rotating about 𝑧 through an angle 𝛿. Concerning the simulation parameters, all the 
results are obtained by setting 𝑣𝑚𝑎𝑥 = 0.15 𝑚/𝑠, 𝑎𝑚𝑎𝑥 = 0.15 𝑚/𝑠2, 𝜔𝑚𝑎𝑥 =
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0.3 𝑟𝑎𝑑/𝑠, 𝜓𝑚𝑎𝑥 = 0.15 𝑟𝑎𝑑/𝑠2 and 𝑓𝑐 = 60 𝐻𝑧. These values are quite 
conservative and will produce a motion compatible with the joint limits of the 
manipulator. The MAP calculation time, which corresponds to calculate (3.43), is 
not discussed since it has the order of magnitude of 10−5 𝑠. 

 
Figure 5.26 Matlab simulation environment built with the Corke Robotics Toolbox. The 
significant points refer to test 1. Without any obstacle or local attractor, the end effector would 
trace a rectilinear path since the gradient of 𝑈𝑓  is radial 

5.2.3.1.1 Single obstacle 

The first test, named Test 1, is made considering a spherical steady obstacle and a 
local attractor placed on the side. This is basically the case of Figure 3.3b, which 
is the example used to introduce the MAP. This test is also utilized to show in 
practice the steps of the MAP algorithm.  

By following Table 3.1 and Figure 3.16, the MAP algorithm of Test 1 is 
summarized in Table 5.4. Concerning the choice of the design parameters, all the 
test presented in the results section are carried out by considering 𝜎 = 1 for the 
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global attractor intensity; each obstacle is modelled with 𝜆𝑜 = 0.2, 𝑠𝜖 = 10−2, 
𝛽𝑜 = 0.5; each attractor is characterized by 𝜇𝑎 = 0.1 and 𝜇𝜖 = 10−2. Notice that, 
for example, in test 1 it is 𝑠𝜖

2 = 10−4 < 98.3 = 𝛽𝑜
2𝛾𝑜 𝑒⁄  and the condition 

mentioned in Appendix C is verified. 

Table 5.4 MAP algorithm - Test 1 

1 
>> 𝒑𝑠 = [0.1765 0.7735 0.37]𝑇 𝑚,  𝒑𝑓 = [0.7735 0.1765 0.37]𝑇 𝑚 

>> 𝜎 = 1 

2 
>> steady obstacle 

>> 𝒑𝑜 = (𝒑𝑠 + 𝒑𝑓) 2⁄ , 𝑅𝑜 = 0.075 𝑚 

3 
>> 𝜆𝑜 = 0.2, 𝑠𝜖 = 10−2 and 𝛽𝑜 = 0.5   

>> 𝛾𝑜 = 1069, 𝑅𝑜
∗ = 0.1286 𝑚 

4 >> 𝒑𝑎 = [0.3689 0.3689 0.37]𝑇 𝑚 (so that ‖𝒑𝑎 − 𝒑𝑜‖ = 2𝑅𝑜) 

5' >>  𝒑𝑎𝒑𝑓̅̅̅̅̅̅̅̅̅̅ ̅̅̅  ∩ 𝑈𝑜,𝑝
∗ = 0 

6' >> 𝑅𝑎 = 2𝑅𝑜 + 𝑅𝑜
∗   

7 

>> 𝜇𝑎 = 0.1, 𝜇𝜖 = 10−2 

>> 𝛾𝑎 = 98.43, 𝑅𝑎
∗ = 0.36 𝑚 

>> 𝑥𝑎
′ = 0.448 𝑚 > 𝑅𝑎

∗   

>> 𝛼𝑎̃ = 0.0564, 𝛼𝑎 = 0.99𝛼𝑎̃ 

 

The shape of the resulting functions for the obstacle and the local attractor are 
the ones traced with the solid lines in Figure 3.6. In Figure 5.27 the resulting 
potential field 𝑈𝑡,𝑀𝐴𝑃 (𝑥, 𝑦, 𝑧) for 𝑧 = 0.37 𝑚 is shown. The plane 𝑧 = 0.37 𝑚 
contains the starting position, the obstacle and the attractors. Therefore, this two-
dimensional representation of 𝑈𝑡,𝑀𝐴𝑃  has a significant value and can be used to 
figure out the resulting robot path.  

The results of Test 1 are collected in Figure 5.28. For a comparison, the 
gradient vector field of the potential 𝑈𝑓𝑜 for 𝑧 = 0.37 𝑚 is depicted in Figure 
5.28a. Figure 5.28b shows the gradient vector field of the MAP at 𝑧 = 0.37 𝑚. As 
can be seen, the gradient lines in proximity of the obstacle curve towards 𝒑𝑎. 
Figure 5.28c and Figure 5.28d show the results in terms of the robot path, with 
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different starting position. In particular, 𝒑𝑠1 is aligned with 𝒑𝑜 and 𝒑𝑓 . In this 
case, thanks to the MAP, the robot can avoid the obstacle without suffering the 
classical saddle point presented in Figure 3.4a. Moreover, the starting positions 
𝒑𝑠2 and 𝒑𝑠3 are not aligned with 𝒑𝑜 and 𝒑𝑓 ; by observing the gradient lines in 
Figure 5.28a, with these starting positions and in the absence of 𝒑𝑎, the robot 
would avoid the obstacle on the opposite side. But the influence of the local 
attractor pushes the robot on the same side of 𝒑𝑎. 

 
Figure 5.27 Simulation environment of Test 1 with the robot in starting position. The sphere has a 
radius Ro = 0.075 m and represents the obstacle. The Ut,MAP (x, y, z) for z = 0.37 m is also plotted 

In the second test, the same local attractor of Test 1 is displaced in different 
positions around the sphere to force the robot passing above and below the 
obstacle. In particular, 𝒑𝑎 is placed so that ‖𝒑𝑎 − 𝒑𝑜‖ = 2𝑅𝑜 and 𝑥𝑎

′ = 0.448 𝑚. 
Thus, the parameters for the local attractor and the obstacle are the same of the 
previous test. Figure 5.29 shows the results. As can be seen, in each case the MAP 
is able to condition the robot path. 
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Figure 5.28 Results of Test 1. a) gradient lines of 𝑈𝑓𝑜 at 𝑧 =  0.37 𝑚; the outer circle with centre 
𝒑𝑜 has radius 𝑅𝑜

∗ , while the inner one indicates the obstacle contour. b) Gradient lines of 𝑈𝑡,𝑀𝐴𝑃  
at 𝑧 =  0.37 𝑚; the outer circle with centre 𝒑𝑎 has radius 𝑅𝑎

∗ , while the inner one has radius 𝑅𝑎. 
c) The sphere represents the obstacle with radius 𝑅𝑜. The manipulator is depicted in 3 different 
poses to give an idea of the robot motion related to the solid line path; the different styles of the 
path lines correspond to three different starting positions. The robot frame rotates through 
𝛿 =  60.3°. d) Comparison of the robot paths. The top view is significant because the paths lay on 
the plane defined by 𝒑𝑠, 𝒑𝑜 and 𝒑𝑓 . The labels 𝒑𝑠1, 𝒑𝑠2 and 𝒑𝑠3 identify the three different starting 
positions 

The last test with single steady obstacle is performed to show how it is 
possible to avoid the obstacle using multiple exponential attractors. The obstacle 
has the same position and radius of Test 1 and Test 2. The starting point and the 
final position are kept the same as well. Two different attractors 𝒑𝑎,1 =
[0.2923 0.5172 0.37]𝑇 𝑚 and 𝒑𝑎,2 = [0.5811 0.3689 0.37]𝑇 𝑚 are utilised to 
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generate the conditioned path. Since the segment 𝒑𝑎,1𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ crosses 𝑈𝑜
∗, using (3.38)-

(3.39) one can calculate 𝑅𝑎,𝑙𝑖𝑚 = 0.1317 𝑚. In this example, 𝑅𝑎,1 = 0.13 𝑚 is 
chosen and the constraints (3.40)-(3.41) are verified for the first attractor. In fact, 
it results 𝛾𝑎,1 = 452, 𝑅𝑎,1

∗ = 0.168 𝑚, 𝑥𝑎,1
′ = 0.5895 𝑚 and 𝛼𝑎̃,1 = 0.042. On 

the other hand, for 𝒑𝑎,2, 𝜀2̃ = 0 since the segment 𝒑𝑎,2𝒑𝑓̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  does not intersect 𝑈𝑜
∗; it 

is selected 𝑅𝑎,1 = 0.11 𝑚. Then 𝛾𝑎,2 = 631.3, 𝑅𝑎,2
∗ = 0.1422 𝑚, 𝑥𝑎,2

′ =
0.2721 𝑚 and 𝛼𝑎̃,2 = 0.0151. Thus, equations (3.40)-(3.41) are verified for the 
second attractor. Finally, condition (3.42) which prevents the overlapping of 𝑈𝑎,1

∗  
and 𝑈𝑎,2

∗  is also satisfied.  

