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Maximizing the ratio of eigenvalues
of non-homogeneous partially hinged plates

Elvise Berchio and Alessio Falocchi

Abstract. We study the spectrum of non-homogeneous partially hinged plates having
structural engineering applications. A possible way to prevent instability phenomena is
to maximize the ratio between the frequencies of certain oscillating modes with respect to
the density function of the plate; we prove existence of optimal densities and we investigate
their analytic expression. This analysis suggests where to locate reinforcing material within
the plate; some numerical experiments give further information and support the theoretical
results.
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1. Introduction

In recent years the trend in bridge design is to replace expensive experiments
in wind tunnels with numerical tests; hopefully, these tests should be preceded
by a suitable mathematical modelling and, possibly, by analytic arguments. In
particular, since it is by now well-established that reliable models for suspension
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bridges should have enough degrees of freedom to display torsional oscillations,
it is convenient to model the deck of the bridge by means of a long narrow
rectangular thin plate @ C R2, hinged at short edges and free on the remaining
two, see [23] and problem (1) below.

When the wind comes up against the deck of the bridge, a form of dynamic
instability arises, which appears as uncontrolled vortices and it is usually named
flutter. The origin of asymmetric vortices generates a forcing lift which launches
vertical oscillations of the deck; this phenomenon finds confirmation in wind
tunnel tests, see e.g. [30]. In particular, a transition between these vertical
oscillations to torsional ones may happen which, in some cases, leads to the
collapse of the bridge; we refer to [25, Chapter 1] for a survey of historical
events where this phenomenon occurred, among which the infamous Tacoma
Narrows Bridge collapse. Therefore, it becomes extremely important preventing
flutter instability to provide a structure strong and safe. Rocard [33] suggested
that for common bridge there exists a threshold of wind velocity V. at which
flutter arises. The computation of V, is not an easy task, since it depends on the
wind and on the geometric features of the deck; a possible way is to determine
it experimentally. On the other hand, in engineering literature there exist some
closed formulas for 1, ; even if the debate on these formulas is still open, it seems to
be accordance in thinking that the critical velocity depends on the frequencies or,
equivalently, on the eigenvalues of the normal modes of the deck, see [19, 27, 33].
More precisely, since V. represents the critical threshold at which an energy
transfer occurs between the j-th and the i-th mode of oscillation, most of the
authors propose V. directly proportional to the difference between the square of
the corresponding eigenvalues A; > A;, i.e.

Ve o< (A7 = A2).

It follows that a way to increase the critical velocity V., and in turn to prevent insta-
bility, is by increasing the distance between A7 and )LJZ.; this purpose is achievable
moving the ratio (1;/A;)? away as much as possible from 1. A theoretical ex-
planation of this fact was given in [10], within the classical stability theory of
Mathieu equations, by relating large ratios of eigenvalues to the situation in which
the instability resonant tongues of the Mathieu diagram become very thin.
Coming back to the plate model of the bridge, in order to prevent dynamical
instability, different strategies to optimize the design of the plate have been pro-
posed in literature; for instance, one may modify its shape, see [6], or rearrange
the materials composing it, see [7, 8]. Within the present research, we exploit the
latter approach to maximize the ratio of selected eigenvalues of a partially hinged
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non-homogeneous plate. More precisely, by rescaling, we assume that the plate
has length 7 and width 2¢ with 2¢ < 7 so that

Q = (0,7)x (—£,£) C R%;

then we characterize the non-homogeneity of the plate by a density function
p = p(x,y) and we consider the weighted eigenvalues problem:

A%u = Ap(x,y)u in ,
u(0,y) = uxx(0,y)
=u(w,y) = uxx(w,y) =0 fory e (=£,0), (1)

Uyy(x, £L) + ouxx(x, £L)
= Uyyy (X, 20) + (2 — 0)txxy(x, ££) =0 for x € (0, 7).

The boundary conditions on short edges are of Navier type, see [31], and model
the situation in which the deck of the bridge is hinged on {0, 7} x (—£, £). Instead,
the boundary conditions on large edges are of Neumann type, see [18, 32], they
model the fact that the deck is free to move vertically and involve the Poisson
ratio o which, for most of materials, satisfies o € (0, 1/2). Finally, we focus on
densities p satisfying some natural constraints, i.e. for e, 8 € (0, +00) witha <
fixed, we assume that p belongs to the following class of weights

Pop := {p €L™(Q)as<p<pB,
p(x,y) = p(x,—y) ae.in Q, and

/pdx dy = |§2|}.
Q

The integral condition in (2) represents the preservation of the total mass of the
plate, while the symmetry requirement on p means that we focus on designs which
are symmetric with respect to the mid-line of the roadway. From a mathematical
point of view, the symmetry of p produces two classes of eigenfunctions of (1),
respectively, even or odd in the y-variable, that we named longitudinal and tor-
sional modes. In order to prevent the energy transfer from longitudinal to torsional
modes, one may study the effect of the weight p on the ratio v(p)/u(p), where
v and p are two selected eigenvalues corresponding, respectively, to a torsional
and a longitudinal mode. Since the final goal is to find the best rearrangement of
materials in 2 which maximizes this ratio, we study, either from a theoretical and
a numerical point of view, the optimization problem:

2)

v
R= sup ——. 3)
pepf,,g w(p)
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We refer to [4] for optimization results on the ratio of eigenvalues of second or-
der operators subject to domain perturbations and to [28] for optimization results,
with respect to the weight, in 1-dimensional domains; see also [26, Chapter 9]
and references therein. In particular, in [28] the author proved that the weight
maximizing the considered ratio is of bang-bang type, namely a piecewise con-
stant function, symmetric with respect to the middle of the string and getting the
minimum value there. Unfortunately, the techniques exploited in [28] are closely
related to the 1-dimensional nature of the problem and seem not applicable to our
situation. Furthermore, here, things are complicated by dealing with a fourth order
operator with non standard boundary conditions, for which no general positivity
results are known. We refer the interested reader to [8] where a partial positivity
property result was proved for the operator in (1).

As a consequence of what remarked, at the current state of art, a complete
theoretical solution to problem (3) is difficult to reach and we proceed by steps.
More precisely, we concentrate our efforts in looking for weights increasing v(p)
or reducing w(p), separately. The numerical results we collect in Section 4 reveal
that this apparently not rigorous approach turns out to be effective in increasing
the ratio (3); indeed, as a matter of fact, weights having strong effect on torsional
eigenvalues v(p) produce very confined effects on longitudinal eigenvalues u(p),
and vice versa. In this regard, preliminary results were obtained in [8], where
the goal was minimizing the first eigenvalue of (1), see Proposition 3.3 below.
The focus of the present paper is on higher eigenvalues, furthermore we deal with
a supremum problem and different methods are required; hence, the optimiza-
tion issue (3) deserves to be studied independently. About the optimization of the
first weighted eigenvalue of A% under Dirichlet or Navier boundary conditions,
we mention the papers [2],[3],[16]-[22]. Concerning higher eigenvalues we refer
to [29] where the authors provide a detailed spectral optimization analysis, upon
density variations, of general elliptic operators of arbitrary order subject to several
kinds of boundary conditions. In [15] numerical results were given for the Dirich-
let and Navier version of of (1); while in [18] sharp upper bounds for weighted
eigenvalues in the Neumann case were provided.

