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Abstract: The new serious consideration to masonry and
non-metallic structures evidenced their direct prospective
to be, even in the present days, advanced architectural and
engineering solutions. In the present paper, a form find-
ing for a cement based tessellated pierced vault is studied.
The multi-body rope approach (MRA) was used to define
compression-only vault optimal shapes. Successively, the
thrust network analysis (TNA) was implemented by Rhino-
vault for a further validation of the shape and the definition
of different tessellation meshes of the surfaces, according
to different hole pattern configuration. Different piercing
percentage of the vaults were considered and compared for
the best solution identification. In addition, the geometri-
cal solutions were analyzed by means of global stability
analysis, taking into account the different positions of the
holes. Furthermore, 3D printing with a Fuse Deposition
Modeling (FDM) technique in polylactide (PLA) material
(completely eco-friendly) is used for the construction of the
formworks of the cement based blocks (dowels) useful for
the assembly of a vault scaled prototype. The prototype of
the vault, characterized by a certain piercing percentage
was subjected to different loading conditions and moni-
tored by a non-contact device based on the Digital Image
Correlation (DIC) technique. The 3D-DIC was performed to
recognize the structural behavior during the loading pro-
cess of themodel (prototype). DICmeasurementswere used
to recognize in advance the critical condition of the vault
under loading and the displacement measurements were
correlated to the different loading phases up to the collapse
condition.
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1 Introduction
The new attention to masonry structures evidenced their
continuous potential to be an actual architectural and en-
gineering solution revisited and rethought by innovative
realizations and design tools [1–5]. The increasing interest
to study ancient masonry vaults, erected all over the world,
gave back today a renewed necessity to suggest this kind
of structures to cover innovative and sustainable buildings.
At the same time, the stability condition of ancient and new
masonry vaults represents a fascinating and crucial area of
research in several countries such as Italy. Over times, the
increasing importance of computer based design and mod-
elling procedures changed the link between architecture
and structural concepts generating holistic approaches for
shape, material and structures [1–3]. Through new form-
finding procedures based on automatic tools and models
also the digital fabrication methods played a fundamental
role in the realization of non-conventional and free form
architectures [1–5]. In order to realize an efficient design
for these unconventional structures the sharing of compu-
tational tools and techniques, gained a great importance
among researchers and components of the design commu-
nity [1, 4]. To allow an in-built strategy to design problems
with solid engineering constraints through visual repre-
sentation [1, 5] and real-time reaction [1, 6] of structural
information became a crucial aspect.

In the last decades many papers discussed the prob-
lem of doubly-curved shells [6] and curved surface design
within the rigorous framework of funicular, compression-
only vault design [1, 7–9]. Historically, hangingmodels and
graphic statics were used to design domed structures. At
the beginning of the 20th century, Antoni Gaudí used hang-
ing scaled reproductions in the design process of the Crypt
of Colònia Güell [1, 6], Frei Otto and his team used hanged
models to find the form for the lattice shell inMannheim [8],
and Swiss engineer Heinz Isler designed his concrete shells
using hanged cloth mockups [1, 10]. More recently, shape
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optimization of grid shells has been carried out using dif-
ferent techniques [11, 12, 14]. At the same time, discrete
truss topology method [15], graph based design [16], sim-
ulated annealing [17], and cut-and-branch methods [18]
have been used. Moreover, genetic algorithms have been re-
cently employed for the optimization of three-dimensional
discrete system, such as spatial structures, planar struc-
tures and geodetic domes [19]. Multi-objectives optimiza-
tion schemes have been developed by Winslow for free
form grid shell constituted by elements with variable ori-
entation [20]. Form-finding approaches, such as the force
density method [18] and the dynamic relaxation (DR) [19],
have been applied to weightless configurations. Among
these last kinds of systems, Kilian and Ochsendorf [11] pro-
posed a shape-finding tool for statically determined sys-
tems based onparticle-springmodel. Block andOchsendorf
proposed the thrust network analysis to establish the shape
of pure compression systems, in particular for masonry
structures [21]. At the same time, a coupled form-finding
and grid optimization was proposed by Richardson et
al. [22].

In the present paper, the shape of the vault model is
principally obtained by a form finding method fine-tuned
by one of the authors. In particular, the proposed method
for the definition of the form is based on a multi-body rope
approach (MRA) with masses connected by inextensible
ropes characterized by a certain slack coefficient and by a
certain degree of the constraint conditions [7]. This method
appeared particularly adaptable in the case of free shapes
with standardized constituting elements. One of the pur-
poses of this work, in fact, is to propose an evaluation not
only on the goodness of the form finding method adopted
but also considering the best solution among the differ-
ent pattern of the pierced configurations (disposition of
the holes). The models and the stability evaluations are
also performed in order to evaluate, given a starting con-
figuration, the best and the worst evolution path for the
increasing pierced area of the vault. These last results are
of particular interest considering that the possibility to re-
alize new holes and openings inside existing vaults it is
more and more frequent in the refurbishment of existing
large roofs originally built in the past. The models and the
stability analysis were also performed in order to evaluate,
for a given configuration, the best pattern for a step by step
increasing of the pierced area in the vault.

