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A second analysis to assess the suitability of the lumped approximation to the model-
ing of the emitter was carried out, focusing on the effect of the beam on the temperature
distribution in the emitter. As already discussed above, when an accelerating voltage is
applied to the emitter ring, the consequent emission of electrons causes a rapid cooling
of its surface. This temperature variation then propagates inside the material, causing the
appearance of a radial temperature distribution.

To evaluate the error caused by approximating this temperature distribution with the
lumped parameter model, the heat equation is solved in a simplified model on a cylindrical
computational domain approximating the emitter configuration, as shown in Figure 10.
Thanks to the symmetry of the system, the z and θ components in the equation were
discarded, leaving only the radial component to be evaluated.

Figure 10. Solution domain for the simplified model for the evaluation of the suitability of the
emitter-lumped model.

The integration domain is a simplification and schematization of the emitter thickness
that will provide information on how the temperature wave propagates inside this compo-
nent when the beam is turned on. On this domain, the material thermal conductivity is
independent on time, position, and temperature.

The resulting problem for the simplified model is reported in Equation (4):
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where rI is the radius of the internal surface of the emitter exposed to the filament, ∆r is
the thickness of the emitter ring measured from the internal surface to the emitting surface,
and q′′ represents the heat flux removed from this last one by the electron beam, and its
magnitude is computed according to Equation (3).

Equation (4) was solved numerically by discretizing the spatial 1st and 2nd order
derivatives according to central finite difference schemes. The time derivative was dis-
cretized using the Backwards Euler scheme to improve stability at the cost of added
computational time.

In Figure 11 the numerical solution to the problem is shown from t = 0 s to t = 10 s
with timesteps of 1s. As expected, the low temperature wave propagates inward, cooling
down all the material.
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Figure 11. Radial distribution of the temperature computed in the simplified problem, as a function
of the normalized radial position inside the emitter (the value 0 corresponds to the inner emitter
surface, while value 1 corresponds to the outer surface, from which electrons are emitted).

For each timestep, the average temperature inside the emitter is computed, and then
the percent deviation of the maximum and minimum temperatures are calculated. The
results are shown in Figure 12. Figure 12a shows the results for the whole simulation time,
while Figure 12b is a zoom to highlight the detail of the variation happening in the initial
times. It can be noted that, even in the first instants of the evolution, the temperature
distribution that results from the beam-cooling effect in the solid is quite uniform, with a
maximum deviation from the average temperature of −0.167%. This can be ascribed to the
fact that the emitter presents a small size and a high thermal conductivity.

Figure 12. Percent deviation of maximum and minimum temperatures from average for the simplified
model of the emitter. (a) Simulation for 100 s with 0.01 s timestep. (b) Simulation for 1 s with
0.0001 s timestep.

In view of the large temperature uniformity across the emitter, the analysis performed
confirms the suitability of a lumped parameter approach, which subdivides the compu-
tational domain into a small number of regions described by a single temperature value,
to model the thermal phenomena occurring inside the emitter ring with good precision.
This happens because the temperature distributions in this object, generated both by the
filament irradiation and by the beam cooling, are still quite uniform, thanks to the high
thermal conductivity of the material and its reduced dimensions.

3.2. Implementation of the Lumped Model

Since the temperature of the exposed surface is the most important parameter that
rules the intensity of the electron beam, the lumped model developed in the present
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paper focuses on the emitter ring, subdividing it in a limited number of sub-zones. In
Figure 13a, a vertical section of the emitter component is shown, subdivided into six sub-
zones, following its natural geometry. Each sub-zone in the lumped model is considered
to have a uniform temperature, which might be different from that of the adjacent sub-
zones. The zones can transfer heat with the surroundings by conduction and radiation,
undergoing the following three phenomena:

• Thermal diffusion through the emitter, modeled for two generic adjacent zones i and j,
using geometrical thermal resistances, according to Equation (4):

Rij =
d

kAc
ln
(

r2

r1

)[
K
W

]
(5)

if the two masses are adjacent along the radial direction, and:

Rij =
d

kAc

[
K
W

]
(6)

if they are adjacent in the vertical direction. Here, Ac is the contact area between two
adjacent regions, and d is the distance between their barycenter.

• Radiative heat transfer to the surroundings, modeled for the generic mass i according
to the following equation:

q′′i = −KσAi

(
T4

i − T4
surr

)[ W
m2

]
(7)

where Ai is the area of the exposed area of zone i, σ is the Stefan–Boltzmann con-
stant and K is a constant parameter calculated numerically, to keep into account the
geometry of the surroundings.

• Electron emission and subsequent cooling effect modeled through the Richardson–
Dushman equation, which applies only to the zone M4 and isdefined according to
Equation (3).

A schematic of how the lumped zones interact with each other and their surroundings
is shown in Figure 13b.

The lumped dynamical model simulating the propagation of heat inside the system
and that calculates the temperature in the various zones was built, using Simulink®. The
system has two inputs: the heating power applied to the heating element to rise the
system temperature and the accelerating potential between anode and cathode. Note
that the accelerating potential is used only to switch on and off the cooling term given
by Equation (3), applied to the sub-zone #4, and to calculate the term ∆W according
to Equation (2). The electric anode and cathode potentials can thus be considered as
parameters of the system and are not of any interest for its dynamical behavior. The values
used as input time series in the simulations are experimental values obtained at the Fusion
for Energy FALCON facility, currently operational at EPFL Lausanne.
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Figure 13. Scheme of the emitter ring sectioning (a) and of the models used to calculate heat transfer in the system (b).
The radiative heat terms, thermal resistances, and beam heat are calculated according to Equations (5)–(7). Tn1 and Tn2
represent the average temperature of the nosecone seen by mass M5; Tw and Tp represent the average temperature of the
MIG wall and of the prolongator.