In order to increase the numerator of (3), i.e. the first torsional eigenvalue, we
adapt to our situation the approach developed by [21], in the second order case, and
which was partially extended to the fourth order by [22], in order to optimize the
first biharmonic eigenvalue under Navier or Dirichlet boundary conditions. The
main novelty of the present paper is the exploitation of the precise information
we have from [23] on the spectrum of problem (1) with p = 1; this fact allows
us to partially overcome the loss of positivity results for (1). Moreover, since
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we work with a domain @ C R? rectangular, we perform some computations
explicitly; in particular, we obtain upper bounds on longitudinal eigenvalues
that, suitable combined with some rearrangements arguments inspired by [13]
and [16], give the analytic expression of weights reducing the denominator in (3),
see Theorem 3.4. Finally, in Section 4 we complete our theoretical results with
numerical experiments; they provide weights increasing the ratio (3) and suggest
a maximizer to (3).

The paper is organized as follows. In Section 2 we introduce some preliminar-
ies and notations and we recall the known results in the case p = 1. Section 3 is
devoted to the main results of the paper, which we prove in Section 5. The theoret-
ical results are complemented with numerical experiments collected in Section 4,
where we give some practical suggestions about the location of the reinforcements
in the plate. Finally, in the Appendix we complete our analysis of problem (1) by
providing a Weyl-type asymptotic law for the eigenvalues.

2. Preliminaries and notations

From now onward we fix Q = (0, 7) x (—£,£) C R2 with £ > 0 and o € (0, 1/2).
We denote by || - ||, the norm related to the Lebesgue spaces L9(€2) with 1 <
q < oo and we shall omit the set 2 in the notation of the functional spaces, e.g.
V := V(R2). The natural functional space where to set problem (1) is

H2={ue H*u=00n{0,7}x (-, 1))

Note that the condition ¥ = 0 has to be meant in a classical sense because 2
is a planar domain and the energy space H?2 embeds into continuous functions.
Furthermore, H? is a Hilbert space when endowed with the scalar product

(U, v)y2 1= /[AuAv + (1 —0)(Quxyvxy — UxxVyy — UyyVUxx)] dx dy
Q

and associated norm

2
||u||H$ = (u7 M)Hgy

which is equivalent to the usual norm in H?2, see [23, Lemma 4.1]. Then, we
reformulate problem (1) in the following weak sense

(u,v)g2 = A / p(x,y)uvdxdy forallve H2, @)
Q
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where p belongs to the family of weights Py g defined in (2) with «, 8 € (0, 4-00)
and o < B fixed. We underline that condition p € Py g implies @ < 1 < f since
Jo P dx dy = |2|. Moreover, it is not restrictive to assume « < 1 < 8 when we
consider weights that do not coincide a.e. with the constant function p = 1. In
fact, if we assume B = 1, it must be p = 1 a.e. in 2, since otherwise we would
have [, pdxdy < |2|; similarly, if we puto = 1. For these reasons, since the aim
of our research is to study the effect of a non-constant weight on the eigenvalues
of (1), in what follows we will always assume

O<a<l1<g.

The bilinear form (u, v) 2 is continuous and coercive and p € L is positive
a.e. in 2, by standard spectral theory of self-adjoint operators we infer

Proposition 2.1. Let p € Py pg. Then all eigenvalues of (4) have finite multi-
plicity and can be represented by means of an increasing and divergent sequence
An(p) (h € N4), where each eigenvalue is repeated according to its multiplicity.
Furthermore, the corresponding eigenfunctions form a compete system in H2.

We refer to [29, Lemma 2.1] for a detailed proof of Proposition 2.1 in a more
general setting. On the other hand, it is well-known, see [20, 26], that the following
variational representation of eigenvalues holds for every & € IN;:

hn(p) = inf l 5)
n(p) = in sup —=.

WiCH2 wewy\(oy ||/Pull3

dim Wy, =h

When /& = 1, (5) includes the well known characterization for the first eigenvalue

2
lul?,

M(p)= inf —
ueH2\{0} || /PuI3

(6)
If & = 2, the minimum in (5) is achieved by the space W}, spanned by the A-th first
eigenfunctions. Assuming that the first # — 1 eigenfunctions, vy, us, ..., up_ are
known, one also obtains

ul?
. H
An(p) = inf —
ueH2\{0} Iv/Pull3
1

(u,ui)H%=0 forall i=1,...,h—

)

When p = 1, we recall that the whole spectrum of (1) was determined in [23]
(see also [6]); we collect what known in the following proposition.
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Proposition 2.2. [23] Consider problem (1) with p = 1. Then,

i. forany m = 1 integer there exists a unique eigenvalue
A= Ama € ((1-0*)m*, m*)

with corresponding eigenfunctions ¢, 1(y) sin(mx) with ¢, 1(y) given in (9);
ii. foranym = 1 and any k = 2 integers there exists a unique eigenvalue
A= Am,k > m4
satisfying
332\ 2
(m +€_2(k_§) ) < Umi < (m +—(k—1) )

with corresponding eigenfunctions ¢, i (y) sin(mx) with ¢, x(y) given in
equation (9);

iii. forany m = 1 and any k = 2 integers there exists a unique eigenvalue
A= A"k >t

with corresponding eigenfunctions Y, i (y) sin(mx) with V¥, 1 (¥) given in
equation (9);
iv. for any m > 1 integer, satisfying £m~/2 coth(fm~/2) > (ZTTU)Z there exists
a unique eigenvalue
A=A" e (Apy.m*)
with corresponding eigenfunctions Y, 1(y) sin(mx) with Yy, 1(y) given in
equation (9).

Finally, if

the unique positive solution s > 0 of

tanh(v/2s€) = ( ) V25t (8)

is not an mteger,

then the only eigenvalues are the ones given in (i)—@iv).

In the following, we will always assume that (8) holds.
At last, we recall the analytic expression of the functions ¢, x(y) and ¥, x (¥)
of Proposition 2.2. For m,k € IN, we define

1 (om*—c2, X 2 —om? ) ;
N {cosh(écm D (em,1) + m cos (yCm,l)}, (9a)

¢m,l(y) =
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1 (om?+c2 . ¢z —om?

It 0) = 5| oy oSO Tma) + e cos(vemi) . (9b)
1 Umz—i-d,ik ) _ cfrik—omz )

Vi) 1= e gy SO ) + s sinGy dn)}. (99
1 jom?—dj, ; dyy —om?

Uma(y) = {Smh@ TS d) G sy dm1)).

(9d)
where

emie = A [Amg) V2 =m2|. e = (i) V2 + m2,
e = \IATFNZ 2] g = A (APFYV2 4 2,

with A, x and A™* defined in Proposition 2.2, and N,, x, N"™* € R are fixed
in such a way that ||¢, k (v) sin(mx)|l2 = [[¥mk (y) sin(mx)[2 = 1.

Remark 2.3. Denote by A;(1) (h € IN,) the sequence of eigenvalues of (1) with
p = 1; this sequence can be written explicitly by ordering the eigenvalues given
by Proposition 2.2. Then, for all p € P, g, the characterization (5) readily gives
the stability inequality

Ar(1) <A(p) < Ah(l)’
o

for every i € IN4. In applicative terms, if we choose materials having similar
densities, we obtain eigenvalues close to those of the homogeneous plate.

By Proposition 2.2 we distinguish two classes of eigenfunctions of problem (1)
with p = 1:
e y-even eigenfunctions ¢,, x (») sin(mx) corresponding to the eigenvalues A, x;

e y-odd eigenfunctions ¥,, 1 (y) sin(mx) corresponding to the eigenvalues A™*.

