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Abstract 

The effect of carbon nanotube (CNT) coated-carbon fibers on thermal residual stresses of multi-

scale hybrid composites is assessed employing analytical approach. The model comprises carbon 

fiber, coating region and surrounding matrix, in which the coating region around core fiber 

encompasses CNTs and matrix. Considering three configurations of grown CNTs on the fiber 

surface including axially, radially and randomly oriented, the mechanical properties of various 

coating regions are acquired employing the Eshelby–Mori–Tanaka method in conjunction with an 

equivalent continuum approach. Utilizing the total energy minimization method, the closed-form 

solution of the thermal residual stresses of hybrid composite is obtained. The results disclose a 

noteworthy influence of CNT‒coating on the reduction of interfacial stresses which precludes 

debonding at interface and attenuates the effect of thermal expansions mismatch between the 

carbon fiber and matrix. Furthermore, the results demonstrate that unlike radially oriented CNTs, 

the existence of axially and randomly oriented CNTs at the coating region has a remarkable 

diminishing effect on residual interfacial stresses. It is also shown that increasing the coating 

thickness leads to reduction of maximum interfacial stresses even at a constant CNT volume 

fraction. A close agreement exists between predicted outcomes by the proposed analytical 

approach and published data in the literature. 

Keywords: Multi-Scale Hybrid Composite; CNT-Coating on Carbon Fiber; Analytical Approach; 

Residual Thermal Stress 
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1. Introduction 

Being cured or processed at elevated temperatures under pressure and/or in vacuum, the majority 

of composite materials attain their structural integrity [1–3]. In manufacturing or cooling 

processes, therefore, the residual stress is generated due to discrepancy in coefficient of thermal 

expansion (CTE) between the fiber and matrix. Hence, as a fundamental issue, fiber-matrix 

interfacial stresses induced by thermal conditions, remarkably affect the mechanical behavior and 

load transferring phenomenon in composite materials [4–7]. Thus, residual stress intrinsically 

emerges in almost all composite structures [8]. Multifarious methods have been accomplished in 

order to determine thermal residual stresses in the conventional fiber reinforced composites 

encompassing experimental investigations, elasticity solution and concentric cylinder theory in 

which thermal stresses are acquired for an infinitely long fiber surrounded by a matrix [9–13]. In 

the elasticity solution and concentric cylinder theory, the residual stresses are usually assumed to 

be independent of the fiber longitudinal direction [14].  In comparison with the aforementioned 

methods, the complementary energy method seems more advantageous because of (i) considering 

the stresses rather than the displacements as unknowns, (ii) introducing a better knowledge about 

residual stress distribution along the fiber direction and (iii) satisfying all boundary conditions 

especially at the fiber end [14]. 

Likewise, various finite element models (FEM) such as unit cell models of square and hexagonal 

arrays with different boundary conditions have been developed in order to obtain the thermoelastic 

behavior of composite structures [15,16]. Therefore, decreasing the fiber-matrix interfacial stress 

under thermal conditions plays a crucial role in augmenting the overall mechanical behavior 

through minimization of debonding. Consequently, CTE mismatch between the fiber and matrix 

is weakened by exploiting a suitable fiber coating [17,18].  

Invoking nanomaterials as an efficient solution for coating the fibers in the conventional 

composites has recently been introduced. The breakthrough of carbon nanotubes (CNTs) and 

nanoparticles have burgeoned a novel research sphere among scientists because of their unique 

properties [19–24]. Chief among the nanomaterials, carbon nanotubes have been widely utilized 

in the field of fiber-reinforced composites with the aim of improving interfacial properties or 

adding new functionalities in which the CNTs’ deposition on the fiber surfaces is one of the most 

promising techniques [25]. It has even been demonstrated that dispersion of a few portions of 

CNTs in a matrix remarkably increases the thermal and mechanical properties of composite 



3 

 

materials [26–28]. Owing to the superior characteristics of CNTs, multi-scale nano-engineered 

hybrid composites are being developed due to their outstanding behaviors in obviating cardinal 

drawbacks of conventional composites regarding interfacial and interlaminar properties by altering 

the fiber-matrix interface region [29]. Kundalwal and collaborators studied the thermomechanical 

properties and load transfer characteristics of the short fuzzy fiber reinforced composite utilizing 

shear lag model [30–32]. Chatzigeorgiou et al. [33-35] investigated the mechanical properties and 

introduced a homogenization approach of fuzzy fiber composites using concentric cylinder theory. 

Employing several analytical methods, the residual stresses in a conventional single fiber–matrix 

composite have been determined [36]. The analysis of thermal stresses in fibers of finite length 

embedded in a matrix is represented by Quek [37] employing a theoretical approach. The results 

revealed that the stress concentrations exist very close to the fiber ends which tend to enhance the 

likelihood of the fiber debonding due to mechanical loading and will influence the analysis of 

interfacial properties in fiber pull- and push-out tests. Mikata and Taya [38] investigated the stress 

field in a coated continuous fiber composite subjected to thermo-mechanical loadings, in which 

the results demonstrated that Ni-coating is advantageous over SiC-coating from the crack 

resistance point of view. Thermal stresses in the composite structures comprising fiber, pyrolytic-

carbon coating and matrix were calculated by Honjo [39] making use of actual properties of carbon 

coating which are elastically and thermally cylindrically anisotropic. 

The majority of the foregoing literature was devoted to residual stress analysis of conventional 

composite materials. Owing to the lack of a straight and efficient method for interfacial stress 

analysis of multi-scale hybrid composites, a micromechanics modeling approach in conjunction 

with energy minimization method is developed in the present work, capable of obtaining a closed 

form solution for such materials and remarkably decreasing the computation time with respect to 

finite element analysis. To this end, a CNT-coating region with different configurations including 

axial, radial, and random oriented CNT is taken into account around the carbon fiber. Utilizing the 

proposed method, the influence of CNT-coating on the fiber‒matrix thermal residual stresses is 

assessed parametrically. Notably, the axial, hoop and radial stresses are considered in the energy 

formulation, for sake of achieving more accurate outcomes of the residual stress distribution.  
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2. Constitutive Modeling of CNT‒ Coated Carbon Fiber Hybrid Composite 

There are different techniques for the deposition of CNTs on the surface of carbon fiber such as 

Chemical Vapor Deposition (CVD), electrophoresis, electrospray technique, etc., each of which 

has its advantages and limitations [40–42]. By systematically varying the catalyst concentration, 

catalyst pre-treatment time, and sample position within the tube furnace in CVD method, the key 

factors governing CNT morphology are achievable [43], i.e., CNTs could be grown in radial, axial 

or random orientations on the fiber surface [44,45]. The presence of CNTs forest on the surface of 

the fiber is delineated in Fig.1 invoking CVD and electrospray methods. 

