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Abstract. The paper investigates the influence of the drag force onto the flutter velocity and frequency of the Akashi Kaikyo Bridge. 
Finite element analyses were run in ANSYS by combining unsteady lift and moment actions with: (a) unsteady drag, (b) steady 
drag, (c) no drag. The finite element results are compared to those obtained by an in-house MATLAB code based on a semi-analytic 
continuum model and with others from the literature. The continuum model includes flexural-torsional second-order effects 
induced by steady drag force into the bridge’s equations of motion, in addition to unsteady lift and moment actions. The results 
show that good predictions of the flutter velocity can be obtained by combining steady drag with unsteady lift and moment. 

Keywords: Aeroelastic Flutter, Suspension Bridge, Akashi Kaikyo Bridge, Finite Element Model, Semi-analytic Model, Drag Force. 

1. Introduction 

As is well known since the famous Tacoma Narrows Bridge collapse of November 7th, 1940, flutter is the most dangerous 
aeroelastic phenomenon concerning the design against wind of long-span cable-supported bridges [1]. In fact, wind represents 
the actual “design action” for flexible bridge schemes like those employed to range long distances [2]. In practice, bridge flutter 
analysis basically rests on the theory proposed by Scanlan and Tomko in 1971 [3], and later refined by Scanlan himself and by 
other researchers [4]-[6]. Such theory transposes the theory of wing flutter to bridge decks, where in the latter case the unsteady 
aerodynamic loads related to the bridge deck's harmonic motion are expressed in terms of parameters (the so-called aeroelastic 
or flutter derivatives) that are experimentally determined in the wind tunnel rather than analytically computed. The theory is 
supposed to be valid only for small displacements and rotations and for laminar incident flow, but it is commonly used to define 
the onset of aeroelastic instability in real cases. Recent advancements have been proposed that use aeroelastic derivatives to 
perform nonlinear flutter analyses [7]. Ad hoc numerical procedures have been developed to analyze full bridge flutter in a finite 
element framework, both in the frequency and time domains (e.g. see [8-10]). The literature on the subject is very vast and in 
continuous expansion; here we only refer to some of the fundamental studies and to those papers that are, in some way, directly 
connected to the presents work. An interesting historical view of long-span bridge aerodynamics is given in [11], whereas a wide 
review of methods for flutter stability analysis of long-span bridges can be found in [12]. 

Flutter stability analysis of long-span bridges is usually conducted as a damped complex eigenvalue analysis, where the 
aeroelastic (self-excited or motion-dependent) forces acting on the bridge deck are expressed as linear functions of deck’s 
displacements and velocities [5]. In most practical applications, among the general three aeroelastic forces of drag, lift, and 
pitching moment, only the latter two are of interest, the former being of little importance for dynamic stability. However, both 
numerical (FEM) calculations and wind tunnel tests conducted before the construction of the Akashi Kaikyo Bridge – current 
world record with its central span of 1991 m – showed that all the three aeroelastic components of lift, drag and moment are of 
interest for spans above around 1.5 km [13]. According to the most general formulation, eighteen flutter derivatives are required 
for a complete description [5,14]. Their evaluation in the wind tunnel is a hard and expensive task; fortunately, some of them are 
less important than others, and studies that provide reliable, simplified approaches are of interest, especially for their practical 
usefulness in early and intermediate design stages [15]. 

The present work aimed at investigating the role played by the description of the drag component on the predicted flutter 
velocity, and frequency, of very long-span suspension bridges. The Akashi Kaikyo Bridge was selected as a benchmark. To the 
purpose, a detailed finite element model of the central span of the bridge was implemented in ANSYS. The user-defined Matrix27 
element [16-18] was incorporated into the model to define the nodal aeroelastic forces by means of element aerodynamic 
stiffness and damping matrices. Flutter analyses were thus run considering the following descriptions of the wind aerodynamic 
actions: 
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1) Unsteady (motion-dependent) lift, moment, and drag; 
2) Unsteady lift and moment plus steady (motion-independent) drag; 
3) Unsteady lift and moment with no drag. 
The finite element results were compared to those obtained by an in-house MATLAB code based on a semi-analytic continuum 

model. The latter includes flexural-torsional second-order effects induced by steady drag force into the bridge equations of 
motion, in addition to unsteady lift and moment actions. Reference to literature results was also done for further comparisons. 
The present paper extends and enhances a previous conference paper by the authors [19], dealing with the same problem. In that 
study, the results provided by the semi-analytic model were satisfactory in terms of flutter speed, but less good in terms of flutter 
frequency. Thus, a preliminary free-dynamics analysis with no wind was added in this study to set the parameters and the 
boundary conditions of the continuum model prior to the flutter analysis. The results in terms of natural vibration frequencies 
and mode shapes of the bridge are presented in this paper together with those of the new flutter analysis, showing a better 
match in terms of both flutter speed and frequency. In addition, more details are also provided here about the adopted procedures, 
as well as new comparisons with literature results and possible further developments. 

2. Aerodynamic Actions and Flutter Analysis Methods 

2.1 Aerodynamic loading models 

With reference to a deck-girder section model with at most three degrees of freedom in the plane, linearly damped and 
elastically supported, the following three descriptions of the aerodynamic actions produced by a laminar transverse wind were 
adopted in this study: 

 
• Case 1) 
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where: Lse, Dse, Mse are the unsteady (self-excited) aerodynamic actions of lift, drag, and moment per unit length, respectively;  is 
the air mass density; U is the wind speed; B is the deck width; K=B/U is the reduced circular frequency ( is the circular 
frequency); h, p,  are the vertical (heaving), lateral (sway), torsional generalized displacements, respectively (dotted symbols 
represent time derivatives); Hi

* , Pi
*, Ai

* (i=1, 2, …, 6) are the non-dimensional flutter derivatives, which are functions of K. They are 
usually evaluated in the wind tunnel for the deck section of interest, and plotted as functions of the reduced velocity 
Ur=2π/K [19],[21]. 