As in [11], this suggests to introduce the subspaces of H2:
H? :={ue HZu(x,—y) = u(x,y) forall (x,y) € Q},
Hé = {ue HZu(x,—y) = —u(x, y) forall (x, y) € Q}.

where
H} L H}, H?=H}o H}.
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By the symmetry assumption on p € P, g itis readily verified that all linearly in-
dependent eigenfunctions of (1) may be thought in the class H? or in the class HJ.
We call the eigenfunctions belonging to H? longitudinal modes and those belong-
ing to HJ torsional modes. In what follows we order all eigenvalues of (1), re-
peated according to multiplicity, into two increasing and divergent sequences: the
sequence of the eigenvalues u; (p) (j € IN;) corresponding to longitudinal eigen-
functions and the sequence of the eigenvalues v;(p) (j € IN;) corresponding to
torsional eigenfunctions. From Proposition 2.2 we infer that the sequences u; (1)
and v; (1) can be written explicitly by ordering, respectively, the numbers A, x
and A" In particular, we have

A1) = pa(1) = Arg < vi(1) = min{A "' AL (10)

For actual bridges, one usually has v;(1) = A2, indeed the inequality required
in Proposition 2.2(iv) is not satisfied for £ small, see Table 1 in Section 4. We
note that, even in the case p = 1, simplicity of eigenvalues is not know, hence, in
principle, the same eigenvalue may correspond either to longitudinal and torsional
eigenfunctions. However, our numerical results show that “low” eigenvalues are
simple for { < 7 and o € (0, 1/2), furthermore “high” modes are activated by
bending energy so large that they not appear in realistic situations; it follows that
eigenvalues are expected to be simple in the applications.

For future purposes it is convenient to characterize in a variational way longi-
tudinal and torsional eigenvalues. First, for j € IN; fixed, we introduce, respec-
tively, the spaces U jg C H g of the first (j — 1) longitudinal eigenfunctions and
UP C H{ of the first (j — 1) torsional eigenfunctions of (1). Then we define

Ve i={ue H: (u,v)g2 = 0forallv e UF},

VJ-O ={u e Hé: (u,v)y2 =0forallv € Ujo},
where if j = 1 we mean V,¢ = HZ and V,° = HJ. Finally, using (7), we set
||u||12q£ . ||u||12q£

inf.- ———== and v;(p)= inf ——=. (1)
uev iy Il y/Pul3 ’ uevO\(o} || /Pul3

wi(p) =

3. Main results
As in Section 2 we always assume

1
O<o<§ and a<l<pB (a, B € (0,+0)).
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The final goal of our analysis is to maximize the ratio (3) with the family Py g
defined in (2). To this aim we need first to clarify which eigenvalues we shall
consider in the ratio; the model situation we have in mind is a motion concentrated
on a longitudinal mode, with corresponding eigenvalue 1; and we want to prevent
the transfer of energy from this mode to the nearest torsional one v;, for suitable
i,j € N4. Rocard [33, p. 169] claims that, for the usual design of bridges, the
eigenvalues of the observed longitudinal oscillating modes are larger than those of
torsional modes, i.e. i; < v;. For the homogeneous plate this inequality readily
follows from (10) if j = i = 1. More in general, we set

Jjoi=max{j € Ny:vi(1) — (1) > O}, (12)

Clearly, jo = 1and jo = jo(£, 0); in our numerical experiments, for several values
of £ and o chosen, taking into account real bridges, we always obtain j, = 10. As
explained in [9, Section 1] this number is in accordance with what reported in the
Federal Report [1], since a moment before the collapse of the Tacoma Narrows
Bridge the motion was involving nine or ten longitudinal waves. Coming back to
the choice of the eigenvalues in the ratio (3), for what observed, we finally focus
on the problem

R= sup v1(p) '

pePy 5 Hio (p)

Note that if jo > 1, then vi(p)/pj,(p) < vi(p)/pnj(p) forall 1 < j < jo;
therefore weights p increasing the value of vi(p)/uj,(p) also increase the value

of vi(p)/pj(p) forall 1 < j < jo.
First we prove

(13)

Theorem 3.1. Let jo € Ny be as defined in (12). Then, problem (13) admits a
solution.

As already explained in the introduction, a precise theoretical characterization
of maximizers to problem (13) seems hard to reach at the current state of studies.
For this reason, we concentrate our efforts in looking for weights increasing vy (p)
or reducing u;,(p), separately. We start by facing the problem

v = sup vi(p), (14)
PEPy 8
where vq (p) is defined in (11) taking j = 1. We call optimal pair for (14) a couple
(p, ui) such that p achieves the supremum in (14) and # is an eigenfunction of
v1(p). In the following we will always indicate with y p the characteristic function
of aset D C R2. In Section 5 we prove the following result.
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Theorem 3.2. Problem (14) admits an optimal pair (p, 1) € Py g x H é Further-
more, U and p are related as follows

p(x.y) =Bxslx.y) +axgs(x.y) forae (x,y) €Q,
where § = {(x,y) € Q:112(x, y) < 7} for some i > 0 such that |S| = ;}_T‘;‘l|§2|.

Next we focus on longitudinal eigenvalues. For j € IN, we set the minimum
problem
ueP = inf p;(p), (15)
PEPy
where p; (p) is as defined in (11). We call optimal pair for (15) a couple (p;, u;)
such that p; achieves the infimum in (15) and u; is an eigenfunction of w; (p;).
When j = 1 the counterpart of Theorem 3.2 for problem (15) is basically known
from [8] where the minimization issue for A1 (p), as defined in (6), was dealt with.
More precisely, the same proof of [8, Theorem 3.2] with minor changes yields the
following statement:

Proposition 3.3. [8] Set j = 1, then problem (15) admits an optimal pair
(p1.11) € Py x HZ. Furthermore, uy and py are related as follows

pi(x,y) = ayxs, (x,y) + Byas, (x,y) forae (x,y) €,

where Sy = {(x,y) € Q:u?(x,y) < t1} for some t; > 0 such that |S;| = g%(UQL

Things become more involved for higher longitudinal eigenvalues. Indeed, the
proofs of Theorem 3.2 and Proposition 3.3 are based on suitable rearrangement
inequalities, see Lemma 5.4 below, involving p and p, respectively; this approach
does not carry over to the case j > 2 since, in general, the orthogonality condition
in the sets Vj‘S of (11) is not preserved when changing weights. For this reason,
we proceed differently and we lower w;(p) “indirectly.” More precisely, we
first derive upper bounds for u;(p), where the eigenfunctions i, are, in some
sense, replaced by functions suitably chosen in HZ; then we look for weights
effective in lowering the upper bounds and, in turn, p;(p). We do not claim that
this indirect approach will give the optimal density, however it suggests explicit
weights effective in lowering higher eigenvalues and furthermore it provides a
theoretical validation of the numerical results we collect in Section 4.2.

For j = 2fixedandm = 1,..., j, we introduce the following functions having
disjoint supports

sin?(jx) if (x,y) € Qi

m\X, = . 1
m(x.7) {0 if (x,y) € Q\ Q. (16)
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where

J J
it is readily checked that w,, € C1(Q)N HZforallm = 1,..., j. Then, we prove:

QJ = (M m—) (=0, 0) C ;

Theorem 3.4. Let j = 2 integer, then problem (15) admits an optimal pair
(pj.uij) € Py p x HZ and there holds

1
; < inf max {—— 319 17
< jof { max {osl el (17)

.....

In particular, denoting by
per T
P g = {p € Pupg:p(x,y) = p(x + —.,y), forae. (x,y) € Q}
’ J

we have

ni(p) < (18)

inf {—}]4|Q|
pept U /psin®(jx)|3

and the latter infimum is achieved by the functions
pi(x.y) =ays;(x,y) + Bxa\s; (x,y) forae. (x,y) €K,
where S; = {(x,y) € Q: sin*(jx) < t;} fort; > 0 such that |S;| = %Kﬂ

Remark 3.5. A comment on the choice of the functions w,, is in order. The
idea of taking functions 7 /j-periodic in the x-variable comes from the explicit
form of the longitudinal eigenfunctions of Proposition 2.2; slightly changes in the
analytic expression of functions w,, will qualitatively produce the same weights
pj» €.g. replacing sin(jx) with sin®"(jx) (n > 2 integer) or exp[—1/(1 — |x|?)]
properly rescaled and shifted in each Q7,. We underline that there is accordance
between the optimal weights found numerically in Section 4.2 and the weights p;
of Theorem 3.4.

