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Abstract

A novel statistical approach to model size effects in very high cycle fatigue

(VHCF) is proposed in the paper. The statistical distributions of the VHCF

life and of the size of the defect leading to VHCF failure (critical defect) are

identified in the paper through the weakest-link principle. The statistical

distributions are able to account for the stress gradients that are present in a

loaded material volume. An efficient procedure for estimating the parame-

ters involved in the statistical distributions is also shown. The proposed

statistical models are finally validated through experimental data taken from

the literature. The experimental validation proves the fitting capability of the

proposed models that outperform the traditional models based on the 90%

risk-volume.
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1 | INTRODUCTION

In many applications, machinery components subjected
to fatigue loading must be designed in the so-called
very high cycle fatigue (VHCF) region, to sustain even
more than 108 cycles. Automotive components,1–4 high-
speed train components,3–7 aircraft components,3,4,8–12

as well as nuclear structural components13 represent
some examples of components to be designed in the
VHCF region. The need to prevent the failure of these
components is one of the main reasons for the growing
interest toward the research on the VHCF response of
materials.

Currently, the VHCF research focuses on the mecha-
nisms behind the crack initiation and researchers
generally agree about the experimental evidence that the
VHCF crack originates from the weakest site within
the most stressed volume, the so-called risk-volume
(or control-volume, or highly stressed volume14,15).
The weakest site in fatigue is generally represented by a

defect (inclusion, pore, matrix inhomogeneity) that acts
as an initial crack16,17 in the loaded material volume.
This is well known in the fatigue literature (see, e.g., the
works on manufacturing defects in cast irons18–24 and
additive materials25–30). The defect population drives the
VHCF response of materials, and according to
Murakami,17,31,32 the defect size is the main responsible
for the VHCF failure. In particular, the largest defect in
the risk-volume is generally assumed to nucleate the
crack leading to the VHCF failure. Defects are randomly
distributed within the risk-volume and, according to
Murakami17 and Beretta et al.,33 the distribution of the
defect size in materials is statistically dependent on
the material volume: the larger the material volume, the
larger the probability of large defects. Furthermore, the
larger the defect, the smaller the VHCF strength, follow-
ing Murakami's theory.17,31,32 This is the rationale
behind size effects in VHCF: larger loaded volumes may
include larger defects that negatively affect the VHCF
response.
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Size effects in VHCF have been recently investigated
in the literature.14,25,26,34-45 In all cases, VHCF tests have
been run with ultrasonic fatigue testing machines and
size effects have been assessed by testing specimens with
different risk-volumes, under tension–compression load-
ing cycles. Experimental results reported in previous
studies26,34–36,38,39,44 have shown that size effects signifi-
cantly affect the VHCF response and must be carefully
considered when designing components against VHCF
failure.

The computation of the risk-volume plays a major
role when quantifying size effects in VHCF. It is gener-
ally acknowledged17,24,25,34–48 that the risk-volume corre-
sponds to the material volume with stresses larger than
the 90% of the maximum stress in the whole loaded
volume. This is generally referred to as 90% risk-volume.
The reason for this definition is that defects leading
to failure (critical defects) are most likely located in the
region where the applied stress is larger than a suffi-
ciently large threshold. However, the choice for the
threshold value could be not uniquely defined, depending
on the investigated material. Generally, 90% risk-volume
have been considered in the literature.17,24,25,34–48 How-
ever, a 95% risk-volume has been used in Fitzka et al.,49

and in Furuya,34 VHCF failures have been found for
defects outside the 90% risk-volume, in particular for
applied stresses equal to 83% and 88% of the maximum
stress. In the latter case, the 90% risk-volume provides a
smaller, thus nonconservative, estimate of the volume to
be considered for quantifying size effects.

Furthermore, according to the statistics of
extremes17,33,50 a change in the considered threshold
implies, for the same critical defect sizes, a change in the
parameters involved in the statistical distribution of the
critical defect size, which is not physically admissible:
parameter estimates should only depend on the investi-
gated material and not on the threshold considered for
computing the risk-volume. Therefore, the risk-volume
concept may lead to an inaccurate assessment of size
effects in VHCF, and it is in need of a revision for
preventing nonconservative design of machinery compo-
nents against VHCF failure.

In the present paper, the concept of risk-volume is
revised in a statistical framework. Novel statistical
models, based on the weakest link principle, are
provided, with the aim of accounting for size effects with
no need of defining a risk-volume. The proposed statisti-
cal models can consider stress gradients within the
loaded volume and involve actual material parameters
that only change if the material changes. The proposed
statistical models are finally validated through several
experimental datasets taken from the literature and from
VHCF tests run by the author and his coworkers.

2 | CRITICAL DEFECT SIZE AND
CONDITIONAL VHCF LIFE:
PRELIMINARY DEFINITIONS

In a loaded volume, the defect that originates the fatigue
failure is referred to as critical defect. To identify the criti-
cal defect in a loaded volume, both the defect size and
the local stress in the proximity of the defect must be con-
sidered. Indeed, large defects in a lightly stressed region
may be less critical than small defects in a highly stressed
region, following the stress intensity factor definition.

Figure 1 shows the variation of the uniformly stressed
volumes with the local stresses, in a Gaussian specimen37

subjected to an ultrasonic VHCF test. The stress distribu-
tion within the specimen, which is depicted in Figure 1,
can be obtained with a finite element model (FEM) of the
tested specimen.

Two different large volumes with constant stress are
highlighted in Figure 1: the first one, vi, is in a region
with stress equal to 13.75% of the maximum stress; the
second one, vj, is larger and in a region with larger stress
(equal to 92.75% of the maximum stress). Volume vj is
the one subjected to a larger stress and, according to the
statistics of extremes,17,33,51 is the one with larger proba-
bility of including a large defect. Therefore, if compared
to vi, vj more probably contains the critical defect. How-
ever, if smaller volumes with larger stress are considered,
the evaluation becomes more difficult, and it can be only
quantified by defining the statistical distribution of the
criticality associated to each volume.