 

Fig. 1: Carbon fiber coated with CNT’s forest (a) randomly oriented CNT’s on the surface of the 

carbon fiber [45] (b) Growth of CNT’s with uniform distribution on the fiber surface [46]  

In order to scrutinize the influence of CNT‒ coating on the core fiber and the effect of its 

morphology on the residual stress of hybrid composite, we take into account CNTs with radial, 

axial and random orientations at the coating region. A constitutive modelling approach is adopted 

to analyze hybrid composites with such layouts through constructing a cylindrical representative 

volume element (RVE) considering three disparate CNT orientations which are depicted in Fig.2. 

It should be noted that the subfigures of Fig. 2 are schematics, and carbon nanotubes possess high 

aspect ratios (AR>350). 
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Fig. 2: Schematic illustration of RVE’s including CNT coating configurations around core fiber 

(a) Multi- scale hybrid composite (b) With radially aligned CNTs (c) With axially aligned CNTs 

(d) With randomly oriented CNTs 

The RVEs are established through three concentric cylinders consisting of carbon fiber, CNT-

coating region (henceforth referred to as CCR) and surrounding matrix. The CCR could be 

considered as a nanocomposite itself, in which the constituents are matrix and CNTs. For sake of 

clarification, the consecutive modeling procedure in the present work is consolidated as a 

flowchart represented in Fig.3.  
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Fig. 3: Flowchart of obtaining residual stresses of CNT‒coated carbon fiber hybrid composite 

2.1. Modelling of Carbon Nanotube Structure 

At nanoscale, CNTs behave as nano-reinforcement agents in the hybrid composites. The 

theoretical investigations in modeling CNT behaviors are classified in three categories comprising 

atomistic modeling, continuum modeling and nano-scale continuum modeling [47]. Concentrating 

on mechanical, buckling, vibrational and thermal properties, various approaches in the modeling 

of CNTs were rigorously reviewed and analyzed by Rafiee and Malekimoghadam [19]. 

Developing a finite element (FE) model of the CNT lattice structure by Li and Chou [48], each C‒

C bond of the CNT nanostructure is replaced with equivalent beam element in which the 

geometrical and mechanical properties of the beam element are obtained correlating the 

interatomic potential energies of molecular space to the strain energies of structural mechanics. 

Utilizing equivalent continuum modeling [49], the CNT structure with surrounding non-bonded 

interphase is represented as equivalent nanofiber (ENF) which is described in Fig.4 and the ENF 

mechanical properties can be acquired using multi-scale finite element modeling proposed by 

Rafiee and Malekimoghadam [50]. It should be mentioned that the governing interactions between 
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CNT and surrounding polymer are weakly non-bonded Van der Waals interactions. Conducting 

the multi-scale FE analysis, the non-bonded interphase region is simulated using nonlinear spring 

elements between CNT atoms and inner surface atoms of the polymer [50].  

 

Fig. 4: Description of CNT equivalent modeling (a) FE multi-scale model (b) Equivalent nano-

fiber 

Finally, the mechanical properties of the CNT equivalent structure (ENF) are achieved [50] which 

are employed as input data for theoretical stresses analysis of hybrid composites in the present 

work. 

Thus, the ENF accurately accounts for the structural properties relationships at the nanoscale and 

furnishes a bridge to the continuum model. The Hill’s elastic moduli [51] of the reinforcing phase, 

which is CNT in the present work, are attained by equality of two following matrices of ENF [52]: 
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Where kENF, lENF, mENF, nENF, and pENF parameters are the Hill’s elastic moduli of equivalent 

nanofiber. Since CNT is considered as transversely isotropic material, the compliance matrix of 

Eq. (2) will contain five independent elastic parameters as EL, ET, GTZ, υTL, υTZ which are derived 

from foregoing FEM and equivalent continuum modelling technique [50].  

The material’s properties of ENF for an armchair type single walled CNT with chiral index of (10, 

10) are given in Table.1 [53,54].  

Table 1: Mechanical Properties of Equivalent Nanofiber  

Material Longitudinal 

Young’s modulus  

Transverse 

Young’s modulus  

Transverse shear 

modulus  

Poisson’s 

ratio (υLT) 

Poisson’s 

ratio (υTZ) 

Equivalent 

Nanofiber 
649.12 [GPa] 11.27 [GPa] 5.13 [GPa] 0.284 0.14 

2.2. Effective Elastic Properties of CNT‒ Coating Region (CCR) 

The CCR which is also called micro-interphase region, encompasses grown CNTs, and polymer 

as a nanocomposite material surrounding carbon fiber. We take into account three configurations 

of CCR on the basis of the orientation of their constituent CNTs comprising radial, axial and 

random (henceforth referred to as RCCR, ACCR and RNCCR, respectively) as depicted in Fig.2b-

d. It should be also noted that the CNTs in the RCCR model span the entire interphase thickness, 
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whereas in the ACCR configuration, they span the full length of the carbon fiber. In the RNCCR 

model, the CNTs span the full length in all orientations/ angles inside the coating region. In order 

to acquire the effective properties of fiber composites, multifarious micromechanics models 

comprising dilute concentration model based on the Eshelby’s equivalent inclusion, the self-

consistent model, Mori–Tanaka models, the Halpin–Tsai equations and shear lag models were 

reviewed by Tucker and Liang [55]. For predicting the effective properties of composites, the 

Mori–Tanaka model has been reported to be the efficient analytical technique [55]. Barral et al. 