 
Figure 5.29 Results of Test 2. The manipulator is depicted in 4 different poses to give an idea of 
the robot motion related to the solid path line; the robot frame rotates through 𝛿 =  60.3°. In a) 
and b) the local attractor is placed above and below the obstacle, respectively 

In Figure 5.30a the resulting potential field for 𝑧 = 0.37 𝑚 m is shown.  In 
this test, the influence of 𝛼𝑎. Figure 5.30b shows the resulting paths of the robot 
for different pairs of 𝛼𝑎,1 and 𝛼𝑎,2. If they are chosen so that 𝛼𝑎,1 = 0.99𝛼𝑎̃,1 and 
𝛼𝑎,2 = 0.99𝛼𝑎̃,2 the effect of the attractors is maximized. But the path has a high 
curvature near the point where the saddle would show if 𝛼𝑎,1 = 𝛼𝑎̃,1 and 𝛼𝑎,2 =
𝛼𝑎̃,2. This is not desirable. As discussed in Guldner and Utkin [65], in high 
curvature regions the real robot may require high torques, that could exceed the 
robot limits. The solid line in Figure 5.30b indicates the path for 𝛼𝑎,1 = 0.8𝛼𝑎̃,1 
and 𝛼𝑎,2 = 0.6𝛼𝑎̃,2. Therefore, by regulating 𝛼𝑎 one can obtain smoother paths. 
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Figure 5.30 Results of Test 3. a) Simulation environment with the significant points and the 
manipulator in the starting position; in this test, the robot frame rotates through 𝛿 =  60.3°. In the 
same graph, the MAP for 𝑧 =  0.37 𝑚 is plotted to show the deflections obtained with 𝛼𝑎,1 =
0.99𝛼𝑎̃,1 and 𝛼𝑎,2 = 0.99𝛼𝑎̃,2. b) Comparison of the robot paths for different values of 𝛼𝑎,1 and 
𝛼𝑎,2; the squares indicate the saddle points related to the local attractors if 𝛼𝑎,1 = 𝛼𝑎̃,1  and 𝛼𝑎,2 =
𝛼𝑎̃,2. c) MAP gradient lines for 𝑧 =  0.37 𝑚, 𝛼𝑎,1 = 0.99𝛼𝑎̃,1  and 𝛼𝑎,2 = 0.99𝛼𝑎̃,2. d) MAP 
gradient lines for 𝑧 =  0.37 𝑚, 𝛼𝑎,1 = 0.80𝛼𝑎̃,1   and 𝛼𝑎,2 = 0.60𝛼𝑎̃,2 

5.2.3.1.2 Multiple obstacles 

A fourth test is carried out to discuss the case with multiple obstacles. The robot 
starting and desired position are slightly different from the one of the previous 
tests, in order to have a wider movement of the robot. This allows to place more 
obstacles on the robot path still obtaining a motion within the robot joint limits. It 
is 𝒑𝑠 = [0.1299 0.8201 0.37]𝑇 𝑚, 𝒑𝑓 = [0.8201 0.1299 0.37]𝑇 𝑚and 𝛿 = 72°. 
The geometry and the positions of the obstacles and the local attractors are 
summarized in Table 5.5, together with the tuned parameters. They are chosen so 
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that the robot avoids the obstacles in different manners. The attractor 𝒑𝑎,1 forces 
the robot to pass above the obstacle 𝒑𝑜,1; the attractor 𝒑𝑎,2 guides the robot on the 
side of the obstacle 𝒑𝑜,2; finally, attractor 𝒑𝑎,3 steers the robot below the obstacle 
𝒑𝑜,3. Notice that for all the attractors it is the case 𝜀 ̃ = 𝜀, thus the corresponding 
𝑅𝑎 it is limited by (3.39). 

Table 5.5 MAP parameters and geometry - Test 4 

p, i Obstacle Attractor 

1 

𝒑!,# = 𝒑$ +
%
&(𝒑' − 𝒑$) 

𝑅!,# = 0.05	𝑚 

𝛾!,# = 2.405 ∙ 10( 

𝛽!,# = 0.5 

𝑅!,#∗ = 0.0878	𝑚 

𝒑*,# = 5
2.032
7.468
4.228

5 10+#	𝑚 

𝑅*,# = 0.07	𝑚 

𝛾*,# = 1.559 ∙ 10( 

𝛼*,# = 0.023 

𝑅*,#∗ = 0.0905	𝑚 

2 

𝒑!,% =
#
%:𝒑$ + 𝒑'; + 5

3
3
0
5 10+%	𝑚 

𝑅!,% = 0.08	𝑚 

𝛾!,% = 9.395 ∙ 10% 

𝛽!,% = 0.5 

𝑅!,%∗ = 0.1366	𝑚 

𝒑*,% = 5
3.265
5.7
3.7

5 10+#	𝑚 

𝑅*,% = 0.096	𝑚 

𝛾*,% = 8.288 ∙ 10% 

𝛼*,% = 0.0323 

𝑅*,%∗ = 0.1241	𝑚 

3 

𝒑!,( = 𝒑$ +
,
-(𝒑' − 𝒑$) 

𝑅!,( = 0.065	𝑚 

𝛾!,( = 1.423 ∙ 10( 

𝛽!,( = 0.5 

𝑅!,(∗ = 0.1124	𝑚 

𝒑*,( = 5
5.669
3.646
3.153

5 10+#	𝑚 

𝑅*,( = 0.1	𝑚 

𝛾*,( = 7.638 ∙ 10% 

𝛼*,( = 0.0168 

𝑅*,(∗ = 0.1292	𝑚 

 

The resulting path is shown in Figure 5.31, from different views. For a 
comparison, the top and the side views also contain the standard path, i.e. the one 
obtained without the use of the attractors and with only the repulsive effects. As 
can be seen, the standard path is flat and lies on the plane z = 0.37 m. Here the 
robot passes all the obstacles on the same side (see the top view). On the contrary, 
the path obtained with the MAP is three-dimensional. 
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Figure 5.31 Results of Test 4. a) The manipulator is depicted in 5 different poses to give an idea of 
the robot motion related to the solid path line; the robot frame rotates through 𝛿 =  72°. b) In 
addition to the robot path, the obstacles and the attractors are identified with the spheres of radius 
𝑅𝑜,𝑝, 𝑅𝑜,𝑝

∗ , 𝑅𝑎,𝑖 and 𝑅𝑎,𝑖
∗ . c) - d) Comparison of the robot path obtained with the MAP with the 

one resulting without the MAP (named “Standard”), observed from the top and the lateral views 

5.2.3.1.3 Dynamic obstacle 

The last two tests, named Test 5 and Test 6, are carried out to show the case with 
the dynamic obstacle. Table 5.6 summarizes the dynamic MAP algorithm of 
Table 3.1 applied to Test 5. The case study of Test 5 is similar to the one 
described in Figure 3.12 and Figure 3.13. The local attractor is fixed to the 
obstacle frame 𝑂′′ − 𝑥′′𝑦′′𝑧′′ which in Figure 5.32 is indicated with red, green 
and blue arrows centred in 𝒑𝑜(𝑡).  
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Table 5.6. Dynamic MAP algorithm - Test 5 

1 
>> 𝒑𝑠 = [0.134 0.846 0.37]𝑇 𝑚,  𝒑𝑓 = [0.846 0.134 0.37]𝑇 𝑚 

>> 𝜎 = 1 

2 
>> dynamic obstacle 

>> 𝒑𝑜,𝑡0
= 𝒑𝑠 + (𝒑𝑓 − 𝒑𝑠) 3⁄ , 𝑅𝑜 = 0.075 𝑚 

3 
>> 𝜆𝑜 = 0.2, 𝑠𝜖 = 10−2 and 𝛽𝑜 = 0.5   

>> 𝛾𝑜 = 1069, 𝑅𝑜
∗ = 0.1286 𝑚 

4 >> 𝒑𝑎,𝑡0
= [0.1951 0.6728 0.37]𝑇 𝑚,  𝒙𝑎

′′ = [0 5/2𝑅𝑜 0]𝑇  

5 
>>  𝒑𝑎,𝑡0

𝒑𝑓̅̅̅̅ ̅̅̅̅ ̅̅̅̅ ̅̅̅ ̅̅̅̅  ∩ 𝑈𝑜,𝑝
∗ ≠ 0 

>> 𝑅𝑎,𝑙𝑖𝑚 = 0.1317 𝑚 

6 >> 𝑅𝑎,𝑡0
= 0.99𝑅𝑎,𝑙𝑖𝑚  

7 

>> 𝜇𝑎 = 0.1, 𝜇𝜖 = 10−2 

>> 𝛾𝑎,𝑡0
= 449.5,  𝑅𝑎,𝑡0

∗ = 0.1685 𝑚 

>> 𝑥𝑎,𝑡0
′ = 0.845 𝑚 > 𝑅𝑎,𝑡0

∗   

>> 𝛼𝑎̃,𝑡0
= 0.062,  𝛼𝑎,𝑡0

= 0.8𝛼𝑎̃,𝑡0
 

8 

>> while (3.41)(3.42) 

>>          if   𝑥𝑎,𝑡
′ ≥ 𝑅𝑎,𝑡0

∗  

>>               𝛾𝑎,𝑡 = 𝛾𝑎,𝑡0
  

>>               find 𝛼𝑎̃,𝑡 with (3.34),  𝛼𝑎,𝑡 = 0.8𝛼̃𝑎,𝑡 

9 

>>          elseif  𝑥𝑎,𝑡
′ < 𝑅𝑎,𝑡0

∗  

>>               find 𝛾𝑎,𝑡 by placing 𝑅𝑎,𝑡
∗ = 𝑥𝑎,𝑡

′  in (3.23) 

>>               find 𝛼𝑎̃,𝑡 with (3.34),  𝛼𝑎,𝑡 = 0.8𝛼̃𝑎,𝑡 

>>          end 

>> end. 
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Figure 5.32 Results of Test 5. The solid line indicates the robot path, the dashed line represents the 
obstacle path. The manipulator and the obstacle are depicted in 3 different poses to give an idea 
their motion; the robot frame rotates through 𝛿 =  72° while the obstacle frame rotates through 
155° about the 𝑧′′ axis. a) and b) show the same motion from different views. In the top view, the 
active regions at significant times are also depicted 

At time 𝑡0 the obstacle is in position 𝒑𝑜,𝑡0
 with the obstacle frame oriented as 

in Figure 5.32. The position of the attractor in the world frame is 𝒑𝑎,𝑡0
 and the 

distance from the desired position is 𝑥𝑎,𝑡0
′ = 0.845 𝑚; this state is also indicated 

in Figure 3.13, where are pointed the corresponding 𝛾𝑎,𝑡0
 and	𝛼𝑎̃,𝑡0

. 

For 𝑡0 < 𝑡 < 𝑡2 the obstacle moves with a rectilinear path (Figure 5.32); in 
addition, within the same time interval, it rotates through 155 degrees about the 
𝑧′′-axis. The obstacle stops in 𝒑𝑜,𝑡2

= 𝒑𝑠 + 5 7⁄ (𝒑𝑓 − 𝒑𝑠) and the attractor 
terminates the rotation in 𝒑𝑎,𝑡2

= [0.7726 0.2024 0.37]𝑇 𝑚, at the distance 
𝑥𝑎,𝑡2

′ = 0.1 𝑚 from 𝒑𝑓 .  