We observe that, while the sets S and S1 of Theorem 3.2 and Proposition 3.3
depend on the unknown functions #% and i, the set S; of Theorem 3.4 is explicitly
given once determined #; > 0. As a matter of example, in Figure 1 we plot the
function z = sin*(5x), the corresponding set Ss and the related weight ps(x, y).
It is worth noting that the statement of Theorem 3.2 combines nicely with those of
Proposition 3.3 and Theorem 3.4 in increasing the ratio in (13). This is highlighted
by the numerical experiments we collect in Section 4.
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sin*(5x)

Is

p5(x,y)

0.02
0.015
0.01
0.005
0
—0.005
—0.01
—0.015

—0.02
0

0.5 1 1.5 2 2.5 3

Figure 1. Plots of z = sin*(5x) intersected with the plane z = t5 and the correspondent set
S5, related to the weight ps(x, y), for a plate with £ = /150 (@ = 0.5, B = 1.5).

4. Numerical results

In the previous section we proved that an optimal weight maximizing the ratio
vi(p)/mj,(p), with jo defined in (12), exists. Then, in order to find information
on its analytic expression, we decided to minimize wj,(p) or maximize vy (p),
separately. All the theoretical results obtained tell that the optimal weights p €
P, g, either for problem (14) and (15), must be of bang-bang type, i.e.

p(x,y) =ays(x,y) + Bxa\s(x,y) forae. (x,y) €,

for a suitable set S C . In other words, the plate must be composed by two
different materials properly located in €2; this is useful in engineering terms,
since the assemblage of two materials with constant density is simpler than the
manufacturing of a material having variable density. Unfortunately, Theorem 3.2
and Proposition 3.3 give no precise information on the location of the set S;
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nevertheless, through suitable numerical experiments, we are able to suggest what
could be the optimal design of the set S, in problems (14) and (15), and to
guess a possible maximizer to problem (13). For the applicative purpose we may
strengthen the plate with steel and we may consider the other material composed
by a mixture of steel and concrete; following this approach, the denser material
has approximately triple density with respect to the weaken, i.e. 8 = 3a.

4.1. Eigenvalues computation. We propose a numerical method to find approx-
imate solutions of (1) which relies on the explicit information we have from Propo-
sition 2.2 (p = 1). We expand the solutions u of (1) in Fourier series, adopting
the orthonormal basis of L? given by eigenfunctions of the homogeneous plate.
More precisely, denoting by z,,(x, y) € HZ and 6,,(x, y) € HJ, respectively, the
(ordered) longitudinal and torsional eigenfunctions of problem (1) with p = 1,
u writes

U, y) =Y [amzm(x. y) + bmOn(x. )], (19)
m=1

for suitable a,,, b, € R. In order to get a numerical approximation, we trunk the
series in (19) at N € N4+ and we plug the Fourier sum into (4). We recall that, for
all m € Ny, z,, and 6, solve

(Zm, V)2 = Pm(1)(zm,v) 2 forallv e HZ,

G 0) g2 = Vi (D)0, v) > forallv € H2,

where (4, (1) and v,, (1) are defined in (11) with p = 1. Therefore, we obtain the
following finite dimensional linear system in the unknowns a, and b,;:

N
anpn(l) = p(p) Z amcnp,m’
=1
" forn=1.....N. (20)
N —
buvp(1) = v(p) Z bmc;f,m’
m=1
where
P, = / (X )zn(x. )zm(x. y) dx dy
Q
Cr, = / (X )00 (X, )b Cx. ) dx diy.
Q
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In particular, by solving (20), it is possible to determine N approximated longi-
tudinal eigenvalues u,(p) and N torsional eigenvalues v,(p). We observe that
the decoupling between the unknowns a, and b,, which produces eigenfunctions
even or odd in y, is due to the assumption on p € P, g, being y-even.

In order to compute numerically the eigenvalues u,(p) and v, (p) for suitable
choices of the weight p, we fix from now onward:

o=02 and €= - 1)
150

which is a choice consistent with common bridge design. The explicit values of
Un (1) and v, (1) are computed by exploiting Proposition 2.2, see Table 1. When
condition (21) holds, we numerically find that the eigenvalues A™! do not exist
for 1 < m < 2734 and that

Um(l) =Apmy form=1,...,113,
(1) = A™2 form=1,...,174.

Hence, by Proposition 2.2 we know that the basis of eigenfunctions exploited

in (19) writes z;,(x, y) = ¢m,1(y) sin(mx) and O, (x,y) = ¥m2(y) sin(mx) for
1<m <113

Table 1. On the left the lowest longitudinal eigenvalues j,, (1) and on the right the lowest
torsional eigenvalues v, (1) of (1) with p = 1.

N«m(l) = Am,l Vm(l) = A2
m=1 9.60-10~! m=1 1.09-10%
m=2 1.54-101 m=2 4.38-10%
m=3 7.78-101 m=73 9.86-10*
m= 2.46-102 m= 1.75-10°
m=>5 6.00-102 m=>5 2.74-10°
m= 1.24.103 m= 3.95.10°
m= 2.31-103 m= 5.38:10°
m=38 3.93.103 m=38 7.04-10°
m=9 6.30-103 m=9 8.93.10°
m = 10 9.61-103 m =10 1.10-10°
m=11 1.41-10% m =11 1.34-10°
m=12 1.99-10% m=12 1.60-10°

4.2. Numerical solution of (15). Letus begin by minimizing 1 (p), i.e. the first
longitudinal eigenvalue of problem (1), as characterized in (11) with j = 1. In
order to find the optimal weight given by Proposition 3.3, we adopt a numerical
algorithm proposed in [15] that we shortly illustrate in the following. First we solve
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numerically (20) with a given weight p® and we determine the corresponding
eigenfunction u( D Then, we choose a weight at the next iteration p¢+1 such that

Iy P Du? )2 = |1/ pOu?)2,

in order to have

7,2

ueHZ\{O} II\/p““)ull2

+1
I

+1
[ ¢p<l+1>u<’ |12

i +1
it

<
[ ¢p<l+l>u(”||2

1112,

@

< (1 ) =M
IV p®ui’|I3

Note that to select p@+! we exploited the rearrangement Lemma 5.4 below.
Iterating, we obtain a decreasing sequence of eigenvalues; since the infimum
in (15) is achieved, the sequence is bounded from below by ,u‘f’ﬂ so that it is
convergent. We stop the algorithm when [ ™" — | < €, withe = 10741073,
As pointed out in [13] it is not clear a priori if the sequence converges to M‘i”ﬂ
or not; to avoid the latter case we repeated the procedure considering different
weights at the first iteration and we always obtain the convergence to the same
values.

In Figure 2 we plot the set S defined in Proposition 3.3 for the eigenfunction
u of the obtained numerical optimal pair; clearly, the direction is to concentrate
the denser material near the maximum of u?. Since the set € \ S is similar to
a rectangle, we propose the following analytic expression of the approximated

optimal weight for u7’ B,

p1(x,y) = p1(x) := Byxr, (x) + axo,n\g (x) forae. (x,y) € Q,

where

—(E_zlzo m -0
n=(5 2(,B—a)’2+2(ﬂ—a))
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i (x,y)

p1(x,y)

0.02
0.015
0.01
0.005
0
—0.005
—0.01
—0.015
—0.02

0 0.5 1 1.5 2 2.5 3

Figure 2. Plot of z = ﬁ%(x, y) intersected with the plane z = #; and plot of the related set
S1 (@ =0.5,8=15 N =20).