[56] proposed an extension of the classical mean-field methods such as the Mori-Tanaka scheme 

combined with Transformation Field Analysis (TFA) accounting for a coated inclusion. The 

effectiveness of this new method is demonstrated through extensive numerical validation tests, 

including non-monotonic and non-proportional loading at different strain rates. Therefore, the 

Mori-Tanaka model [57] is employed in order to determine the effective elastic properties of CCR 

which is required as input data for residual stress analysis. It is worthwhile to note that the details 

of Mori-Tanaka schemes for different types of inclusions and multi-phase systems have been 

thoroughly explicated in the literature [58,59]. Employing the Mori-Tanaka method and taking 

into account the average over orientations of nanofibers, the stiffness tensor of CCR as a composite 

medium can be defined [60]. For a two-phase composite material, the effective stiffness tensor of 

CCR is expressed as [58,61]: 

   m

1

= + ( )
CCR ENF m mENF ENF ENF ENFVV V

−
 
 − +C C C C A I A  

(3) 

Where Vm and VENF indicate the volume fractions of matrix and CNT (effective nano-fiber), 

respectively, I is the fourth-order identity tensor, CCCR, Cm and CENF are the stiffness tensors of 

CCR, matrix and equivalent nano-fiber (ENF), and AENF denotes the dilute mechanical strain 

concentration tensor of ENF which is described as below. The Curly brackets {*} represent an 

average over all possible orientations. 

1
1

)+ ( ( )
ENF m ENF m

−
−

= −  A I S C C C  
(4) 

Where S is Eshelby’s tensor [62] which is thoroughly elaborated by Mura [63] for various 

inclusions.  
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In view of the fact that the properties are different for each type of CNT coating, the stiffness 

matrices corresponding to RCCR, ACCR and RNCCR should be achieved separately. By 

obtaining the mechanical properties of three RVEs comprising different types of CNT coating (see 

Fig.2), the models are established for residual stress analysis. 

It should be reaffirmed that the CNT structure treats as transversely isotropic material whereas the 

surrounding matrix behaves as an isotropic medium. Consequently, ACCR is transversely 

isotropic with an axis of symmetry along z direction (Fig.2-c). The stiffness matrix of ACCR in 

terms of Hill’s moduli is expressed as following [61]: 
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0 0 0 0 0
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=

 
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 
 
 
 
 
 

C   (5) 

where k, l, m, n, and p are Hill’s elastic moduli; k represents the plane-strain bulk modulus normal 

to the ENF direction, n denotes the uniaxial tension modulus along the ENF direction, l indicates 

the associated cross modulus, and m and p state the shear moduli in planes normal and parallel to 

the ENF direction, respectively. The non-vanishing components of the Eshelby tensor S are given 

as following for a straight ENF with circular cross section and sufficiently large aspect ratio along 

the z-direction [63]: 

1111 3333 1122 3322

1133 3311 1212 2323 1313

5 4
,

8 (1 ) 2 (1 )

4 1 3 41
, ,

8 (1 ) 4 8 (1 )

m m

m m

m m

m m

S S S S

S S S S S

 

 

 
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−
= = = =

− −

− −
= = = = =

− −

 
(6) 

Where υm is Poisson’s ratio of the matrix. By substituting Eq. (6) into Eq. (4) the non-vanishing 

components of A are obtained accordingly: 
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Where Em and υm are elastic modulus and Poisson’s ratio of matrix and a1, a2, a3, a4 parameters 

are represented in Appendix A. The Hill’s elastic moduli of CNTs are already obtained in section 

2.1. By replacing the elements of tensor A from Eq. (7) into Eq. (3), the stiffness tensor of ACCR 

is achieved. In particular, the Hill’s elastic moduli of foregoing CNT configuration are expressed 

as following [61]: 
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Where kACCR, lACCR, mACCR, nACCR, and pACCR are Hill’s elastic moduli [54] of ACCR; kACCR is the 

plane-strain bulk modulus normal to the fiber direction, nACCR denotes the uniaxial tension modulus 

in the fiber direction (z- direction), lACCR indicates the associated cross modulus, and mACCR and 

pACCR state the shear moduli in planes normal and parallel to the fiber direction, respectively. 

Eventually, the longitudinal (EZ, parallel to CNT direction) and transverse elastic moduli (Er,θ) of 

ACCR are declared in terms of Hill’s elastic moduli as [60]: 
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On the other hand, the RCCR (Fig. 2b) is transversely isotropic with an axis of symmetry along r 

direction. Hence, after obtaining the mechanical properties of ACCR, the stiffness matrix of RCCR 

is also attained invoking below equation: 

[CRCCR] = [T] [CACCR] [T] T (14) 

Where [T] denotes the transformation matrix which is given as following [64]: 
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For the case of RNCCR (Fig. 2d), the orientation distribution of CNTs could be characterized by 

a probability density function p (α, β) satisfying the below normalization condition [65]: 

2 /2

0 0

( , )sin  d d 1p

 

     =    (16) 

Where α and β are two Euler angles which characterize the orientation of a straight CNT. If CNTs 

are randomly oriented, the density function is p (α, β) = 1/2 π. Thus, akin to Eq. (3), the effective 

modulus of the RNCCR can be stated as: 

   mRNCCR

1

: ):= ( +
m ENF mENF ENF ENF ENFV VV V

−
 
 +C C C A I A  (17) 

It should be pointed out that if the CNTs are randomly distributed in the CCR, this region could 

be assumed as an isotropic material, and its bulk modulus K and shear modulus G are derived as 

[57]: 

V ( 3 ) V ( 2 )
,

3 (V V ) 2(V V )

ENF ENF m ENF ENF ENF m ENF

RNCCR m RNCCR m

m ENF ENF m ENF ENF

K G
K K G G

   

 

− −
= + = +

+ +
  (18) 

Where VENF, Vm, Km and Gm are the volume fraction of nanofiber, volume fraction of matrix, bulk 

and shear moduli of the matrix, respectively. The parameters αENF, βENF, δENF and ηENF are given 
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in Appendix B. Finally, the effective Young’s modulus (E) and Poisson’s ratio (υ) of RNCCR are 

achieved as [60]: 

9 3 2
,

3 6 2

RNCCR RNCCR RNCCR RNCCR

RNCCR RNCCR RNCCR RNCCR

RNCCR RNCCR

K G K G
E

K G K G


−
= =

+ +
  (19) 

It is indicated that MATLAB R2018 platform has been utilized to calculate the stiffness matrices 

of CCRs (see Fig.2b-d) which are used as input data for subsequent section regarding interfacial 

residual stress analysis. 