 
• Case 2) 
 
Lift and moment were assumed as self-excited forces according to Eqs. (1) and (3), respectively, whereas the drag force was 

assumed as a steady force, evaluated for zero attack angle, as follows: 

 ( ) ( )s s DBD CD Uρ= = 2: 0 0
1

 
2

, (4)

 

where CD(0) is the steady drag coefficient, which is a function of the deck section and wind attack angle , evaluated for zero angle 
of attack (the notation (0) refers to the angle of attack =0°) [19],[21]. 

 
• Case 3) 
 
Lift and moment were assumed as self-excited forces according to Eqs. (1) and (3) as in the previous cases, whereas the drag 

force was neglected. 

2.2 Finite element flutter analysis 

The finite element setting for linear flutter analysis writes as follows: 

 ( ) ( ) ,ae ae+ − + − =ɺɺ ɺX XC K K XM C 0  (5) 

where: M, C, K are the global mass, damping, and stiffness matrices, Cae, Kae are the aerodynamic damping and stiffness matrices, 
respectively, all obtained by assembly of the corresponding local (element) matrices; X is the dynamic response vector. Cae, Kae are 
evaluated based on the aerodynamic loading descriptions in Section 2.1, adopting a lumped formulation. 

When using the lumped formulation, the element aerodynamic stiffness and damping matrices are: 

 
1 1

1 1

0 0
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0 0

e e
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where a0=U2K2Le /2, b0=UBKLe /2; Le is the length of element e. 
Matrices Ke

ae and Ce
ae in Eqs. (6a, b) and (7a, b) are the same for each element of the bridge model, according to a usually 

adopted approximation. In fact, the aerodynamic derivatives Hi
* , Pi

*, and Ai
* are obtained from sectional models that have two-

dimensional characteristics (assumption of bi-dimensional flow), so that three-dimensional features of the aerodynamic flow are 
neglected. In other words, the aerodynamic stiffness and damping are assumed constant along the bridge deck. On the other 
hand, a spatial variation of the wind force along the bridge axis can easily be introduced via a multiplicative function affecting  
the wind speed U (wind spatial distribution coefficient), but this is often not done since assuming a uniform wind distribution is 
conservative, and thus on the safe side. In addition, studies have proven the effect of turbulence – not included in this 
formulation – to be beneficial against flutter (i.e., increases the stability limit), and therefore its contribution is usually 
ignored [19]. 

By Eq. (5), a damped complex eigenvalue analysis can be carried out to study the dynamic stability of the discretized bridge 
structure for increasing wind speeds. The dynamic response can be approximated by a superposition of the first m conjugate 
pairs of complex eigenvalues and eigenvectors, as: 

 j

m
t

j
j

X x
λ

=

=∑
1

e ,  (8)  

where xj=pj ± iqj is the jth complex conjugate pair of eigenvectors, j=j ± ij is the jth complex eigenvalue. 
The system is dynamically stable if the real part of all eigenvalues is negative and dynamically unstable if the real part of one 

or more eigenvalues is positive. The condition for occurrence of flutter instability is then identified as follows: for certain wind 
velocity Uf the system has one complex eigenvalue f with zero or near zero real part, the corresponding wind velocity Uf  being 
the critical flutter wind velocity and the imaginary part of the complex eigenvalue f becoming the flutter frequency. A mode-by-
mode tracing method must be employed to iteratively search for the flutter frequency and determine the critical flutter wind 
velocity. 

According to the analysis method proposed in [16], the element aerodynamic stiffness and damping matrices can be built-up 
in ANSYS by a specific user-defined Matrix27 element. Such element can only model either an aerodynamic stiffness matrix or an 
aerodynamic damping matrix, therefore a pair of Matrix27 elements must be attached to each node of a generic bridge deck 
element. Matrix 27 elements represent fictitious finite elements that can conveniently be introduced into the geometry to obtain 
a hybrid finite element model of the bridge suitable to perform a flutter analysis in ANSYS [16]. In the analyses conducted in the 
present study, the aerodynamic actions (both self-excited and steady) were neglected for the suspension cables. 

2.3 Semi-analytic continuum model for flutter analysis with drag-induced second-order effects 

With reference to the single-span suspension bridge scheme in Fig. 1, the structure is composed of a deck-girder, modeled as 
an elastic beam of constant cross-section, deformable in flexure and torsion, inextensible and not deformable in shear, vertically 
suspended to the main cables by a continuous system of hangers. The main cables are modeled as tension-only elastic elements. 
The hangers are modeled as inextensible bars. The deck-girder is simply supported at the ends for both vertical bending and 
torsion, and is supposed to be straight under permanent loads. The pair of main suspending cables, having shallow parabolic 
profile (sag-to-span ratio<1/8), is connected to fixed points with same height. A reduced elastic modulus of the cables is 
introduced to suitably take into account the compliance of the end portions of the cables between towers and anchorages. 

