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Robustness of Fractional Factorial Designs
through Circuits

Piani Fattoriali Frazionari Robusti attraverso i Circuiti

Roberto Fontana and Fabio Rapallo

Abstract Given a model we define the robustness of an experimental design as a
function of the number of estimable minimal sub-fractions of it. We show how the
circuit basis of the design matrix can be used to see if a minimal fraction is estimable
or not and we describe an algorithm for finding robust fractions.

Abstract Dato un modello si definisce la robustezza di un piano sperimentale in fun-
zione del numero dei suoi sottoinsiemi minimali per cui tale modello risulta stima-
bile. Si dimostra che ¢ possibile determinare se una frazione minimale ¢ stimabile
usando i circuiti della design matrix e si descrive un algoritmo per la ricerca di
frazioni robuste.

Key words: algebraic statistics, design of experiments, robust fractions

1 Robustness of a Design

In Design of Experiments, the choice of a design from a candidate set of runs is
probably the most relevant problem, with a number of open questions from the point
of view of both theory and applications. When searching for an efficient experimen-
tal designs, we aim to select a design in order to produce the best estimates of the
relevant parameters for a given sample size. There are a lot of criteria for the se-
lection of a design, both in the area of model-based designs (e.g., D-optimality and
related criteria), and model-free designs (e.g., orthogonal arrays, space filling de-
signs). In this work we focus on the model-based setting and we limit the analysis
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to Fractional Factorial Designs. In particular, we consider the notion of robustness
of a design. This property is particularly important when the design may be incom-
plete, for instance when for some reasons one does not have the measurement for all
planned design points. Fractional Factorial Designs with removed runs are studied
in, e.g., [1], [7], [11]. A combinatorial analysis of the problem is introduced in [2],
but in a model-free context.

Following the works by Ghosh ([4] and [5]), we define here the robustness in
terms of the estimability of a given model on the basis of incomplete designs.

Let & be a large discrete set in R from which a small set .%, usually referred
to as design or fraction, is to be selected. One standard example is to consider as
candidate set Z the cartesian product of the level sets of the m factors. The set 2,
when thought of as a design in its own right, is referred to as a full factorial.

We point out that in our theory the coding of the level set is irrelevant, so that for
the level set of a factor with s levels we can use {0, ...,s— 1} or the complex coding
or any other coding that is considered appropriate.

A linear model on the candidate set & is written as:

y=Xgp +¢,

where X4 is the full-design model matrix with dimensions K x p, B is the p-
dimensional vector of the parameters, E(y) = X4 f3. In this work we assume that
the design matrix X¢ is full rank to simplify the presentation.

In the model-based approach to experimental design, the quality of the chosen
design .# is expressed by some properties of Xz. Here we focus our attention on
the notion of robustness. Robustness measures how many minimal fractions (i.e.,
fractions with as many points as the number of parameters) are estimable. A minimal
estimable fraction is named as a saturated fraction.

Definition 1. We define the robustness of a fraction .# with design matrix X # as

# saturated .,  # saturated .7,
T - n
#7, (p)

r(Xz) =

ey

where .7, denotes a fraction with p runs and #{-} denotes the cardinality of the set
{}

In particular a design .% is robust if its robustness is equal 1, r(Xz) = 1.

2 Circuits of the Design Matrix and Robustness

Let X = Xz be a model matrix on .%, and assume that X has integer entries. To
simplify the notation, we drop the subscript .% if there is no ambiguity. The matrix X
has dimensions K x p. Moreover, in order to match the common notation in Statistics
with the notation in Commutative Algebra, we consider the matrix A = X T the
transpose of the model matrix.
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We are interested to use a special basis of the kernel of A as a lattice in ZX.
A vector u = (u(1),...,u(K)) belongs to ker(A) if Au = 0, or equivalently if u
is orthogonal to AT = X. The support of a vector u € ZX is the set of indices i
(i=1,...,K) such that u(i) # 0. We denote the support of u with supp(u).

The circuits of A are the integer vectors of ker(A) with relatively prime entries
and with minimal support. This means that if u is a circuit, then there does not exist
another circuit v with supp(v) C supp(u). We denote the set of all circuits of A with
€ (A) (or €(X) if we refer to a design matrix X = AT). The set €’ (A) is called the
circuit basis of the matrix A. Among the properties of the circuit basis, we make use
of the following:

1. €(A) is a basis of ker(A) as vector space.
2. Every vector v € ker(A) can be written as a non-negative rational combination of
(K — p) circuits
V:Zlelj CjEQJr,lleCg(A)

and each circuit in the decomposition above is sign-compatible with v.
3. The support of a circuit has cardinality at most (p+1).

For the proofs and for a detailed introduction to circuits in the context of Commu-
tative Algebra and Combinatorics, see [8].

The circuit basis of an integer matrix A can be computed through several pack-
ages for symbolic computation. The computations presented in the present paper
are carried out with 4t i2, see [9]. 4t 12 can be used as an independent executable
program or as a package of the Computer Algebra System Macaulay?2, see [6].
For small designs the computations are performed in a few seconds at most, and
the circuit basis in the output can be easily analyzed. For instance, if we want to
compute the circuit basis for the full factorial 2% design with main effects and first
order interactions, it is enough to run 4t i 2, input the design matrix and the circuit
basis with 140 elements is computed in less than 0.1 seconds on a standard PC.