Since the CTE of CCR can be isotropic or anisotropic depending on the orientation of CNTs, a 

distinct CTE should be acquired for each CCR type. The effective CTEs of isotropic and 

anisotropic composite materials containing short and chopped fibers are derived by Marom and 

Weinberg [66] considering the fiber critical length. Making use of the shear-lag method, various 

investigations were carried out to develop expressions for the effect of the fiber aspect ratio (l/d) 

on the longitudinal (fiber-direction) CTE [67]. According to the foregoing investigation, the 

longitudinal CTE of CCR region can be express as: 

( ) ( )
( )

( )
m m mENF L ENF L ENF

LCCR

m mENF L ENF

K E V E V

K E V E V

 


+
=

+
  (20) 

Where (EENF)L, (αENF) L, VENF, Em, αm, and Vm are longitudinal Young’s modulus of equivalent 

nanofiber (ENF), longitudinal CTE of ENF, volume fraction of ENF, Young’s modulus of matrix, 

CTE of matrix and volume fraction of matrix, respectively. The fiber efficiency factor, K, is a 

function of the fiber length and orientation, given by [67]: 

1/2 1/2 1/2

tanh ( / )
1

/

(2 / ( ) ) ( 1)m ENF L ENF

l d
K C

l d

G E V





 − −

 
 
 

= −

= −

  (21) 

The factor C =1 is employed to allow ENF orientation in ACCR or RCCR, whereas C=0.4 is used 

for RNCCR [67]. With regard to the transverse CTE of short fiber composite, an expression was 

presented [66] which can be rewritten for ACCR and RCCR as following: 

/ )( ) (1 ) (1 )( ( ) ( )Tm m m m mT ENF ENF ENF L ENF ENFACCR CCRRCCR V V V V       = + + + − +   (22) 

It is worthwhile to mention that the CTE of CNTs are extremely nonlinear with respect to the 

variation of temperature. The CTEs of various CNTs were predicted using molecular dynamics 



14 

 

(MDs) by Alamusi et al. [68], in which it was found that the axial CTEs vary nonlinearly with the 

temperature, however, they decrease linearly as the CNT diameter increases. Likewise, a set of 

empirical formulations was proposed for evaluating the CTEs of armchair and zigzag SWCNTs 

considering both temperature and diameter of CNT [68]. For the armchair single walled CNT with 

chiral index (10,10) which is employed in the current research, the below equations are given to 

acquire the axial and transverse CTEs of CNT [24, 32, 68]: 
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−
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= −  − −  + −  − − 

−

= − − 



− 

=   −  −

+ 



  (23) 

Where αL, αT are axial and transverse CTEs of CNT, D is the diameter of CNT, and T denotes the 

temperature. 

3. Problem Formulation and Analytical Implementation 

Achieving the mechanical properties of CCR considering three disparate CNT morphologies (three 

constructed RVEs) in the previous section, the interfacial residual stress analysis and parametric 

study of CNT‒ coated carbon fiber hybrid composite are carried out in this section. Hence, the 

selected RVE encompassing carbon fiber, CCR and surrounding matrix are introduced as three 

concentric cylinders and the cylindrical coordinate system (r, θ, z) is adopted in which the z-

direction is coincident with the longitudinal axis of carbon fiber, forming an axisymmetric 

problem. It should be mentioned that carbon fiber is simulated as transversely isotropic material 

whereas the surrounding matrix is considered as a homogeneous isotropic material. It is 

worthwhile to emphasize that the CCR is considered as a transversely isotropic or isotropic 

material depending on the CNTs’ configurations around carbon fiber. 

Appropriate Airy stress functions [69] are used in order to define the stresses in the current 

research, satisfying the equilibrium equations. Fig.5 illustrates the RVE of multi-scale hybrid 

composite in which the Rm, RCCR, Rf and L are matrix radius, CCR radius, carbon fiber radius and 

length of RVE, respectively. 
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Fig. 5: RVE model of CNT- Coated fiber hybrid composite and corresponding coordinate system 

3.1. Constructing the Stress Functions  

In the cylindrical coordinate system, the equilibrium equation is expressed as [69]: 

0zz rz rz

z r r

   
+ + =

 
  

(24) 

0rr rz rr

r z r

     −
+ + =

 
 

(25) 

The stress components in terms of Airy stress functions are stated as: 

2

2

1
rr

r r z

 


 
= +

 
  (26-a) 

2

2z






=


  (26-b) 

2

2

1
zz

r r r

 


 
= +
 

  (26-c) 

2

rz
r z





=−

 
  (26-d) 

0z r  = =   (26-e) 

In order to determine the axisymmetric state of stresses in the 3D problem of CNT-coated fiber 

hybrid composite, the Airy stress functions are assumed as following [70]:  
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( , ) ( ). ( ) 1,2,3 ; , ,j q qr z f r g z q j f m CCR = = =   (27) 

Where the subscripts f, CCR and m refer to the fiber, CNT-coating region and matrix, respectively. 

fq(r) and gq(z) are functions of radial and axial coordinates, respectively. Incorporating Eq. (27) in 

Equations (26-a)- (26-d), the stresses in the hybrid composite are attained accordingly: 

2

2

d ( ) d ( )1
( ) ( )

d

q qj

rr q q

f r g z
g z f r

r r z
 = +


  

(28) 

2

2

d ( )
( )

d

qj

q

g z
f r

z
 =  

(29) 

2

2

d ( ) d ( )1
( )

d d

q qj

zz q

f r f r
g z

r r r


 
= +  
 

 (30) 

d ( ) d ( )

d d

q qj

rz

f r g z

r z
 = −  

(31) 

It is worth mentioning that the number of unknown functions f1 (r), f2 (r) and f3 (r) decreases by 

invoking boundary conditions of the stress-free state at the matrix surface as well as the stress 

continuity at the fiber‒CCR interface and CCR‒matrix interface along radial direction. Since the 

axial stress is assumed to be constant in radial direction (r) in each medium, the function f1 (r), f2 

(r) and f3 (r) can be described in terms of a constant Bq, while σrr and σθθ are still functions of r. 