Different funicular structures have been analysed in
order to recognize the best shape together with the most
efficient hole pattern configuration. The shape of the vaults
is reached ranging in some chosen parameters such as the
lowering degree (defined as the ratio between the maxi-
mum span D and h, defined as the height of the vault), the

slack coefficient of the original hanging net and the hole
percentage (HP) of the covering surface. The final shape
and the pierced pattern were analysed by the TNA and the
global structural stability analysis were made, through dif-
ferent load-cases and constrain conditions [22–25]. In ad-
dition, a scaled prototype of this vault typology is realized
with the help of additive manufacturing process [26]. In
Figure 1 the adopted procedure for the form-finding and the
adopted span (D) and the height (h) are reported. The phys-
ical model was analysed by 3D Digital Image Correlation
(DIC) technique under loading in order to recognize the pat-
tern deformation. DIC technique, in particular, seems to be
a very promising method to evaluate the stability and the
collapse condition of these kinds of structures [24, 25]. The
fast development of computer technology encouraged the
increment of computational methods providing the basis
for the diffusion of in vision-based full-field experimen-
tal measurements: e.g. 2D-DIC for SEM (scanning electron
microscopy), AFM (atomic force microscopy) and planar
loading and surfaces, 3D-DIC for general motion and de-
formation of curved or planar surfaces, V-DIC or Digital
Volume Correlation for interior deformation measurements
in opaque solids [24, 25]. Today, these approaches are used
by researchers to find full-field quantitative measurement
of motions and deformations. These kind of measurements
have always been a significant issue in the assessment of
mechanical properties, such asmaterial strength or fracture
parameters. Optical methods such as moiré interferome-
try [27], holography [28] and speckle interferometry [29]
have been proven to be matured techniques to analyze
macroscopic parameters and were used efficaciously in
several different uses. However, all the interferometric tech-
niques have severe prescriptions for the system’s stability.
The technical difficulties in the experimental realizations
pushed many researchers’ attention on the computerized
procedures [30–32] in order to established automatic data
acquisition from patterns.

Recently, a non-contacting optical method, digital im-
age correlation (DIC), has beenproposedbySutton et al. [31–
37] and Bruck, et al. [31]. This method was applied to mea-
sure both strains and displacements in disparate condi-
tions. The principal uses of the technique regarded micro-
scopic strain measurements in electronic packaging [31],
strain fields in polyurethane foam plastics and the estima-
tion of their elastic parameters [32], without neglecting the
evaluation of thermal effects in welded junctions. DIC was
even used for in situ assessment of mural frescoes conser-
vation [27]. The technique is based on two speckled frames,
which were acquired by a solid state video camera, to re-
produce the states of the object before and after the defor-
mation. Using the concept of digitalization, it is possible to
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Figure 1: Flowchart of the Form-finding and the hole patterns definitions. The Form-finding is based on the MRA approach and is validated
by the TNA. By the Rhino-vault application different patterns were considered and the tessellation map created. The scale model realized
with a pierced area percentage of about 45% was analysed by DIC during loading tests

differentiate the pictures by the patterns levels and differ-
ent intensity light levels. Both the two digitized images are
then correlated by a specific algorithm, working on their
mutual correlation coefficient or other statistical functions,
to find out the refined dissimilarities between them. In the
present paper, DIC is performed to distinguish typical de-
formation of the vault according to the loading condition.
3D-DIC measurements were used to recognize, preliminary,
the critical condition of the structure before the collapse
condition. As it will be shown in the following, these re-
sults can be obtained by the monitoring of specific portions
(areas) at the extrados of the vault.

2 Form-finding and hole patterns:
The shape and the surface

The first series of analysis were devoted to the form find-
ing of different shapes. In this design phase, a squared
geometry (16×16 m2) for a free form compressed vault is
chosen together with few main ranging parameters: the
lowering degree (D/h) and the hole percentage (HP). The
form-finding approach adopted in the paper was originally
presented by one of the authors in 2004 [38] and was suc-
cessively revised and expanded concerning to the original
idea [7].