From the minimal support property in the definition of the circuits we can use the
circuits to see if a minimal fraction (i.e., a fraction with exactly p points) is saturated
or not. Given a set .# of p column-indices of A, the sub-matrix A # is non-singular
if and only if .% does not contain any of the supports of the circuits u € ¢’(A). This
result is proved and applied to the analysis of Fractional Factorial Designs in [3].

Now, we extend the analysis to fractions with more than p points. The key prop-
erty here is that the circuit basis is consistent under selection of sub-fractions. Con-
sider two fractions .#] and .%, with k| and k; design points respectively, such that
F\ C .F,. Without loss of generality, the matrix Xz, can be partitioned into

_ X7
e = <X92—91 )

and each vector u € Z*2 can be written as

_ : ki
u=(uz, 0z z)  withugz €Z".
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Theorem 1. If %, and %, are two fractions with F; C F», then the circuits in
€ (X7, ) are
{uz : we?(Xz,) with supp(u) C F}.

The result above lead us to the construction of an algorithm for finding robust
fractions. The strategy is as follows. First, a good fraction should avoid as much
as possible the circuits with support on p points or less. Second, small circuits are
worse than large circuits, since they are contained in a larger number of minimal
fractions, leading to a higher loss in robustness. Thus, at each step a loss function is
computed for each point R of the current fraction as the number of minimal fractions
becoming non-estimable when removing the point R. In formulae:

B n — #supp(u)
HR = zu: <p - #supp(u)> @

where the sum is taken over all the circuits u in the current fraction containing
the point R. Notice that the formula in Eq. (2) does not guarantee that the relevant
minimal fractions are all distinct. The formula should be viewed as a first-order
approximation of the inclusion-exclusion formula.

Therefore, we can define a selection algorithm as detailed below. It works like an
exchange algorithm as introduced for optimal designs in [10]. To run such an algo-
rithm we only need the circuit basis ¢ (Xy), and we extract the circuits of €' (Xy)
with support on p points or less. We denote this set of circuits by 67 (X).

1. Starting with an arbitrary fraction .% of a specified size n;
2. Repeat:

a. Consider the circuits of €7 (X¢) which are contained in .%;

b. For each point R in % compute its associated loss L(R) as the (weighted)
number of circuits which include R;

c. Take all the points with the highest loss and build up all possible pairs with
one point not in .%. Make the exchange using the pair which reduces as much
as possible the number of circuits contained in the fraction.

d. If no reduction is possible, then break.

3 Examples and Final Remarks

We describe the use of the algorithm on some examples where the candidate sets
are full factorial designs. We consider four and five 2-level factors with the main-
effect model and two mixed-level cases. In both mixed-level cases we consider three
factors, with 2, 3 and 4 levels. In the first case we work with the main-effect model
without interactions and in the second one with the main-effect model plus the inter-
action between the second and the third factor. The candidate sets are the 24, the 2°
and the 2 x 3 x 4 full factorial designs respectively. The algorithm is used for finding
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robust fractions with different sizes. For each case the algorithm has been used start-
ing from 500 randomly selected fractions. For each case, in Tables 1 and 2 the mean
value 75 of the robustness of the randomly selected fractions, the mean value 74 and
the maximum value maxr4 of the robustness of the fractions which are the output
of the algorithm are reported. It is worth noting that in all cases the mean of the final
robustness (74) is greater than the mean of the robustness of the starting fractions
(7), and the efficiency of the algorithm is strong especially in the binary cases. In
Fig. 1 the 500 pairs of robustness of the starting fraction and robustness of the final
fraction are reported in the case of 5 factors and n = 10 as pre-specified size of the
fraction. We observe that the distribution of the robustness of the final fractions is
better than that of the starting fractions both in terms of mean and dispersion.

Fig. 1 2’ design and fractions
of size n = 10. Robustness

after vs robustness before the
algorithm on a set of 500 .
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4 factors 5 factors

n B rA maxry B A maxry

8 0.6889 0.8214 0.8214 0.6134 0.8163 0.9643
10 0.6909 0.7619 0.7619 0.6203 0.7700 0.9048
12 0.6887 0.7222 0.7222 0.6164 0.7589 0.8171
14 0.6887 0.6933 0.6933 0.6134 0.7162 0.7586

Table 1 Mean and maximum values of the robustness: 2% and 2° designs under the main-effect
model.

The computation of the circuit basis is actually feasible only for small designs,
with at most 6 to 9 factors, depending on the number of interactions included in
the model. We are working on an algorithm that uses only the circuits with mini-
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2x3x4 no interaction 2x3x4 with interaction

n 5] A max rg B A maxry

14 0.3818 0.4482 0.5216 0.0086 0.2857 0.2857
16 0.3793 0.3985 0.4399 0.0097 0.0571 0.0571
18 0.3838 0.3854 0.3986 0.0102 0.0224 0.0224
20 0.3833 0.3853 0.3906 0.0098 0.0132 0.0132

Table 2 Mean and maximum values of the robustness: 2 x 3 x 4 model under the main-effect and
the first-order-interaction models.

mal support. This new version of the algorithm could be used also in the case of
large designs, since in most cases the circuits with minimal support can be defined
theoretically, without any computation.
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