During the motion, the attractor parameters 𝛾𝑎,𝑡 and	 𝛼𝑎̃,𝑡	 are dynamically 
adjusted according to the steps 8-9 in Table 5.6, that can be used to obtain the 
curves in Figure 3.13. Concerning the decay parameter, it goes from 𝛾𝑎,𝑡0

= 449.5 
to 𝛾𝑎,𝑡2

= 1269, while the intensity varies between 𝛼𝑎̃,𝑡0
= 0.062 and 𝛼𝑎̃,𝑡2

=
0.0032. In Figure 5.32, the resulting robot path is planar, since the obstacle and 
the attractor move in the plane 𝑧 =  0.37 𝑚. 
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The final test, identified as Test 6, is carried out with the same initial 
conditions of Test 5 but considering a 90 degrees rotation of the obstacle about the 
𝑥′′ axis within the time interval 𝑡0 < 𝑡 < 𝑡2.  

At the final time 𝑡2, the attractor stops above the obstacle in 𝒑𝑎,𝑡2
=

[0.6393 0.3386 0.5575]𝑇  𝑚 at the distance 𝑥𝑎,𝑡2
′ = 0.3461 𝑚 from 𝒑𝑓 . In this 

test, since 𝑥𝑎,𝑡2
′ > 𝑅𝑎,𝑡0

∗ , the decay parameter of the attractor keeps constant and 
equal to 𝛾𝑎,𝑡0

= 449.5, i.e. 𝑅𝑎,𝑡 does not change as can be seen in Figure 5.33a. 
The intensity varies from 𝛼𝑎̃,𝑡0

= 0.062 and 𝛼𝑎̃,𝑡2
= 0.0231. In particular, for 

each 𝑥𝑎,𝑡
′ , it is selected 𝛼𝑎,𝑡 = 0.8 𝛼𝑎̃,𝑡.  

Comparing the paths of Test 5 and Test 6 (Figure 5.33b), Test 6 produces a 
three-dimensional path, which derives from the different motion of the attractor. 
In fact, here the robot passes above the obstacle before reaching the goal. 

 
Figure 5.33 Results of test 6. a) The robot, the obstacle and the local attractor are depicted at the 
initial and final times; the robot frame rotates through 𝛿 =  72° while the obstacle frame rotates 
through 90° about the 𝑥′′ axis. b) Robot path from the top view; in the same figure, the path of test 
5 is also shown for comparison 

5.2.3.2 Experimental tests 

To validate the MAP, the algorithm has been applied to the robot UR3 in different 
scenarios. First, simple tests with a virtual steady obstacle have been carried out to 
verify that the robot responds as seen in the simulation environment. Furthermore, 
a final test considering the human hand as the dynamic obstacle is proposed to 
prove the effectiveness of the MAP for collaborative robotics. 
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Figure 5.34 Experimental workbench. The robot is depicted with different opacity at the starting 
and final configurations. The world frame is also indicated, positioned at the robot base 

In each test, the end-effector starts from 𝒑𝑠 = [0.1133 0.5696 0.3381]𝑇 𝑚 and 
navigates towards 𝒑𝑓 = [0.5696 0.1133 0.3381]𝑇 𝑚, while rotating about the 𝑧-
axis through an angle 𝛿 = 90° (Figure 5.34).  

5.2.3.2.1 Virtual steady obstacle 

The first test is named Test 1e (where “e” stands for “experimental”) and is 
similar to Test 1 presented in the simulation chapter. A virtual steady object with 
radius 𝑅𝑜 = 0.075 𝑚 is placed at the middle of the starting and final end-effector 
positions (Figure 5.35). The term “virtual” indicates that the obstacle is not 
physical, but is considered in the Matlab environment. For instance, the control 
architecture is the same of Figure 5.6, except that the optimized skeleton signal is 
substituted by the spherical obstacle position and the distances are computed in 
Matlab without requiring any sensor. The MAP is built with the same parameters 
of Table 5.4, with different starting and final positions that have been modified 
according to the size of the UR3 workspace.  

In Figure 5.36 the results of test 1e are shown, comparing the robot path 
obtained with the MAP and the classic APF. In this particular case, the paths are 
similar because local attractor 𝒑𝑎 is placed at the same 𝑧 coordinate of 𝒑𝑜, 𝒑𝑠 and 
𝒑𝑓 . The MAP produces a smoother path (Figure 5.36c), while the classic APF 
path oscillates nearby the classic saddle point. The reason is the high curvature of 
the gradient lines of classic APF, as observed in the similar example of Figure 
5.28. This prove that the MAP can prevent undesired robot motion due to the 
classic saddle point. 
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Figure 5.35 The red sphere is centered in 𝒑𝑜 and represents the obstacle. The dashed line indicates 
the path that the end effector follows in the absence of the obstacle 

 
Figure 5.36 Results of Test 1e. a) and b) represent the same result from different viewing angles. 
c) detail of the top view 
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A second test, named Test 2e has been carried out by moving the local 

attractor 𝒑𝑎𝑖 in different positions around the obstacle (Figure 5.37). In each case, 
the local attractor conditionates the robot path, which bends precisely on the side 
of 𝒑𝑎𝑖 (see Figure 5.37c). In Figure 5.37 the robot path obtained by using the 
simulated model of UR3 is plotted. The paths resulting from simulation are almost 
identical to the ones measured in the experiments, so that no differences are 
appreciable in the figure. This proves the reliability of the simulation 
environment. 

 
Figure 5.37 Results of Test 2e. a), b) and c) represent the same result from different viewing 
angles. In particular, c) is the lateral view, whose direction is identified by the arrow in b) and the 
label “View L” 
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The last test with virtual object is named Test 3e and considers the case with 
single obstacle and multiple attractors (Figure 5.38). The results confirm the 
observations made for Test 3 (Figure 5.30). However, experiments better show the 
effect of high curvature regions of gradient lines. In these regions, the robot 
oscillates due to dynamics. Smoother paths can be obtained by regulating the 
intensity of the local attractor, as can be seen from the curve 𝛼𝑎,1 = 0.80𝛼𝑎̃,1 and 
𝛼𝑎,2 = 0.60𝛼𝑎̃,2. 

 
Figure 5.38 Results of Test 3e. a) and b) represent the same result from different viewing angles. 
c) and d) are details of the top view 
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5.2.3.2.2 Application to collaborative robotics 

The MAP can be applied to collaborative robotics to influence the robot path 
while avoiding the human. In Figure 5.39, the robot starts its motion from the 
starting position and points towards the final configuration, as depicted in Figure 
5.34. The operator is tracked by the 3D vision system as a skeleton. The human 
hand is approximated with a sphere with radius 𝑅𝐻  centered at the optimized 
human hand position 𝒑𝐻

∗ . A local attractor 𝒑𝑎 is placed at a distance 2𝑅𝐻  from 
𝒑𝐻

∗  and moves in order to keep the attraction in front of the hand (Figure 5.39).  
The human operator puts his hand within the end-effector actual and final 
configurations and the robot reacts with a collision-free path that crosses the hand 
on the front side.  

The path is analyzed in Figure 5.40. In the same figure, the path resulting 
from classic APF in the same conditions is also reported. The classic APF path is 
obtained by saving human position data from the MAP test of Figure 5.39 and by 
replicating the test considering the same motion as input of the collision 
avoidance algorithm. Therefore, the paths of Figure 5.39 refer to the same human 
motion. Notice that the sphere (hand) and the attractor in Figure 5.39 slightly 
move during the robot motion, thus the picture is only representative of a generic 
frame. With the classic APF, the end-effector choose a path that passes above the 
sphere. This means that the human operator would have seen the robot crossing 
his hand from the top side. On the contrary, the MAP is able to keep the robot 
path in front of the hand, for a more comfortable collision avoidance.  

In general, the possibility to drive the robot towards desired regions nearby 
any human body part make the collision-free path predictable. In the proposed 
example, the human worker knows a priori that the robot would choose the path in 
front of the hand, regardless of the robot approaching direction. In Figure 5.41 the 
results of a test similar to Figure 5.40 are reported. The robot paths of Figure 5.41 
are obtained translating human data of the previous test by 0.1 𝑚 along the 𝑧-axis. 
In this way, the robot would have approached the hand from below. However, the 
MAP would have still driven the end-effector on the front side of the hand.  
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Figure 5.39 Frames of the experimental test of the MAP with the obstacle centered at the right 
hand joint 𝒑𝐻

∗  of the optimized skeleton. The attractor moves with 𝒑𝐻
∗  and is indicated with a 

black dot in the pictures of the Matlab calculation environment, where the collision-free path of 
the end-effector is also plotted 
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Figure 5.40 Results of the test reported by the frames in Figure 5.39. a), b) and c) represent the 
same result from different viewing angles. In particular, c) is the front view, whose direction is 
identified by the arrow in b) and the label “View F” 
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Figure 5.41 Results obtained by translating the obstacle (skeleton) by 0.1 𝑚 along the 𝑧-axis. a), 
b) and c) represent the same result from different viewing angles. In particular, c) is the front view, 
whose direction is identified by the arrow in b) and the label “View F” 

5.2.3.2 Discussion 

The MAP theory has been described and the results proved that it is a promising 
method to perform collision avoidance by driving the robot through preferred 
regions. The method combines the well-known approach of artificial potential 
field to the use of elementary functions to handle obstacle avoidance with original 
form. The strengths of the MAP are summarized in the following points: 

1. It is a potential field and benefits of all the advantages of the robot 
navigation algorithms based on artificial potential fields, such as easiness, 
low computation time and wide applicability.  
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2. The maximum admissible deflection nearby the local attractor can 

effectively bend the gradient lines of the potential field.  

3. The local minima related to the local attractor are prevented and the global 
minimum is unperturbed. 

4. The high curvature regions of the gradient lines can be adjusted by acting on 
the single parameter 𝛼𝑎. 

5. By opportunely placing the local attractor, the problem of the classical 
saddle point due to the obstacle repulsive potential can be solved.  

6. The solution does not depend on the potential field related to the obstacle 
and it can be extended to more complex repulsive potential fields. 

7. The exact solution is provided in closed formula, so that the potential field 
can be sculpted by simple calculation of the optimal parameters. 

8. Because of the previous point, the MAP can be adjusted dynamically. In 
practice this requires the only knowledge of the distance 𝑥𝑎

′ . 