In particular, byMRA, it is possible to achieve disparate
forms by the dynamic simulation of a hanging lattice con-
stituted by spherical masses joined by flexible ropes falling
down in the time domain [38]. In this case, any kind of
loads can be used as input for the step-by-step procedure
and both 2D and 3D systemsmay be investigated. Following
this approach, named multi-bodies rope approach (MRA),
it is possible to make the hanged mesh, for a precise group
of masses, creating the final 3D funicular state [7]. In a
standard MRA a generic node “i” of a suspended net with
quadrilateral mesh is examined. At this node a number j
of ropes (such as 4: a, b, c, d) are converging. At the same
time, sj represents the forces inside them. The node “i” is
identified by the coordinates xi, yi, zi [7, 38]. The generic ex-
ternal load configuration is pm, very often coincident with
the self-weight simulated by themass at each sphere. In the
equation system, the inertial and the dissipative actions
are taken proportional to the velocity and the acceleration
of each node of the suspended grid. The equilibrium of the
node i, is ensured by the following equation [7]:

Ri =
n∑︁
j=1

sj +
n2∑︁
m=1

pm + f I + f II = 0 (1)

where Ri was the resultant in the node i at each step, f I

was the inertial force with a module equal to the product
between the mass of the node and the amplitude of the ac-
celeration vector with a verse equal to the opposite verse of
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the acceleration itself. f II was the dissipative force assumed
equal to the product of a constant times the velocity vector
with a direction equal to the opposite of the velocity itself. sj
represented the forces in the ropes converging in the node
i. The numbers n and n2 are, respectively, the number of
the ropes converging in the node and the external loads
applied on the same node [7, 38].

According to this approach, for the initial configura-
tion of the grid nodes, a shape even very far from the final
equilibrium step (configuration with minimum kinetic en-
ergy) can be assumed. The convergence of the system, in
fact, was guaranteed by the convergence of the iterative
process as a physical process of the three-dimensional sus-
pended grid. In this case, the non-linear system of equa-
tions can be written for z, y and z directions, is a system of
non-linear differential equations to be solved by numerical
methods [7, 37]. According to this frame, the solutions are
found with the dynamic balance equations using a step-by-
step analysis [7]. The contribution of the velocity and the
acceleration, in x direction, for each node (mass particle),
can be expressed as [7, 38]:

ẋi =
∂xi
∂t ; ẏi =

∂yi
∂t ; żi =

∂zi
∂t (2a)

ẍi =
∂2xi
∂t2 ; ÿi =

∂2yi
∂t2 ; z̈i =

∂2zi
∂t2 . (2b)

Similar equations can be written for y and z directions.
Due to the large number of variables of the model, the au-
thor adopted a numerical approach to solve the system by
a multi-bodies numerical code based on Runge-Kutta’s so-
lution method. Additionally, in the case in which a very
large number of nodes are necessary in the form-finding
process, a starting configuration obtained by NURBS (Non
Uniform Rational Basis-Splines) surfaces can be used in
the MRA to reduce the calculation time. It is clear that by
MRA, it is possible to define the configuration of the struc-
ture as the reversed model corresponding to the final step
(equilibrium step) of the hanging net [7]. The main pecu-
liarity of themethod here used (MRA) resides in the process
of form-finding based on inextensible rope elements. The
MRAmethod guarantees, in the final suspended form of the
net, only traction elements also with very complex, (asym-
metrical, horizontal loadings) loading configurations. This
ensures only compressed elements in the overturned con-
figuration (grid). Furthermore, withMRA, having to dowith
inextensible elements (ropes), it is possible to define, in ad-
vance, the length of the ropes that will be the beams in the
reversed shape. In the present paper, taking into account
that the form-finding was used to define compression-only
vault optimal shapes the geometries obtained by the MRA

were also validated by the TNA in order to obtain a confir-
mation of the funicular shapes. TNA has been used because
of its intuitiveness and flexibility based on principles of the
two-dimensional Graphic Static to solve the equilibrium
of three-dimensional structures [21]. In this case, the vali-
dation of the shape preliminary obtained by MRA was per-
formed by the TNA application realized with Rhino-vault,
a free plug-in for Rhinoceros recently implemented by ETH
Zurich [21].

The constraint conditions, as in the case of models
realized by MRA, regard the four corner points and they
are considered as fixed point on the ground supporting
the entire vault. The maximum difference between the two
kinds of solution of the final geometry obtained respectively
by MRA and TNA were between 2% and 5%.

For the pierced vault, one of themost important param-
eter is the amount of the holes (hole percentage: HP) and
the positions of these openings (pattern). The authors con-
sidered these parameters key-points in the design of new
masonry vaults and, particularly, in the refurbishment of ex-
isting ones. The enlarged necessity to increase the openings
for natural light and the ever-present need to save material
led the research to the study of pierced vault typology (see
Figure 2). The analysis started fixing the ranging param-
eter. The vault heights equal to 2.5, 5 and 7.5 meters were
investigated. At the same time different thickness of the
vaults equal to 100, 150, 200, 250, 300 mmwere considered
in the analysis. Finally, as it can be observed in Figure 3,
the hole positioning strategy is reported varying the four
patterns. In particular, central-central (a), lateral-central
(b), corner-diagonal (c) and central-corner (d) strategies
were adopted to increase the number of holes (HP) starting
from an assumed initial shape.

