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We focus on the secular changes of the orbital elements of a planet in the solar system,
determined by the magnetic-like part of a gravitational wave field. Using Fermi coordi-
nates we show that the total force acting on a test particle is made of two contributions:
a gravito-electric one and a gravito-magnetic one. While the electric-like force has been
thoroughly discussed in the past, the effect of the gravito-magnetic force, which depends
on the velocity of the test particle, has not been considered yet. We obtain approximated
results to some orders in the orbital eccentricity and show that these effects are much
smaller than the corresponding gravito-electric ones.
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1. Introduction

Einstein’s theory of gravity, General Relativity (GR), naturally predicts the ex-

istence of gravitational waves (see Ref. ? for a review). Indeed, already in 1905,

Poincaré? discussing Lorentz transformations, suggested that gravitational interac-

tions could not be instantaneous, as in Newtonian theory, but should propagate

at the speed of light. Actually, it is possible to show (see e.g. Ref. ?) that the

basic properties of the gravitational waves (GWs) can be obtained by combining

Newtonian gravity with the retardation effects due to the finite size of the speed

of light. Einstein?,? made the first calculations defining the characteristics of the

quadrupole formula for the emission of GWs. According to this formula, in order

to have substantial emission of GWs, huge masses moving at relativistic velocities

∗Permanent address for correspondence: Viale Unità di Italia 68, 70125, Bari (BA).
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are needed. These sources are far away from the Earth and the weakness of the

gravitational interaction entails that what can be actually measured by our devices

are very small perturbations or ripples in the fabric of space-time. Indirect evi-

dence for gravitational waves was first obtained by observing the orbital decay of

the pulsar B1913+16.?,? It took 100 years from Einstein’s first calculation to have,

in 2016, the first direct detection of GWs ı̀,? which was the beginning of gravita-

tional waves astronomy. More in general, the study and the detection of GWs could

give information not only on GR, but also on the reliability of extended theories of

gravity.?,?

As far as we know (see e.g. Ref. ?), the spectrum of gravitational waves spreads

over some 18 orders of magnitude, thus encompassing astrophysical and cosmologi-

cal events on very different scales. In particular, while high frequency waves (10−104

Hz) are in the target of terrestrial detectors, there is no hope to detect on the Earth

low-frequency (10−5−1 Hz) and very low frequency waves (10−9−10−7 Hz): in fact

the ground motions and the coupling to fluctuations in the local mass distribution

limit the sensitivity up to 1 Hz (see Ref. ?). While GWs in the low frequency regime

are ideal target of the LISA space mission,?,? as for the very low frequency regime

possible sources could be unresolved coalescing massive binary black holes or bina-

ries that are either too massive to radiate in the LISA band, or else are inspiralling

towards the LISA band.?

Bertotti? first suggested to use gravitationally bound systems to detect secular

effects due to a GW background: a Newtonian binary system consisting of point

masses orbiting each other on Keplerian ellipses is acted upon by a gravitational

wave, which causes a perturbation of the orbital elements. There have been several

subsequent approaches (see e.g. Refs. ?, ?, ?, ?) that are thoroughly discussed by

Iorio.? Mashhoon? first developed a description of the tidal effects associated to the

passage of a gravitational wave using Fermi coordinates, then in Ref. ? he studied

the interaction of a weak gravitational wave and a Newtonian binary system.

Fermi coordinates?,?,? are defined around the world-line of an observer and are

the coordinates he would naturally use to make space and time measurements. It is

possible to show? that using Fermi coordinates the effects of a plane gravitational

wave can be described by gravito-electromagnetic fields:?,? in other words, the wave

field is equivalent to the action of a gravito-electric and a gravito-magnetic field,

that are transverse to the propagation direction and orthogonal to each other. In

particular, while current detectors, such LIGO and VIRGO, or future ones, such as

LISA, reveal the interaction of test masses with the gravito-electric component of

the wave, there are also gravito-magnetic interactions that could be used to detect

the effect of the gravitational wave on moving masses and spinning particles.?,?,?

