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Abstract. We consider a model of a two-dimensional molecular machine - called
Brownian gyrator — that consists of two coordinates coupled to each other and
to separate heat baths at temperatures respectively T and T,. We consider the
limit in which one component is passive, because its bath is “cold”, T, — 0, while
the second is in contact with a “hot” bath, T} > 0, hence it entrains the passive
component in a stochastic motion. We derive an asymmetry relation as a function
of time, from which time dependent effective temperatures can be obtained for
both components. We find that the effective temperature of the passive element
tends to a constant value, which is a fraction of Ty, while the effective temperature
of the driving component grows without bounds, in fact exponentially in time, as
the steady-state is approached.

Keywords: molecular motors, stochastic processes, Brownian gyrator, asymmetry
function, effective temperatures



1. Introduction

The study of nonequilibrium deterministic and stochastic systems, along with their
transient as well as steady-states properties, has gained momentum in the last few
decades, both from the theoretical and the experimental point of view [1H4]. Particular
attention has been devoted to nonequilibrium fluctuations [5H10] and to the violations
of the Fluctuation Dissipation Relation and the notion of effective temperatures
[11422]. A framework within which these developments are widely applied and
investigated is that of artificial or natural molecular machines, which includes the
so-called active particles, see e.g. Refs. [23-25]). Further avenues of investigation
include fundamental notions such as the non-reciprocal non-Newtonian interactions
emerging in out-of-equilibrium systems, cf. [2631] and references therein. In some
cases explicit relations have been rigorously derived within appropriate mathematical
formalisms; this is the case of various kinds of fluctuation relations, of thermodynamic
inequalities, and also of various kinds of fluctuation-dissipation relations in the linear
response regime and beyond, see e.g. Refs. [1032H42].

In this endeavor, the analysis of simple examples or toy models has been essential,
in order to understand the properties of realistic physical systems. Toy models are
indeed amenable to exact analysis, and have often revealed unexpected behaviours,
which would have been hard to discover from general relations or in fully realistic
systems.

One such model is known as Brownian gyrator (BG) — a minimal molecular
machine with stochastic dynamics which produces (on average) a rotational motion
in nonequilibrium conditions. As detailed in Sect[2] the BG consists of two time
dependent components, whose state, or position at time ¢, is given by the variables
(z¢,y:). These components of the BG are subject to thermal noises, characterised by
the temperatures T, and Ty, respectively, and are coupled by a parabolic potential.
Mathematically, the BG is a pair of coupled Ornstein-Uhlenbeck processes. Introduced
in the physical literature by Ref. [43], this model was later taken as a model of a
nanoscopic heat engine [44]. Indeed, for T, # T,, a non-zero (on average) torque is
steadily produced, making the BG two-dimensional trajectory p; = (z¢,y;) perform
(on average) a rotational motion around the origin. This interpretation of the BG
has attracted a great deal of interest, motivating both experimental and analytical
investigations, cf. e.g. Refs. [45H58]. Extensions with more complicated non-linear
couplings have also been considered [59}60].

In this paper, we develop the analysis of Ref. [53], in which each component of the BG
model is subject to a regular external bias, in addition to their usual Gaussian zero
mean white-noises. The response of the system to such a bias was then analysed by
an asymmetry function, analogous to the argument of the fluctuation relation, i.e. the
logarithm of the ratio of the probabilities of opposite positions in the plane (xz,y). This
quantity was evaluated in the steady-state, thus identifying the effective temperatures
of both components and their limiting values. The rather surprising result was that
when one of the temperatures is set to zero, hence the corresponding component is
passive and entrained in motion by the second component, the effective temperature
of the latter appears to be infinitely large. We are going to focus on this peculiar case,
analyzing the temporal evolution of both effective temperatures.

The paper is organized as follows: In Sec. we define our biased BG and
the properties to be studied; we also show that the model at hand is identical,
upon some appropriate rescaling of the parameters, to the one comprising two
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harmonically coupled beads, kept at two different temperatures and tethered to two
walls [45]46,54H56]. In Sec. we present the details of our derivations, and we
illustrate our results. Finally, in Sec. [4] we summarize and comment on our findings.