For this reason, not only the number of the holes
was evaluated but also the geometrical patterns and their
spreading strategy in the growth of the pierced area. The dif-
ferent patterns have been divided into 4 families (groups),
according to different paths for the increasing steps, corre-
sponding to different number and different positions of the
holes (see Figure 3). In Figure 3 the four patterns and the
pierced area growth are reported together with the hole per-
centage, the number of holes adopted for each step and the
positions for each case. For all the patterns considered the
maximum pierced percentage is 45.46% and corresponds a
number of 49 holes.

As previously reported, the purpose of the present pa-
per was to compare the effect of an increasing percentage
of the pierced areas for a given shape. Obviously, the form
of the vault is certainly a function of the loading conditions
applied during the form finding. Lower or higher HP did
not affect particularly the shapes obtained by MRA, espe-
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(a) (b)

Figure 2: Configuration of the vault after forming with a maximum pierced area percentage of 45.46%. Axonometric view (a). Top view (b)

Figure 3: The different patterns were divided into 4 families according to four different strategies of the positioning of the holes. Different
paths for the increasing growth of the pierced areas on the vaults are used (red shaded indicators represented the four beginning steps for
the four families). For each step the percentage of the subtracted area and the number of holes are indicated near the top view of the vault

cially comparing the extreme conditions (0% and 45.46%
of pierced area). The suspended model, in fact, was made
up of spherical masses connected each-other by inextensi-
ble ropes where the forming forces are concentrated in the
nodes (barycentre of the spheres). Furthermore, the holes
are positioned in correspondence to the empty spaces of the
suspended net. At the same time, the reduced differences
found between the shapes obtainedwithMRAand those ob-
tained with the TNA allow to consider the two procedures,
in this case, perfectly interchangeable. On the other hand,
the analyses here reported are performed considering solely
effects of height, thickness, HP and propagation strategy
of the holes for the four configuration types. A different
approach might have considered further conditions, prin-

cipally for intermediate steps, where at different positions
(percentage and pattern strategy) of the holes may corre-
spond significant effects in the final shapes. Anyway we
focused, in the present context, numerical and experimen-
tal investigations exclusively on the parameters mentioned
above. This choice was done to assess the importance that
a certain HP and its accretion strategy may impact existing
shell spatial structures, not to mention the lowering degree
and the slenderness of the structure.

Each geometrical solution has been verified by FEM
analysis. In Table 1 the mechanical characteristics of the
selectedmortar are reported. The FEMshave been subjected
before to static and after to buckling analysis to study the
global stability of each structural configuration according
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(a) Patter a, thickness 150 mm, (Hole percentage 9.32% (b) Patter a, thickness 150 mm, (Hole percentage 13.46%

(c) Patter c, thickness 150 mm, (Hole percentage 35.60% (d) Patter c, thickness 150 mm, (Hole percentage 45.46%

Figure 4: In this figure some of the most representative results in terms of stress field are reported. Von Mises stress plots for pattern a are
represented in the cases of hole percentages equal to 9.32% (a) and 13.46% (b) (steps with 9 and 13 holes). Similar results are reported for
pattern c in the cases of hole percentages equal to 35.60% (c) and 45.46% (d) (steps with 33 and 49 holes)

Table 1:Mechanical characteristics of the selected masonry

Vault material: Bricks and Cement Mortar
fm 6,5 [MPa] E 4550.0 [MPa]
τ0 0,28 [MPa] G 1137,5 [MPa]
𝛾 15 [kN/m3]

to the varying parameters mentioned above [23–25]. The
first critical load multiplier which corresponds to the first
global and critical Eigen-mode of the structure has been
found for each analysed case.

TSL6 finite element was selected for the structural anal-
ysis. It is a triangular element belonging to the group of
shell elements useful for the simulation of curved shells, in-
cluding multiple branched connections. The elements are
able to simulate curved geometry with different thickness
with anisotropic and composite material characteristics.
The element type accounts for both membrane and flexural

behavior. As expected by thin shell theory, transverse shear-
ing deformations are omitted. In Table 2 the mechanical pa-
rameters of the selectedmaterial (masonry) implemented in
themodels are shown. Themaximum stress under compres-
sion is assumed equal to 6.5MPa. Themaximumpercentage
of the pierced part for all the four families of vaults is 45.5%
(HP) corresponding to a number of holes equal to 49. Ac-
cording to the values reported in Table 1 the simulations
were conducted considering the proper load of the vault.
As it can be seen from Table 2, all the von Mises maximum
values, expressed in MPa, have been reported in relation
to different HP and considering a varying t for a lowering
degree D/h = 3.2 (h = 7.5 m). The data were reported for
each pattern and for each increment of HP. In addition,
as reported in Table 2 in the case of a vault without holes
(HP = 0%), a thickness (t) of 200 mm can be considered
as a limit for the vault thickness. In fact, considering a fur-
ther reduction to t = 150 mm, the maximum stress values
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Table 2: Von Mises Stresses considering HP accretion and vault thickness (t). D/h = 3.2