We point out that the effect of the angular momentum of gravitational waves on

the rotation of inertial frames is studied in Refs. ?, ?, while the theoretical possi-

bility of measuring by a Sagnac detector the gravito-magnetic effects caused by a

gravitational wave is investigated by Frauendiener.?

In this paper we study the effect of the gravito-magnetic part of a gravitational



June 28, 2021 10:19 WSPC/INSTRUCTION FILE GW˙magnetic˙rev

Perturbations of the orbital elements due to the magnetic-like part of the field of a plane gravitational wave 3

wave, in the very low frequency regime, on the long-term variations of all the six

standard Keplerian orbital elements of a solar system planet. This work extends

to the magnetic-like components of the wave the study of the interaction with a

Newtonian binary system, according to an approach similar to Ref. ?, where it is

also pointed out that very low frequency waves are important to get information

on astrophysics of galaxies and black holes, early Universe cosmology and on the

extension of the standard model.

The paper is organised as follows: in Section ?? we briefly review gravito-

electromagnetic approach to the description of the GWs field, in the Fermi frame;

the perturbations of the orbital elements are worked out in Section ??, while con-

clusions are eventually drawn in Section ??.

2. Gravito-electromagnetic fields in the Fermi frame

In this Section we are going to briefly review the construction of the Fermi frame to

describe the dynamics of test particles using the gravito-electromagnetic analogy.

In order to define the Fermi frame, we use the approach described in Refs. ?, ?.

We consider a background spacetime describing the gravitational field where

we use a set of coordinatesa xµ. Using these coordinates, the world-line xµ(τ) of a

reference observer, as function of the proper time τ , is determined by the following

equation

Dxµ

dτ
= ẍµ + Γµ

νσẋ
ν ẋσ = aµ, (1)

where D is the covariant derivative along the world-line, a dot means derivative

with respect to τ and aµ is the four-acceleration. In the tangent space along the

world-line xµ(τ) it is possible to define the orthonormal tetrad of the observer

e
µ

(α)(τ), such that eµ(0)(τ) is the unit vector tangent to his world-line and e
µ

(i)(τ) (for

i=1,2,3) are the spatial vectors orthogonal to each other and, also, orthogonal to

e
µ

(0)(τ). The equation of motion of the tetrad is
De

µ

(α)

dτ = −Ωµνeν(α) where Ωµν =

aµẋν−aν ẋµ+ẋαΩβǫ
αβµν . In the latter equation Ωα is the four-rotation of the tetrad.

In particular, we notice that for a geodesic (aµ = 0) and non rotating (Ωα = 0)

tetrad we have Ωµν = 0: consequently, in this case the tetrad is parallel transported.

If Ω = 0 and aµ 6= 0, the tetrad is Fermi-Walker transported. We remember that

Fermi-Walker transport enables to define, in a natural way, a non rotating moving

frame for an accelerated observer.? That being said, Fermi coordinates are defined

as follows: the observer along the congruence measures time intervals according to

the proper time, so the time coordinate is defined by T = τ ; the spatial coordinates

X,Y, Z are defined by space-like geodesics, with unit tangent vectors nµ, whose

components, with respect to the orthonormal tetrad are n(i) = n(i) = nµe
µ

(i)(τ),

aGreek indices refer to spacetime coordinates, and assume the values 0, 1, 2, 3, while Latin indices
refer to spatial coordinates and assume the values 1, 2, 3, usually corresponding to the coordinates
x, y, z.
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and n(0) = 0. The reference observer’s frame equipped with Fermi coordinates is

the Fermi frame. Fermi coordinates in the neighbourhood of the world-line of an

observer in accelerated motion with rotating tetrads are studied in Refs. ?, ?, ?.

Fermi coordinates prove useful to develop a gravito-electromganetic analogy.