2. Model

The biased BG we consider here is described by two coupled Langevin equations in
presence of a constant external force:

dﬁ . . aUO(‘ray)
a =%y T
@ _ _ an(I,y)

where F, and F, are the components of the bias F = (F,, F}), Uy expresses the
coupling between the two components and a confining parabolic potential:

2?2
U0($7y):7+*+u.%'y, (2)

2 2
where 0 < |u] < 1 is a fixed parameter. Moreover, (,(t) and (,(t) are statistically-
independent Gaussian white-noises with zero mean and the covariance functions given

by

Ca(t1)Ca(t2) = 2T5:6(t — ta) ,
Cy(t1)Cy(t2) = 2T, 6(t1 — t2) . (3)

where an overbar denotes averaging over the different realizations of (;(t) and (,(t),
while T, and T, are the temperatures of the baths. The trajectories of the BG, which
may explore the whole plane (x,y), will be denoted by py = (x4, 4t)

We are going to investigate the case in which 7 is vanishingly small, while T}, is finite,
which makes the dynamics of the xz-component enslaved by the y-component. Several
remarks are in order:

(i) because |u| < 1, the minimum O,, = (zy, ym) of the overall potential U(z,y) =
Uo(z,y) — Fyx — Fyy is located at

F, —uF, F, —uF,
i.e. it shifts away from the origin, when F, # 0 or F, # 0. After a short
transient, during which the individual trajectories x; and y; drift from their initial
positions towards x,,, and y,,, the trajectory pi(x, y:) describes irregular rotations
around O,,, with non-zero (average) angular velocity w. The value of w can be
inferred from the analysis of the curl of the stationary position probability density
function, P (z,y) [53], which is the ¢ — oo limit of the transient one, P(z,y).

(ii) Moreover |u| < 1 implies that the solution P;(z,y) of the Fokker-Planck equation
has a Gaussian ¢ — oo limit.

(iii) A more general expression of Uy, with arbitrary coefficients multiplying #? and

y? has been studied e.g. in Refs. [45,/46,/52,/57]. Qualitatively, the behaviour
is essentially the same, although the resulting expressions become fairly more
complicated. Therefore, for the sake of simplicity we keep Eq..
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(iv) The model studied in Refs. [54156] is equivalent to a biased BG. Indeed, it involves
two beads linked by a harmonic spring, which are in contact with two separate
heat baths. In addition, the first behaviour is tethered by a harmonic spring to a
fixed point at distance A from the origin, while the second is tethered to a point
at a larger distance B. Thus, the potential takes the form:

/il 2 KR 2 KJ/ 2
U(ey) = 5 (A=) + S (y—a) + T (B %)
Then, suitably rescaling time and temperature, the Langevin equations describing
the evolution of the coordinates of the beads attain the form of equations , with
k' A 'B K
T e w Y kyw K+ K (6)
As a consequence, the results of Ref. [53], for the steady-state probability density

function, its curl, the angular velocity etc, as well as our present investigation for
T, = 0, hold for this model.

Let us introduce the asymmetry function A, m

Pt<x’y)

Ai(z,y) = lnm

whose t — oo limit has been shown to take the form [53]:

2F,x 2F,y 1 1
Ase(2,9) = 5 W
Teff Teff

- o~ = | v = Fay) (8)
Ty Te(ff))

where F,x and Fyy are the works done by F along the directions x and y, for points

starting at (0,0), and

U72 (Tx — Ty)2

u72 (Tx — Ty)z
4 T,

)
Te(ff =T, + 4 T,

7Y =T, + (9)

are interpreted as effective temperatures. Evidently, T e(f? and T e(g) have no thermo-
dynamic meaning, but they still suggestively characterize the state of the system, in
situations in which thermodynamics does not apply. They can in fact be deduced
from the statistics of the position distribution.

In the case in which T, = 0, one obtains Te(;) = uzTy/4, but the above makes
no sense, because Te(g) is not defined. Nevertheless, one may either consider the small
values of T, or, given that the effective temperatures concern the steady state, one
may investigate a time dependent situations. In particular, one may introduce a
quantity Te(g) (t) that converges in time to T e(g) when T, # 0, and investigate the rate
at which it diverges, when T, = 0.