The previous algorithm can be adapted to determine w;(p;) for generic
j € IN4; in particular, if j > 1 we apply the characterization (7) of eigenval-
ues, i.e. we consider the minimum onto the space ng instead of HZ. The further
difficulty is that, now, at the end of every iteration, we have to check that uj(.i) (x,y)
does not belong to the subspace spanned by {uﬁ“‘l), ey u}i_"'ll)}, for more details
see [15]. For each j € IN,, the obtained optimal weight has the denser material
concentrated near to the peaks of the associated eigenfunction which are, approx-
imately, located at 211.(2h — 1) with & = 1,...,J; this is aligned with the state-
ment of Theorem 3.4. Therefore, we propose the following approximated optimal
weight for ;Lj."ﬂ :

pi(x,y) = pj(x) = Byr;(x) + axo.nn\; (x) forae. (x,y) €,  (22)

where
) e T (l—a) w 7 (1—a)
UK hU=1(2j 2k —1) Jj2(B—a) 2j @k =1 Jj2(B —cx))'
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The above results show that the optimal weight changes if we change ;.
Nevertheless, numerically, we observe that the weight p;(x) in (22) reduces
not only u;(pj), but also all the previous longitudinal eigenvalues p;(p;) with
1 < i < j; while it increases p;(p;) with i > j. This means that, if it were
possible to predict the highest mode of vibration for a plate during its design,
then there would be an optimal reinforce for it, reducing at the same time all the
previous ones.

4.3. Numerical solution to (14). About the maximization of the first torsional
eigenvalue, we cannot adapt the algorithm in [15] that only works for infimum
problems. Nevertheless, Theorem 3.2 suggests to put the denser material in the
region S ={(x,y) € Q:12(x, y) <1} for some i > 0, where 7 is the eigenfunc-
tion corresponding to vq(p). Since we do not know explicitly i, we proceed
by trial and error; we start by replacing # with the first torsional eigenfunction
01(x,y) = ¥12(y) sin(x) of problem (1) with p = 1 and we define the weight

pr(x,y) = Bys(x,y) +aya\s=(x,y)

where
S*:={(x,y) € Q:0%(x,y) <t*},
for t* > 0 such that

l—«o
|S%| =
B

1€2].
-«

Then, we proceed by solving (1) with p*, obtaining a new first torsional eigen-
function u* to which we associate, as done for 0, a new weight p** of bang-bang
type; iterating the procedure, we observe that the obtained weights are always very
close to p*, so that we conjecture that the theoretical optimal weight p of Theo-
rem 3.2 is qualitatively very similar to p*. In Figure 3 we plot $* and in Table 2
we give the corresponding eigenvalues.

In order to find a reinforce more suitable for practical reproduction, inspired
by Figure 3, we consider in our experiments a second weight depending only on
y and concentrated around the mid-line y = 0, i.e.

Px.y)=p) = Bxiy) +ax_gmiy) forae (x,y) €,

where

Fo (D UPD WDy

B—a  B-a
Clearly, this choice produces some simplifications in the problem and the coeffi-
cients in (20) become simpler, see also [8, Section 4]. The obtained eigenvalues
are again collected in Table 2.
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(Y1.2(y) sin(x))?

0.02
0.015
0.01
0.005
0
0.005
0.01
0.015
0.02
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Figure 3. Plot of z = 67(x, y) = (¥1,2(y) sin(x))? intersected with the plane z = ¢* and
plot of the related set S* (¢ = 0.5, 8 = 1.5).

Since the weight p(x, y) increases vi(p) less than p*(x, y), we keep as ap-
proximated optimal weight for v‘lx’ﬂ :

pr(x,y) = Bys+(x,y) + axa\s+(x,y) forae. (x,y) € Q,
where S$* = {(x,y) € Q:(01)%(x,y) < t*} for t* > 0 such that [S*| = ﬁlﬂl-
4.4. Numerical solution of (13). From the eigenvalues in Table 1 we infer

pr(l) < - < pro(l) <vi(l) < pn(l) <---.

This is the reason why, we fix jo = 10 in (12) and we focus on the ratio R
between vq(p) and p10(p). In order to increase R we test weights raising vy (p)
and lowering 19(p).



Table 2. The lowest longitudinal eigenvalues w1 ; (p) with j = 1,..., 12, the first two torsional v; (p) withi = 1,2 and the ratio R =

of (20) with different weights, assuming (21),« = 0.5, 8 = 1.5and N = 30.

p=1 P1o(x) p*(x,y) () p(x) p(x,y)

TN —— il —l B | HHHHH

wi(p) 9.60-10~1 9.60-10~1 1.16 9.60-10~1 1.40 9.86-1071
w2(p) 1.54-101 1.54-10! 1.66-101 1.54-101 1.52-10! 1.58-10!
w3 (p) 7.78-101 7.77-10! 8.06-10! 7.78-101 8.05-10! 7.98-10!
wa(p) 2.46-102 2.46-102 2.51-102 2.46-102 2.96-102 2.52:102
ws(p) 6.00-102 5.99-10% 6.10-102 6.01-102 6.78-10% 6.16-10%
we(p) 1.24-103 1.24-103 1.27-103 1.25.103 1.31-103 1.28-103
w7(p) 2.31-103 2.28-103 2.36:103 2.31-103 2.60-103 2.37-103
us(p) 3.93.103 3.84-103 4.04-103 3.94.103 4.55-103 4.04-103
wo(p) 6.30-103 5.87-103 6.48-103 6.31-103 6.85-103 6.47-103
wio(p) 9.61-103 7.28-103 9.90-103 9.62:103 1.04-10% 9.55-103
w11(p) 1.41-10% 1.68-10% 1.45-10% 1.41-10% 1.61-10% 1.45-10%
wi2(p) 1.99.-10% 2.27-10% 2.05-10% 2.00-10% 2.24.10% 2.05-10%
v1(p) 1.09-10% 1.09-10% 1.98-10% 1.75-10% 1.56-10% 1.71-10%
v2(p) 4.38.10% 4.37.10% 6.88-10% 7.01-10% 4.14-10% 6.84-10%
R 1.14 1.50 2.00 1.82 1.49 1.79

vi(p)
mi0(p)

9L

IYoo0[e] "V pue oryo1ag g
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First we consider the optimal weight p1o(x) as defined in (22). As we can see
from Table 2, it has a limited effect on the variation of vi(p), so that it makes
sense to minimize 19(p) in order to increase the ratio (13).

Next we consider weights having strong effects on v;(p), such as the weights
p*(x,y) and p(y) defined in Section 4.3. Table 2 highlights that they have a
confined effect on longitudinal eigenvalues. Moreover, they increase the ratio R
much more than the weights optimal for the longitudinal modes.

We complete the numerical experiments by testing other weights which seem
to be reasonable in order to increase R; more precisely, we consider a weight
concentrated near the short edges of the plate:

p(x,y) = p(x) 1= axr(x) + By (x) forae. (x,y) €,

where

:(z_fr(ﬁ—l) §+n(ﬂ—1))
2 2B-a@)2 28—/’
and the cross-type weight p(x, y), given in the last column of Table 2, which is
obtained by combining pi¢(x) and p(y). From Table 2 we observe that these
weights have effects both on torsional and on longitudinal eigenvalues, so that
they do not seem optimal for the ratio R.