Indeed, as discussed by Mashhoon,? the spacetime element in Fermi coordinates

in the vicinity of the observer’s world-line can be recast in terms of the gravito-

electromagntic potentials (Φ,A)

ds2 = −
(

1− 2
Φ

c2

)

c2dT 2 − 4

c
(A · dX)dt + δijdX

idXj , (2)

and this peculiarity allows us to apply the corresponding formalismb. Indeed, as

shown by,? it is possible to distinguish between the inertial and the curvature

contributions to the gravito-electromagnetic potentials: the former depend on the

inertial features of the Fermi frame (i.e. the observer’s acceleration and tetrad ro-

tation), while the latter on the Riemann curvature tensor. Here, we are concerned

with the curvature effects only, since we refer our results to an inertial frame: for

instance, if we consider planetary motion in the solar system, its origin is at the

position of the Sun. Consequently, the gravito-electric (GE) potential Φ = Φ(T,X)

is

Φ(T,X) = −1

2
R0i0j(T )X

iXj (3)

and the components of the gravito-magnetic potential (GM) A = A(T,X) turn out

to be

Ai(T,X) =
1

3
R0jik(T )X

jXk. (4)

In close analogy to electromagnetism, the gravito-electric and gravito-magnetic

fields E and B are defined in terms of the potentials by

E = −∇Φ− 1

c

∂

∂T

(

1

2
A

)

, B = ∇×A. (5)

Using the definitions (??) and (??) we obtain (up to linear order in |X i|) the

following components

EC
i (T,X) = c2R0i0j(T )X

j, (6)

and

BC
i (T,R) = −c2

2
ǫijkR

jk
0l(T )X

l. (7)

The electromagnetic analogy is also useful to describe the motion of free test

particles: namely, the geodesic equation of the space-time metric (??) can be written

in the form of a Lorentz-like force equation?

m
d2X

dT 2
= qEE+ qB

V

c
×B, (8)

bHere and henceforth X is the position vector in the Fermi frame.
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up to linear order in the particle velocity V = dX
dT (which is indeed the relative

velocity with respect to the reference mass at the origin of the frame). In the Lorentz-

like force equation, qE = −m is the GE charge, and qB = −2m is the GM one (the

minus sign takes into account that the gravitational force is always attractive). As

a consequence, the Lorentz-like force equation becomes

m
d2X

dT 2
= −mE− 2m

V

c
×B. (9)

In the following Section we are going to work out the effect of the gravito-

magnetic field of the wave on a moving test particle. For the sake of simplicity, we

consider plane monochromatic circularly polarised GWs propagating with frequency

νg along the direction Z. Moreover, in what follows we suppose that the extension

of the reference frame is much smallar than the wavelength, so that we may neglect

the spatial variation of the wave field: consequently the components of the Riemann

tensor are evaluated at the origin of our frame. Accordingly, as shown in,? the

corresponding gravito-magnetic field is

BZ = 0, (10)

BX = −
Aν2g

2
(−X cosχ+ Y sinχ) , (11)

BY = −
Aν2g

2
(X sinχ+ Y cosχ) , (12)

with χ
.
= νgT .

Hence, the gravito-magnetic force acting upon a point-like mass m is obtained

by

m
d2X

dT 2
= −2m

V

c
×B. (13)

Note that, being B dimensionally an acceleration, the scaling parameter A is di-

mensionless.

3. Perturbations due to the gravito-magnetic field of the wave

To study the effect of the magnetic-like part of the gravitational field of the wave on

a planet of the solar system we proceed as follows. We consider a Fermi coordinate

system, whose origin is located at the Sun position; accordingly, we treat the planet

as a test particle moving around the Sun.c Let us assume that the wave’s frequency

cMore in general, studying a binary system, the origin of the Fermi frame should be located at the
center of mass of the system, and what we would consider the relative position of the two masses
(see e.g. Ref, ?). The approximation considered is reasonable for most of the bodies of the solar
system.
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νg is much lower than the orbital one nb, so that the averaged rates of change

of the orbital elements of the test particle can be analytically calculated with the