  

(a) (b) 

Fig. 1. Single-span suspension bridge model: (a) static scheme and (b) cross-section before and after bending-torsion deformation. 
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According to the previous assumptions, under the action of uniformly distributed steady drag force and unsteady lift and 
moment, the equations of motion of the deck-girder, described in terms of vertical deflection, v(z,t), and torsion rotation of the 
beam sections, (z,t), where z is the abscissa measured along the beam centroidal axis and t is time, write:  

 ( ) ( ) ( ) ( )( )g v x y c R L seE z t v c v EI v Hv m y h t h t Lµ ϑ ′′′′′′ ′′ ′′= + + − + − + − =1 , : 0,ɺɺ ɺ  (9a) 

 ( ) ( ) ( ) ( )( )t y c R L seE z t I c EI GI Hb m v by h t h t Mϑ ϑ ωϑ ϑ ϑ ϑ′′′′ ′′ ′′ ′′= + + − + + + − − =2
2 , : 0,ɺɺ ɺ  (9b)  

where: μg, I, are the bridge’s (deck-girder, cables and hangers) mass, polar mass moment of inertia per unit length; cv=2μgvv, 
c=2I are the damping coefficients (with v,  the damping ratios, v,  the angular frequencies); EIx is the bending rigidity in 
the vertical plane (x is the cross-section horizontal axis through the centroid); EI, GIt are the warping (Vlasov), primary (St. 
Venant) torsion rigidities; H is the total horizontal component of the main cables tension due to the bridge weight per unit length, 
qg (H=qg l2/8f, with l the bridge (central) span and f the cables sag); my is the bending moment in the horizontal plane, due to the 
steady drag, Ds, given by Eq. (4) (y is the cross-section vertical axis through the centroid; yc is the initial profile of the main cables, 
assumed parabolic. Overdots denote differentiation with respect to time t, apexes denote differentiation with respect to z. hR, hL 
are the additional horizontal components of the right, left cable tensions (nil for antisymmetric deformations), given by [22]: 

 ( )
( )

( ) ( )( ) ( )
( )

( ) ( )( )
l l

g gc c c c
R L

q qE A E A
h t v z t b z t z h t v z t b z t z

L H L H
ϑ ϑ= − = +∫ ∫0 0

2 2
, , d , , , d ,  (10a, b)  

where Ec is the elastic modulus and Ac is the total cross-sectional area of the main cables, b is the half-width between the main 

cables, 
l

cL y z= +∫ 2

0
1 (d / dz) d  is the cable length, with good approximation is L≈l in case of shallow cable (yc/l<1/8). The self-

excited actions of lift and moment, Lse and Mse, are expressed as follows:  

 ( ) ( ) ( ) ( )se

v B v
L U B KH K KH K K H K K H K

U U B

ϑ
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ɺɺ
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ϑ
ρ ϑ∗ ∗ ∗ ∗

  = + + +   
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1 2 3 4

1
,

2

ɺɺ
 (12) 

with the same meaning of symbols already introduced in Section 2.1. 
Note that Eqs. (9a) and (9b), in addition to the aerodynamic coupling due to the flutter derivatives H2

*, H3
*, A1

*, A4
* (see Eqs. (11) 

and (12)), result statically coupled because of the presence of the moment my induced by the drag force, which produces the 
destabilizing second-order effects (my ʺ)  and myvʺ . These latter can be responsible of a Prandtl-like lateral-torsional 
buckling [23],[24]. my=Ds z(l–z)/2 if the deck-girder is simply supported for horizontal bending, my=Ds[–l2/12+z(l–z)/2] in case it is 
doubly clamped (the contribution of the cables is ignored); all the intermediate situations are comprised between the previous 
two extreme cases. In the analyses conducted in the present study, the bridge deck was considered simply supported at both ends 
for horizontal bending. 

If the terms (my ʺ)  and my vʺ  in Eqs. (9a) and (9b) are neglected, one obtains the linearized flutter equations involving vertical 
bending and torsion [25], the static part of which rests on the well-known linearized deflection theory of the stiffened suspension 
bridge [25,27,28]. The deflection theory of suspension bridges was originally introduced by Melan in 1888 limited to vertical 
bending [29], and then extended to bending-torsion behavior by Moisseiff and Lienhard in 1933 [30] and by Bleich in 1935 [31]. To 
the best of the authors’ knowledge, the linearized flutter equations with second-order effects as they appear in Eqs. (9a) and (9b) 
seem to be original. At the same time, fully geometrically nonlinear formulations of continuum models of suspension bridges, 
also suitable for flutter and post-flutter analysis, can be found in [25] and in the references contained in it. 

The dynamic solution to Eqs. (9a) and (9b) is sought in the form: 

 ( ) ( ) ( ) ( )v t tzzv t zz t ϑω ωϑη ψ= =i i, e , e ,,  (13a, b) 

where (z), (z) are the eigenfunctions (vibration modes with no wind) and v=vr+ivi, ϑ =ϑr+iϑi the corresponding complex 
eigenvalues. In this case, dynamic instability (i.e. flutter) occurs when the imaginary part of one or more eigenvalues becomes 
negative, the corresponding real part becoming the flutter frequency f. 