Summing up, since p*(x,y) increases the ratio R more than all the other
considered weights, we propose as approximated optimal weight for R:

pr(x,y) = Bys<(x,y) +ayxa\s+(x,y) forae. (x,y)eQ,

where S* = {(x,y) € Q:02(x,y) < t*} for t* > 0 such that |S*| = ;,_T‘;lm, cf.
Figure 3.

Although the present work is focused on the first torsional eigenvalue, in
Table 2 we also collect the results obtained for the second torsional eigenvalue
v2(p). We observe that the variation of v,(p) follows the same trend of that
of vi(p) with respect to the considered weights, hence we may conjecture that
the same reinforcement could be adopted to optimize ratios involving subsequent
(low) torsional eigenvalues.

5. Proofs

In what follows we will always assume that

1
O<a<§ and a<l<f (a,B€(0,+))

and the family P, g is as defined in (2).
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5.1. Proof of Theorem 3.1. The proof follows by combining three lemmas that
we state here below. In the first part of this section we will not need to distinguish
between longitudinal and torsional eigenvalues.

Given p € Py g, it is convenient to endow the space L? of the weighted scalar
product: (pu,v);2, for all u,v € L2, which defines an equivalent norm in L2.
Then, for 4 € N, we introduce the orthogonal projection of u € H2, with respect
to the above weighted scalar product, onto the space generated by the first (7 — 1)
eigenfunctions uy, ..., uy—_, of problem (1):

h—1
Phoa(p)u ="y _(pu,ui)2ui;
i=1

when & = 1 we adopt the convection Py(p)u = 0. Finally, we recall Auchmuty’s
principle [5] stated in our framework:

Lemma 5.1. Let p € Py g and Aj(p) the h-th eigenvalue of (1) with h € N4, then

— = inf Au(p,u
2An(p)  ueH2 n(p.u)

where |
An(p.u) = Ellullf,g — IVPlu — Pp—1(p)u]ll2.

Furthermore, the minimum is achieved at a h-th eigenfunction normalized accord-
ing to

1
lunllZo = Iv/Punlz = ——.
w2 = VPl = 526
Proof. The proof follows arguing as in [22, Lemma 3.3] by simply replacing
H? N H} with H2. In alternative, in [5] one can find the original proof in a
general setting. |

Lemma 5.2. The set P, g is compact for the weak™ topology of L°.

Proof. First we prove that Py g is a strongly closed set in L?.

Let {pm}m C Py p be a sequence such that p,, — ¢ in L? (as m — +o0) for
some ¢ € L?; then p,, — ¢ in L' (as m — +o00) and up to a subsequence (still
denoted by p,,) we infer that p,, — ¢ a.e. in Q. Therefore, « < ¢ < B and g is
y-even a.e. in Q; moreover, [o pmv dx dy — [oqudxdy forallv € L2, so that,
choosing v = 1 € L2, we obtain || = [, ¢ dx dy. This implies that ¢ € Py g
and Py g is strongly closed in L?.
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Next, we show that any sequence {pm,}m C Pq,pg admits a subsequence con-
verging in the weak™* topology of L° to an element of P g. By the definition of
Py we have || pm|loo < B, so that, up to a subsequence, we obtain

pkaﬁ in L ask — oo.

Moreover, we have || pm, |3 < B|Q|, so that, up to a subsequence, we infer that

Py, = g in L? as j — oo. Itis easy to check that P, g is a convex set and, since

convex strongly closed space are weakly closed, we readily infer that g € P, g.
Therefore,

/pmkjvdxdy—>/cjvdxdy forallve L> C L'as j — cowithq € Py g
Q Q

and, since p,, A p in L yields

/pmkjvdxdy—>/ﬁvdxdy forallv e L',
Q Q

we conclude that p = g a.e. in Q2. Whence, p € P, g and the proof is complete.
O

Lemma 5.3. Let Ay(p) the h-th eigenvalue of (1) with h € Ni. The map
p > An(p) is continuous on Py g for the weak™ convergence.

Proof. Let{pm}m C Py g be asequence converging in the weak™* topology of L
to p,i.e.
*
Ppm — p inL*® asm — oo;
then p € P, g by Lemma 5.2.
To p,, we associate the h-th eigenvalue Ay (py,,) of (1) and an eigenfunction
up (pm) normalized with respect to the weighted scalar product, i.e.

/ onti ()tts (pm) dx dy = Spr
Q

where 6;, is the Kronecker delta for all 4, r € N4 and Ay (pm) = ||un (pm)||22.
By (2) and (5) we have

An(D)
o

An(p) < forall p € Py g,



766 E. Berchio and A. Falocchi

where Aj(1) is the h-th eigenvalue of (1) with p = 1, implying that A, (p,) =
ln (Pm) | g2 < An(1)/a. Therefore, we can extract a subsequence, still denoted
by up(pm ), such that

)&h(pm) —> )_&h in R,

up(pm) — i, in H2 asm — oo.

Moreover, due to the compact embedding H2 <> L2, we obtain that uy(p,)
strongly converges to iy, in L? as m — oo; this implies, for all v € H2, that

/pmuh(pm)v dx dy — /ﬁﬁhv dxdy asm — oo,
Q Q

indeed

‘ / (Puntt(Pm) — Pin)v dx dy‘
Q
< [[pmvli2llun(pm) — upll2 + ‘/pmﬁhv dx dy — / pupv dx dy‘ — 0,
Q

since 1,v € H? C L'. Therefore, we obtain

(“h (pm)a U)H* — A (pm)(pmuh(pm) v)L2

— (uy, U)H,% — A (piiy, v);2 forallv e H2 asm — oo,

inferring that A, is an eigenvalue of (1) and iy, is a corresponding eigenfunction.
Arguing as before we also obtain

/pmuh(pm)ur(pm) dx dy — /ﬁfthﬁr dxdy =6, forallh,r e Ny,
Q Q

so that Ay, is a diverging sequence for & — oo. To prove that A;, = A, (p) for every
h € N4+, we assume by contradiction that, for p = p, there exists an eigenfunction
it associated with the eigenvalue A such that (pii, iiy);> = 0 forall h € IN,.. We
suppose that i is normalized in H2 so that ||/pii||» = 1/A; applying Lemma 5.1
we have

I _
_m$ﬂh(pm’u)_2”u”}1£ |/ Pmlit — Pr_y(pm)it] |2 .

1 __ 1
— Ellulng — Vil = %
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where the convergence comes from

h—1 h—1
Phy(pm)it = Y (Pt i (pm))p2Ui (Pm) —> Y (Pl )28 = 0 in L2,

i=1 i=1

Therefore, by (23), letting m — oo, we obtain
A=A (pm) — A, forallh e Ny,

giving a contradiction since Ay is an unbounded sequence for 4 — oo. Thus
An = Ap(p), implying the continuity of p > A, (p) for every h € IN; fixed. O

Proof of Theorem 3.1. Let us consider the function
F:(0,+00) x (0, +00) — R

given by
t
F(t,s):= -,
s

continuous on its domain. By Lemma 5.3, the maps p — vi(p) and p — u;,(p)
are continuous on Py g for the weak™ convergence; since vi(p) > j,(p) > 0, we

infer that
vi(p)

Ijo (P)
is also continuous on P, g for the weak* convergence. Finally, the existence
of a maximum (or minimum) of F(u;,(p),vi(p)) on P, g follows thanks to

the compactness proved in Lemma 5.2 of the set P, g for the weak* topology
of L°°. O

F(ujo(p).vi(p)) =

5.2. Proof of Theorem 3.2. The existence of an optimal pair for (14) fol-
lows as in the proof of Theorem 3.1 by considering the continuous function
F(1jo(p). vi(p)) = vi(p). In the sequel we will denote by (p, i) € Po g x H3
an optimal pair for (14) suitable normalized as follows

a2 . |
WP =n(p) = —== and |2, =——. (24)
1 WE o2 =0 (p)

Next we state a couple of lemmas useful to complete the proof.