In each uniformly stressed volume, the largest defect
is the most critical one, and it can be identified with the
square-root of area approach suggested by Murakami17

and Beretta et al.33 It is well known17,33,50,52 that the larg-
est defect, denoted as

ffiffiffiffi
A

p
, follows a truncated largest

extreme value distribution (LEVD) with parameters μ ffiffiffi
A

p

and σ ffiffiffi
A

p and defined for positive defect sizes. Equation 1

FIGURE 1 Distribution of uniformly stressed volumes in a

Gaussian specimen subjected to an ultrasonic very high cycle

fatigue (VHCF) test (stress field in the specimen is also depicted)

[Colour figure can be viewed at wileyonlinelibrary.com]
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reports the probability density function (pdf) for the
largest defect contained in volume vi:

f ffiffiffi
A

p
i

ffiffiffi
a

p
;vi

� �
=

1
σ ffiffiffi

A
p

φL z ffiffiffi
A

p
i

ffiffiffi
a

pð Þ
� �

1−ϕL z ffiffiffi
A

p
i
0ð Þ

� � , ð1Þ

where φL z ffiffiffi
A

p
i

ffiffiffi
a

pð Þ
� �

= e−z ffiffi
A

p
i

ffiffi
a

pð Þ−e
−z ffiffi

A
p

i

ffiffi
a

pð Þ
is the pdf of

the standardized LEVD, evaluated at

z ffiffiffi
A

p
i

ffiffiffi
a

pð Þ=
ffiffi
a

p
− μ ffiffi

A
p + σ ffiffi

A
p log við Þð Þ

σ ffiffi
A

p , and ϕL z ffiffiffi
A

p
i
0ð Þ

� �
= e−e

−z ffiffi
A

p
i
0ð Þ

is the cumulative distribution function (cdf) of
the standardized LEVD, evaluated at

z ffiffiffi
A

p
i
0ð Þ= − μ ffiffi

A
p + σ ffiffi

A
p log við Þ

σ ffiffi
A

p .

Each uniformly stressed volume is characterized by
a specific stress level and by a specific distribution for
the largest defect size. If volume vi is considered, then a
given largest defect size

ffiffiffi
a

p
i , which is randomly

extracted from f ffiffiffi
A

p
i

ffiffiffi
a

pð Þ , and a given local stress level si
must be taken into account to estimate the VHCF life
associated to vi. Indeed, it is well known in the litera-
ture16,17,32,51,52 that the VHCF life depends both on the
stress amplitude and on the defect size. It is worth to note
that, to simplify the statistical model, several approxima-
tions must be tolerated (e.g., defect shape and composi-
tion as well as three-dimensional effects53,54 at the initial
defect are not taken into account). However, provided
that the estimated statistical model well fits the experi-
mental data, then all the approximations involved in the
model can be considered as cancelled out in the fitting
phase.

According to previous works,51,55–57 the VHCF life
(i.e., the logarithm of the number of cycles to failure) fol-
lows a normal distribution with constant standard devia-
tion σY and mean value that linearly depends on the
logarithm of the stress amplitude (Basquin's model) and
on the logarithm of the largest defect size (square-root of
area model proposed by Murakami17 and stress intensity
factor relevance58,59). In particular, the cdf of the VHCF
life for a given largest defect size

ffiffiffi
a

p
i and applied stress si

is given by

FYij
ffiffi
a

p y;si,
ffiffiffi
a

p
i

� �
=ϕG

y−μY ,i si,
ffiffiffi
a

p
ið Þ

σY

� �
, ð2Þ

where Yij
ffiffiffi
a

p
denotes the conditional random variable

(rv) VHCF life given the defect size, ϕG(�) is the cdf of
standardized Normal distribution, and the mean value
μY,i is as follows:

μY ,i si,
ffiffiffi
a

p
i

� �
= cY +mY log10 smax

si
smax

� �� �
+ nY log10

ffiffiffi
a

p
i

� �
,

ð3Þ

where cY, mY, and nY are constant parameters and smax is
the maximum stress in the whole volume.

3 | STATISTICAL DISTRIBUTION
OF THE (MARGINAL) VHCF LIFE

According to the definition of marginal cdf,51,52 the
expression of the marginal cdf for the VHCF life related
to volume vi is given by

FYi y;si,við Þ=
ð∞
0
ϕG

y−μY ,i si,
ffiffiffi
a

pð Þ
σY

� �
f ffiffiffi

A
p

i

ffiffiffi
a

p
,vi

� �
d

ffiffiffi
a

p
,

ð4Þ

where f ffiffiffi
A

p
i

ffiffiffi
a

p
,við Þ is reported in Equation 1.

The marginal cdf in Equation 4 is related to volume
vi. Similar expressions can be obtained for the other uni-
formly stressed volumes v1,v2,…,vns , being ns the total
number of uniformly stressed volumes.

According to the weakest-link principle,14 the
smallest VHCF life among the VHCF lives related to all
the uniformly stressed volumes represents the VHCF life
of the whole loaded volume. The cdf of the smallest
VHCF life can be computed from the product of the reli-
abilities related to each volume:

FY y; s1,v1ð Þ,… sns ,vnsð Þð Þ=1−
Yns

i=1
RYi y;si,við Þ, ð5Þ

where RYi y;si,við Þ=1−FYi y;si,við Þ is the reliability
related to volume vi and FYi y;si,við Þ is the marginal cdf in
Equation 4. Equation 5 shows that the cdf of the
(marginal) VHCF life for the whole loaded volume
depends on all the couples (si, vi), being i = 1,…,ns.

4 | STATISTICAL DISTRIBUTION
OF THE CRITICAL DEFECT SIZE

The infinitesimal probability of having, in volume vi, a
largest defect size smaller than

ffiffiffi
a

p
and a VHCF life in

the range (y; y+dy] is given by

f Y i,
ffiffiffiffi
Ai

p
≤

ffiffi
a

p y,
ffiffiffi
a

p
;si,vi

� �
=
ð ffiffi

a
p

0

1
σY

φG
y−μY ,i si,

ffiffiffi
a

pð Þ
σY

� �
f ffiffiffi

A
p

i

ffiffiffi
a

p
,vi

� �
d

ffiffiffi
a

p
,

ð6Þ
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where f Y i,
ffiffiffiffi
Ai

p
≤

ffiffi
a

p y,
ffiffiffi
a

p
;si,við Þdy= P y<Yij

ffiffiffi
a

p
≤ y+ dyð Þ\½ffiffiffiffi

A
p

i ≤
ffiffiffi
a

p� �� , φG(�) is the pdf of the standardized

Normal distribution, and f ffiffiffi
A

p
i

ffiffiffi
a

p
,við Þ is reported in

Equation 1.