Hence, by considering Eq. (30), the axial stresses in the fiber, matrix and CCR are given by [70]: 

1 1. ( )f
zz B g z =   

 (32) 

2 2. ( )CCR
zz B g z =  

 (33) 

3 3. ( )m
zz B g z =  

 (34) 

Considering the equilibrium condition in the axial direction leads to [14]: 

0f CCR m
zz zz zz mCCRfV V V  ++ =   

 (35) 
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Where Vf, Vm and VCCR denote the volume fractions of fiber, matrix and CCR, respectively. 

Replacing Eqs (32)- (34) into Eq. (35) gives the below equation, whereby the three unknown 

functions g1(z), g2(z) and g3(z) are connected to each other that yields two unknown functions. 

1 1 2 2 3 3( ) ( ) ( ) 0mCCRfB g z V B g z V B g z V+ + =    (36) 

Utilizing the total complementary energy principle and Eq. (36), the two foregoing unknown 

functions will be determined and consequently the third one could be achieved by Eq. (36). 

Eventually, the axial, radial, shear and hoop stress components will be acquired in the constituents 

of the hybrid composite. 

3.2. 3D Thermal Residual Stress Analysis of CNT-Coated Fiber Hybrid Composite  

Following the aforementioned procedure and employing the complementary energy minimization, 

the thermal stresses induced in hybrid composite encompassing fiber, CCR and matrix are 

quantified and obtained subsequently.  

3.2.1. Stress components in the fiber 

Taking into account Eq. (32) and the first equilibrium equation, Eq. (24), the fiber shear stress is 

expressed as: 

1 1d ( )

2 d
f

rz

B r g z

z
 =−    (37) 

Due to finite value condition of stress in the core region, the fiber Airy stress function is only a 

function of z coordinate, and Eq. (26-a) and (26-b) can be stated as [14]: 

2

2

f f
rr

z



 


= =


   (38) 

Substituting Eq. (37) and Eq. (38) in the second equilibrium equation (Eq (25)), the radial and 

hoop stresses are given by: 

2 2
1 1

12

d ( )
( )

4 d
f f

rr

B r g z
D z

z
 = = +    (39) 

3.2.2. Stress components in the CNT- coating region (CCR) 



18 

 

The stress components in CCR region are defined by substituting Eq. (33) in the equilibrium 

equations (Eq (24) and Eq. (25)): 

2 2 21 2
1 2

d ( ) d ( )
( )

d d

1

2
f f

CCR
rz

g z g z
B R B r R

z zr


 
+ − 

 
=−   (40) 

2 2 2 2 2

1 2 2
1 2 2 22 2 2
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d d 4 d
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g z g z r g z
B B

z z z

R
r B D z 

 
− 

 
= = + +   (41) 

3.2.3. Stress components in the matrix 

Inserting Eq. (32) and Eq. (33) into Eq. (35) yields the axial stress in the surrounding matrix as 

following: 

1 1 2 2( ) ( )
fm CCR

zz

m m

V V
B g z B g z

V V


 
+ 

 
=−    (42) 

Replacing the matrix axial stress in the equilibrium equations leads to: 

2 2 2 2 2 2 21 1 2 2d ( ) d ( )
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  (44) 

3.2.4. Boundary Conditions 

The half of RVE length (from z=0 to z= L/2) is utilized due to the symmetry of the model. Thus, 

the free surface conditions [37] engender zero axial and shear stresses at end of the fiber as 

following: 

(0) 1, 1,2

d (0)
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d
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d ( / 2)
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   (45) 
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It is worth mentioning that the radial stress at the outermost surfaces of the polymer is zero and it 

also must be continuous across the fiber‒CCR and CCR‒matrix interfaces [70, 71]: 

,
2 2

0m

rr m

L L
zat r R −  = =         (46) 

,
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 (47) 

Satisfying the conditions of Eqs. (46) and (47), the unknown functions D1(z), D2 (z) and D3(z) in 

Eqs. (39), (41) and (44) are obtained as follows: 
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3.2.5. Thermo- elastic equations 

The thermoelastic stress–strain relations of the hybrid composite are expressed as: 
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Where superscript j indicates the hybrid composite constituents, i.e., fiber, CCR and matrix. Ez, 

Er, G, υL, υT, αL and αT represent the longitudinal elastic modulus, transverse elastic modulus, shear 

modulus, longitudinal Poisson’s ratio, transverse Poisson’s ratio, longitudinal CTE and transverse 

CTE, respectively. 

3.2.6. Energy minimization 

The two unknown constants B1, B2 and two unknown functions g1(z) and g2(z) will be acquired by 

minimizing the total complementary energy of the multi-scale hybrid composite (HC). The total 

complementary energy is described as: 

HC HC HCU V = +   (55) 

where UHC and VHC are the complementary strain energy and the complementary potential energy 

of hybrid composite, respectively. Since the hybrid composite is free of any tractions and external 

loads, VHC=0. Consequently, the total complementary energy can be stated as: 
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  (56) 

It should be mentioned that for axial symmetry, τrθ = τθz = 0. The total energy of hybrid composite 

expressed in Eq. (56) has 12 terms consisting of axial, radial, hoop and shear stresses for all three 

domains as fiber, CCR and matrix. The integrations of axial, radial and shear terms of the CCR in 
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Eq. (56) are calculated in the Appendix C. For sake of conciseness, the integration of matrix and 

fiber phases are excluded since they possess the same procedures to CCR. 

Having obtained the function D1(z), D2(z) and D3(z) by satisfying boundary and continuity 

conditions, they are then embedded into Eqs. (39), (41) and (44) in order to achieve the radial and 

tangential stresses.  

Eventually, by incorporating Eqs. (32), (33), (37), (39) and (40)- (44) and the thermo-elastic Eqs. 

(51)- (54) into Eq. (56), the total complementary energy is established.  