9. The MAP can be applied in three-dimensions, with any number of obstacles 
or local attractors. 

10. Combining multiple local attractors, it is possible to avoid collision with 
complex three-dimensional trajectories. 

Concerning the limitations, two points can be discussed. The first point is that 
the MAP stands on assumptions (3.40),(3.41),(3.42) so that the elements must be 
combined according to geometrical constraints; this can be intended as a 
weakness, since one cannot combine the elements at will. For this reason, the 
method to design the MAP has been described step by step and the main phases 
have been collected in a unique algorithm to deal with static and dynamic MAP. 
At the end, when it comes to the practice, this aspect reduces to simple math 
calculation. The second point is related to the previous one in addition to the fact 
that the maximum intensity of a local attractor is limited by 𝛼𝑎̃. So, one can 
observe that not only the geometry of the MAP is constrained, but also the effect 
of a local attractor is limited. Even if this point is a theoretical limitation, the 
results show that in practice the MAP has tangible effects so that it can deal with 
different scenarios, even considering complex cases with multiple obstacles and 
attractors, or with dynamic obstacles. 

Finally, one more aspect can be discussed to address further studies. By 
choosing the local attractor position 𝒑𝑎 as a design variable, i.e. as the point the 
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robot should be attracted by, a slight error is admitted. In fact, the theory reveals 
that the attraction is towards the saddle point 𝒑̃, which does not coincide exactly 
with 𝒑𝑎. To attract the robot within a certain region, this aspect is not relevant as 
shown in the results section. But if one wants the robot to navigate exactly 
towards a certain local attractive point, the design phase of the MAP can be 
revised to consider 𝒑̃ as the design variable, instead of 𝒑𝑎. 

5.3 Hand-Over 

5.3.1 Experimental test 
Two different kinds of tests have been conducted to verify the effectiveness of the 
hand-over control strategy. The first category of tests, named “Prediction” tests, 
has been performed to show the differences between the hand-over approach with 
the prediction scheme and the one without prediction. In the second test case, 
named “TCP pose” tests, the possible advantages of considering the pose of the 
TCP instead of the only positions have been studied.  

5.3.1.1 Prediction test 

In this kind of tests, the operator moves his hand inside the robotic workspace, 
and the robot starts to move. The object exchange is performed when the hand of 
the worker and the TCP of the robot are inside the meeting volume, as 
schematized in Figure 4.5.  

The robot is driven both with the information related to the virtual hand pose 
obtained considering or not the prediction. In the former test, the hand-over is 
performed without prediction and the Kinects raw skeleton data are saved. Then, 
for a reliable comparison, the same movement of the worker has been used in the 
test with prediction. In particular, the saved skeleton data are processed, and the 
command joints velocity set, calculated from the trajectory planning relative to the 
predicted hand, is sent to the robot. This permitted to replicate the same test 
conditions. 

 In Figure 5.42, an example of frames of the movements that the operator 
performed are shown. In Figure 5.43, the distance between the hand and the 
shoulder center and the norm of the velocity of the TCP in both cases are 
presented. By observing the graphs, the shape of the predicted and the standard 
curves are quite similar, only shifted in time. This proves that the proposed 
Kalman filter based on Wiener process has a significant practical effect in this 
application. In the case with the prediction, the virtual hand entered in the robot 
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workspace 0.25 𝑠 before the case without the velocity calculation. This implies 
that the robot started moving earlier with the velocity calculation, as can be seen 
in Figure 5.43. The virtual hand stopped its motion after 7 𝑠. After the stop, the 
operator waited the arriving of the robot to perform the object exchange. The 
waiting time was 0.93 𝑠 with the prediction and 1.17 𝑠 without. In fact, Figure 
5.43 shows that the TCP of the robot finished to move at 7.93 𝑠 with the velocity 
calculation and at 8.17 𝑠 without it. The results show clearly that the waiting time 
(w.t. in the Figure 5.43) is reduced with the prediction of the virtual hand position. 
This is an interesting and promising result and shows that the approach with the 
velocity calculation is effective and reduces the waiting time of the worker, 
obtaining a fast hand-over operation. 

 
Figure 5.42 a) The hand of the operator is outside the workspace of the robot, and the manipulator 
is in its home position; b) the hand enters in the workspace, and the robot starts to move; c) the 
TCP is inside the meeting volume and the hand-over is performed 

5.3.1.2 TCP pose test 

In this subsection, the results of tests show the ability of the robot to adapt to the 
pose of the hand and how this adaptability is useful for a fluent and ergonomic 
human– robot hand-over. Human and robot have to pass each other a plate which 
is exchanged with a casual orientation.  

In the first test, the worker changed the orientation of the forearm while the 
TCP of the robot was inside the meeting volume. In Figure 5.44, it is possible to 
see how the robot can modify the TCP pose according to the pose of the human-
hand.  

The second test highlighted the differences between a hand-over where only 
the hand position was used to plan the trajectory and one where the pose 
information was processed. In Figure 5.45, the frames of the hand-position case 
are shown. It is clear how the operator must adapt his arm in order to give/take the 
plate with the proper orientation.  
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Figure 5.44 The robot is able to modify its pose in order to align its 𝑧-axis with the forearm axis 

 
Figure 5.45 a) The TCP of the robot is inside the meeting volume and stops to move, but its 
orientation does not permit it to take the plate with the proper orientation; b)-c) the operator has to 
move his arm to perform the hand-over with the desired orientation 

 
Figure 5.46 The operator moves his hand and the robot starts its motion; b)-c) the hand-over is 
achieved with the desired orientation of the plate, and the operator does not move the arm to adapt 
the plate pose 

The frames of the test conducted with the pose of the hand are presented in 
Figure 5.46. In this case, the worker can give/take the plate with different poses of 
the hand while the plate is exchanged with the desired orientation. 

5.3.1.3 Discussion 

The experimental tests presented in the previous section have been conducted to 
evaluate the performances of the proposed path planner algorithm in terms of 
ability to follow the pose of moving targets and times to perform hand-over tasks. 
The “TCP pose” tests showed that controlling the robot in order to adapt the pose 
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of the TCP to the one of the hand permits the operator to choose the preferred arm 
posture to perform the hand-over. This is not possible using algorithms that 
consider only the position of the hand, as other studies [100], [106], [107]. In fact, 
considering only the hand position, the human worker must change the pose of the 
hand in order to perform the hand-over with the proper orientation of the object to 
exchange. Furthermore, the good fluidity with which the robot controlled by the 
proposed algorithm is able to follow the orientation of the hand can be seen on the 
video attached to this work.  

The results of the “Prediction” tests showed clearly that the possibility to 
predict the human hand position permits to obtain faster hand-over tasks reducing 
the waiting time for the operator. The solution presented in this work achieves a 
mean value of the waiting time of 1 s. The control strategies proposed in [102], 
[105] that have the same characteristics of the algorithm proposed in this work 
(bidirectionality, reactivity, ability to follow the pose of the hand and possibility 
to consider the dimensions of the object to exchange) have mean values of the 
waiting time of 4 𝑠 and 1.4 𝑠 respectively. So the algorithm here proposed has 
shorter waiting times than other hand-over control strategies. 

 



  
 

 

Chapter 6 

6 Conclusions and future works 

In this work, different tools and algorithms to deal with the most demanding 
collaborative robotics application have been presented. The desire of a safe, 
responsive and human-friendly robot behavior translated into technical 
challenges. They consisted in combining human tracking devices and real-time 
algorithms to let the robot accomplish the task with a view on human preferences. 

The importance of human tracking has been discussed in a dedicated chapter. 
The study and the trade-off that led to the choice of the Kinect camera has been 
documented. The Microsoft sensor showed the best performances among depth 
cameras on the market. At low price, it offers built in skeleton tracking and 
compatibility with most of the existing libraries for computer vision.  

To improve Kinect capabilities, the attention has moved to the multiple sensor 
layout and the fusion algorithms. The steps for skeleton optimization and point 
cloud processing have been presented. The optimized skeleton recognizes the 
human body parts approximating the human size with joints. The merged point 
cloud better detects the human shape but suffers large data processing. Regardless 
of the type of human data, the human tracking algorithm can be synthesized in a 
calculation block that gives human position in 3D coordinates. This information is 
exploited by the robot control algorithms depending on the application. 

Two main topics have been discussed: collision avoidance and hand-over. 
Different algorithms have been developed to obtain a natural and seamless 
collaboration in these two scenarios. The algorithms use human and robot relative 

Conclusions and future works 
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position to calculate robot commands in terms of joint velocities. The innovation 
and the theory behind the algorithms have been discussed in detail in dedicated 
chapters.  

The collision avoidance algorithm based on repulsive velocities does not 
present important changes with respect to the previous works. However, the 
method has been described to understand the control strategy that drive the 
collaborative assembly task in the application chapter.  

The MAP is the major contribution of the dissertation. It presents important 
novelties with respect to the state of the art. The method is inspired by the 
previous studies on the artificial potential fields but moves the attention on the 
role of the attractors rather than the obstacles. By considering some examples of 
robotics applications, the importance of choosing preferred directions while 
avoiding collision emerges. Since the artificial potential field techniques turned 
out to be simple and effective in the previous works, the intuition has suggested to 
explore this branch. The state of the art revealed a lack of works dealing with 
multiple attractors. Thus, the idea of a new formula to handle attractors and 
repulsors coexistence has been developed. 

The hand-over chapter presented an improved algorithm with human hand 
motion prediction. The method uses Kalman filter and assumes the hand motion 
as a Wiener process. The hand position at the time horizon of two samples is 
estimated by propagating the prediction stage of the Kalman filter. This scheme 
has been integrated with the results of the previous work to obtain an ergonomic 
robot motion. 

The second part of the dissertation show the applications. Depending on the 
grade of novelty, the developed algorithms have been verified either by simulation 
or experimental test. Simulations run in Matlab by considering the kinematic 
model of two among the most popular collaborative robots, i.e. the LBR iiwa 14 
by KUKA and the UR3 by Universal robots. Experimental tests are carried out 
with a real robot UR3 driven by the 3D vision system. The hardware set-up of the 
laboratory robotic cell has been described. Two computers are connected to the 
Microsoft Kinect v2 cameras to obtain the data acquired by each sensor. The third 
computer is connected to the controller of the UR3 robot and run the control 
algorithms. 