If all the other uniformly stressed volumes have mar-
ginal VHCF life larger than y, then vi becomes the critical
uniformly stressed volume, that is, the uniformly stressed
volume that contains the critical defect, and

ffiffiffiffi
A

p
i

becomes the critical defect size,
ffiffiffiffi
A

p
c:

P y<Yij
ffiffiffi
a

p
≤ y+ dy

� �\ ffiffiffiffi
A

p
c ≤

ffiffiffi
a

p� �
\ vi is criticalð Þ

h i

= f Y i,
ffiffiffiffi
Ai

p
≤

ffiffi
a

p y,
ffiffiffi
a

p
;si,vi

� � Yns
j=1

j≠i

RYj y;sj,vj
� �

:

ð7Þ

To define the cdf of the critical defect size is necessary
to integrate over the range of variation of the VHCF life
and to sum up the probabilities related to each uniformly
distributed volume:

F ffiffiffiffi
Ac

p ffiffiffi
a

p
; s1,v1ð Þ,… sns ,vnsð Þ� �

=
Xns

i=1

ð+∞

−∞

f Y i,
ffiffiffiffi
Ai

p
≤

ffiffi
a

p y,
ffiffiffi
a

p
;si,vi

� � Yns
j=1

j≠i

RYj y;sj,vj
� �

dy:

ð8Þ

Equation 8 shows that the cdf of the critical defect
size depends on all the couples (si, vi), being i = 1,…,ns.

5 | STATISTICAL DISTRIBUTION
OF THE CRITICAL VOLUME

The critical volume is, in the whole volume, the uni-
formly stressed volume that contains the critical defect.
The probability that the ith uniformly stressed volume is
critical corresponds to the probability that the VHCF life
related to vi, Yi, is the minimum VHCF life in the whole
loaded volume:

P vi is critical½ �= P Ymin =Yi½ �= P y<Yi ≤ y+ dyð Þ
\ns
j=1

j≠j

Y j > y,8y�ℝ

2
666664

3
777775
:

ð9Þ

The infinitesimal probability of having y < Yi ≤ y
+ dy is related to the pdf of Yi, which can be easily
obtained from Equation 4:

f Y i
y;si,við Þ= ∂FYi y;si,við Þ

∂y

=
ð∞
0
φG

y−μY ,i si,
ffiffiffi
a

pð Þ
σY

� �
f ffiffiffi

A
p

i

ffiffiffi
a

p
,vi

� �
d

ffiffiffi
a

p
:

ð10Þ

The reliability RYj y;sj,vj
� �

corresponds to the proba-
bility of having Yj > y. Therefore, the probability that vi is
critical is the integral, over the domain of the VHCF life,
of the product of f Y i

y;si,við Þ times all the reliabilities
RYj y;sj,vj

� �
, being j = 1,…, i − 1, i+1,…,ns:

pVc
við Þ= P Vc = vi½ �=

ð +∞

−∞
f Y i

y;si,við Þ
Yns

j=1

j≠i

RYj y;sj,vj
� �

dy,

ð11Þ

where Vc denotes the critical volume rv. Equation 11 is
the probability mass function of the discrete rv Vc. The
cdf of Vc is thus equal to

FVc við Þ=P Vc ≤ vi½ �=
Xi

j=1

ð +∞

−∞
f Y j

y;sj,vj
� �Yns

k=1

k≠j

RYj y;sk,vkð Þdy,

ð12Þ

where i = 1,…,ns. Equation 12 can be used to quantify
the probability of having critical defects for stresses,
in the whole loaded volume, below a threshold of
interest.

6 | VHCF LIFE AND CRITICAL
DEFECT SIZE DISTRIBUTIONS:
PARAMETER ESTIMATION

The statistical distributions of the VHCF life and of the
critical defect size (Equations 5 and 8, respectively)
involve six parameters in total: cY, mY, nY, σY, μ ffiffiffi

A
p , and

σ ffiffiffi
A

p . The parameters must be properly estimated with
statistical estimation methods. Typically, when the statis-
tical distributions are known, the maximum likelihood
(ML) estimation principle is adopted for its good asymp-
totic properties.60,61 The ML principle requires the maxi-
mization of the likelihood function, which depends on
the parameters to be estimated and is computed from the

1212 PAOLINO



pdfs of Y and
ffiffiffiffiffi
Ac

p
, fY, and f ffiffiffiffi

Ac
p . The pdfs of Y and

ffiffiffiffiffi
Ac

p
can be analytically defined from Equations 5 and 8
(i.e., fY = ∂FY/∂y and f ffiffiffiffi

Ac
p = ∂F ffiffiffiffi

Ac
p =∂

ffiffiffi
a

p
) and requires

several numerical integrations to be computed. The
numerical integrations must be replicated for each
datapoint and must be iterated when maximizing the
likelihood function. Each numerical integration is not
immediate, and each iteration, run in Matlab with the
Nelder–Mead maximization algorithm, can take up to
10 min. By considering at least 1000 iterations for getting
the maximum value of the likelihood function, the esti-
mated computational time for the parameter estimation
would be larger than 150 h, which is not acceptable
at all.

To reduce the computational time required for the
parameter estimation, a different approach, based on
Monte Carlo simulations, is applied in the following. The
approach consists of the following steps:

1. Randomly generate, from a standard uniform distri-
bution, nsim × ns × nexp samples (being nsim larger
than 1000, ns equal to the number of uniformly
stressed volumes and nexp equal to the number of
experimental failures). In the following, ui,j,k
denotes, for the kth experimental failure occurred
with maximum stress equal to smax,k (being k = 1,
…,nexp), the ith random sample (with i = 1,…,nsim)
related to the jth uniformly stressed volume vj (with
j = 1,…,ns).

2. Randomly generate, from a standard normal distribu-
tion, nsim × ns × nexp samples. In the following, zi,j,k
denotes, for the kth maximum stress amplitude, the
ith random sample related to the jth uniformly
stressed volume vj.