A free vibration analysis with no wind, including the effect of the bridge self-weight, must be conducted prior to the flutter 
analysis. Antisymmetric and symmetric vibration modes are analyzed separately: the former are expressed by sine functions with 
even number of half-waves (2, 4, 6, …), while the latter by a series of sine functions with odd number of half-waves (1, 3, 5, …). The 
analysis can be extended to the first n eigenfunctions j(z),  j(z) and corresponding eigenvalues vj=vr,j + ivi,j, ϑj=ϑr,j + iϑi,j (j=1, 2, 
3, …, n). It can be shown that the jth antisymmetric mode is well approximated by a single sine function with a number 2j of half-
waves (sin(2πz/l), sin(4πz/l), sin(6πz/l), …) [22]:  

 ( ) j
A
j k

k z
z a k j

l
η

π = =  
, within 2s ,  (14a) 

 ( ) j
A
j k

k z
z b k j

l
ψ

π = =  
, within 2s ,  (14b) 

whereas the analysis of the lower symmetric modes requires considering a series expansion with at least four terms for a good 
approximation (the single term expression gives a good approximation for the higher symmetric modes with j>3, a case in which 
the magnitude of the incremental tensions hR, hL decreases rapidly with an increasing number of half-waves of the vibration 
mode) [22]. Therefore, for the symmetric modes, we can set in general: 
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2 13 5
... ,sin sin sin sin  (15a) 

 ( ) ( )
( )

n
S
j j j j j

n zz z z
z b b b

l l l l

ππ π
ψ

π
ψ −

 −           = + + + +                   1 3 5 2 1

2 13 5
... .sin sin sin sin  (15b) 

Each sine function in Eqs. (14a), (14b) and (15a), (15b) satisfies the same boundary conditions as the functions (z) and (z) (in 
principle, other suitable functions that satisfy the same boundary conditions can be chosen): 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )x xl EI EI l l EI EI lω ωη ψ ψη η η ψ ψ ′′ ′′= = = =′ =′ = = =′ ′0 0 0 0 0,  (16) 

whereas the parameters aj and bj (j=1, 2, 3, …n) are to be determined. This can be done by the Ritz energy method [22], based on 
Hamilton’s principle:  

 T V− =min  (17) 

being T and V the maximum values of the kinetic and potential energy, respectively. Neglecting the mechanical damping (natural 
vibrations), the difference T – V for the bending and torsion modes in absence of wind can be expressed as follows [22]:  

 
l l l l

gc c
v g x

qE A
T V v EI v H vv v

L H
ω µ
      ′′ ′′ − = − + −           
∫ ∫ ∫ ∫

2 2
2 2 2

0 0 0 0

1
dz dz dz dz ,

2
 (18a) 

 ( )
l l l l

gc c
t

qE A
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L H
ϑ ϑ ωω ϑ ϑ ϑϑ ϑ
      ′′ ′′ − = − + + −           
∫ ∫ ∫ ∫

2 2
2 2 2 2 2

0 0 0 0

1
dz dz dz dz .

2
 (18b) 

Introducing Eqs. (15a), (15b) into the energy Eqs. (18a), (18b) leads to two expressions showing T–V as quadratic functions of 
the n parameters aj or bj. Thus, setting the minimum condition of Eq. (17) yields, for the symmetric modes:  

 
( ) ( ) ( ) ( )

j j j j n

T V T V T V T V

a a a a −

∂ − ∂ − ∂ − ∂ −
= = = =

∂ ∂ ∂ ∂1 3 5 (2 1)

0, 0, 0, ..., 0,  (19a) 

 
( ) ( ) ( ) ( )

j j j j n

T V T V T V T V

b b b b −

∂ − ∂ − ∂ − ∂ −
= = = =

∂ ∂ ∂ ∂1 3 5 (2 1)

0, 0, 0, ..., 0,  (19b) 

which represent two homogeneous systems of n linear equations in the parameters aj or bj. Setting the determinants of the 
coefficient matrices of Eqs. (19a) and (19b) equal to zero leads to two algebraic equations of the nth degree in the unknowns 2 
which represent the two frequency equations determining vj and j. Upon computing the eigenvalues j

2 and introducing them 
into Eqs. (19a) and (19b), the corresponding values of the parameters aj and bj can be computed but for a nonessential 
multiplicative constant, and the shapes of the symmetric vertical bending and torsional vibration modes can be established 
(eigenfunctions). It is important to note that in starting from n-term expressions in Eqs. (15a), (15b), the energy method furnishes 
the first n symmetric bending, torsion modes in one single step. Each frequency equation yields n different roots 2 corresponding 
to the first, second, …, nth mode of vibration [22]. For example, for n=5 one obtains the first five frequencies of symmetric bending 
and the first five frequencies of symmetric torsion. Introducing Eqs. (14a), (14b) into the energy Eqs. (18a), (18b) and imposing the 
minimum conditions for the antisymmetric modes analogous to those of Eqs. (19a), (19b) allows determining the first n 
frequencies of antisymmetric bending and the first n frequencies of antisymmetric torsion. 

In suspension bridges, usually the first vibration mode is that of symmetric lateral bending (here to be computed apart), then 
followed by vertical bending and torsion modes. Among the latter, antisymmetric modes tend to be dominant in suspension 
bridges with relative short side spans compared to the central span, whereas symmetric vibration modes prevail on 
antisymmetric ones when the side spans are relatively long. This is because symmetric modes require increments in the cable 
tension, while antisymmetric modes do not (the integrals in Eqs. (10a, b) identically vanish); therefore, symmetric vibration modes 
require in general higher energy levels to activate than antisymmetric ones. In addition, the shorter are the side spans, the higher 
is the effective axial stiffness of the suspension cables in the central span. Of course, the real vibration modes of a suspension 
bridge are combinations of the aforementioned elementary modes [25]. Such coupling is usually better described by finite 
element models. 