Implementing the integration of total complementary energy with respect to r and θ engenders an 

integral function in terms of two unknown functions g1(z) and g2(z) and their derivatives, and two 

unknown constants B1 and B2 [14]: 
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Invoking the calculus of variation, the Euler‒Lagrange equation is expressed as: 
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  (58) 

After inserting F from Eq. (57) into Eq. (58), we have obtained the two coupled fourth-order 

ordinary differential equations of multi-scale hybrid composites with respect to g1(z) and g2(z) 

which are: 
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  (59) 

Where the coefficients A1-A13 signify the functions of materials and geometry properties of CNT‒

coated CF hybrid composite which are lengthy expressions for presenting in the article and are 

available on request. Due to the complexity, the mathematical software Maple 2019 is utilized in 

order to solve the equations. By solving the aforementioned equations, eight unknown constants 

emerge in g1(z) and g2(z), which are obtained by applying the boundary condition expressed in the 
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section 3.2.4 (eight boundary conditions). However, two unknown constants B1 and B2 still appear 

in Eq. (59). By replacing the solutions achieved for g1(z) and g2(z) and their derivatives into Eq. 

(57) and integrating with respect to z, the total complementary energy is attained in terms of B1 

and B2. Through minimizing this equation, a set of linear equations is established and the unknown 

constants B1 and B1 are finally defined. 
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=

  (60) 

By substituting the g1(z), g2(z), B1 and B2 into equations (37) ‒ (44), the distributions of the 

interfacial thermal residual stresses are achieved in the constituents of the hybrid composite 

including fiber, CCR and matrix. The present work is validated with close agreement by multi-

scale finite element modeling (see Fig.6) proposed by Malekimoghadam and Icardi [5] for 

randomly oriented CNTs as displayed in Fig.7. 

 

Fig. 6: Multi-scale Finite element model (a) CNT‒Carbon Fiber hybrid composite (b) Cut-view   

4. Result and Discussion 

In this section the influence of CNTs coating on the carbon fiber surface is assessed on the 

distributions of thermal residual interfacial stresses. Subsequently, a parametric study is conducted 

based on the different effective parameters at each scale such as CNTs’ orientations, CNT volume 
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fraction and coating thickness. Having acquired the stresses distributions, the results are then 

compared with the residual stress in the conventional composites implemented by Quek [37] and 

verified with multi-scale finite element modeling [5]. The properties of carbon fiber [39,72] and 

polymer matrix [73] are presented in Table.2. It should be mentioned the radius of the carbon fiber 

is considered as 3.5 μm [38]. 

Table 2: Elastic Properties of Carbon Fiber and Polymer Matrix 

Material Ez 

[GPa] 

Ex, Ey 

[GPa] 

Gxz, Gyz 

[GPa] 

Gxy 

[GPa] 

υxz υxy CTEz  

[10-6/°C] 

CTEr  

[10-6/°C] 

Carbon Fiber 230 28.7 25 7 0.3 0.42 1.1 6.8 

Epoxy 4.20 - - - 0.31 - 60 - 

Given that the maximum interfacial stresses play the most crucial roles in debonding between fiber 

and matrix and failure of composite structures, applying the CNTs coating on the core fiber will 

reduce the interfacial stresses. Introducing the CNTs at the coating region represents relatively 

small and shallow debonding areas at the connection between the fiber and the CCR than the 

debonding area at fiber-matrix interface in the composite without fiber coating [41]. Furthermore, 

the above-mentioned issue indicates that the CNTs have a higher adhesion force with the matrix 

and deboning will take place between fiber and coating region which reveals that fracture mode of 

carbon fiber‒matrix composites is affected by CNT deposition [41]. The distributions of thermal 

residual stresses of multi-scale hybrid composite for RNCCR are represented in Fig.7. It should 

be mentioned that in all figures the radial and axial interfacial residual stresses are obtained at the 

fiber-CCR interface. Furthermore, the stresses are normalized by the interfacial stresses of fiber-

matrix composite (without coating) developed by Quek [37]. The normalized length in all figures 

is acquired by (z/l), in which z is the longitudinal position along the fiber axis and l denotes the 

length of fiber. It can be inferred from Fig.7 that growth of solely 1wt.% of randomly oriented 

CNTs on the surface of carbon fiber markedly reduces the residual interfacial shear and radial 

stresses by 27% and 21%, respectively, assuming the temperature variation (∆T) of 50 K and 

coating thickness of 900 nm. It is also worth mentioning that by increasing the CNTs content in 

the CCR by 2 wt.%, the coating stiffness increases which leads to reduction of interfacial stresses. 

According to experimental investigation [13], about 21% reduction of the maximum interfacial 
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stress was acquired by adding a small portion of multi-walled CNTs. It should be noted that the 

maximum interfacial shear and radial stresses in the finite element modeling are 5.8% and 4.9% 

higher than the analytical approach proposed in the present work, respectively. The foregoing issue 

is ascribed to the direct presence of debonding damage between CNTs and matrix in the FEM 

work, whereas in the present work the effect of interphase is taken into account indirectly, using 

the equivalent continuum approach introduced in section 2.1. More details of the influence of 

deboning damages on the interfacial stresses can be achieved from Ref [5]. Likewise, the result of 

the residual interfacial shear and radial stresses of conventional fiber reinforced composites 

considering perfect bond between fiber and matrix, performed by Quek [37], is inserted in Fig. 6 

as the upper bound criteria. As expected, the maximum value of interfacial shear and radial stresses 

occur in contiguity of the fiber end and exactly at the fiber end, respectively.  

In addition to the position of maximum stress, the amount of peak shear stress is of great 

importance since the debonding between fiber and matrix will ensue if the maximum interfacial 

stress transgresses the interfacial strength. Consequently, due to coating the core fiber with 

nanomaterials, the advanced multi-scale hybrid composites will represent strikingly lower 

interfacial residual thermal stresses which improve the performance of composite structures under 

different temperature gradient conditions. 
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Fig. 7: Distribution of thermal residual interfacial stresses of hybrid composite, with coating 

thickness of 900 nm (a) Shear stress (b) Radial stress 

Including various configurations of CNTs at the coating region, namely, RCCR, RNCCR and 

ACCR, the thermal residual interfacial stresses of CNT‒CF multi-scale hybrid composite are 

depicted in Fig.8 considering a coating thickness of 900 nm and ∆T= 50 K. The results disclose 

that the configuration of CNTs at the coating region not only affects the mechanical properties of 

the coating medium, but also leads to significant difference of interfacial stresses which 

consequently varies the load transferring between fiber and matrix.  