3. Define an initial guess for the six parameters cY = c�Y ,
mY =m�

Y , nY =n�Y , σY = σ�Y , μ ffiffiffi
A

p = μ� ffiffiffi
A

p and σ ffiffiffi
A

p = σ� ffiffiffi
A

p .
4. Compute, from the truncated LEVD (Equation 1), nsim

random largest defect sizes, for each uniformly
stressed volume vj and for each maximum stress, as
follows:

ffiffiffi
a

p
i,j,k = μ ffiffiffi

A
p

j
+ σ� ffiffiffi

A
p − log − log pi,j,k

� �� �� �
μ ffiffiffi

A
p

j
= μ� ffiffiffi

A
p + σ� ffiffiffi

A
p log vj

� �

pi,j = e−e
μ ffiffi

A
p

j
=σ� ffiffi

A
p

+ ui,j,k 1−e−e
μ ffiffi

A
p

j
=σ� ffiffi

A
p� �

8>>>>><
>>>>>:

: ð13Þ

Equation 13 exploits the location-scale properties of
the truncated LEVD distribution62;

ffiffiffi
a

p
i,j,k denotes, for the

kth maximum stress amplitude, the ith random sample
related to the jth uniformly stressed volume vj.

5. Compute, from the normal distribution (Equation 2),
nsim VHCF lives, for each uniformly stressed volume
vj and for each maximum stress amplitude, as
follows:

yi,j,k = μYi,j,k
+ σ�Y � zi,j,k

μYi,j,k
= c�Y +m�

Y log10 smax,k
sj

smax,k

� �� �
+n�

Y log10
ffiffiffi
a

p
i,j,k

� �
8><
>: :

ð14Þ

Equation 14 exploits the location-scale properties of
the normal distribution62; yi,j,k denotes, for the kth
maximum stress amplitude, the ith random sample
related to the jth uniformly stressed volume vj.

6. Compute nsim VHCF lives, for the whole loaded
volume and for each maximum stress, as follows:

yfailure,i,k = yi,j�,k =min yi,1,k,…,yi,ns,k
	 


, ð15Þ

where j* denotes the index corresponding to the
minimum value among the random ns VHCF lives
extracted for each uniformly stressed volume; yfailure,i,k
denotes, for the kth maximum stress amplitude, the ith
random VHCF life related to the whole loaded
volume.

7. Compute nsim critical defect sizes, for each maximum
stress, as follows:

ffiffiffi
a

p
critical,i,k =

ffiffiffi
a

p
i,j�,k, ð16Þ

where
ffiffiffi
a

p
critical,i,k denotes, for the kth maximum stress

amplitude, the ith random critical defect size related to
the whole loaded volume.

8. Gather together the nsim × nexp VHCF lives for the
whole loaded volume and compute the simulated
empirical cdf62 for the VHCF failure.

9. Gather together the nsim × nexp critical defect sizes
and compute the simulated empirical cdf for the crit-
ical defect size.

10. Compute the coefficient of determination R2
Y in a

quantile–quantile (Q-Q) plot63 comparing the experi-
mental and the simulated quantiles of the VHCF
failures.
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11. Compute the coefficient of determination R2 ffiffiffi
A

p
c
in a

Q-Q plot comparing the experimental and the simu-
lated quantiles of the critical defect size.

12. Compute the total coefficient of determination
R2
tot =R2

Y +R2 ffiffiffi
A

p
c
.

13. Change the parameter values and repeat from step
3 until R2

tot is maximum. The last set of parameter
values, when R2

tot reaches its maximum value, repre-
sents the set of estimates for the six parameters.

The proposed estimation procedure converges quite
rapidly, and typically, less than 5 min are required for
getting the estimates, provided that the initial guess is
reasonable. A reasonable initial guess can be easily
obtained by estimating the parameters of the statistical
model that considers the 90% risk-volume. The reader
may refer to Paolino et al.52 for details about the proce-
dure that must be followed to estimate the parameters of
the model involving the 90% risk-volume.

7 | VHCF LIFE AND CRITICAL
DEFECT SIZE: EXPERIMENTAL
VALIDATION OF THE STATISTICAL
MODELS

In this section, several experimental datasets are ana-
lyzed to validate the statistical models in Equations 5 and
8. The first two datasets are taken from experimental tests
performed by the author and his coworkers and are
detailed in previous studies.25,26,42,44,52,64 The second two
datasets are taken from the VHCF literature on size
effect.36 To evaluate the fitting performance of the pro-
posed statistical models, experimental data are also ana-
lyzed with the traditional approach that considers the
90% risk-volume.17,25,26,43–48,52 The cdf of the critical
defect size, if the traditional approach is adopted,
depends on two parameters, μ ffiffiffi

A
p

,v90%
and σ ffiffiffi

A
p

,v90%
, and is

equal to

F ffiffiffi
A

p
c,v90%

ffiffiffi
a

p
;v90%

� �
=
ϕL z ffiffiffi

A
p

c,v90%

ffiffiffi
a

pð Þ
� �

−ϕL z ffiffiffi
A

p
c,v90%

0ð Þ
� �

1−ϕL z ffiffiffi
A

p
c,v90%

0ð Þ
� � ,

ð17Þ

where z ffiffiffi
A

p
c,v90%

ffiffiffi
a
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ffiffi
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� �
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μ ffiffi
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,v90%
log v90%ð Þ

σ ffiffi
A

p
,v90%

, and v
90%

denotes the

90% risk-volume. With the traditional approach, the cdf
of the VHCF life depends on six parameters, cY ,v90% ,

mY ,v90% , nY ,v90% , σY ,v90% , μ ffiffiffi
A

p
,v90%

, and σ ffiffiffi
A

p
,v90%

, and is

given by
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ffiffiffi
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� �

1−ϕL z ffiffiffi
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0ð Þ
� �d ffiffiffi

a
p

,
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where μY ,v90% = cY ,v90% +mY ,v90% log10 smaxð Þ+nY ,v90% log10
ffiffiffi
a

pð Þ.
The comparison between the two approaches is car-

ried out by computing the coefficients of determination,
R2
Y and R2 ffiffiffi

A
p

c
, resulting from Q-Q plots of the estimated

versus the experimental values. Q-Q plots are obtained
from the estimated cdfs of the experimental VHCF lives
and of the critical defect sizes, according to Benard's
approximation for median ranks.65 Equation 19 reports
the cdf value for the ith sorted experimental failure:

Fexp,i =
i−0:3
N +0:4

, ð19Þ

where N is the total number of failures in the analyzed
dataset.