Thickness [mm] 300 250 200 150 100
Pattern, N of Holes HP σd [MPa]

a) 0 (0.00%) a) 3.52 a) 3.87 a) 5.89 a) 10.07 a) 21.03
b) 0 (0.00%) b) 3.52 b) 3.87 b) 5.89 b) 10.07 b) 21.03
c) 0 (0.00%) c) 3.52 c) 3.87 c) 5.89 c) 10.07 c) 21.03
d) 0 (0.00%) d) 3.52 d) 3.87 d) 5.89 d) 10.07 d) 21.03
a) 1 (0.79%) a) 1.94 a) 2.36 a) 2.96 a) 4.83 a) 9.68
b) 4 (4.39%) b) 2.87 b) 4.00 b) 5.98 b) 9.99 b) 20.27
b) 4 (4.39%) c) 3.42 c) 4.84 c) 7.39 c) 12.69 c) 26.77
d) 1 (0.79%) d) 1.94 d) 2.36 d) 2.96 d) 4.83 d) 9.68
a) 5 (5.40%) a) 2.53 a) 3.43 a) 4.94 a) 7.89 a) 15.61
b) 8 (9.03%) b) 3.58 b) 4.92 b) 7.46 b) 12.69 b) 26.56
b) 8 (9.03%) c) 3.43 c) 3.85 c) 7.41 c) 12.73 c) 26.89
d) 5 (5.40%) d) 2.53 d) 3.43 d) 4.94 d) 7.89 d) 15.61
a) 9 (9.32%) a) 2.06 a) 2.75 a) 3.92 a) 6.15 a) 11.80
b) 12 (13.1%) b) 7.60 b) 10.53 b) 15.60 b) 25.33 b) 49.65
c) 12 (13.1%) c) 2.92 c) 4.03 c) 5.94 c) 9.66 c) 18.59
d) 9 (9.32%) d) 2.06 d) 2.75 d) 3.92 d) 6.15 d) 11.80
a) 13 (13.46%) a) 2.00 a) 2.69 a) 3.86 a) 6.16 a) 11.87
b) 13 (13.94%) b) 3.85 b) 5.27 b) 7.70 b) 12.45 b) 24.15
c) 13 (13.80%) c) 2.00 c) 2.69 c) 3.86 c) 6.16 c) 11.87
d) 13 (13.80%) d) 2.00 d) 2.69 d) 3.86 d) 6.16 d) 11.87
a) 17 (17.60%) a) 5.61 a) 7.49 a) 10.53 a) 16.02 a) 27.85
b) 33 (32.46%) b) 3.84 b) 5.25 b) 7.69 b) 12.52 b) 24.60
c) 33 (35.60%) c) 2.13 c) 2.61 c) 3.73 c) 5.98 c) 11.72
d) 17 (17.60%) d) 5.61 d) 7.49 d) 10.53 d) 16.02 d) 27.85
a) 29 (29.08%) a) 3.71 a) 5.05 a) 7.30 a) 11.61 a) 22.56
b) 45 (42.50%) b) 4.52 b) 5.86 b) 8.04 b) 12.03 b) 23.66
c) 45 (42.60%) c) 2.93 c) 3.91 c) 5.57 c) 8.79 c) 16.46
d) 17 (29.08%) d) 3.71 d) 5.05 d) 7.30 d) 11.61 d) 22.56
a) 49 (45.46%) a) 5.36 a) 7.38 a) 10.89 a) 17.88 a) 35.44
b) 49 (45.46%) b) 5.36 b) 7.38 b) 10.89 b) 17.88 b) 35.44
c) 49 (45.46%) c) 5.36 c) 7.38 c) 10.89 c) 17.88 c) 35.44
d) 49 (45.46%) d) 5.36 d) 7.38 d) 10.89 d) 17.88 d) 35.44

were over 10 MPa, very high respect to the limit of 6.50 MPa.
Taking into account a maximum span D equal to 2.4×103

mm (including supports). The slenderness (λ) limit value
for this type of configuration is 120 (λ = D/t). When HP
increased up to 4.39%, corresponding to 4 holes, pattern
(b) appeared to be the best one, reaching a stress value just
below to the maximum one for t = 150 mm and λ equal to
160. It is important to note that the presence of central hole
in the vault (pierced area percentage = 0.79), as it was ex-
pected, involved a considerable reduction in the maximum
stress level. In fact, for pattern a and pattern d the stress
values dropped down to 1.94 MPa with a decreasing of 55%.
On the other hand, if the pierced area percentage increases

up to 13.1%, the best group appeared to be c. Considering
a pierced area percentage of 9.32%, the best patterns were
a and d with a maximum compression stress of 6.15 MPa
correspondent to λ = 160. With an increase in the pierced
area percentage over 30%, the best pattern appeared to
be pattern c with a maximum stress value of 5.98 MPa for
λ = 160 (t = 150). Similarly, when the percentage raised
above 40%. In this case the pattern c always appeared the
best and the maximum stress is equal to 5.57 MPa. Finally,
when the HP reached 45.46% (maximum percentage) all
patterns are equivalent and the only compatible λ value
was equal to 80 (t = 300 mm). In Figure 4 some of the most
representative results in terms of stress field are reported.
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VonMises stress contour-plots for pattern a are represented
in the cases of hole percentages equal to 9.32% (a) and
13.46% (b) (steps with 9 and 13 holes). Similar results are
reported for pattern c in the cases of hole percentages equal
to 35.60% (c) and 45.46% (d) (steps with 33 and 49 holes).