In presence of wind action, an approximate solution to the system defined by Eqs. (9a) and (9b) can be found by applying the 
Galerkin method [32]. Inserting Eqs. (13a, b) into Eqs. (9a), (9b), with the functions (z) and (z) expressed by Eqs. (14a), (14b) or 
(15a), (15b), and then imposing the following integral conditions  

 ( ) ( ) ( ) ( )
l l

j jE z t E tz zzη ψ= =∫ ∫1 2
0 0

, ,,0, 0  (20a, b) 

yields the following complex eigenvalue problem, of dimension 2×2:  

 ( ) ( )D
ae g aeM C C K K Kω ω − + − + − − =  

2det i 0,  (21) 

where KD
g is the geometric stiffness matrix associated with the drag-induced second-order effects, i.e. the initial stress matrix due 

to Ds, the remaining symbols having the same meaning already introduced. From Eq. (21), the values of 2 are obtained as 
functions of (U, Ur) by applying an iterative procedure. As before, a mode-by-mode tracing method must be employed to iteratively 
look for the flutter critical couple (Urf, f); Urf  is the reduced flutter velocity, f is the flutter (circular) frequency. Eventually, the 
flutter wind velocity is thus obtained as Uf =f BUrf /2π. Note that for U=0, the natural frequencies of the bridge in absence of wind 
are recovered. 
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Fig. 2. Layout of Akashi Kaikyo Bridge: (a) global view and bottom view of stiffening girder, (b) main tower, cross-section of stiffening girder and 
side view (dimensions in m). 

According to the procedure described above, Eq. (21) allows studying a bi-modal flutter in which only one vertical bending 
mode and one torsion mode are involved. It is reasonable to combine the first symmetric bending mode with the first symmetric 
torsion mode, as well as the first antisymmetric bending mode with the first antisymmetric torsion mode. Of course, other 
combinations, also involving the higher modes, are possible. In general, the couple of selected modes yielding the lowest flutter 
velocity will be the critical one. This procedure will be applied in the next section to the selected case study. In general, a multi-
mode flutter analysis can be conducted by expressing the functions v(z,t) and ϑ(z,t) in Eqs. (13a, b) by a weighted series of m 
eigenmodes (m ≤ n), each one described by an n-term expression of the type (14a), (14b) or (15a), (15b). In this case, applying the 
Galerkin method yields a complex eigenvalue problem of dimension 2m×2m, formally identical to that of Eq. (21) [25]. This 
problem will be dealt with in future contributions. 

3. Case Study and Results 

Figure 2 shows the general layout of the Akashi Kaikyo Bridge, while the main geometrical and mechanical properties are 
listed in Tab. 1 [21]. General information on the bridge design and realization can be found in [33]-[35]. 

A finite element model of the central span was built in ANSYS 15.0 (Fig. 3). BEAM188 finite element was adopted to model 
main cables and truss girder, whereas LINK180 element was assigned to the hangers [36]. A free vibration analysis without wind 
action was run in the pre-stressed condition under permanent loads prior to flutter analysis. Table 2 collects the natural vibration 
frequencies obtained by the FEM model, where they are compared to others available in the literature [21],[37],[38]. In the same 
table, the frequencies furnished by the semi-analytic model are also reported; see the comments reported below in this section. 
Figure 4 shows a comparison of the mode shapes obtained in ANSYS and in MATLAB. The first 16 modes are shown: the first four 
symmetric and the first four antisymmetric modes of vertical bending are in Fig. 4a, whereas the first four symmetric and the 
first four antisymmetric torsion modes are in Fig. 4b. In the same figure, the modes are identified with respect to those calculated 
in MATLAB and indicated in Tab. 2 (further comments are reported later on in this section). Table 3 shows the MAC (Modal 
Assurance Criterion) [39] and NMD (Normalized Modal Difference) [40] indices, used here to evaluate the correlation between a 
mode shape calculated in ANSYS and the corresponding one obtained in MATLAB. In general, MAC and NMD are defined as 
follows: 

(b) 

(a) 

Side view 

Main tower 

Cross-section of 
stiffening girder 



Long-span Suspension Bridge Flutter Analysis with Drag Force Effects  
 

Journal of Applied and Computational Mechanics, Vol. 7, No. SI, (2021), 1077-1089 

1083 

Table 1. Main geometrical and mechanical properties of the Akashi Kaikyo Bridge. 

Property Measure Property Measure 

Central span length (m) 1,991 Diameter of hangers (m) 0.19 

Side spans length (m) 960 Inertia moment for vertical bending (m4) 24 

Towers height (m) 282.6 Inertia moment for lateral bending (m4) 130 

Truss girder width (m) 35.5 Inertia moment for torsion (m4) 17.8 

Truss girder depth (m) 14 Deck-girder mass (t/m) 28.7 

Cross-section of each main cable (m2) 0.79 Polar inertia moment of girder (t m2/m) 5,800 

Table 2. Natural vibration frequencies (in Hz) of Akashi Kaikyo Bridge from present study and literature (=(fMAT – fANS) / fANS ×100). 