Lemma 5.4. Letu € H2 \ {0} and let J: Py g — R be defined as follows:

J(p) = / (e yyi? dx dy.
Q
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Then, the problem

I,g:= inf J
B pelgw (p)

admits the solution
pulx,y) = Bxglx,y) +axgs(x.y) forae (x,y) €,

where S = S(u) C Q is such that |§| = ﬁ|9| = C"a,ﬂ. Furthermore, define

t :=sup{s = 0: |[{(x,y) € Q such that u>(x,y) < s}| < éa,ﬁ}, (25)
if t = 0 we have that

§ C{(x,y) € QP (x,y) = 0}

while ift > 0 we have that

{(x,y) e u?(x,y) <t} C S C{(x,y) € Qu(x,y) <1} (26)

Similarly, the problem

Myp:= sup J(p)
pEPaﬂ

admits the solution
pulx.y) =axzs(x.y) + Bxg\5(x.y) forae. (x.y) €,

where S = §(u) C Q is such that |§| = %|Q| =: éx,ﬂ and satisfies (26)—(25)
with Cy g replaced by Cyp.

Proof. We only prove the statement for /, g since the statement for M, g follows
basically by reversing all the inequalities below. Since p, € P, g we have

Ioz,,B < J(pu)-

If we prove that

J(p) = J(py) forall p e Pypg,
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the thesis is obtained. To this aim, we first consider the case ¢ > 0, we have

/ W (pu — p) dx dy

Q
:/uz(ﬁ—p)dxdy+/u2(a—p)dxdy+/u2(pu—p)dxdy
{u? <t} {u?>1} {u?=s}
$t/(,3—p)dxdy—i—t/(oe—p)dxdy—i—t/(pu—p)dxdy

{u?<t} {u2>t} {u?=1}

=z/(pu—p)dxdy=o,
Q

where the last equality comes from the preservation of the total mass condition.
Similarly, for t = 0 we have

[ =praxay = [ praxay <o,
Q {u?>0}
In both the cases we conclude that J(p) = J(py), and in turn that J(py) = Iy .
O

We will also invoke Auchmuty’s principle recalled in Lemma 5.1 that, in terms
of v1(p), rewrites

1
- = inf A(p.w). A(p.u) = s |ul?. — [Vpul.  Q27)
201(p)  uem? (pow). A(pu) = Sllullyy> = I/pull2

By this, if (p, 1) € Py p x H} and (24) is satisfied, it is readily deduced that
1

1
sup inf A(p.u) = ———op =~ = inf A(p.u) = A(p.0). (28)
PEPo,p UEH 2v" 2v1(p)  uen?

Furthermore, we have

Lemma 5.5. Let A(p, u) be as defined in (27), the following equality holds

sup inf A(p,u) = inf sup A(p,u). (29)
PEPy g ueH(Z9 ueH(Z9 PEPy B
The proof of Lemma 5.5 is the same of [22, Lemma 3.7] once replaced the set
H? N H{ there with our set HJ (strongly and weakly closed subspace of H?).
Hence, we omit it and we refer the interested readers to [22] or [21], where the
proof was originally given in the second order case.
Finally, we prove the following lemma.
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Lemma 5.6. There exists an optimal pair (p, 1) € Py p x H é as in (24) such that
there holds

/13()c,y)122 dx dy < /p(x,y)ﬁ2 dx dy forall p e Pypg. (30)
Q Q

Proof. The idea of the proof is taken from [22, Proposition 3.8], the main differ-
ence here is the use of Lemma 5.4.
First we consider the functional B: H (_?) — R defined as follows

1 .
B(u) = sup A(p,u)zillulli,z— inf |/pul2.
PEPy 8 * DPEPy B

and we claim that

there exists u € Hé such that B(i#) = inf B(u) = inf sup A(p,u)=:1.
ueH32 u€H3 pePy g
(€29)

To this aim, let {1} be a minimizing sequence for /, namely
1
Sl = inf | /puklla =1 +o(1) ask — +oo.
2 H* I’EP&,B

By the boundedness of p and the continuity of the embedding H2 C L2 it is
readily deduced that

el < Cllukllggz +21 +0(1) ask — +oo
and, in turn, that
lugllg2 < C  for k sufficiently large,
with C, C > 0. Then, up to a subsequence, we have
uy —uin H2 and wuy — #in L? ask — +oo.

Therefore,

12 < Tim i 2
i35 < Limin Jag |,.

Next we take p; as given in Lemma 5.4, namely such that

inf p(x,y)iu? dx dy = /p,;(x, y)iu? dx dy.
PEPy 8
Q
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Clearly,

. hm /p,;(x, y)u,2c dx dy = /p,;(x, y)ft2 dx dy
Q Q
and

inf / p(x, y)u,2c dx dy < / pia(x, y)u,2c dx dy.
pEPaﬂ
Q

In particular, we conclude that

limsup inf p(x, y)uk dx dy < limsup | pi(x, y)ui dx dy

k—+oo PEPup A k—+o0

= inf p(x, y)i? dx dy.
PEPy 8

The above inequalities yield
B(u) < liminf B(ug) = 1
k—+o00

which is the claim (31).
By combining (28), (29) and (31), it follows that

sup A(p,u) = inf sup A(p,u)
PEPy ueH(z9 PEPy

= sup 1nf A(p,u) = A(p, 1)
PEPaB“EH

= inf A(p,u).

ueHo

In particular, this implies that

A(p,u) < sup A(p,u)= inf A(p,u) < A(p,u) forallpe P,pg (32)
PEPy g ueH(Z9

and that

A(p.i) < sup A(p.ii) = inf A(p.u) < A(p.u) forallu e H}.
PEPy uEH

From the above inequality we infer that # is a minimizer of A(p, u), hence an
eigenfunction of v (p), see (28). Then, (p, it) is an optimal pair as defined in (24)
and we may take ©# = u in the statement. Furthermore, by (32) with & = u we get

A(p,it) < A(p,u) forall p e Pypg,
which, recalling the definition of A(p, u), yields (30). O
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Proof of Theorem 3.2. We proceed in three steps.

Step 1. Let (p. 1) € Py x H} be the optimal pair given by Lemma 5.6 and set
pa(x,y) = Bxs,(x,y)+aya\s, (x,y) with S = S(i1) as defined in Lemma 5.4;
we prove that

IVpill3 = | vPaill3. (33)

By Lemma 5.4 on problem /, g we know that

/ﬁ(x, y)ft2 dx dy = / pa(x, y)ft2 dx dy.
Q Q

On the other hand, by (30) with p = p;; we infer

/ﬁ(x, y)u? dx dy < /p,;(x, y)u? dx dy.
Q Q

Comparing the above inequalities, the proof of Step 1 follows.

Step 2. Let (p;. i) € Pyp x H3 be as in Step 1 and let 7 = 0 be the number
corresponding to # in S;. We prove that p = p; a.e. in Q.

By (33), if 7 = 0 we have

0= /(ﬁ—pa)ﬁz dx dy = /(ﬁ—pa)ﬁz dx dy + /(ﬁ—a)fﬂ dx dy,
Q

{#2=0} {42>0}

implying pit = aii a.e. in Q. On the other hand, since # € H*(Q2) we can write
almost everywhere the Euler-Lagrange equation related to the Rayleigh quotient
of v‘lx’ﬂ = v1(p) and, for what observed above, we infer that

A =Pl ae. in Q.