3 Stability evaluation of the pierced
vaults

For the following analysis the configuration with HP equal
to 45.46% is considered for the evaluation of the most criti-
cal conditions according to the results reported in Table 2.
This configuration is represented in Figure 5a and 5b. For
the evaluation of buckling analysis of this kind of struc-
tures, it is well known that the elastic equilibrium stability
problem can always be written as [18]:

{[K] − µ [Kg]} {δ} = {0} (3)

where [K] is the elastic stiffness matrix, [Kg] is the geomet-
ric stiffness matrix, {δ} is the nodal displacement vector
and µ is the load multiplier. The eigen-values of the prob-

(a)

(b)

Figure 5: Normalized Buckling load for the four pattern evolutions
considering the variation of the pierced area (a). Normalized critical
load multiplier vs. pierced area percentage for the four pattern
evolution (b)

lem can be found from the condition Det([K] − µ[Kg]) = 0.
As the vault for the maximum pierced area is concerned,
the critical loads multiplier evaluated for the structure is
2.71. In Figure 5a the normalized buckling load resultant
vs. the pierced area percentage is reported for all patterns.
In Figure 5a and b the case with λ = 80 (s = 300 mm) and
height equal to 7.5 is considered (D/h = 3.2). In Figure 5b
the normalized critical load multiplier vs. the pierced area
percentage is reported for the same slenderness and lower-
ing degree. Each function is representative of one of the four
different patterns. In every analyzed case, when a solution
with a larger pierced area is considered and characterized
by an increment of the number of central hole, these so-
lutions are always more stable in comparison to the case
of a lower pierced area percentage. As already known, a
concentration of openings in the top area of the vault gener-
ated more stable solutions. In general, roofs with the same
percentage of pierced area are more stable increasing the
lowering degree.

Taking into account that the obtained results are re-
ferred to a limited but quite extended analyzed number of
cases (720 simulations), and considering that no evolution-
ary algorithm has been implemented for the exploration
of the solutions (optimization), we summarized the results

(a)

(b)

Figure 6: In this figure the collapse modalities of the structure
are reported. The first modality “A” represented by far the most
frequent one. In this case the cusp of the vault fell down, while the
parts near the supports deformed by moving upwards (a). On the
other hand, the second collapse modality in reported as the type
“B”. It is less frequent, as reported in Figure 5. In this case the cusp
of the vault fell down and the parts near the supports deformed by
moving downwards (b)
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(a)

(b)

Figure 7: Normalized buckling load value (NBL), as regards the D/h (ranging from 3.2 to 9.0) and the slenderness (80 < λ < 240) are
reported. For each value shown in the graph and represented by a circle, with color corresponding to the best pattern, the size of the
indicator (circle) is proportional to the normalized value of the corresponding NBL (a). Normalized critical load multiplier (NCLM), as regards
the D/h and the slenderness are reported. For each value shown in the graph and represented by a circle, with color corresponding to the
best pattern, the size of the indicator (circle) is proportional to the normalized value of the corresponding NCLM (b)

obtained in two schemes where the more stable solutions
are identified according to the lowering degree and the
slenderness of each particular geometrical configuration.

In Figure 6a the most frequent collapse mechanism (A)
is reported. It is characterized by the bulging of the vault
diagonal portions and the lowering of the cap. Only in one
case the observed collapse mechanism is characterized by

a different mechanisms noticed as the second type (B). It is
characterized by the internal bulging of the diagonal parts
of the vault and the raising of the cap (see Figure 6b). This
last case (B) occurred for a slenderness equal to 80 and a
very high D/h (9.0).

In Figure 7a the best solutions in terms of stability con-
ditions (Normalized buckling load value), as regards the



Form-finding of pierced vaults and digital fabrication of scaled prototype | 219

Figure 8: 3D Geometrical Model of the scaled prototype – Perspec-
tive View

D over h ratio (ranging from 3.2 to 9.0) and the slender-
ness level (from 80 up to 240) are reported. For each value
shown in the graph and represented by a circle, with color
corresponding to the best pattern, the size of the indicator
(circle) is proportional to the normalized value of the corre-
sponding normalized buckling load. In Figure 7b a similar
graph is reported, in this case the reference parameter is
the critical load multiplier. Also in this case it is possible
to identify a unique case where the B type collapse mech-
anism prevailed. This last condition is characterized by
λ = 80 and D/h = 9.0 (pattern 1).