As it is described, ACCR and RCCR demonstrate the highest and lowest contribution towards 

reduction of thermal residual interfacial stresses, respectively, while the multi-scale hybrid 

composite with RNCCR represents reinforcement magnitude between the two aforementioned 

configurations. It is noteworthy to indicate that the models containing ACCR can make a valuable 

contribution to the reduction of residual interfacial shear and radial stresses under thermal loading. 

Furthermore, by introducing RCCR and RNCCR on the fiber surface, the residual interfacial shear 

stresses decrease by 7% and 27%, respectively, in comparison with a composite without fiber 

coating. Thus, the multi-scale hybrid composite comprising RNCCR exhibits much improved 

interfacial properties than that with RCCR which reveals the slight influence of radially grown 

CNTs at coating region on the interfacial properties. Consequently, it can be postulated that by 

aligning the CNTs at coating region along the axial direction of core fiber, the minimum interfacial 

stresses can be achieved which weaken the effect of mismatch between the CTEs of fiber and 

matrix under thermal loading. Interestingly, by employing the single- fiber fragmentation test, 

Sager et. al [74] demonstrated that randomly oriented and radially oriented MWCNT coated fibers 

augment the interfacial shear strength by 71% and 11%, respectively, which reaffirm the 

pronounced effect of randomly oriented CNTs on the fiber coating.  
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Fig. 8: Distribution of thermal residual interfacial stresses of hybrid composite considering 

different CNT’s orientations at coating region(a) Shear stress (b) Radial stress 

It should be asserted that two methods could be considered regarding the production of multi-scale 

hybrid composites, namely mixing CNTs entirely throughout the matrix and depositing CNTs on 

core fibers (fiber coating). Taking into account the similar CNT volume fraction, the former makes 

negligible influence on reduction of the interfacial stresses between fiber and matrix, while the 

latter provides graded interphase (coating region) around core fiber with diminishing effect on the 

interfacial stresses [5,75,76]. It should be mentioned, if the graded interphase is considered for 

improving the interfacial properties, gradual gradation will occur instead of steep gradation which 

is the key issue in attenuating CTE mismatch between fiber and matrix.  

As one of the crucial parameters in the fiber coating, the effect of coating thickness on the residual 

interfacial stresses and fiber axial stress is displayed in Fig.9 for ∆T= 100 K. Different coating 

thicknesses around core fiber in the range of 300-1000 nm are usually obtained [44,45]. However, 

the thickness of CNT‒coating around carbon fiber is demonstrated to be a function of CNT growth 

time and temperature in CVD technique, and it is difficult to determine the exact value since it 

varies in different specimens due to the parameters during growing of CNTs [46]. Moderately 

thick coating regions up to 2- 3μm at specific reaction time and temperature are also reported 

[77,78]. Moreover, Deng et al. [79] demonstrated that the quality and quantity of depositing 
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nanomaterials on the carbon fiber were increased and improved by introducing the ultrasonic 

during the electrophoresis deposition (EPD) process. 

Our models which their results are represented in Fig.9 encompass CCR thicknesses of 500 nm, 

700 nm, 900 nm and 1.1 μm with the same CNT volume fraction in order to scrutinize the effect 

of mere coating thickness on the residual stresses.  
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Fig. 9: Distribution of thermal residual interfacial stresses of hybrid composite at different 

coating thickness (a) Shear stress (b) Radial stress (c) Fiber axial stress 

Our results indicate that increasing the coating thickness around carbon fiber leads towards the 

reduction of residual interfacial shear (Fig. 9a) and radial (Fig. 9b) stresses as well as the fiber 

axial stress (Fig. 9c). Even the lowest coating thickness (green curves) decrease the residual 

stresses remarkably in comparison with the case without coating (gray curves). However, it is 

observed that the rate of such diminishing effect on residual stresses reduces slightly as the coating 

thickness enlarges. Moreover, it is manifested from Fig. 9c that the maximum axial stress of fiber 

occurs at the mid-span, remains almost constant over 80% of the fiber length (slight differences 

for various coating thicknesses), and plummets near the end of the carbon fiber. Notwithstanding 

the small portion of CNT at the coating region with a thickness of 1.1μm, the residual interfacial 

shear and radial stresses and fiber axial stress drop by 39.6 %, 32.8 % and 19.6 %, respectively. 

Fig.10 describes the influence of temperature variations magnitude (∆T) on the residual interfacial 

stresses and axial fiber stress for a hybrid composite with 1μm thickness of RNCCR. The results 

indicate that the distributions of stresses for different ∆Ts are analogous, and their magnitude 

increases with elevating ∆T. The minimizing effect of coating on the thermal residual stresses, 

however, is more effective for higher magnitudes of ∆T. According to Fig. 10a, RNCCR reduces 

the maximum residual shear stress by 29.1 % and 37.6 % for ∆T= 50 K and ∆T= 100 K, 

respectively. Likewise, utilizing fiber coating leads to decrease of fiber axial stress by 14.2 % and 

18.1 % for ∆T= 50 K and ∆T= 100 K, respectively (see Fig. 10c), which indicates that the coating 

medium around core fiber makes a notable contribution towards decreasing the interfacial stresses 

and therefore load transferring phenomenon between fiber and matrix. 
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Fig. 10: Distribution of thermal residual interfacial stresses of hybrid composite at different 

temperature variations (a) Shear stress (b) Radial stress (c) Fiber axial stress with coating 

thickness of 1 μm 

Fig.11 illustrates simultaneously the influence of various coating types (RCCR, RNCCR and 

ACCR) with different thicknesses on maximum interfacial shear and radial stresses and fiber axial 

stress, for 1% volume fraction (Vf) of CNTs at each coating region and ∆T= 100 K. The maximum 
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stresses are normalized by the maximum stresses of composite without fiber coating. A glance at 

the figures provided shows the extraordinary influence of coating with ACCR and RNCCR in 

which by increasing the coating thickness, the maximum interfacial stresses fall gradually. In 

contrast, RCCR exhibits low contribution to the reduction of maximum interfacial stresses and 

fiber axial stress, even for high coating thicknesses. 