Gauss perturbing equations?,?,?,?,?,?,? by keeping χ = const in the integration over

the true anomaly f from 0 to 2Π of the latter. The radial, transverse and normal

components of the acceleration of Equation (??) turn out to be

Ar = −
Aa2

√
1− e2 nb ν

2
g sin I

c
[cos I cos (χ+ 2Ω) sinu+ cosu sin (χ+ 2Ω)] ,

(14)

At =
Ae a2

√
1− e2 nb ν

2
g sin I sin f

c (1 + e cos f)
[cos I cos (χ+ 2Ω) sinu+ cosu sin (χ+ 2Ω)] ,

(15)

An =
Aa2

√
1− e2 nb ν

2
g

16 c (1 + e cos f)
(2 e cos (f − χ− 2Ω)− e cos (f − 2I − χ− 2Ω)− (16)

− 2 cos (2I − χ− 2Ω) + 2 [2− cos 2I + 2 (3 + cos 2I) cos 2u] cos (χ+ 2Ω)+

+ 4 cos I (sin I − 4 sin 2u) sin (χ+ 2Ω)+

+ e {− cos (f + 2I − χ− 2Ω) + 2 [(3 + cos 2I) cos (f − χ+ 2ω − 2Ω)+

+ cos (f + χ+ 2Ω) + 3 cos (f + χ+ 2̟)− 8 cos I sin (f + 2ω) sin (χ+ 2Ω)−

− 2 cos 2I sinω sin (f + χ+ ω + 2Ω)]}) , (17)

where a is the semimajor axis, e is the eccentricity, I is the inclination to the

reference {x, y} plane, Ω is the longitude of the ascending node, ω is the argument

of pericentre, u
.
= ω+f is the argument of latitude, and ̟

.
= Ω+ω is the longitude

of pericentre. An exact calculation in e turns out to be exceedingly cumbersome;

thus, we will only show approximate results to some orders in e.

To the order of O
(

e−1
)

, nonzero secular rates occur for the argument of peri-

centre and the mean anomaly at epoch η. They are

ω̇ =
aAν2g sin I (cos I cos (χ+ 2Ω) sinω + cosω sin (χ+ 2Ω))

2 c e
, (18)

η̇ = −ω̇. (19)

To the order zero in e, only the eccentricity experiences a long-term rate of
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change

ė =
aAν2g sin I (− cos I cosω cos (χ+ 2Ω) + sinω sin (χ+ 2Ω))

2 c
. (20)

To the order of O (e), the inclination I, the node Ω, the pericentre ω and the

mean anomaly at epoch η undergo secular precessions given by

İ =
e aAν2g

16 c
[−2 cos (I − χ− ω − 2Ω) + cos (2I − χ− ω − 2Ω) + 2 cos (I − χ+ ω − 2Ω)+

+ cos (2I − χ+ ω − 2Ω) + 2 cosω (−6 cos (χ+ 2Ω) + cos (2I + χ+ 2Ω))+

+ 4 sinω sin (I + χ+ 2Ω)] , (21)

Ω̇ =
e aAν2g csc I

8 c
{− sin (I − χ− ω − 2Ω)− sin (2I − χ− ω − 2Ω)− sin (I − χ+ ω − 2Ω)+

+ sin (2I − χ+ ω − 2Ω) + sin (I + χ− ω + 2Ω)− sin (2I + χ− ω + 2Ω)+

+ sin (I + χ+ ω + 2Ω) + sin (2I + χ+ ω + 2Ω)} , (22)

ω̇ =
e aAν2g

4 c
[−2 cos (χ+ 2Ω) cot I sinω + (−3 + cos 2I) cosω csc I sin (χ+ 2Ω)] ,

(23)

η̇ = −
7 e aAν2g sin I

4 c
(cos I cos (χ+ 2Ω) sinω + cosω sin (χ+ 2Ω)) (24)

If, instead, it is νg ≫ nb, it turns out that there are no net orbital shifts averaged

over a wave’s full cycle.