Mode(*) ANSYS, fANS MATLAB, fMAT  (%) Jurado et al. [21] Katsuchi [37] Miyata et al. [38] 

LS 0.0371 - - 0.0451 0.0388 0.0387 

VS 0.0602 0.0618 (VS1) 2.7 0.0662 0.0652 0.0638 

VA - - - 0.0736 0.0753 0.0745 

VA 0.0829 0.0769 (VA1) –7.2 0.0850 0.0850 0.0835 

LA 0.0719 - - 0.0946 0.0783 0.0775 

VS 0.1222 0.1204 (VS2) –1.4 0.1227 0.1217 0.1213 

LTS 0.1193 - - 0.1581 0.1271 0.1497 

VS - - - 0.1623 0.1638 - 

TLS 0.1311 0.1301 (TS1) –0.7 0.1635 0.1551 - 

VA 0.1662 0.1653 (VA2) –0.5 0.1741 0.1714 - 

LTA 0.2087  - 0.2196 0.2114 0.2077 

VS 0.2181 0.2171 (VS3) –0.5 0.2270 0.2212 - 

TLA 0.2241 0.2289 (TA1) 2.1 0.2390 0.2547 - 

LA - - - 0.2504 0.2212 - 

LTS - - - 0.2610 0.2970 - 

VA 0.2751 0.2746 (VA3) –0.2 0.2819 - - 

TLS 0.3353 0.3440 (TS2) 2.6 0.3210 - - 

VS 0.3393 0.3390 (VS4) –0.1 - - - 

VA 0.4120 0.4106 (VA4) –0.3 - - - 

LTA 0.4498 - - - - - 

TLA 0.4548 - - - - - 

TA 0.4570 0.4578 (TA2) 0.2 - - - 

VS 0.4893 - - - - - 

TS 0.5560 0.5724 (TS3) 2.9 - - - 

TA 0.6699 0.6867 (TA3) 2.5 - - - 

TS 0.7826 0.8012 (TS4) 2.4 - - - 

TA 0.8900 0.9156 (TA4) 2.9 - - - 

(*) L = lateral, V= vertical, T = torsional, S = symmetric, A = antisymmetric (lateral deformation not included in MATLAB model) 

 

 

Fig. 3. FEM model of the central span built in ANSYS 15.0. 
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with ϕ A,k the k-th mode of the data set A and ϕ B,j the j-th mode of the data set B (values in Tab. 3 were calculated with k=j to 
compare homologous modes). MAC is analogous to the correlation coefficient in statistics and is unaffected by the individual 
scaling of mode vectors. MAC ranges [0,1]: 1 implies a perfect correlation of the two mode vectors, while 0 indicates uncorrelated 
(i.e., orthogonal) vectors. NMD is a close estimate of the average difference between the components of the vectors ϕ A,k and ϕ B,j; 
e.g., if MAC equals 0.950, then NMD is 0.2294, meaning that the components of ϕ A,k and ϕ B,j differ 22.94% average. Usually, MAC > 
0.80 implies a good match, while MAC < 0.40 indicates a poor match. NMD is much more sensitive to mode shape differences than 
the MAC and hence is introduced to highlight the differences between highly correlated mode shapes. The values in Tab. 3 show 
an almost perfect correlation among ANSYS and MATLAB mode vectors (the NMD values shown were obtained from MAC values 
having 15 digits after the decimal point, and not using the approximated values shown in Tab. 3). 
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Table 3. MAC and NMD correlation indices for ANSYS vs. MATLAB mode shapes in Fig. 4. 

Mode MAC NMD  Mode MAC NMD 

VS1 0.9959 0.0639  TS1 1.0000 0.0025 

VA1 0.9998 0.0123  TA1 0.9998 0.0123 

VS2 0.9928 0.0850  TS2 0.9994 0.0250 

VA2 0.9977 0.0477  TA2 0.9977 0.0477 

VS3 0.9927 0.0860  TS3 0.9935 0.0806 

VA3 0.9950 0.0711  TA3 0.9950 0.0711 

VS4 0.9945 0.0745  TS4 0.9945 0.0742 

VA4 0.9884 0.1083  TA4 0.9884 0.1083 

  
 
The flutter derivatives of interest, necessary to define the aerodynamic stiffness and damping matrices through the Matrix27 

element, were taken from Katsuchi et al. [41]. They are shown in Fig. 5 and correspond to the cross-section modified by inserting a 
vertical stabilizer (see Fig. 2) to improve the aerodynamic behavior of the bridge [41]. 

Figure 6 shows the results of flutter analysis in cases 1, 2 and 3. Real and imaginary parts of complex eigenvalues  are shown 
in the left and right panels, respectively. The eigenvalues of the fundamental symmetric and antisymmetric modes of vertical 
bending and torsion are plotted against the wind velocity U. Flutter velocity and frequency are respectively equal to 81.3 m/s and 
0.122 Hz in case 1 (Fig. 6a), 76.4 m/s and 0.131 Hz in case 2 (Fig. 6b), whereas no flutter was detected within the 0-100 m/s wind 
speed range in case 3 (Fig. 6c). The mode-by-mode tracing method adopted here identified the first symmetric torsion mode as 
the one responsible for flutter (see Fig. 6a, b). This result is coherent with those of multi-mode flutter analyses, which have found 
the flutter of the Akashi- Kaikyo Bridge to be a multi-mode coupled flutter where the first mode of symmetric torsion is the 
primary flutter mode [41]. 

 

Fig. 4. Comparison among (a) vertical and (b) torsion mode shapes obtained in ANSYS and in MATLAB: the modes shown are those identified in Tab. 2. 

(b) 

(a) 
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Fig. 5. Flutter derivatives used in flutter analyses (modified cross section, no cables, α = 0°) [41].  

 
 

Fig. 6. Real and imaginary parts of complex eigenvalues  from FEM flutter analysis in (a) case 1, (b) case 2 and (c) case 3. 
 