The first application investigates the feasibility and the potential benefits of a 
collaborative assembly cell characterized by the highest level of collaboration. A 
representative assembly task which can take advantage from collaborative 
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robotics has been chosen. Robot and operator carry out their task in parallel, with 
the possibility to operate at the same time in the shared workspace. The robot is 
controlled with collision avoidance based on repulsive velocities. The algorithm 
has a low computational cost and can drive the robotic arm away from the human 
body represented as a skeleton. The discussion has shown the capabilities of the 
proposed algorithm by analyzing the robot alternative trajectory. The robot is able 
to avoid the human and return on the planned path to carry on the task. Moreover, 
the cycle time has been compared for the cases of responsive and sequential 
collaboration. The highest level of collaboration, which has been tested in this 
work, promises significant improvement in terms of task time, even if the actual 
possible benefit should be carefully evaluated for each specific application. 

The second application investigates the use of the point cloud to represent the 
human size. Simulations have shown that using relatively cheap hardware and 
useable software, it is possible to run the whole algorithm for human detection 
and collision avoidance at a frequency above 30 𝐻𝑧. Calculations are made 
properly combining custom functions and built-in Matlab tools; thus, the method 
is easily replicable and can be useful for the preliminary study of collision 
avoidance with point cloud. A comparison between the optimized point cloud and 
the resulting convex hull has been proposed, to verify the algorithm and to 
highlight different robot behaviors. An experimental test has been reported, but 
the presence of a physical robot resulted in a noisier point cloud. A stronger 
donoising was required and the processing time dropped to 20 𝐻𝑧. A more 
efficient implementation with low level programming is currently under 
development.  

The MAP application has been structured to show the algorithm acting in 
different scenarios. The simulation environment has been chosen to investigate 
the influence of the main parameters that regulate the MAP. The simplest case 
with single obstacle and local attractor revealed that the robot can avoid the 
obstacle choosing the local attractor side, even considering different approaching 
directions. The case with multiple local attractors and single obstacles has been 
considered to discuss the possibility to obtain smooth trajectories by regulating 
the attractive effect. The MAP has revealed also effective in the test with multiple 
obstacles and local attractors, with the possibility to obtain more complex 
collision avoidance paths. The tests with a dynamic obstacle showed how it is 
possible, in practice, to deal with moving objects. To verify that the real robot can 
follow the gradient lines of the MAP, the main simulation tests have been 
replicated with the robotic cell. The experimental results confirmed the robot 
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motion expected from simulation. Moreover, an application of the MAP to 
collaborative robotics has been analyzed. A local attractor, placed in front of the 
human hand, can effectively bend the robot path on the same side. The discussion 
outlines the strengths of the proposed method and analyses the limitations, with a 
positive verdict justified by the results. Future works will focus on the extension 
of the MAP so that not only the end-effector, but also the entire robot body is 
affected by obstacles and attractors.  

The improved hand-over algorithm has been applied to a hand-over 
task where robot and worker can be either giver or receiver. Results of two kinds 
of tests are shown to verify the effectiveness of the control architecture. The first 
kind of tests demonstrates the reduction of the waiting time that can be achieved 
with the prediction of the virtual hand position. The second one permits to verify 
how the use of the pose of the hand instead of the only position improves the 
fluency of the hand-over tasks. An extended version of the algorithm that can 
predict also elbow and shoulder positions of the human arm is currently under 
development. In this way, not only the position of the hand but also the orientation 
of the forearm can be effectively anticipated by the robot. 

Other important aspects related to hardware and software improvements will 
be addressed in future works. The implementation with a more efficient 
programming language will be extended to all the algorithms here presented, not 
only to point cloud fusion. In fact, MATLAB is not optimized for real-time 
application and would be convenient to write the algorithms using low-level 
programming languages, e.g., C++ or C#. This would also bring the possibility to 
test the proposed control scheme with a setup involving a reduced number of 
computers. Concerning the 3D vision system, since Kinect v2 is discontinued, the 
vision sensor will be updated to the last Azure Kinect DK. In this new scenario, it 
will be interesting to quantify the advantages of the new skeleton tracking 
software and to test an acquiring layout with more than two sensors. 
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Appendix A 
From (3.12), the gradient of the repulsive potential field is: 

 ∇𝑈𝑜(𝒑, 𝛽𝑜, 𝛾𝑜) = 𝜕
𝜕𝒑 𝑈𝑜(𝒑, 𝛽𝑜, 𝛾𝑜) = −𝛽𝑜𝛾𝑜(𝒑 − 𝒑𝑜)𝑒−𝛾𝑜

2 ‖𝒑−𝒑𝑜‖2  (A.1) 

More precisely, it is written ∇𝑈𝑜(𝒑, 𝛽𝑜, 𝛾𝑜) to stress the dependency on 𝛽𝑜 and 𝛾𝑜, 
that are the design parameters of the potential field related to the obstacle. By 
considering 𝑟𝑜 = ‖𝒑 − 𝒑𝑜‖, the modulus of the gradient can be written as: 

 |∇𝑈𝑜|(𝑟𝑜, 𝛽𝑜, 𝛾𝑜) = 𝛽𝑜𝛾𝑜𝑟𝑜𝑒−𝛾𝑜
2 𝑟𝑜

2  (A.2) 

The distance 𝑟𝑜 where the magnitude of the gradient is maximum can be found by 
studying the derivative of (A.2): 

 
𝜕

𝜕𝑟𝑜
|∇𝑈𝑜|(𝑟𝑜, 𝛽𝑜, 𝛾𝑜) = ( 1

𝛾𝑜
− 𝑟𝑜

2) 𝛽𝑜𝛾𝑜
2𝑒−𝛾𝑜

2 𝑟𝑜
2 = 0 (A.3) 

Equation (A.3) is verified if 𝑟𝑜 = 1 (𝛾𝑜)1 2⁄⁄ . By substituting in (A.2): 

 |∇𝑈𝑜|𝑚𝑎𝑥(𝛽𝑜, 𝛾𝑜) = 𝛽𝑜𝛾𝑜
1/2𝑒−1

2 (A.4) 

If 𝜆 is the ratio between the modulus of the repulsive gradient at the generic 
distance 𝑟𝑜 and its maximum value, it is: 
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 𝜆(𝑟𝑜, 𝛾𝑜) = |∇𝑈𝑜|(𝑟𝑜, 𝛽𝑜, 𝛾𝑜)
|∇𝑈𝑜|𝑚𝑎𝑥(𝛽𝑜, 𝛾𝑜)

= 𝛾𝑜
1/2𝑟𝑜𝑒(1

2−𝛾𝑜
2 𝑟𝑜

2) (A.5) 

Thus, 𝜆 does not depend on 𝛽𝑜. This suggests that (A.5) can be used to choose 𝛾𝑜. 
At the contour of the obstacle, i.e. in 𝑟𝑜 = 𝑅𝑜, the ratio is: 

 𝜆𝑜(𝑅𝑜, 𝛾𝑜) =
|∇𝑈𝑜|𝑅𝑜

|∇𝑈𝑜|𝑚𝑎𝑥
= 𝛾𝑜

1/2𝑅𝑜𝑒(1
2−𝛾𝑜

2 𝑅𝑜
2) (A.6) 

which is the explicit form of (3.16). 

Appendix B 
By taking the square, (A.6) becomes: 

 −𝛾𝑜𝑅𝑜
2𝑒−𝛾𝑜𝑅𝑜

2 = − 𝜆𝑜
2

𝑒  (B.1)  

which can be written as: 

 
𝑤𝑒𝑤 = 𝑢 

𝑤 = −𝛾𝑜𝑅𝑜
2 ,       𝑢 = − 𝜆𝑜

2

𝑒      
(B.2)  

Equation (B.2) can be solved with the Lambert W function as long as 𝜆𝑜 ≤ 1, 
which is always verified by definition (A.5). Since 𝑢 is real and −1/𝑒 ≤ 𝑢 < 0, 
(B.2) has exactly two real solutions, corresponding to the two branches 𝑊0 and 
𝑊−1. The meaningful solution, in this case, is: 

 𝑤 = 𝑊−1(𝑢) (B.3)  

that leads to (3.17). In fact, it can be verified that the 𝛾𝑜 obtained with the case 
𝑊−1 allows to concentrate 𝑈𝑜 around the obstacle (Figure B.1). 
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Figure B.1 Repulsive potential in a radial plane of a spherical obstacle with 𝑅𝑜 = 0.075 𝑚. 𝑈𝑜 
is obtained by choosing 𝜆𝑜 = 0.2, 𝛽𝑜 = 0.5 and by varying 𝛾𝑜: in a) and c) is depicted the same 
function from different views, with 𝛾𝑜 = 1069, which corresponds to the solution 𝑊−1; in b) and 
d) the case with 𝛾𝑜 = 2.6554, which relates to 𝑊0, is shown 

Appendix C 
Outside of the active region the gradient goes to zero. To quantify this condition, 
for 𝑈𝑜 it is assumed that the gradient magnitude is less than or equal to a small 
value 𝑠𝜖. Thus, by placing |∇𝑈𝑜|(𝑟𝑜, 𝛽𝑜, 𝛾𝑜) = 𝑠𝜖 in (A.2) and by taking the 
square, the following relation holds: 

 −𝛾𝑜𝑟𝑜
2𝑒−𝛾𝑜𝑟𝑜

2 = − 𝑠𝜖
2

𝛽𝑜
2𝛾𝑜

 (C.1)  

With the same fashion of Appendix B, (C.1) can be written as: 

 
𝑤𝑒𝑤 = 𝑢𝜖 

𝑤 = −𝛾𝑜𝑟𝑜
2 ,       𝑢𝜖 = − 𝑠𝜖

2

𝛽𝑜
2𝛾𝑜

    
(C.2)  

which can be solved with the Lambert W function as long as 𝑠𝜖
2 ≤ 𝛽𝑜

2𝛾𝑜/𝑒. Since 
the latter condition is easily verified in practice as proved in the results section, 
(C.2) has two real solutions.  

Without loss of generality, the meaningful solution corresponds to the lower 
branch 𝑊−1: 
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 𝑤 = 𝑊−1(𝑢𝜖) (C.3)  

Equation (C.3) solved for 𝑟𝑜 gives (3.18). 