In the previous results, we made no assumptions on the orbital inclination I; we

notice that, for I = 0, i.e. the incidence of the gravitational wave is normal to the

orbital plane, we see that there is no secular variation of the eccentricity, and the

same holds true for the mean anomaly at epoch.

4. Conclusions

In this paper we studied the averaged rates of change of the orbital elements of a test

particle orbiting a central body, such as a planet orbiting the Sun, determined by

the magnetic-like force due to the passage of a monochromatic plane gravitational

wave. In doing so, we assumed that the wavelength is larger then the orbit size

and, also, that the frequency is much smaller than the orbital frequency of the test

particle.
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To fix ideas, in the solar system we remember that Mercury has the highest

orbital frequency, 1.3 × 10−7 Hz. Hence, in this case our results apply to the very

low frequency regime of gravitational waves. However, our results could be applied

to other astrophysical situations, such as planets in extrasolar systems, where higher

orbital frequencies are possible.

Since exact calculations are complicated, in order to give an idea of the effects,

we worked out approximated results to some orders in the orbital eccentricity e.

Our results showed that all orbital elements, except the semi-major axis, undergo

secular variations; in particular, we proved that to zero order in the eccentricity e,

only the eccentricity itself experiences a long-term rate of change. This variation is

a purely gravito-magnetic effect: in fact, as discussed in Ref. ?, if we consider the

gravito-electric perturbation only, the variation of the eccentricity is proportional

to the eccentricity itself, so that circular orbits do not change their shape. More in

general, orbits with given eccentricities change their shape and orientation due to

the passage of the wave: all variations determined by the gravito-magnetic effects

are proportional to ǫ =
aAν2g

c
, which is a very small quantity, depending on the

wave amplitude A, the orbital frequency νg and semimajor axis a, and the speed of

light c. However, even if these gravito-magnetic effects are in principle present, it

is reasonably expected that they are negligible with respect to the gravito-electric

ones. This can be explained by inspecting Eq. (??): in fact, while both the gravito-

electric and magnetic fields have the same order of magnitude, the gravito-magnetic

force is reduced, with respect to the gravito-electric one, by a factor
|V|
c

, where the

magnitude of the orbital speed |V| is much smaller than the speed of light.

In conclusion, the aim of this paper was to focused on the gravito-magnetic

effects provoked by the passage of a plane gravitational wave; as discussed by one of

us,? there are also gravito-electric effects which, according to the above discussion,

have a larger impact. However, the separation of the two effects is purely academic,

since a point mass experiences a total force in the form (??). As a consequence,

to make predictions on the impact of a gravitational wave on orbital elements we

need to consider the whole perturbing acceleration determined by the passage of

the wave: this will be the subject of a future work. These predictions could be used

to make a comparison with planetary data available from the solar system which

can, in principle, give constraints on all unknowns wave parameters. This formalism

could be applied not only in the solar system, but to arbitrary gravitationally bound

two-body systems, such as extrasolar systems, and with suitable modifications, it

can be used to test models of gravity alternative to General Relativity, thus adding

new perspectives to the field of gravitational waves astronomy.
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Dordrecht, October 2003).
41. A. E. Roy, Orbital Motion. Fourth Edition (Institute of Physics Publishing, Bristol,

2005).
42. S. Kopeikin, M. Efroimsky and G. Kaplan, Relativistic Celestial Mechanics of the

Solar System (Weinheim: Wiley-VCH, September 2011).
43. E. Poisson and C. M. Will, Gravity (Cambridge: Cambridge Univ. Press, May 2014).
44. M. H. Soffel and W.-B. Han, Applied General RelativityAstronomy and Astrophysics

Library, Astronomy and Astrophysics Library (Springer Nature Switzerland, Cham,
2019).