Table 4. Input parameters adopted for the continuum model of the Akashi Kaikyo Bridge. 

Property Measure Property Measure 

l  (m) 1,991 I  (kg m2/m) 8.33E+06 

f  (m) 219 qg  (N/m) 403,378 

E  (N/m2) 2.10E+11 Ec  (N/m2) 1.60E+10 

G  (N/m2) 8.10E+10 Ac  (m2) 1.58 

B  (m) 35.5 b  (m) 17.75 

Ix  (m4) 24   (kg/m3) 1.25 

I  (m6) 0 CD(0)  (/) 0.386 

It  (m4) 17.8 v  (%) 0.485 

μg  (kg/m) 41,119   (%) 0.653 

(c) 

(a) 

(b) 

Uf = 81.3 m/s 

Uf = 76.4 m/s 

No flutter 
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Table 5. Comparison among flutter velocity and flutter frequency from FEM, continuum model and literature. 

Flutter velocity 

Flutter 
frequency 

Literature [41](*) 

Calculated; 
Measured 

FEM 

(Lse+Mse+Dse) 

FEM 

(Lse+Mse+Ds) 

FEM 

(Lse+Mse) 

Continuum model 

(Lse+Mse+Ds) 

Uf  (m/s) 81.3; 90.0 81.3 ( = 0%; ‒9.7%) 76.4 ( = ‒6.0%; ‒15.1) - 80.1 ( = ‒1.5%; ‒11.0%) 

 f /2π  (Hz) 0.148; 0.140 0.122 (= ‒17.6%; ‒12.9%) 0.131 ( = ‒11.5%; ‒6.4%) - 0.098 ( = ‒33.8%; ‒30.0%) 

(*) Modified cross section,  = 0°. For original cross section,  = 0°: Uf  = 79.1 m/s (calculated), 84.0 m/s (measured);  f /2π = 0.146 Hz (calculated), 0.135 
Hz (measured) 

 

 

Fig. 7. Real and imaginary parts of complex eigenvalues  from continuum model for (a) fundamental symmetric and (b) fundamental 
antisymmetric modes. 

Table 4 lists the input parameters adopted for the analysis of the Akashi Kaikyo Bridge by means of the semi-analytic 
continuum model. A free vibration analysis without wind (under the effect of the bridge self-weight) was conducted prior to the 
flutter analysis. The symmetric modes of vertical bending and torsion were analyzed by adopting a series of 10 sine functions (i.e., 
n=10) in Eqs. (15a) and (15b), respectively; therefore, the first 10 symmetric bending modes and the first 10 symmetric torsion 
modes, and corresponding frequencies, were obtained. The first 10 antisymmetric bending and torsion frequencies were obtained 
starting from the modes defined by Eqs. (14a) and (14b). The results for the first 4 modes of symmetric bending, symmetric torsion, 
antisymmetric bending, and antisymmetric torsion, for a total of 16 modes, are collected in Tab. 2 (natural frequencies) and in Fig. 
4, Tab. 3 (vibration modes), where they are compared to the FEM results. 

The flutter derivatives of interest are the Hi and Ai reported in Fig. 5. The numerical solution to Eq. (21) was obtained by a self-
built MATLAB script. The fundamental modes of symmetric bending and torsion were analyzed together, as well as the 
antisymmetric bending and torsion modes. The results of the two flutter analyses are shown in Figs. 7a and 7b for the symmetric 
and antisymmetric modes, respectively. As before, the mode responsible for flutter instability is the first of symmetric torsion. The 
critical condition is identified by Uf = 80.13 m/s,  f = 0.616 rad/s (=0.098 Hz); the corresponding reduced flutter velocity is Urf =23.03. 
Jurado et al. [21], by a bi-modal flutter analysis involving the first symmetric bending mode (f = 0.0662 Hz; see Tab. 2 or [21]) and 
the first symmetric torsion mode (f = 0.1635 Hz; see Tab. 2 or [21]) obtained a flutter velocity Uf = 77.69 m/s and a flutter frequency 
of  f = 0.997 rad/s (=0.159 Hz), the critical flutter mode being the torsion mode. Note that the percentage differences between the 
present MATLAB predictions and the corresponding values of Jurado et al. [21] are –6.6% for the bending frequency (0.0618 vs. 
0.0662 Hz) and –20.4% for the torsion frequency (0.1301 vs. 0.1635 Hz); see Tab. 2. This partially explains the –38.4% difference in 
the predicted flutter frequencies (0.098 vs. 0.159 Hz). The same authors, by a multi-mode flutter analysis involving 17 modes, 
obtained Uf = 93.33 m/s,  f = 1.33–0.95 rad/s (=0.21–0.15 Hz) [21]. 

Table 5 collects the results in terms of flutter velocity and frequency given by the FEM analyses and by the continuum model, 
compared to calculated and measured values from literature [41]. In the same table, percentage differences between the present 
study and the literature values are indicated by . We see that, with respect to the selected reference values, the flutter velocity 
was underestimated by 0–15% about by the FEM analyses and by 1.5–11% by the continuum model. The flutter frequency was 
underestimated by 6.4–17.6% by the FEM analyses and by 30% about by the continuum model. No flutter was predicted in the 0–
100 m/s wind velocity range by the FEM analysis that did not include the drag force. The prediction of the flutter frequency of both 
FEM and continuum models is susceptible of refinement. A model updating devoted to reduce the differences among the natural 
frequencies predicted in the present study and those of the literature should help in this sense (see Tab. 2). 