Appendix D 
From (3.14), the gradient of the attractive potential field is: 

 ∇𝑈𝑎(𝒑, 𝛼𝑎, 𝛾𝑎) = 𝜕
𝜕𝒑 𝑈𝑎(𝒑, 𝛼𝑎, 𝛾𝑎) = 𝛼𝑎𝛾𝑎(𝒑 − 𝒑𝑎)𝑒−𝛾𝑎

2 ‖𝒑−𝒑𝑎‖2  (D.1)  

By considering 𝑟𝑎 = ‖𝒑 − 𝒑𝑎‖, the modulus of the gradient can be written as: 

 |∇𝑈𝑎|(𝑟𝑎, 𝛼𝑎, 𝛾𝑎) = 𝛼𝑎𝛾𝑎𝑟𝑎𝑒−𝛾𝑎
2 𝑟𝑎

2  (D.2)  

which is similar to (A.2). Thus, with the same procedure of Appendix A, by 
introducing 𝜇 as the ratio between the modulus of the attractive gradient at the 
generic distance 𝑟𝑎 and its maximum value, it is: 

 𝜇(𝑟𝑎, 𝛾𝑎) = |∇𝑈𝑎|(𝑟𝑎, 𝛼𝑎, 𝛾𝑎)
|∇𝑈𝑎|𝑚𝑎𝑥(𝛼𝑎, 𝛾𝑎) = 𝛾𝑎

1/2𝑟𝑎𝑒(1
2−𝛾𝑎

2 𝑟𝑎
2) (D.3)  

At the distance 𝑟𝑎 = 𝑅𝑎, the ratio becomes: 

 𝜇𝑎(𝑅𝑎, 𝛾𝑎) =
|∇𝑈𝑎|𝑅𝑎

|∇𝑈𝑎|𝑚𝑎𝑥
= 𝛾𝑎

1/2𝑅𝑎𝑒(1
2−𝛾𝑎

2 𝑅𝑎
2) (D.4)  

which is the explicit form of (3.21). Equation (3.22) is obtained as described in 
Appendix B, by replacing 𝛾𝑜, 𝑅𝑜 and 𝜆𝑜 with 𝛾𝑎, 𝑅𝑎 and 𝜇𝑎  respectively. 

Appendix E 
To quantify the active region of 𝑈𝑎, the condition on the gradient is replaced with 
a condition on	𝜇. In particular, beyond the distance 𝑅𝑎

∗  from 𝒑𝑎, must be 𝜇 < 𝜇𝜖 
where 𝜇𝜖  is a small number. Thus, by placing 𝜇 = 𝜇𝜖 in (D.3) and by taking the 
square: 

 −𝛾𝑎𝑟𝑎
2𝑒−𝛾𝑎𝑟𝑎

2 = − 𝜇𝜖
2

𝑒  (E.1)  
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Equation (E.1) is similar to (B.1) and can be solved for 𝑟𝑎 = 𝑅𝑎
∗  with the Lambert 

W function as long as 𝜇𝜖 ≤ 1. Without loss of generality, the meaningful solution 
is given in the form (B.3), which leads to (3.23). 

Appendix F 
From (3.28): 

 𝛼𝑎𝛾𝑎𝑒−𝛾𝑎
2 (𝑥′−𝑥𝑎

′ )2 = −𝜎𝑥′

(𝑥′ − 𝑥𝑎
′ ) 

(F.1)  

By recognizing this term in (3.30) and substituting, it results the cubic (3.31), 
which can be written as: 

 𝑥′3 − (2𝑥𝑎
′ )𝑥′2 + (𝑥𝑎

′2)𝑥′ − 𝑥𝑎
′

𝛾𝑎
= 0 (F.2)  

Equation (F.2) can be solved using the cubic formula ([120]). By considering 
𝑏2 = 2𝑥𝑎

′ , 𝑏1 = 𝑥𝑎
′2 and 𝑏0 = −𝑥𝑎

′ 𝛾𝑎⁄ , the cubic has three real solutions if the 
polynomial discriminant 𝐷 is negative: 

 
𝐷 = 𝑄3 + 𝑃 2 = 𝑥𝑎

′2 ( 1
4𝛾𝑎

− 𝑥𝑎
′2

27) < 0 

𝑄 = 3𝑏1 − 𝑏2
2

9 = − 𝑥𝑎
′2

9   ,    𝑃 = 9𝑏2𝑏1 − 27𝑏0 − 2𝑏2
3

54 = − 𝑥𝑎
′3

27 + 𝑥𝑎
′

2𝛾𝑎
 

(F.3)  

Since 𝑥𝑎
′

 is positive, condition (F.3) translates into (3.32). In this case, the three 
solutions are: 

 

𝑥𝐼
′ = 2√−𝑄 cos (𝜃

3) − 𝑏2
3  

𝑥𝐼𝐼
′ = 2√−𝑄 cos (𝜃 + 2𝜋

3 ) − 𝑏2
3  

𝑥𝐼𝐼𝐼
′ = 𝑥′̃ = 2√−𝑄 cos (𝜃 + 4𝜋

3 ) − 𝑏2
3  

𝜃 = cos−1 ( 𝑃
√−𝑄3

) 

(F.4)  

By substituting the three roots in (3.28), as many values for 𝛼𝑎 can be found. 
Figure F.1 shows the meaning of the three solutions of a generic case, given 𝜎, 𝑥𝑎

′  
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and 𝛾𝑎. The first root 𝑥𝐼

′ , represented by the dashed curve, gives a negative 𝛼𝑎. 
The dotted curve refers to the root 𝑥𝐼𝐼

′  and to a high positive value of 𝛼𝑎, which 
gives the tangency nearby the global minimum still producing a local minimum 
around 𝑥𝑎

′ . The only meaningful solution for the case study of this paper is then 
𝑥𝐼𝐼𝐼

′ , which can be written in the form (3.33).  

 
Figure F.1. Analysis of the parametric solution of equation (3.28). The different style of the lines 
refers to the 3 values of 𝛼𝑎 αa obtained with 𝑥𝐼

′ , 𝑥𝐼𝐼
′  and 𝑥𝐼𝐼𝐼

′ . a) Potential function 𝑈𝑓𝑎 along the 
𝑥′ axis. b) Graphical solution by means of the intermediate variables (3.29); the squares identify 
the points of tangency. 

Appendix G 
To satisfy condition (3.20), the limit distance between the local attractor and the 
desired position is: 

 ∥𝒑𝑎 − 𝒑𝑓∥ = ∥𝒑𝑎
′ − 𝒑𝑓

′ ∥ = 𝑥𝑎
′ = 𝑅𝑎

∗  (G.1)  

in which the distance between the local attractor and the saddle point is maximum. 
In this case: 

 𝜀 = (𝑥𝑎
′ − 𝑥′̃)𝑚𝑎𝑥 = 𝑅𝑎

∗ − 𝑥′̃ (G.2)  
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By considering (3.33), for 𝑥𝑎
′ = 𝑅𝑎

∗  the saddle point coordinate 𝑥′̃ can be written 
as: 

 
𝑥′̃(𝑅𝑎

∗ , 𝛾𝑎) = 2
3 𝑅𝑎

∗ [cos (𝜗𝜀 + 4𝜋
3 ) + 1] 

𝜗(𝑅𝑎
∗ , 𝛾𝑎) = 𝜗𝜀 = cos−1 ( 27

2𝛾𝑎𝑅𝑎
∗2 − 1) 

(G.3)  

Then, by substituting (G.3) in (G.2): 

 𝜀 = 1
3 𝑅𝑎

∗ [1 − 2 cos (𝜗𝜀 + 4𝜋
3 )] (G.4)  

Since 𝑅𝑎
∗  is given by (3.23), equation (G.4) can be written in the form (3.36). 



  
 

 

 

List of symbols 

𝐴 𝑥′-axis component of the gradient of the potential field related to the desired 
position, evaluated in 𝑦′ = 0 

𝓐𝐾  Transformation matrix from Kinect frame to world frame 

𝓐𝑟 Transformation matrix from robot frame to world frame 

𝓐′′ Transformation matrix from world frame to obstacle frame 

𝓐𝑡
′′

 Transformation matrix 𝓐′′ at the generic time 𝑡 

𝑎 physical marker for spatial matching 

𝑎𝐷𝐻  Denavit-Hartenberg parameter: length of the common normal 

𝒂𝐹𝐴 Forearm axis 

𝑎𝑚𝑎𝑥 Maximum magnitude of the end-effector linear acceleration 

𝒂𝐾  marker 𝑎 observed in the Kinect depth frame 

𝒂𝑟 marker 𝑎 observed in the robot frame 

𝐵 𝑥′-axis component of the gradient of the potential field related to the local 
attractor, evaluated in 𝑦′ = 0 
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𝑏 physical marker for spatial matching 

𝑏0, 𝑏1, 𝑏2 Coefficients of the cubic formula 

𝒃𝐾  marker 𝑏 observed in the Kinect depth frame 

𝒃𝑟 marker 𝑏 observed in the robot frame 

𝑐𝑥, 𝑐𝑦 Coordinates of the principal point in the image plane of Kinect depth sensor 

𝐷 Discriminant of the cubic formula 

𝑑𝐷𝐻  Denavit Hartenberg parameter: offset along previous joint axis to the 
common normal 

𝒅𝑒−𝑜 Distance vector between the end-effector and the obstacle 

𝑑𝑒−𝑜 Distance between the end-effector and the obstacle 

𝒅𝐿𝑖−ℎ𝑢𝑚𝑎𝑛 Minimum distance vector between the set of points 𝐿𝑖 and the obstacle, 
identified as the human 

𝒅𝐿𝑖−𝑜 Minimum distance vector between the set of points 𝐿𝑖 and the obstacle 

𝒆 Error between the desired and the actual end-effector pose 

𝒆𝑜 Error between the desired and the actual end-effector orientation 

𝒆𝑝 Error between the desired and the actual end-effector position 

𝒆𝑝,𝑇𝐶𝑃  Error between the desired and the actual TCP position 

𝑭  State transition matrix 

𝑭𝑘
 State transition matrix at time index 𝑘 

ℱ𝑊  Contracted notation of the world reference frame 

𝑓𝑐 Robot control frequency 

𝑓𝑥, 𝑓𝑦 Focal lengths of Kinect depth sensor 

𝑯 Measurement matrix 
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𝑯𝑘 Measurement matrix at time index 𝑘 