4 Experimental tests: The model of
the vault

The vault selected for the experimental validation pre-
sented the higher value of the critical load multiplier be-
tween the structures with a D/h equal to 3.2. This model
is characterized by 49 holes and a HP of 45.5%. It is 7.5
meters tall and the thickness of the transverse section is
equal to 30 cm. The scaled model used was realized with
a reduction using a scaling factor of 0.0625 (1/16) in order
to have the side equal to 1 m. Consequently, the prototype
was 469 mm tall with a transverse section of 18.75 mm and
slenderness equal to 80 (see Figure 8). Considering the dou-
ble symmetry of the geometry, only a quarter of the vault is
considered for the voussoir geometry design (see Figure 9).
In the preliminary tests described in the present paper the
primary objective was to analyze the global behavior of the
structure under loading. In the next experiments possible
effects of the dimensional analysis will be considered [40].

Using rapid prototyping toolkits, the shape of the vault
was separated in several dowels. The design of the bricks
consider that the discretized form diagram achieved in the
form finding process shall be viewed as the forces in the

Figure 9: Bricks design process scheme – starting from the equili-
brated form diagram output of the TNA, the bi-dimensional geome-
try of the bricks has been determined

vault when subjected to vertical loads. The bricks have
to be realized in mortar cement so a mould system has
to be designed. Due to the small scale of the model, it is
very important to ensure the accuracy of the formwork ge-
ometry. The geometry of each formwork has been created
into Rhinoceros using Grasshopper. Exporting the geome-
try source file these elements were realizedwith 3D printing
with a Fuse Deposition Modeling (FDM) technique in PLA
material (completely eco-friendly).

Themost relevant parameters set up for the 3D printing
process are: a filament diameter of 1.75 mm a layer height:
0.2 mm, a fill density of 30% (see Figure 10). At the same
time the print speed was between 80–150 mm/s with a
printing temperature of 215∘C.

It is remarked that for the sake of simplicity the four
base elements have been fabricated with the FDM tech-
nique. All bricks were cast into the shuttering and made by
cement mortar with a 0.4 water to cement ratio.

The three-dimensional shape of the 100 different bricks
typologies and their formworks have been designed ac-
cording to the previous scheme for a total number of 400
bricks composing the vault. To support the bricks during
the prototype realization, a spar was realized with card-
boards sheets designed parametrically with Grasshopper
and cut on purpose according to the internal shape of the
vault. The spar has been placed on a plywood panel sup-
ported by 4 threaded bars that allow to control the height
of the whole structure during all the construction stages.
According to the brick scheme designed previously, all the
bricks have been placed on the spar upper surface. At the
end of construction, the spar has been removed. During
first down-lifting phases, the self-weight of the structure
start to be carried out on the structure (Figure 10).
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(a) (b)

(c) (d)

Figure 10: 3D printing with FDM of the formwork (a). To support the bricks during the prototype realization, a spar were realized with
cardboard (b) Removing phase of the spar (c). The structure is realized (d)

5 Stability analysis by digital image
correlation (DIC): Preliminary
results

In order to analyze the vault model deformation under load-
ing 3D-Digital Image Correlation (DIC) was used (Figure 11).
The correlation algorithm used is based on the tracking of
grey value pattern in small local neighborhoods. G(x, y) is
the grey value of a pixel with the coordinate x and y inside
of the subset, the correlation algorithmminimized the sum:∑︁

x,y
(Gt (xt , yt) − G (x, y))2 (4)

whereGt(xt , yt) = g0+g1G(xt , yt); x1 = a0+a1x+a2y+a3xy
and y1 = a4+a5x+a6y+a7xy. By the variation of the illumi-
nation parameters (g0, g1) and the parameters of the affine
transformation (a0 . . . a7) an accuracy for the matching
of better than 0.01 pixel can be achieved. The correlation
algorithm which is actually applied is a two dimensional
generalization of the case just described. It implies, in par-
ticular, a two dimensional geometric transformation which
is to rectify perspective distortion and relief displacement.
In view of the small size of the image areas it is sufficient to

apply affine linear transformation (six a type parameters).
Once the 3D contour has been determined, the second step
in digital 3D correlation is the measurement and the de-
termination of the three-dimensional deformation of the
object surface (deformed pattern). This process is carried
out by correlation of the images, taken by both cameras
with respect to their original reference images. In Figure 12a
and Figure 13a DIC applications are shown together with
the experimental set-up. In Figure 12b and 13b the load ap-
plications are reported. In particular, a total load of 88.30
N was applied in the structure by 4 successive steps. In Fig-
ure 13a the measurement areas are reported. In Figure 13b
the last loading phase is shown.