The variation of the coefficients of determination with
respect to the minimum stress ratio in the whole loaded
volume (Figure 1) is also assessed. If the minimum stress
ratio in the whole loaded volume is changed, then the
number of uniformly stressed volumes changes as well:
for a minimum stress ratio equal to 0%, then all the uni-
formly stressed volumes inside the whole loaded volume
are considered, whereas for a minimum stress ratio equal
to 90%, then the uniformly stressed volumes inside the
90% risk-volume are only considered. The analysis is per-
formed with minimum stress ratios ranging from 0% to
90% with steps of 10%, to assess the capability of the pro-
posed approach to identify statistical distributions whose
parameters do not depend on the value of the minimum
stress ratio.

7.1 | Tool steel: Gaussian versus
hourglass

Fully reversed ultrasonic VHCF tests have been run
in.38,42,44,52,64,66 Tests have been performed on hourglass
and Gaussian37 specimens made of H13 steel. Twelve
hourglass specimens with 90% risk-volume equal to
247 mm3, and 18 Gaussian specimens with 90% risk-
volume equal to 2278 mm3 have been tested up to failure.
Defects originating failures have been analyzed with the
scanning electron microscope (SEM) and their size has
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been measured following the square-root of area
approach proposed by Murakami17 and Matsunaga
et al.32 Further details on the experimental dataset are
reported in previous works.38,42,44,52,64,66

The distribution of the uniformly stressed volume v
with respect to the stress ratio s/smax has been obtained
with FEMs of the tested specimens. Modal analyses in
Ansys software have been performed to get the stress dis-
tribution within the specimens during the ultrasonic test.
Eight-node quadrilateral elements (plane 82) with the
axisymmetric option are used for the FEMs. The average
element size is 0.1 mm, ensuring mesh convergence. The
material model considers a linear elastic isotropic steel
(Young's modulus equal to 211,000 MPa, Poisson's ratio
equal to 0.29, and material density equal to 7800 kg/m3).
Stress values are normalized with respect to the maxi-
mum value smax within the volume. Then, the volumes
with stress ratio larger than a specific minimum stress
ratio ranging from 0% to 99.5% with steps of 0.5% have
been computed: if the minimum stress ratio is equal to
0% then the whole volume is considered, whereas if it is
equal to 99.5%, then the volume is quite smaller and has
stress ratios ranging from 99.5% to 100%. The uniformly

stressed volumes are finally computed as the differences
between the adjacent volumes: for example, the first uni-
formly stressed volume, related to a stress ratio equal to
99.75%, corresponds to the volume with stresses ratios
ranging from 99.5% to 100%; the second uniformly
stressed volume, related to a stress ratio equal to 99.25%,
is obtained by computing the difference between the vol-
ume with stress ratios ranging from 99% to 100% and the
volume with stress ratios ranging from 99.5% to 100%;
finally, the last uniformly stressed volume, related to a
stress ratio equal to 0.25%, is obtained by computing the
difference between the volume with stress ratios ranging
from 0% to 100% and the volume with stress ratios rang-
ing from 0.5% to 100%. To be more precise, the volumes
are indeed quasi-uniformly stressed volumes, since the
stress ratio is not constant in each volume but has a toler-
ance of ±0.25%. Figure 2 plots, for the two specimen
shapes, the uniformly stressed volumes as a function of
the stress ratio.

Parameters involved in the traditional approach with
90% risk-volume (Equations 17 and 18) are estimated
with the ML principle, whereas parameters involved in
the proposed approach (Equations 5 and 8) are estimated
with the procedure described in Section 6. The estimates
for the traditional approach are cY ,v90% =65:03,
mY ,v90% = −18:85 , nY ,v90% = −2:422 , σY ,v90% =0:4118,
μ ffiffiffi

A
p

,v90%
= −24:15 , and σ ffiffiffi

A
p

,v90%
=7:656 , whereas the

estimates for the proposed approach are cY = 71.40,
mY = − 20.19, nY = − 3.148, σY = 1.113, μ ffiffiffi

A
p =8:565 ,

and σ ffiffiffi
A

p =5:547 . Figure 3A shows, for the two
approaches, the variation of the coefficients of determina-
tion, R2

Y and R2 ffiffiffi
A

p
c
, resulting from Q-Q plots of the esti-

mated versus the experimental values at different
minimum stress ratios. The proposed approach (red and
blue hollow circles in Figure 3A) outperforms the
traditional approach (red and blue dots in Figure 3A).
Furthermore, the R2

Y and R2 ffiffiffi
A

p
c
computed with the pro-

posed approach are constant (equal to 93% and 97%,

FIGURE 2 Distribution of uniformly stressed volumes in

Gaussian and hourglass specimens38,42,44,52,64,66 [Colour figure can

be viewed at wileyonlinelibrary.com]

FIGURE 3 Effect of the minimum stress ratio for data in previous works38,42,44,52,64,66: (A) variation of the coefficients of determination;

(B) cumulative distribution function of the critical volume [Colour figure can be viewed at wileyonlinelibrary.com]

PAOLINO 1215

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


respectively), regardless of the considered minimum
stress ratio. Minimum stress ratios larger than 90%
are not considered in the analysis, since they include
an insufficient number of uniformly stressed volumes.
This is confirmed by Figure 3B, which depicts the cdfs of
the critical volume (Equation 12) for both specimen
shapes. The probability of having critical volumes for
minimum stress ratios larger than 90% is almost equal to
85%. Therefore, a nonnegligible quantity of critical vol-
umes may be neglected (with probability larger than
15%) if the minimum stress ratio is set to values larger
than 90%.

Hollow circles in Figure 3B also show the perfect
agreement between the analytical approach
(Equation 12) and the Monte Carlo approach (Section 6).