ℎ =  0,  1,… 𝑁 . Continuous time index 

𝑰  Identity matrix 

𝑖 =  0,  1,… 𝑛. Index that distinguishes different 𝑛 points or sets of points 

𝐽  Jacobian 

𝐽𝐿𝑖
 Partial Jacobian related to the set of control points 𝐿𝑖 

𝑗 =  0,  1,… 𝑛. Alternative notation to index 𝑖, used to refer to different 
generic points within the same formula 

𝓚 Matrix of intrinsic parameters of Kinect camera 

𝑲𝐽  Gain matrix of the control law with Jacobian inverse 

𝑲𝑘  Kalman gain at time step 𝑘 

𝑲𝑜 Gain matrix related to the orientation error of the control law with Jacobian 
inverse 

𝑘 Discrete-time step index 

𝑘1, 𝑘2, 𝑘3 Coefficients of radial distortion of Kinect depth sensor 

𝐿𝑖 Generic set of robot control points 

𝑙𝑖,𝑗 Distance between two consecutive joints of the mean skeleton. Also 
identified as bone length 

𝑛𝑘 Prediction index 

𝑂 Origin of the world frame. In spatial matching, it is identified by a physical 
marker 

𝑂 − 𝑥𝑦𝑧 World reference frame 

𝑂′ − 𝑥′𝑦′𝑧′ Auxiliary reference frame 

𝑂′′ − 𝑥′′𝑦′′𝑧′′ Obstacle reference frame 
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𝑂𝑑 − 𝑥𝑑𝑦𝑑 Image plane reference frame, considering distortion 

𝑂𝑒 − 𝑥𝑒𝑦𝑒𝑧𝑒 End-effector reference frame 

𝑂𝐾 − 𝑥𝐾𝑦𝐾𝑧𝐾  Kinect depth reference frame 

𝑂𝑝 − 𝑥𝑝𝑦𝑝 Image plane reference frame 

𝑂𝑟 − 𝑥𝑟𝑦𝑟𝑧𝑟  Robot reference frame, placed at the robot base 

𝒐𝐾  Origin of the world reference frame observed in the Kinect frame 

𝒐𝑟 Origin of the world reference frame observed in the robot frame 

𝑃  Intermediate variable of the cubic formula 

𝑷𝑘
+ Updated state covariance matrix at time index 𝑘 

𝑷𝑘
− A priori estimate of the state covariance matrix at time index 𝑘 

𝑷𝑘−1
+  Updated state covariance matrix at time index 𝑘 − 1 

𝑝 =  1,  2,  … 𝑚. Index to distinguish different obstacles 

𝒑 Generic point in the world frame 

𝒑′ Generic point in the auxiliary frame 

𝒑̃′ = [𝑥′̃ 0 0]𝑇 . Saddle point related to the local attractor, observed in the 
auxiliary frame 

𝒑𝐾  = [𝑝𝑥
𝐾 𝑝𝑦

𝐾 𝑝𝑧
𝐾]T Generic point in the Kinect frame 

𝒑̂𝐾  Generic point in the Kinect frame, expressed with homogeneous coordinates 

𝒑𝐴, 𝒑𝐵, 𝒑𝐶  Strategical nodes of the robot trajectory for the assembly task 

𝒑𝑎 Position of the local attractor in the world frame 

𝒑𝑎
′  = [𝑥𝑎

′  0 0]𝑇 . Local attractor observed in the auxiliary reference frame 

𝒑̂𝑎 Position vector of the local attractor in the world frame, expressed with 
homogeneous coordinates 



Appendix G 159 

 
𝒑̂𝑎

′′ Position of the local attractor in the obstacle frame, expressed with 
homogeneous coordinates 

𝒑𝑎𝑖 Position 𝑖 of the local attractor with fixed radius 𝑅𝑎 in the world frame 

𝒑𝑎𝑖
′  = [𝑥𝑎𝑖

′  0 0]𝑇 . Position 𝑖 of the local attractor with fixed radius 𝑅𝑎, observed 
in the auxiliary frame 

𝒑𝑎,𝑖 Position of the local attractor 𝑖 in the world frame 

𝒑𝑎,𝑗 Position of the local attractor 𝑗 in the world frame 

𝒑𝑎,𝑡 Position of the local attractor at the generic time 𝑡 

𝒑𝑎,𝑡ℎ
 Position of the local attractor at time 𝑡ℎ 

𝒑̇𝑑 End-effector linear velocity in the world frame 

𝒑𝐸
∗  Human elbow joint optimized by the skeleton fusion algorithm, observed in 

the world frame 

𝒑𝑒 Position of the end-effector in the world frame 

𝒑̇𝑒 End-effector linear velocity 

𝒑𝑓  Final position of the end-effector in the world frame, alternatively indicated 
as global attractor in the MAP theory 

𝒑𝑓
′  Final position observed in the auxiliary reference frame 

𝒑𝐻
∗  Human hand joint optimized by the skeleton fusion algorithm, observed in 

the world frame 

𝒑𝐻,𝑛𝑘
𝑒  Predicted human hand position at time horizon 𝑛𝑘𝑇 , observed in the world 

frame 

𝒑𝐻,2
𝑒  Predicted human hand position at time horizon 2𝑇 , observed in the world 

frame 

𝒑𝑖
𝐴 Generic joint 𝑖 of the skeleton acquired by Kinect 𝐴, observed in the world 

frame 

𝒑̅̅̅̅𝑖
𝐴

 Mean position of the joint 𝒑𝑖
𝐴 over 30 frames 
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𝒑𝑖
𝐵 Generic joint 𝑖 of the skeleton acquired by Kinect 𝐵, observed in the world 

frame. 

𝒑̅̅̅̅𝑖
𝐵 Mean position of the joint 𝒑𝑖

𝐵 over 30 frames 

𝒑̃𝑖
′ = [𝑥𝑖̃

′ 0 0]𝑇 . Saddle point related to the local attractor at position i, observed 
in the auxiliary frame 

𝒑𝑖
∗ Joint 𝑖 optimized by the skeleton fusion algorithm, observed in the world 

frame 

𝒑𝑜 Position of the obstacle in the world frame. 

𝒑𝑜,𝑝 Position of the obstacle 𝑝 in the world frame 

𝒑𝑜,𝑡 Position of the obstacle at the generic time 𝑡 

𝒑𝑟 Position of the robot considered as a point in the world frame 

𝒑𝑠 Initial position of the end-effector in the world frame 

𝒑𝑇𝐶𝑃  Position of the TCP in the world frame 

𝒑𝑉𝐻  Virtual hand in the world frame 

𝒑𝑊
∗  Human wrist joint optimized by the skeleton fusion algorithm, observed in 

the world frame 

𝑄 Intermediate variable of the cubic formula 

𝑸 = 𝐸{𝒘𝒘𝑇 } Covariance matrix of the process noise 

𝓠𝑒 Unit quaternion identifying the actual end-effector orientation with respect 
to the world frame 

𝓠𝑓  Unit quaternion identifying the final end-effector orientation with respect to 
the world frame 

𝑸𝑘 Covariance matrix of the process noise at time step 𝑘 

𝒒 Manipulator joint positions 

𝑞 ̃ Process noise intensity 
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𝒒 ̇ Manipulator joint velocities 

𝒒𝑓̇𝑏 Manipulator joint velocity feedback  

𝒒𝑘 Manipulator joint positions at discrete time step 𝑘 

𝒒𝑘−1 Manipulator joint positions at discrete time step 𝑘 − 1 

𝒒𝐿𝑖 Manipulator joint positions related to the set of control points 𝐿𝑖 

𝒒𝐿̇𝑖 Manipulator joint velocities related to the set of control points 𝐿𝑖 

𝒒𝑠̇𝑒𝑡 Manipulator joint velocity set  

𝒒𝑠̇𝑒𝑡,𝑘 Manipulator joint velocity set at discrete time step 𝑘 

𝑹 = 𝐸{𝒗𝒗𝑇 } Covariance matrix of the measurement noise 

𝑅𝑎 Radius of the local attractor 

𝑅𝑎
∗  Radius of the active region of the potential field related to the local attractor 

𝑅𝑎,𝑖 Radius of the local attractor 𝑖 

𝑅𝑎,𝑖
∗  Radius of the active region of the potential field related to the local attractor 

i 

𝑅𝑎,𝑙𝑖𝑚 Maximum admissible radius of the local attractor 

𝑅𝑎,𝑡ℎ  Radius of the local attractor at time 𝑡ℎ 

𝑅𝑎,𝑡ℎ
∗

 Radius of the active region of the local attractor at time 𝑡ℎ 

𝓡𝑒 Rotation matrix identifying the actual end-effector orientation with respect 
to the world frame 

𝓡𝑓  Rotation matrix identifying the final end-effector orientation with respect to 
the world frame 

𝓡𝐾  Rotation matrix identifying the orientation of Kinect frame with respect to 
the world frame. 

𝑹𝑘  Covariance matrix of the measurement noise at time index 𝑘 
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𝓡𝐾  Rotation matrix identifying the orientation of Kinect frame with respect to 
the world frame 

𝑅𝑜 Radius of the spherical obstacle 

𝑅𝑜
∗  Radius of the active region of the potential field related to the obstacle 

𝑅𝑜,𝑝 Radius of the spherical obstacle 𝑝 

𝑅𝑜,𝑝
∗  Radius of the active region of the potential field related to the obstacle 𝑝 

𝑟 ̃ Measurement noise intensity 

𝑟𝑎 Generic distance from the local attractor center 

𝑟𝑜 Generic distance from the obstacle center 

𝓢(∘)  Skew-symmetric operator 

𝑆𝐴 Skeleton of Kinect 𝐴 

𝑆𝐵  Skeleton of Kinect 𝐵 

𝒔 Human hand position in the world frame 

𝒔 ̇ Human hand velocity in the world frame 

𝒔 ̈ Human hand acceleration in the world frame 

𝑠𝜖  Zero threshold 

𝑇  Sampling period of the discrete-time state equation 

𝑡 Time 

𝑡ℎ Time instant ℎ 

𝑈𝑎 Potential field related to the local attractor 

𝑈𝑎
∗ Active region of the potential field related to the local attractor 

𝑈𝑎,𝑖
∗  Active region of the potential field related to the local attractor 𝑖 

𝑈𝑎,𝑡 Potential field of the local attractor at the generic time 𝑡 
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𝑈𝑎,𝑡