The surfaces considered for the DIC measurements are
not loaded by external loads (see Figure 13). This choicewas
made to avoid measurements by possible local effects that
could take place on dowels constituting the vault where the
loads were placed. In this way, the detection procedure can
be transferred from the prototype scale to the structural
scale. In fact, it appeared of great importance to explore
a non-contact monitoring system that is able to interpret,
through the observation of points localized on the external
surface of the vault, or limited areas of the structure, the
global collapse condition. Furthermore, the analysis of the
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(a) (b)

Figure 11: Determination of the three-dimensional displacement vector (a). Principle of 3D image correlation with 2 cameras (b)

(a)

(b)

Figure 12: DIC application is shown together with the experimental
set-up (a). The geometry of the vault prototype is reported together
with the points where the load applications were applied (b)

(a)

(b)

Figure 13: Physical model of the vault. In red the portion of the
structure monitored by DIC (a). The loading procedure is obtained
by different loads applied on the lower part of the structure during
different loading steps realized by different water containers (b)
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Figure 14: Strain Diagram for measurements 2. The minimum and the maximum values are reported

(a)

(b)

Figure 15: Deformed grids referred to the first and second measure-
ment area

surface portions, as shown in Figure 13, are more simply
accessible, even in full-scale structures, if positioned in
portions of the vault localized near the supports and not on
the vault top, very difficult to be monitored in large vaults
and existing roofs. In the Figures 14 and 15 the maximum
and the minimum surface displacements for each of the
two measurement areas are reported as the applied loads
changed. It can be always observed an increasing of dis-
placements of all the detected points up to the load phase
just before the collapse condition of the model. The col-
lapse phase of the prototype, in order to be able to carry
out more tests on the same model, did not involve the com-
plete collapse of the prototype, but the maximum value of
the load was assumed in correspondence of the first under-
mining phenomenon of one of the dowels constituting the
vault. Once this value was reached, the load increments
were interrupted and the structure was unloaded. From
the point of view of the detection of the maximum and the
minimum displacements, this condition of “first damage”
to the vault has always been accompanied by an evident re-
duction in the increase of the displacement measurements.
As reported in Figure 16, the evolution of the displacement
measurements as the load increased can be represented
by a fourth degree polynomial displacement. The trend of
the displacements can be expressed as a function of the im-
posed load: dp4(L). La stationarity of the function dp4/dL
denounced the imminent condition corresponding to the
collapse of the vault.
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Figure 16: The trends related to the minimum and the maximum
displacement measured in grids A and B are reported. In particular,
two different phases are recognized, phase 1 and phase 2 (immi-
nent collapse condition). La stationarity of the function dp4/dL
denounced the imminent condition corresponding to the collapse of
the vault.

6 Conclusions
In the present paper, the form finding process for a
cement based tessellated pierced vault is proposed by
MRA approach. The validity of the optimal shape of the
compression-only vault was checked by the truss network
analysis (TNA). At the same time, different tessellation
meshes of the adopted vault shapes, according to different
HP and different strategies in the pierced area growth were
investigated. In particular, central-central, lateral-central,
corner diagonal and central-corner strategies were adopted
to increase the number of holes.

The different solutions in term of HP and strategy of
the pierced area growth were compared in term of strength
to themaximum stress under compression, assumed for the
considered material equal to 6.5 MPa. The maximum per-
centage of the pierced part for all the four families (groups)
of vaults was 45.5% corresponding to 49 holes. In Table 2
vonMises stresses in the material, considering different HP
steps (HP steps=0.79% or 4.39%, 5.40% or 9.03%, 9.32%
or 13.1%, 13.46% or 13.80%, 17.60% or 32.46%, 29.08% or
42.50%, 45.46%) were summarized for all the analyzed con-
figuration taking into account the different positions of the
holes (pattern configurations) and slenderness (λ ranged
from 80 to 240). In addition, taking into account all the
configurations, the geometries of the vaults were analyzed
by mean of global stability analysis identifying the best
solutions according to different slenderness and a lowering
degree D/h = 3.2. Taking into account the results reported
in Table 2 the best solution in term of HP, λ and thickness
(t) was the case with 33 holes, 35.60% of pierced area, t =
150 mm and characterized by a λ = 160.

Furthermore, a 3D printingwith a Fuse DepositionMod-
eling (FDM) technique in polylactide (PLA) material (com-
pletely eco-friendly) is explored for the construction of the
formworks of the cement based blocks (dowels) useful for
the assembly of a vault scaled prototype. The prototype of
the vault, characterized by the maximum piercing percent-
age (45.5%) was subjected to static loading conditions and
monitored by a non-contact device based on the Digital Im-
age Correlation (DIC) technique. The 3D-DICwas performed
to recognize the structural behavior during the loading pro-
cess of the model (prototype). In recent works it has been
observed how the variation of some structural parameters,
such as the natural frequency of the monitored elements,
can offer information on the proximity to the collapse due
to instability phenomena [41–43], without neglecting the
stiffness reduction in the joints of truss structures [44]. In
the present paper, the evolution of the displacement mea-
surements as the load increased can be represented by a
fourth degree polynomial displacement trend as a function
of the imposed load: dp4(L). Stationarity of the function
dp4/dL denounced the imminent condition corresponding
to the collapse of the vault.
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