4. Validation of the Model

To validate the model, different experimental shots obtained at the Fusion for Energy
facility FALCON, at the EPFL premises in Lausanne [26–28] were used. The results cal-
culated from Simulink were compared to the actual values of input current provided by
the experiments. The values used as input time series in the simulations are experimental
values of the input power and voltage. In Figures 14 and 15, two examples are shown
where the lumped model proves to be able to behave as expected, calculating a current
drop when the beam is turned on.

As we can see, even if the lumped model is extremely simplified and assumes the
temperature to be uniform over wide regions of the emitter, the simulated current trend
approximates the experimental data with relatively good precision. In Figure 15, for exam-
ple, the error committed by the model is never higher than 2.5%; however, meanwhile, in
Figure 14, it reaches up to almost 10%, where the spikes of the error are due to synchroniza-
tion issues between the simulation data output and the experimental data. This variation
in the precision of the model might be attributed to the fact that, when collecting data from
experiments, each shot is recorded individually, and no information about the events that
preceded its beginning is recorded. Thus, when comparing the result of the simulations to
the actual experimental data, the initial state of the MIG’s cathode might be different, for
example, if another shot cooled down the emitter ring and not enough time was given to
the system to return to the initial value considered in the simulation.
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Figure 14. Shot 6679, comparison between the lumped model and experimental results: (a) input sequence of heating power,
(b) input sequence of accelerating voltage, (c) comparison between the experimental and simulated time evolution of beam
current, and (d) percentual error between the two.

Figure 15. Shot 6730, comparison between the lumped model and experimental results. (a) The input sequence of heating
power, (b) input sequence of accelerating voltage, (c) comparison between the experimental and simulated time evolution
of beam current, and (d) percentual error between the two.

To better understand the performance of the lumped model, a deeper analysis of the
error was carried out. A sample of 42 shots was considered, different in length, heating
power profile, and accelerating voltage. For each of them, the Mean Absolute Percent Error
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(MAPE) was calculated over the portion of time evolution in which the beam is on, and the
results are shown in the histogram of Figure 16. From that, it can be deduced that, although
the model performs well in simulating most of these shots, as shown by the high number
of samples with a MAPE lower than 5%, there is a non-completely negligible number
of samples whose MAPE is higher than this value. That might be due to the extreme
variability of the experimental data available for the validation, and to the fact that some of
the time sequences utilized were not acquired in perfectly reproducible conditions.

Figure 16. Distribution of the Mean Absolute Percent Error (MAPE) obtained by comparison between
experimental data and simulations for 42 shots. The red line shows the average value of the MAPE.

Nevertheless, it must be pointed out that, even with its extreme simplicity, the model
is able to reproduce the reality up to a precision level which is satisfying for the final
purpose of this work, i.e., provide engineers a tool to simulate the system and test different
configurations for possible control systems. Moreover, the simplicity of the model allows
the simulation of long cathode operative times in a matter of seconds, and leaves space for
future improvements, such as rising its complexity to achieve even better performance.

5. Conclusions

Due to the gap between the operative requirements and the actual behavior of the
gyrotrons, a deep understanding of their dynamical behavior and the implementation of a
control system is fundamental to ensure safe and stable operation of those machines during
fusion related experiments.

In this work, the thermal behavior of the MIG’s cathode was addressed by focusing
on the physical phenomena involved in the beam generation. It has been shown that, in
the European gyrotrons, the nominal temperature and electric fields force the system into
the TL operative regime, where the beam current depends on the surface temperature of
the emitter. This dependence, together with the cooling effect due to the electron extraction
from the material, was addressed as the cause of the current drop observed during the long
pulse experiments.

Having clarified the causes for the emitter current decay, the implementation of a
lumped dynamical model, simulating the behavior of the cathode system, was performed.
The aim of the model is to give the designer useful insights into the dynamical behavior
of the system that can be used to predict the state of the gyrotron during its operation. To
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do so, the model was built to be fast and precise. The lumped approach was justified a
priori, by substantial and extended FEM analyses of the system, where the geometry was
simulated by implementing radiation and conduction heat transfer. The detailed models
showed a quite uniform temperature field, both during the electrical heating phase and
beam-related cooling one, justifying the choice of a lumped parameter approach. The
lumped model, implemented in Simulink®, takes as input the electrical power used to
drive the heating elements needed to bring the system to the right temperature, and it
computes in output the emitted current when the beam is on. The model was validated
against experimental data, and a statistical error analysis was performed. The results show
good agreement between the model predictions and the data, with the first being able
to capture the dynamical behavior of the cathode. Moreover, the error analysis shows
that, although a variability in the model precision is present, the mean average percent
error remains below 5% in most of cases, with an average value of 3.34%. This behavior
might be addressed to the variability on the experimental conditions from which the data
were generated.

In the framework of further research on the operation of the European gyrotron, this
model could be extremely useful both for the prediction of operational parameters and
for the implementation of control systems. In a more general form, however, this model
could be used either as a predictor of the state of the MIG, and as a starting point for a
possible future implementation of a simulator of the whole gyrotron. That would require
the analysis and the creation of other models to simulate different subsystems, for which
several tools are already available [29–31]. Such a simulator could, at the end, allow for the
development and testing of suitable controllers for the gyrotrons operation.
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