This phenomenon deserves some consideration. Indeed, apart from its applicability to

1 Although the definition of our asymmetry function recalls the form of a standard fluctuation
relation, its content concerns instantaneous values, i.e., the probability of a certain position (x,y).
Please also note that at the steady value (¢ — oo0) no net dissipation is associated with the forces,
whose work consists of shifting the particle towards its new equilibrium, reached quite rapidly.
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systems such as those of Refs. [54H56], it is analogous to behaviours reported elsewhere
in the literature. For instance, analogously to the divergence of T e(g), Ref. [51],
investigating the directionality of interactions between cellular processes, reported
the divergence, for vanishing noise intensity, of the transfer entropy Tw _.y, which
quantifies the information contained in the past of the process W about the future of V,
not provided by the past of V. As the phenomena of Ref. [51] are rather more complex
than ours, one may expect that the divergence of pertinent physical parameters is fairly
general. Furthermore, also the dynamics of populations studied in Ref. [59], and those
of a pair of noisy Kuramoto oscillators living at different temperatures, of Ref. [60],
exhibit peculiar behaviours in case either of the temperatures is null.

3. Time-dependence of the effective temperatures

Without significant lack of generality, let us assume that x;—¢ = 0 and y—¢9 = O.
Solving Eqs.(T]) for a given realization of the noise ¢, (t) (with (,(t) = 0) we get

Ty =T — Ry () + R_(t) — e_t/o dr ¢y(1) e” sinh (u(t — 7)) ,

t
b= n = Relt) = R+ " [ dr¢,(n)¢ cosh(ut =), (10)
0
where
Ralt) = ghise (0, R() = gh—tre o, )

The corresponding moment-generating function, defined by:

D (wy,wy) = exp (iwz Tt + twyyt) (12)

where the overline denotes averaging over of realizations of noise, can be expressed as:

B(wy, wy) = exp (z’wm (T — R () + R (1)) + iwy (ym — Ry () — R_(£)) )

X exp (z et /Ot dr (y(7) €™ [wy cosh (u(t — 7)) — wy sinh (u(t — 7'))])

= exp (iwz (@ — R () + R (1)) + iwy (ym — Ry (t) — R_(£)) )

xexp<7TyatwinybtwngyctwmwO, (13)
with
" u? N 167% e (cosh (2ut) 4 u sinh (2ut))
T a1 —w?) 4 4(1 — u2) ’
b= 2—uw* le*% e (cosh (2ut) 4 u sinh (2ut))
T a1 —w?) 4 41— u?) ’
-2 h (2ut) + sinh (2ut
o= u Le (ucos(u)—i—sm(u)). (14)

201 — u2) 2(1 — u2)
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Performing next the inverse Fourier transform of ®, the time-dependent probability
density function is found to be the following Gaussian function:

1
2my/darby — 3T,

o [ Xz R () ~R() (Y~ g + R () + R (1))’
oxp (4(Ltbt — C?) Ty

P(X,)Y) =

+cmx—xm+nﬁo—R_®”Y‘ym+R“ﬂ+RJﬂv' "

(4(ltbt — C%) Ty

This allows us to attribute a clear physical meaning to the time-dependent parameters
defined in . In fact, the the low order moments of P;(X,Y’) are expressed by:

Ty = Tm + R_(t) — Ry(t),
Ut =ym — R_(t) = R4 (1), (16)
and
0% = (2 — :Tt)Q =2a,T,,
0% = (g — )" = 2b,T,,
(xe —T7) (ye — W) = Ty - (17)

which means that, multiplying the quantities a;, b; and ¢; of Eqs. by T, — the
non-zero temperature in the system — gives the variances and the cross-correlations of
the random processes x; and y;. Moreover, the time-dependent asymmetry function
reads:

P(X,Y)  2FX  2FY
A= T T T 1o W
¢ ’ chf (t) ch‘f (t)

1 1
+<ﬂ%0_ﬂ?m>m&X_hﬂm’ o

where we have introduced the time dependent effective temperatures

(1 - u2) (4atbt — cf) T,

TS () = i i—w ’
2b; + ucy — 5 (th + Ct) e—(1—u)t 4 — (Ct _ th) e—(1+u)t
() (1 —u?) (dacb — cf) T,
Teﬁ (t) = (1 _|_ u) (1 _ u) ) (19)
2a; + ucy — 5 (2at + Ct) e—(1-u)t + 5 (Ct — 2at) e—(1+u)t
and the time dependent parameters
- 2+ 2(1 — u) (1 — e~ (FWH) p,
b (by —ag) (1 — 7(1 +u) e—(I-wt _ 7(1 i) e~ (1+u)t
2 2
PR S 2(1—w) (L—e ) q (20)

be = (by — ay) (1 - we—(l—@t — (12u)e—(1+“)t> .
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The expressions in Eqs., which are valid at all times ¢, constitute the main result
of the present paper.