∗
 Active region of the potential field related to the local attractor at the generic 

time 𝑡 

𝑈𝑓  Potential field related to the final end-effector position 

𝑈𝑓𝑜 Sum of the potential fields related to the final position and to the obstacle 

𝑈𝑜 Potential field related to the obstacle 

𝑈𝑜
∗ Active region of the potential field related to the obstacle 

𝑈𝑜,𝑝
∗  Active region of the potential field related to the obstacle 𝑝 

𝑈𝑡 Sum of the potential fields related to the desired position, the obstacle and 
the local attractor 

𝑈𝑡,𝑀𝐴𝑃  Potential field 𝑈𝑡 whose parameters have been selected according to the 
MAP (Multiple Attractors Potential) 

𝑢 Argument of the Lambert W function for 𝛾𝑜  calculation 

𝑢𝑥 Coordinate 𝑥 in the pixel frame 

𝑢𝑦 Coordinate 𝑦 in the pixel frame 

𝑢𝜖 Argument of the Lambert W function for 𝑅𝑜
∗

 calculation 

𝑉𝑚 Meeting volume 

𝒗 Measurement noise 

𝒗𝑎𝑡𝑡 Attractive linear velocity 

𝑣𝑎𝑡𝑡 Magnitude of the attractive linear velocity 

𝑣𝑎𝑡𝑡,𝑚𝑎𝑥 Maximum magnitude of the attractive linear velocity 

𝑣𝑒 Magnitude of the end-effector linear velocity 

𝒗𝑘 Measurement noise at time index 𝑘 

𝒗𝐿𝑖 Repulsive linear velocity related to the set of control points 𝐿𝑖 

𝑣𝐿𝑖 Magnitude of the repulsive linear velocity related to the set of control points 



List of symbols 

 

164 

𝐿𝑖 

𝑣𝑚𝑎𝑥 Maximum magnitude of the end-effector linear velocity 

𝒗𝑟𝑒𝑝 Repulsive linear velocity 

𝑣𝑟𝑒𝑝 Magnitude of the repulsive linear velocity 

𝑣𝑟𝑒𝑝,𝑚𝑎𝑥 Maximum magnitude of the repulsive linear velocity 

𝒘 Process noise 

𝑤 Intermediate variable that represents the solution of the Lambert W function. 

𝑤𝑖
𝐴 Optimization weighting coefficient related to the generic joint 𝑖 of the 

skeleton acquired by Kinect 𝐴.  

𝑤𝑖
𝐵 Optimization weighting coefficient related to the generic joint 𝑖 of the 

skeleton acquired by Kinect 𝐵. 

𝒘𝑘 Process noise at time index 𝑘 

𝑥𝐼
′ , 𝑥𝐼𝐼

′ , 𝑥𝐼𝐼𝐼
′  Roots of the cubic formula 

𝒙 = [𝒔 𝒔 ̇𝒔]̈𝑇  State vector 

𝑥′̃ 𝑥′-axis coordinate of the saddle point related to the local attractor 

𝑥𝑎
′  = ∥𝒑𝑎

′ − 𝒑𝑓
′ ∥ = ∥𝒑𝑎 − 𝒑𝑓 ∥. Distance between the local attractor and the final 

position 

𝑥𝑎𝑖
′  = ∥𝒑𝑎𝑖

′ − 𝒑𝑓
′ ∥ = ∥𝒑𝑎𝑖 − 𝒑𝑓∥. Distance between the local attractor with fixed 

radius 𝑅𝑎  at position 𝑖 and the final position 

𝑥𝑎,𝑖
′  Distance between the local attractor 𝑖 and the final position 

𝑥𝑎,𝑡
′  Distance 𝑥𝑎

′
 at the generic time 𝑡 

𝑥𝑎,𝑡ℎ
′  Distance 𝑥𝑎

′
 at time 𝑡ℎ 

𝑥𝑖̃
′ 𝑥′-axis coordinate of the saddle point related to the local attractor at position 

𝑖 

𝒙𝑘 State vector at time index 𝑘 
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𝒙̅̅̅̅𝑘

+ Updated mean state vector at time index 𝑘 

𝒙̅̅̅̅𝑘
− A priori estimate of the mean state vector at time index 𝑘 

𝒙𝑘−1 State vector at time index 𝑘 − 1 

𝒙̅̅̅̅𝑘−1
+  Updated mean state vector at time index 𝑘 − 1 

𝒙̅̅̅̅𝑘+𝑛𝑘
−  Predicted state at time index 𝑘 + 𝑛𝑘 

𝒛𝑘 Measurement vector at time index 𝑘 

𝛼 Shape factor of the magnitude of repulsive velocity 

𝛼𝑎 Intensity of the potential function related to the local attractor 

𝛼𝑎̃ Value of 𝛼𝑎  that generates the saddle point related to the local attractor 

𝛼𝑎̃𝑖 Value of 𝛼𝑎  that generates the saddle point related to the local attractor with 
fixed radius 𝑅𝑎  at position 𝑖 

𝛼𝑎̃,𝑖 Value of 𝛼𝑎 which generate the saddle point related to the local attractor 𝑖 

𝛼𝑎,𝑡 Parameter 𝛼𝑎 at the generic time 𝑡 

𝛼𝑎̃,𝑡 Parameter 𝛼𝑎̃ at the generic time 𝑡 

𝛼𝑎,𝑡ℎ
 Parameter 𝛼𝑎 at time 𝑡ℎ 

𝛼𝑎̃,𝑡ℎ
 Parameter 𝛼𝑎̃ at time 𝑡ℎ 

𝛼𝑎𝑡𝑡,1, 𝛼𝑎𝑡𝑡,2 Shape factors of the magnitude of attractive velocity 

𝛼𝐷𝐻  Denavit Hartenberg parameter: angle about common normal 

𝛽𝑜 Intensity of the potential function related to the obstacle 

𝛽𝑜,𝑝 Intensity of the potential function related to the obstacle 𝑝 

𝛿 Rotation angle about the negative direction of the 𝑧-axis 

𝛾𝑎 Exponential decay of the potential function related the local attractor 
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𝛾𝑎,𝑖 Exponential decay of the potential function related the local attractor 𝑖 

𝛾𝑎,𝑙𝑖𝑚 Maximum admissible value of 𝛾𝑎 

𝛾𝑎,𝑡 Parameter 𝛾𝑎 at the generic time 𝑡 

𝛾𝑎,𝑡ℎ
 Parameter 𝛾𝑎 at time 𝑡ℎ 

𝛾𝑜 Exponential decay of the potential function related the obstacle 

𝛾𝑜,𝑝 Exponential decay of the potential function related the obstacle 𝑝 

𝜀 Maximum distance between the saddle point and the local attractor 

𝜀 ̃ Minimum admissible distance between the local attractor and the active 
region of the obstacle 

𝜀𝑖̃ Minimum admissible distance between the local attractor 𝑖 and the active 
region of the obstacle 

𝜀𝑙𝑖𝑚 Maximum admissible value of 𝜀 

𝜂𝑒 Scalar part of the quaternion 𝓠𝑒 

𝜂𝑓  Scalar part of the quaternion 𝓠𝑓  

𝜗 Angle of the cubic formula 

𝜗𝐷𝐻  Denavit Hartenberg parameter: angle about the previous joint axis 

𝜗𝜀	 Value of the angle of the cubic formula evaluated at 𝑅𝑎
∗  

𝜆 = |∇𝑈𝑜|/|∇𝑈𝑜|𝑚𝑎𝑥. Gradient ratio of the obstacle 

𝜆𝑜 = |∇𝑈𝑜|𝑅𝑜
/|∇𝑈𝑜|𝑚𝑎𝑥. Design ratio of the obstacle 

𝜆𝑜,𝑝 Design ratio of the obstacle 𝑝 

𝜇 = |∇𝑈𝑎|/|∇𝑈𝑎|𝑚𝑎𝑥. Gradient ratio of the local attractor 

𝜇𝑎 = |∇𝑈𝑎|𝑅𝑎
/|∇𝑈𝑎|𝑚𝑎𝑥. Design ratio of the local attractor 

𝜇𝑎,𝑖 Design ratio of the local attractor 𝑖 



Appendix G 167 

 
𝜇𝜖 Zero-ratio threshold 

𝜌 Reference distance of the magnitude of repulsive velocity 

𝜌𝑎𝑡𝑡,1, 𝜌𝑎𝑡𝑡,2 Reference distances of the magnitude of attractive velocity 

𝜎 Intensity of the quadratic potential function related to the final position 

𝝈𝑒 Vector part of the quaternion 𝓠𝑒 

𝝈𝑓  Vector part of the quaternion 𝓠𝑓  

𝝓𝑑̇ Rotational velocity of the end-effector frame with respect to the world frame 

𝝓𝑒 Orientation of the end-effector frame with respect to the world frame 

𝝓𝑒̇ Rotational velocity of the end-effector frame with respect to the world frame 

𝝓𝑓  Final orientation of the end-effector frame with respect to the world frame 

𝝓𝑠 Initial orientation of the end-effector frame with respect to the world frame 

𝝌𝑑 End-effector desired pose 

𝝌̇𝑑 End-effector desired velocity 

𝝌𝑒 End-effector pose 

𝝌̇𝑒 End-effector velocity 

𝝌𝑓  End-effector final pose 

𝝌̇𝐿𝑖 Repulsive velocity related to the set of control points 𝐿𝑖 

𝝌̇𝑟𝑒𝑝 End-effector repulsive velocity 

𝝌𝑠 End-effector initial pose 

𝝌̇𝑇𝐶𝑃  TCP velocity 

𝝍𝑚𝑎𝑥 Maximum magnitude of the end-effector angular acceleration 

𝝎𝑒 End-effector angular velocity 
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𝜔𝑒 Magnitude of the robot angular velocity 

𝜔𝑚𝑎𝑥 Maximum magnitude of the end-effector angular velocity 

𝝎𝑇𝐶𝑃  TCP angular velocity 

∇(∘) Gradient operator 

|∇𝑈𝑎|𝑚𝑎𝑥 Maximum magnitude of the gradient of the potential field related to the local 
attractor 

|∇𝑈𝑎|𝑅𝑎
 Modulus of the gradient of the potential field related to the local attractor, 

evaluated at the radius of the local attractor 

|∇𝑈𝑜|𝑚𝑎𝑥 Maximum magnitude of the gradient of the potential field related to the 
obstacle 

 