Recalling that # satisfies the partially hinged boundary conditions, this means that
it must be one of the eigenfunctions listed in Proposition 2.2; since the set of zeroes
of any of the eigenfunctions of Proposition 2.2 has zero measure, this contradicts
the definition of S; and forces Sj; to be a set of positive measure. Whence, the
above arguments proves that 7 > 0.

For 7 > 0 we set

A; ={(x,y) € Q:i?(x,y) =1).
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By (33) we obtain

o=/@—pwﬁdxw

/(p B)i? a’xdy+/(p—oz)u a’xdy+/(p pi)i dx dy.

{02 <i} {Hi%2>1}

Assume by contradiction that p > « in a set A C {1i?> > 7} with |4| > 0, then we
get

/ (p—a)@*—1)dxdy = /(p—oz)(u —f)dxdy >0
{#2>1}

and, in turn, that
/(ﬁ—a)ﬁzdxdy > f/(ﬁ—a)dxdy.
(@>>1) (@>>1)

Whence,

O>/(p B)i? a’xdy+t/(p—a)dxdy+t/(p pa) dx dy

{02 <t} {i2>1} Ap

zf/@—pwdwwza

where the last equality follows from the preservation of the total mass condition.
This contradicts the definition of the set 4 and implies p = « a.e. in {#® > f}.
Proceeding as before, we suppose that p < f in a subset of positive measure of
{i? < £} and we obtain a further contradiction

mwﬁpmmw+4@;mww—4@1mww—o
{Hi% <t} Ay

It remains to study p in A;. When |4;| > 0, we write the Euler-Lagrange equation
related to v‘l"”6 = v1(p) obtaining

25 B 5 i A
A"u =v;"" pu a.e.in A;.

Since 112 = f we get 0 = v‘f’ﬂﬁ, that is absurd since p > « > 0. This implies that
A; must have zero measure, so that p = p;; a.e. in Q.
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Step 3. Since |4;| = 0, also |4; \ S| = 0, therefore it is not restrictive, up to a
set of zero measure, to assume that 4; \ S; = @ in such way that 4; C Sj; and, in
turn, that

Si ={(x,y) € Q:i%(x,y) <1} O

5.3. Proof of Theorem 3.4. The existence issue follows as in the proof of
Theorem 3.1 by considering the continuous function F(u;(p),vi(p)) = u;(p).

Fixed j = 2, by the characterization (5) of w;(p), we may choose W, =
{wi,...,wj} C HSZ, where the functions w,, form = 1, ..., j are defined in (16).
Therefore, we obtain

Mj(p)s SUp ——0> = max (———>,
ueW; \{0} ||\/ﬁ“||% m=1,....j ||\/ﬁwm||%

where we have exploited the fact that the space W is generated by disjointly sup-
ported functions. Since ||wy, ||12le = ||, 3, we finally obtain the upper bound (17).

In order to reduce this bound and, in turn /L‘/’.”B , it is convenient to choose a
weight p having the same effect on every || ,/pw, |3; this suggests to take a weight
n/j-periodic in x, i.e. p € Py. In this way we obtain

1 e
IvPwml3 = 7||\/ﬁsmz(JX)||§,

and the proof of (18) readily follows from (17).
The last part of the statement comes out by slightly modifying the proof of
Lemma 5.4 by which we infer that the problem

ng / p(x,y)sin*(jx) dx dy
Pap
Q

i
y4S]

admits the solution
pj(x.y) = axs; (x,y) + Bra\s,; (x,y) forae. (x,y) € Q,

where S; = {(x, y) € Q: sin*(jx) < 1;} for t; > 0 such that |5;| = §=1|Q.

6. Appendix

The aim of this section is to give further information on the eigenvalues Ay (p)
(h € IN4) of (1); in particular, we compare problem (1) with the more studied
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Dirichlet and Neumann type problems and we derive a Weyl-type asymptotic law
for A5 (p) .

We begin by writing the above mentioned problems in our rectangular domain
2; the Dirichlet problem reads

A%u = Ap(x, y)u in Q,
u(0,y) = ux(0,y) =u(m, y) =ux(mw,y) =0 fory e (—£,0), 34)
u(x,£€) =uy(x,££) =0 for x € (0, ),

with weak form
/AuAv = A/puv forallv € HE.
Q Q

The Neumann type problem reads

A?u = Ap(x, y)u in Q.
Uxx(0,y) +ouyy(0, )

= Uxxx(0,y) + (2—0)uyyx(0,y) =0 for y € (¢, 1),
Uxx (7T, y) + ouyy(m, y)

= Uxxx (7, ) + (2= 0)uyyx(m,y) =0 for y € (¢, 1),
Uyy (X, £L) + cuxx(x, ££)

=Uyyy(x, £0) + (2 —0)uxxy(x,£l) =0 forx € (0, 7),
Uxy (0, £€) = uyy(mw, ££) =0,

(35)

with weak form

(u,v)y2 =4 / p(x,y)uvdxdy forallve H?,
Q

where the scalar product (-, -) 2 is defined in Section 2. It’s worth mentioning that
the corner conditions in (35) make consistent the two formulations of the problem
(classical and weak), while they are unnecessary when dealing with problem (1).
Indeed, u € H2 N C2(Q) clearly satisfies u(0,y) = uy,(0,y) = uyx(0,y) =
Uxy(0,y) = uyy(0,y) = 0forall y € [-£, £] and similarly it happens for x = 7.
We refer to [23, Sections 4] for the derivation of the boundary conditions in (1)
and to [14] for those in (35), see also [32] for the formulation of (35) in a more
general setting.

By exploiting the inclusions HZ C H2 C H?, we derive:
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Proposition 6.1. Let p € Py g and let Ay(p) be the eigenvalues of (1). Further-
more, denote with Agir(p) and Afe“(p) the divergent sequences of eigenvalues
of (34) and (35). There holds

AR (p) < An(p) < AP™(p) forallh e Ny (36)
and
h21672
Ar(p) ~ T s ash — +oo.
/ Vpdx dy)
Q

We refer to [12] for similar comparisons and a sharper asymptotic analysis in
the Neumann case for the homogeneous plate.

Proof. The proofis based on the variational characterization of the eigenvalues (5)
and on some general results presented in [24].

To prove (36) we observe that, by density arguments, it follows that ||Aul|3 =
lu ||2 for allu € HZ(Q); in this way we may write both the variational represen-
tation of Dirichlet and Neumann eigenvalues in (34) and (35) as

DI ||u||12qz
A" (p) = inf sup ————
WiCHZ  uewy\(oy |/Pullz
dimWh=h
and
[ l?
AN (p) = inf sup 7}1*2
WyCH?  wew,\(o} |/Pull3
dimWh=h
Observing that HZ C H2 C H?, we infer
ull2,, el
inf sup ———— < inf sup  ——— 5
WiCH? weW,\(0} ||«/—“||2 WiCH2 uew,\(0} ||«/—”||z
dim Wy,=h dim Wy,=h
||u||2
< inf sup ———,
Wi CHG ueW;,\{0} Iv/Pull3
dlInWh—h

implying inequality (36).



Non-homogeneous partially hinged plates 777

Finally, the asymptotic law for A,(p) follows from [24, Theorem 4.1, 4.2],
where the authors prove that, as 7 — 400,

Dir 2 h2
ALY (p) ~ 167 >
/ VP dx dy)
Q
and
h2
AN (p) ~ 1672 o
/ VP dx dy)
Q
implying the same asymptotic behavior for A, (p). O

The estimate (36) confirms the general principle that, fixed # € N, any addi-
tional constraint increases the eigenvalue and, therefore, the vibration frequency.
We point out that the Dirichlet problem represents the most constrained situation,
while the Neumann the most free. Problem (1) has intermediate boundary condi-
tions, reflecting the trend given by (36).
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