We also realize that the mean values of x; and y;, which initially vanish, approach their
asymptotic values x,, and y,, exponentially fast, see Eq.). In turn, the variances
of x; and y;, which also initially vanish, grow monotonically with ¢, and eventually
saturate at constant values. In the large-t limit, they obey:

2
2 uwT, 1, —2(1—|u|)t ( —2(1—|u\)t>
XTa-w) A el ’
s (2-uIT, Ty —o(1—|ul)t ( 72(17\u|)t>
= — . 21
VT a—w)  A—fu) tole &

Note that the variance of the driving component, y;, is always bigger than the variance
of the passive one, which is understandable. In turn, also the cross-correlation between
the two components evolves towards a constant value, i.e. they do not decouple in the
steady-state! Asymptotically in ¢, it goes like:

ul, sign(u)T,, _51_ _o(1—
(e —70) (W —T7) = — Yy gn(u) v ,—2(1 |u\)t+0<e 2(1 \u|)t) . (22)

21— u2) ' 4(1— [u])

the cross correlation function is finite at all times ¢, for |u| < 1, T, = 0 and T, > 0.
Its limit value is negative for u > 0, as higher x results in decreasing y (see Egs. (1f))
and positive, otherwise.

Concerning the time-evolution of the effective temperatures, Eqs.7 we observe
that Tég)(t) monotonically increases in time: initially, it correctly vanishes, since the
thermodynamic temperature of the passive component is, 7, = 0, and then it saturates
at a positive value as t — oco. Its asymptotic behaviour in time goes like:

2 2 2 T
Te(f‘?(t) _ UZT?/+ u?( 41—6|1AD Y o~ (1—lul)t +O(e—(1—\u|)t> _ (23)

It is intriguing that the limiting value of Te(g)(t) is just 1/4, or less, of the
thermodynamic temperature of the active component, T}, its maximum being achieved
as u approaches +1 or —1. At the same time, the effective temperature of the driving
component, also monotonically increases with time. Correctly, it initially equals
the thermodynamic temperature, Te(g) (t) = T,, and then it grows without bounds,
diverging as the system tends to a steady-state, consistently with @pf. [53]. Tts
asymptotic behaviour obeys:

TD) (1) = u|T, e~ 14Dt — %'e—u—mnt to et (24)

which shows that Te(g) (t) grows exponentially fast in time.

4. Conclusions

In this paper we have investigated a notion of effective temperatures for nonequilibrium
BG, and their time evolution, considering in particular the case in which one variable is
coupled to a zero-temperature bath. The usefulness of effective temperatures may be
questioned, as pointed out e.g. In Ref. [61]. The point is that apparent violations of the
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Fluctuation Dissipation Relation may arise, when in reality one has not considered the
proper degrees of freedom (maybe because experimentally inaccessible, but present).
Consequently some improper correlation function may be compared with the response
function of interest, leading to the conclusion that the FDR is violated, when it is not.
In such cases, then, restoring the FDR by means of an effective temperature may be
scarcely revealing; better investigating the presence of extra degrees of freedom, and
identifying the proper correlation functions [61].

However, this approach is not always viable. Moreover, we adopted a different point
of view. Our asymmetry function 4;, which only superficially looks like the argument
of the Fluctuation Relations, is computable and in principle experimentally accessible,
in terms of the time dependent or the stationary distribution of positions (z,y). The
result can be compared with the right hand side of Eq.(18) or Eq.(8], respectively.
The parameters Te(;) and T(ffyf) there introduced, are called effective temperatures
because, apart from the Boltzmann constant k, assumed to be 1 in this paper, have
the dimension of temperature and reduce to the single temperature, T, = T}, when
in equilibrium. Moreover, they meaningfully characterize the state of the BG. For
instance, suppose that only one of the temperatures of the baths is known. Then,
Eqs. and Eq. can be used to infer the value of the other one, observing the
value or the behaviour of A;. In particular, the case in which one of the baths is
at vanishing or very small temperature would be evidenced by an exponential time
dependence. Analogously, knowledge of the temperatures, and of a single component
of the driving force, allows the calculation of the other component. Furthermore, there
is also the case in which Ay, hence the statistic of positions, is not known, or only
partially known (e.g. P; is known only for positive X), while the right hand sides of
Eq. or of Eq. are known. Indeed, these right hand sides only require knowledge
of the BG parameters. Again, Eqs. and (8) can be used to obtain additional
information on the position statistic.

Because BG are realized in practice, these facts can be used to understand their
behaviour and to properly tune them for practical applications.
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