Figure 4 highlights the fitting capabilities of the pro-
posed approach: Q-Q plots of the VHCF life (Figure 4A)
and of the critical defect size (Figure 4C) show the
agreement between the experimental data and the ana-
lytical models reported in Equation 5, for the VHCF life,
and in Equation 8, for the critical defect size. The two
Q-Q plots are obtained by considering a minimum stress
ratio equal to 70% to be almost sure to include all the
critical volumes in the analysis and, at the same time, to
save computational time. Indeed, the plots and the coef-
ficient of determination (Figure 3A) do not change for
minimum stress ratios below 70% since the probability
of having critical volumes for stress ratios below 70% is

negligible. The good agreement shown in Figure 4A,C is
also confirmed by the Anderson–Darling goodness of fit
test,63 whose p values are equal to 91.5% and 89.1% for
the VHCF life and for the critical defect size,
respectively.

Figure 4B,D shows the cdfs of the VHCF life
(Equation 5) and of the critical defect size (Equation 8)
for an applied stress equal to the mean value for each
subset: for the Gaussian-specimen subset, the considered
maximum stress is equal to 599 MPa, whereas for the
hourglass-specimen subset, the considered maximum
stress is equal to 635 MPa. For both subsets, Figure 4B,D
highlights a good agreement with the experimental data.
Figure 4C,D shows a larger number of datapoints (20 for
the Gaussian-specimen subset and 18 for the hourglass-
specimen subset) with respect to Figure 4A,B, since also
runout specimens have been considered for the analy-
sis.38,42,44,52,64,66 It is worth to note that the mean stress
well represents the whole subset, since the plotted
datapoints are taken from all the applied stresses in each
subset. Finally, hollow circles in Figure 4B,D again show
the perfect agreement between the analytical approach
(Equations 5 and 8) and the Monte Carlo approach
(Section 6).

Figure 5 depicts the probabilistic-S-N (P-S-N) plot for
the experimental data. The P-S-N curves corresponding
to the αth quantiles, 10%, 50%, and 90%, are computed
from Equation 5, by substituting FY with α and by solving

FIGURE 4 Fitting capabilities of the proposed approach for data in previous studies38,42,44,52,64,66: (A) Q-Q plot for the VHCF life;

(B) dataset and cumulative distribution functions for the VHCF life; (C) Q-Q plot for the critical defect size; (D) dataset and cumulative

distribution functions for the critical defect size [Colour figure can be viewed at wileyonlinelibrary.com]
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the Equation 5 with respect to y, for different values of
smax.

Size effects are clearly visible in Figure 5 as well as in
Figure 4D: the larger Gaussian specimen exhibits smaller
VHCF life and strength (blue curves in Figure 5) and
larger critical defect size (blue curve in Figure 4D). It is
worth to note that size effects are instead hindered in
Figure 4B due to the partial overlap of the VHCF lives if
all the applied maximum stresses are gathered together.
Indeed, Figure 5 shows that, if the comparison is per-
formed for each applied maximum stress, then the hour-
glass specimens exhibit, in average, larger VHCF lives
with respect to the Gaussian specimens, thus highlighting
size effects.

7.2 | Refined tool steel: Gaussian versus
hourglass

Fully reversed ultrasonic VHCF tests have been run in
previous studies.39,42,44,66 Tests have been performed on
hourglass and Gaussian specimens made of an H13 steel
subjected to electro-slag-remelting (ESR) refinement
process. Specimen geometries are the same analyzed in
Section 7.1. Thirteen hourglass specimens with 90% risk-
volume equal to 247 mm3 and 16 Gaussian specimens
with 90% risk-volume equal to 2278 mm3 have been
tested up to failure. Defects originating failures have been
analyzed with the SEM and their size has been measured
following the square root of area approach proposed by
Murakami17 and Matsunaga et al.32 Further details on
the experimental dataset are reported in previous
works.39,42,44,66

The distribution of the uniformly stressed volume v
with respect to the stress ratio s/smax has already been
reported in Section 7.1. Parameters involved in the
traditional approach with 90% risk-volume and in the

proposed approach are estimated with the procedure
described in Section 7.1. The estimates for the
traditional approach are cY ,v90% =58:06, mY ,v90% = −16:54,
nY ,v90% = −1:737, σY ,v90% =0:6107, μ ffiffiffi

A
p

,v90%
= −4:472, and

σ ffiffiffi
A

p
,v90%

=3:351, whereas the estimates for the proposed
approach are cY = 44.42, mY = − 9.059, nY = − 5.278,
σY = 1.682, μ ffiffiffi

A
p =8:229, and σ ffiffiffi

A
p =2:728. Figure 6 shows,

for the two approaches, the variation of the coefficients
of determination, R2

Y and R2 ffiffiffi
A

p
c
, resulting from Q-Q plots

at different minimum stress ratios. For minimum stress
ratio smaller than 70%, the proposed approach (red and
blue hollow circles in Figure 6) outperforms the tradi-
tional approach (red and blue dots in Figure 6).

For a minimum stress ratio equal to 90%, the pro-
posed approach shows a drop in the coefficient of deter-
mination for the VHCF life, since an insufficient number
of uniformly distributed volumes is considered if only
stress ratios larger than 90% are taken into account.
Indeed, the probability of having critical volumes for
minimum stress ratios larger than 90% is equal to 52%, in
case of Gaussian specimens, and to 54%, in case of hour-
glass specimens. Therefore, a nonnegligible quantity of
critical volumes is neglected if the minimum stress ratio
is set to values larger than or equal to 90%.

Figure 7 highlights the fitting capabilities of the pro-
posed approach. The two Q-Q plots, obtained by consid-
ering a minimum stress ratio equal to 70%, show the
agreement between the experimental VHCF lives
(Figure 7A) and critical defect sizes (Figure 7B) and the
analytical models in Equations 5 and 8. The good
agreement shown in Figure 7A,B is also confirmed by
the Anderson–Darling goodness of fit test,63 whose p
values are equal to 80.1% and 52.3% for the VHCF life
and for the critical defect size, respectively. Figure 7B
shows a larger number of datapoints (20 for the
Gaussian-specimen subset and 16 for the hourglass-
specimen subset) with respect to Figure 7A, since also

FIGURE 5 S-N plot of experimental data in previous

works38,42,44,52,64,66 and estimated P-S-N curves for Gaussian and

hourglass specimens [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 6 Variation of the coefficients of determination for

different minimum stress ratios (experimental data reported in

previous literature39,42,44,66) [Colour figure can be viewed at

wileyonlinelibrary.com]
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runout specimens have been considered in the
analysis.39,42,44,66

Figure 7C depicts the P-S-N plot for the experimental
data. The P-S-N curves corresponding to the αth
quantiles, 10%, 50%, and 90%, are computed following
the procedure described in Section 7.1.