According to Fig. 11, a considerable reduction of 23.8%, 30%, 35.1% and 39.5% is gained in 

maximum residual interfacial shear stress of hybrid composites with RNCCR thicknesses of 

0.5μm, 0.7μm, 0.9μm and 1.1μm, respectively. Similarly, their interfacial radial stress falls 

remarkably in comparison with composites without coatings, although the reducing rate is slightly 

lower than residual interfacial shear stress. The fiber axial stress, however, is the lowest influenced 

stress in the case of RNCCR, with decrease percentages of 6.8%, 11%, 15.3% and 20.1% for the 

aforementioned coating thicknesses. 
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Fig. 11: Normalized maximum stresses versus different coating thicknesses and CNT’s 

orientations (a) Interfacial shear stress (b) Interfacial radial stress (c) Fiber axial stress 
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Fig. 12: Normalized maximum stresses versus different CNT volume fractions and CNT’s 

orientations (a) Interfacial Shear stress (b) Interfacial radial stress (c) Fiber axial stress 

Fig.12 portrays simultaneously the effect of the coating types and CNT volume fractions on the 

maximum interfacial shear and radial stresses and maximum fiber axial stress, for a coating 

thickness of 900 nm and ∆T= 50 K. The hybrid composite models containing RNCCR and ACCR 

demonstrate noteworthy improvement on the interfacial properties (Fig. 12a-b) and fiber axial 

stress (Fig. 12c) while RCCR makes a trivial contribution especially at lower CNT volume 
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fractions. Among the attained stresses, the utmost improvement is acquired in hybrid composite 

with RNCCR in which the residual interfacial shear stress reduces by 27.2%, 47.3% and 55.4% 

for CNT volume fractions of 1%, 2% and 3%, respectively. Moreover, taking into account 1%, 2% 

and 3% of CNT volume fractions yields considerable decrease of fiber axial stress as 13%, 21% 

and 27.2%, respectively.  

5. Conclusion 

The present work is allocated to scrutinize the influence of carbon nanotube-coated carbon fibers 

on the thermal residual stresses of multi-scale hybrid composites. The established model includes 

unidirectional carbon fiber, coating region and surrounding matrix, in which the coating region 

around core fiber encompasses CNT and the polymer matrix. Three types of coating regions are 

considered around carbon fiber based on the three different configurations of grown CNTs on the 

fiber surface comprising axially, radially and randomly oriented CNTs. Employing the Eshelby–

Mori–Tanaka method in conjunction with an equivalent continuum approach, the mechanical 

properties of three different coating regions are acquired. Consequently, the closed-form solution 

of the thermal residual stresses of multi- scale hybrid composite is attained utilizing the total 

complementary energy minimization method. The results reveal an extraordinary decrease in the 

residual interfacial shear and radial stresses by 27% and 21%, respectively, in the hybrid composite 

with a coating region consisting of solely 1wt. % of randomly oriented CNTs. Significantly, the 

mentioned reduction of the interfacial residual stresses not only precludes the deboning between 

the fiber and matrix, but also attenuates the effect of coefficient of thermal expansions mismatch 

between the carbon fiber and surrounding matrix. Furthermore, the results manifest a noticeable 

reduction of interfacial shear stress in the models with coating region comprising axially (ACCR) 

and randomly oriented CNTs (RNCCR) by 36.5% and 27%, respectively, whereas coating region 

with radially oriented CNTs make a slight contribution. Likewise, it is disclosed that increasing 

the coating thickness reduces the maximum interfacial shear stress, radial stress and fiber axial 

stress by 39.6 %, 32.8 % and 19.6 %, respectively, considering coating thickness of 1.1μm and 

small portion of CNTs at coating region. 

Appendix A 

The A tensor parameters are given as below [60]: 
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Appendix B 

The Hill’s constants of reinforcement phase are obtained using below equations [57]: 

4 2 4 2 [ (3 ) (3 7 )]1

5 3 ( ) (3 ) (3 7 )

(2 ) (3 2 )1
2

3

1 2
(

5 3

3 ( )

3 ( )

m m ENF ENF

ENF

m ENF

m ENF ENF m m m m m m m

ENF

m ENF m ENF m m m ENF m m

ENF ENF m m ENF

ENF ENF ENF

m ENF

RNF E

G k l G G K G G K G

G k G p G K G m K G

k l K G l
n l

G k

n

K G k l

G k








+ + + + +
+ +

+ + + + +

+ + −
+ +

+

+ + −
=

+

 
=  

 

 
=  

 

=
8 8 (3 4 ) 2 ( ) (2 )

)
3 ( ) (7 ) 3 ( )

m ENF ENF m m m ENF ENF m ENF

NF ENF

m ENF m ENF m m ENF m m ENF

G p m G K G k l G l
l

G p K m G G m G G k

+ − +
− + + +

+ + + + +

 
 
 

 

Appendix C 

Regarding CNT-coating interphase (CCR), the integrations of normal, shear and radial stresses at 

this region are calculated as following. Thus, considering the term regarding axial stress in CCR: 
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 (C.1) 

Hence, by substituting the stresses in terms of g1(z) and g2(z) obtained by Eq (33) & (41) into (C.1), 

the integral related to axial stress is expressed as: 
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The integration with respect to r from Rf to RCCR is performed as below: 
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From Eq (54), the term related to shear stress in Eq (56) is stated as: 
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Thus, by substituting the CCR’s shear stress in terms of g1(z) and g2(z) obtained by Eq (40) into 

(C.4): 

(C.2) 

(C.3) 
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 (C.5) 

The integration with respect to r from RCCR to Rm is accomplished accordingly: 
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 (C.6) 

With the same procedure for shear and axial stresses, the radial stress of CCR is acquired as 

following: 
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