Size effects are clearly visible in Figure 7C: the larger
Gaussian specimen exhibits smaller VHCF life and
strength (blue curves in Figure 7C).

7.3 | Spring steel, heat B: Dog-bone
versus hourglass

Fully reversed ultrasonic VHCF tests have been run in
Furuya.36 Tests have been performed on hourglass and
dog-bone specimens made of a JIS-SUP7 spring steel sub-
jected to two different heat treatments, called Heat B and
Heat C. Further details on the heat treatments are pro-
vided in Furuya.36 In this section, only specimens sub-
jected to Heat B are analyzed. Thirteen hourglass
specimens with 90% risk-volume equal to 29 mm3 and
eight dog-bone specimens with 90% risk-volume equal to
851 mm3 have been tested up to failure. Defects

originating failures have been analyzed with the SEM
and their size has been measured following the square-
root of area approach proposed by Murakami17 and
Matsunaga et al.32 Further details on the experimental
dataset are reported in Furuya.36

The distribution of the uniformly stressed volume v
with respect to the stress ratio s/smax is obtained with
FEMs of the two specimen geometries, following the pro-
cedure reported in Section 7.1. Parameters involved in
the traditional approach with 90% risk-volume and in the
proposed approach are estimated with the procedure
described in Section 7.1. The estimates for the
traditional approach are cY ,v90% =78:52, mY ,v90% = −22:73,
nY ,v90% = −4:593, σY ,v90% =0:3155 , μ ffiffiffi

A
p

,v90%
= −5:151, and

σ ffiffiffi
A

p
,v90%

=7:503, whereas the estimates for the proposed
approach are cY = 85.77, mY = − 23.55, nY = − 7.517,
σY = 0.7459, μ ffiffiffi

A
p =3:381, and σ ffiffiffi

A
p =6:788. Figure 8A

plots, for the two specimen shapes, the uniformly stressed
volumes as a function of the stress ratio. Figure 8B
shows, for the two approaches, the variation of the coeffi-
cients of determination, R2

Y and R2 ffiffiffi
A

p
c
, resulting from Q-Q

plots at different minimum stress ratios. For all the inves-
tigated minimum stress ratios, the proposed approach
(red and blue hollow circles in Figure 8B) is better or

FIGURE 7 Fitting capabilities of the proposed approach for data in previous works39,42,44,66: (A) Q-Q plot for the VHCF life; (B) Q-Q

plot for the critical defect size; (C) S-N plot of experimental data and estimated P-S-N curves for Gaussian and hourglass specimens [Colour

figure can be viewed at wileyonlinelibrary.com]
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equal than the traditional approach (red and blue dots in
Figure 8B).

For a minimum stress ratio equal to 90%, the pro-
posed approach shows small changes in the coefficients
of determination, since an insufficient number of uni-
formly stressed volumes is considered if only stress ratios
larger than 90% are taken into account. Indeed, the prob-
ability of having critical volumes for minimum stress
ratios larger than 90% is equal to 80%, in case of dog-bone

specimens. Therefore, a nonnegligible quantity of critical
volumes is neglected if the minimum stress ratio is set to
values larger than or equal to 90%.

Figure 9 highlights the fitting capabilities of the pro-
posed approach. The two Q-Q plots, obtained by consid-
ering a minimum stress ratio equal to 70%, show the
agreement between the experimental VHCF lives
(Figure 9A) and critical defect sizes (Figure 9B) and the
analytical models in Equations 5 and 8. The good

FIGURE 9 Fitting capabilities of the proposed approach for heat B specimens in Furuya36: (A) Q-Q plot for the VHCF life; (B) Q-Q plot

for the critical defect size; (C) S-N plot of experimental data and estimated P-S-N curves for dog-bone and hourglass specimens [Colour

figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 Effect of the minimum stress ratio for heat B specimens in Furuya36: (A) distribution of the uniformly stressed volume;

(B) variation of the coefficients of determination [Colour figure can be viewed at wileyonlinelibrary.com]
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agreement shown in Figure 9A,B is also confirmed by the
Anderson–Darling goodness of fit test,63 whose p values
are equal to 71.0% and 82.8% for the VHCF life and
for the critical defect size, respectively. Figure 9B
shows a larger number of datapoints (11 for the dog-
bone-specimen subset and 13 for the hourglass-specimen
subset) with respect to Figure 9A, since also runout speci-
mens have been considered for the analysis.36

Figure 9C depicts the P-S-N plot for the experimental
data. The P-S-N curves corresponding to the αth qua-
ntiles, 10%, 50%, and 90%, are computed following the
procedure described in Section 7.1.

Size effects are clearly visible in Figure 9C: the larger
dog-bone specimen exhibits smaller VHCF life and
strength (blue curves in Figure 9C).

7.4 | Spring steel, heat C: Dog-bone
vs. hourglass

Fully reversed ultrasonic VHCF tests have been run in
Furuya36 on hourglass and dog-bone specimens made of
a JIS-SUP7 spring steel subjected to two different heat
treatments, called Heat B and Heat C. Further details on
the heat treatments are provided in Furuya.36 In this sec-
tion, only specimens subjected to Heat C are analyzed.
Eight hourglass specimens with 90% risk-volume equal to
29 mm3 and nine dog-bone specimens with 90% risk-
volume equal to 851 mm3 have been tested up to failure.
Defects originating failures have been analyzed with the
SEM, and their size has been measured following the
square root of area approach proposed by Murakami17

and Matsunaga et al.32 Only oxide-type inclusions have
been considered in the analysis of the critical defect size,
since these are the most critical defects originating failure
in the investigated material.36

The distribution of the uniformly stressed volume v
with respect to the stress ratio s/smax is obtained with
FEMs of the two specimen geometries, following the pro-
cedure reported in Section 7.1. Parameters involved in
the traditional approach with 90% risk-volume and in the
proposed approach are estimated with the procedure
described in Section 7.1. The estimates for the
traditional approach are cY ,v90% =65:48, mY ,v90% = −17:47,
nY ,v90% = −5:660, σY ,v90% =0:7401, μ ffiffiffi

A
p

,v90%
= −5:1263, and

σ ffiffiffi
A

p
,v90%

=4:5278, whereas the estimates for the proposed
approach are cY = 78.43, mY = −22.62, nY = −2.887,
σY = 1.301, μ ffiffiffi

A
p = −0:7009 , and σ ffiffiffi

A
p =6:631 . Figure 8A

plots, for the two specimen shapes, the uniformly stressed
volumes as a function of the stress ratio. Figure 10 shows,
for the two approaches, the variation of the coefficients
of determination, R2

Y and R2 ffiffiffi
A

p
c
, resulting from Q-Q plots

at different minimum stress ratios. For minimum stress

ratios smaller than 80%, the proposed approach (red and
blue hollow circles in Figure 10) outperforms the tradi-
tional approach (red and blue dots in Figure 10).

For a minimum stress ratio equal to 90%, the pro-
posed approach shows a drop in the coefficient of deter-
mination for the VHCF life, since an insufficient
number of uniformly distributed volumes is considered
if only stress ratios larger than 90% are taken into
account. Indeed, the probability of having critical vol-
umes for minimum stress ratios larger than 90% is
equal to 67%, in case of dog-bone specimens, and to
47%, in case of hourglass specimens. Therefore, a non-
negligible quantity of critical volumes is neglected if the
minimum stress ratio is set to values larger than or
equal to 90%.

Figure 11 highlights the fitting capabilities of the pro-
posed approach. The two Q-Q plots, obtained by consid-
ering a minimum stress ratio equal to 70%, show the
agreement between the experimental VHCF lives
(Figure 11A) and critical defect sizes (Figure 11B) and
the analytical models in Equations 5 and 8. The good
agreement shown in Figure 11A.B is also confirmed by
the Anderson–Darling goodness of fit test,63 whose p
values are equal to 79.4% and 55.4% for the VHCF life
and for the critical defect size, respectively. Figure 11B
shows a different number of datapoints (14 for the dog-
bone-specimen subset and six for the hourglass-specimen
subset) with respect to Figure 11A, since only oxide-type
inclusions in runout and failed specimens have been con-
sidered for the analysis.36

Figure 11C depicts the P-S-N plot for the experimen-
tal data. The P-S-N curves corresponding to the αth
quantiles, 10%, 50%, and 90%, are computed following
the procedure described in Section 7.1.

Size effects are clearly visible in Figure 11C: the larger
dog-bone specimen exhibits smaller VHCF life and
strength (blue curves in Figure 11C).

FIGURE 10 Variation of the coefficients of determination for

different minimum stress ratios (experimental data for heat B

specimens in Furuya36) [Colour figure can be viewed at

wileyonlinelibrary.com]
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8 | CONCLUSIONS

In the present paper, a novel statistical approach based on
the weakest-link principle has been proposed to model size
effects in VHCF. The statistical distributions of the VHCF
life, of the size of the defect leading to VHCF failure
(critical defect) and of the volume of material that contains
the critical defect (critical volume) have been identified
through direct application of the weakest-link principle and
depend on six parameters that must be estimated from the
experimental data. The identified statistical distributions
are able to account for the stress distributions and the stress
gradients that are present in a loaded material volume. The
procedure for the parameter estimation is based on Monte
Carlo simulations to reduce the computational time.

The main novelties of the present work can be thus
summarized as follows:

• Novel quantitative evaluation of size effects in VHCF,
based on the weakest-link principle.

• Original identification of the statistical distributions
for the VHCF life, for the critical defect size, and for
the critical volume.

• Proposal of an efficient and effective estimation
method, based on Monte Carlo simulations, for
estimating the parameters involved in the identified
statistical distributions.

The theoretical results reported in the present paper
can be usefully applied to predict the VHCF life of com-
ponents, in-service conditions. The models can account
for the actual large size of components5–8,10 and for the
actual geometry and loading conditions of components
that may suffer from stress concentration, with stress
gradients.

The proposed statistical models have been finally
validated through experimental data taken from the
literature and from VHCF tests run by the author and his
coworkers. The experimental validation has proven the
fitting capability of the proposed models. In particular,
the following main conclusions can be drawn from the
experimental validation:

• In terms of fitting capability, the proposed statistical
models outperform the traditional models based on the
90% risk-volume.

FIGURE 11 Fitting capabilities of the proposed approach for heat C specimens in Furuya36: (A) Q-Q plot for the VHCF life; (B) Q-Q

plot for the critical defect size; (C) S-N plot of experimental data and estimated P-S-N curves for dog-bone and hourglass specimens [Colour

figure can be viewed at wileyonlinelibrary.com]
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• For a correct application of the proposed models, a suf-
ficient number of uniformly stressed volumes must be
considered in the analysis. For the investigated test
cases, the minimum number of uniformly stressed vol-
umes corresponds to the number of volumes with
applied stress larger than 80% of the maximum applied
stress. The smaller the percentage, the better. Though
computationally expensive, the best analysis is the one
that considers the whole loaded volume, that is, a per-
centage equal to 0%.

• The parameters involved in the proposed models can
be considered as actual material parameters since they
do not change if the whole loaded volume or a portion
of it is considered in the analysis.

• The approach can account for notches. The stress
gradients in notched regions originate a change in the
distribution of the uniformly stressed volumes. This
change causes, in turn, a change in the statistical
distributions of the VHCF life and of the critical
defect size.

• Differently from the traditional models based on the
90% risk-volume, with the proposed models there is no
need of specifying a risk-volume.

The last conclusion is extremely relevant for design-
ing machinery components against VHCF failure.
Indeed, depending on the material, the percentage con-
sidered for computing the risk-volume could be inappro-
priate and, in particular, nonconservative. This risky
occurrence is instead prevented if the models proposed in
the present paper are applied.
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