(a) 

(b) 

Uf = 80.1 m/s 

No flutter 
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4. Conclusion 

In this paper, we investigated the influence of the drag force and of its description on the flutter velocity and frequency of the 
Akashi Kaikyo Bridge. For this purpose, we compared results available in the literature with those obtained in the present study 
by a finite element analysis and by an in-house MATLAB code based on a semi-analytic continuum model. The latter is proposed 
by the authors to enhance existing linearized continuum models for the flutter analysis of suspension bridges by including the 
destabilizing effect of the drag force as a Prandtl-like second-order contribution. A detailed finite element model of the central 
span was built in ANSYS, and flutter analyses were run according to the following three descriptions of the aerodynamic loads: (1) 
unsteady lift, moment and drag; (2) unsteady lift and moment, plus steady drag; and (3) unsteady lift and moment, without drag. 
The unsteady (self-excited) forces were described, by means of user-defined Matrix27 finite elements suitably attached to the 
bridge deck [16], in terms of aerodynamic stiffness and damping matrices based on the bridge’s flutter derivatives taken from the 
literature [41]. As for the in-house code, the flutter analysis is based on a semi-analytic continuum model of the bridge’s central 
span that includes flexural-torsional second-order effects induced by the steady drag force into the equations of motion, in 
addition to the unsteady actions of lift and moment. For both the FEM and the semi-analytic approach, after a preliminary free-
vibration analysis without wind, dynamic stability was analyzed as a complex eigenvalue problem, where a mode-by-mode 
tracing method was employed to iteratively search for flutter critical condition. 

For the analyzed case, with respect to literature results, the analyses confirm that including the drag force is, in facts, 
necessary to correctly estimate the flutter velocity, but also indicate that good predictions can be obtained by combining steady 
drag together with unsteady lift and moment, provided the geometric nonlinearity in the deck and main cables is taken into 
account. In particular, both the FEM and semi-analytic approaches gave good (and conservative) predictions in terms of flutter 
speed. The latter was underestimated by 0–15% about by the FEM analyses and by 1.5–11% by the continuum model. The adopted 
procedures identified the first symmetric torsion mode as the one responsible for flutter onset, a result which is in line with 
others of literature (e.g., see [41]). The corresponding flutter frequency was underestimated by 6.4–17.6% by the FEM analyses and 
by 30% about by the continuum model. A refinement in the flutter velocity and frequency predicted this time by the semi-analytic 
approach with respect to those reported in [19] was possible thanks to an improved description of the symmetric torsion 
vibration modes and frequencies. In fact, whilst in [19] the same spatial functions adopted for describing the symmetric bending 
modes were employed also for the description of the symmetric torsion modes, in the present study the two sets of functions 
were obtained independently (see Section 2.3). Nevertheless, the prediction is still susceptible of further improvement, e.g. 
through a model updating. In general, from the satisfactory comparisons among the literature results and the predictions 
obtained here, we deduce that the simplifying assumptions made in this study are quite acceptable. 

The FEM approach results to be more accurate, but also more time consuming, than the semi-analytic one, which, however, 
can conveniently be used for rapid or preliminary calculations. In the present study, the proposed semi-analytic continuum 
model was used to conduct a bi-modal flutter analysis. Application to multi-mode flutter analysis will be presented in future 
contributions. 
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Nomenclature 

aj, bj 

Ac 

b 

B 

Cae, Kae 

Ce
ae, Ke

ae 

CD 

cv 

c 

Ds 

Dse, Lse 

E 

Ec 

f 

G 

h(t), p(t) 

hR(t), hL(t) 

H 

Parameters of mode shape functions (j=1, 2, …, n) [/] 

Total cross-section area of main cables [m2] 

Half-distance between main cables [m] 

Deck width [m] 

Global aerodynamic damping, stiffness matrices 

Aerodynamic damping, stiffness matrices of element e 

Drag coefficient [/] 

Vertical damping coefficient [N s/m] 

Torsion damping coefficient [N m s/m] 

Steady drag force per unit length [N/m] 

Self-excited drag, lift forces per unit length [N/m] 

Young’s modulus of deck [N/m2] 

Elastic modulus of main cables [N/m2] 

Cables sag [m] 

Shear modulus of deck [N/m2] 

Vertical, lateral displacements of deck section [m] 

Additional horizontal force in right, left cables [N] 

Total horizontal force in main cables [N] 

my 

M, C, K 

Mse 

qg 

t 

T, V 

U 

Uf 

Ur 

Urf 

v(z,t) 

vL(t), vR(t) 

yc(z) 

x, y, z 

x 

X 

(t) 

v,  

Bending moment due to drag force Ds [N m] 

Global mass, damping, stiffness matrices 

Self-excited moment per unit length [N m/m] 

Total bridge weight per unit length (N/m)  

Time coordinate [s] 

Maximum values of kinetic, potential energy [J] 

Wind velocity [m/s] 

Flutter (wind) velocity [m/s] 

Reduced (wind) velocity [/], 2π/K 

Reduced flutter velocity [/] 

Vertical deflection of deck [m] 

Vertical deflection of left, right main cables [m] 

Initial parabolic profile of main cables [m] 

Spatial coordinates (z=axial one along deck axis) [m] 

Complex eigenvector 

Dynamic response vector 

Torsional rotation of deck (wind attack angle) [/] 

Bending, torsion damping ratios [/] 
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Hi
*, Pi

*, Ai
* 

Ix 

It 

I 

I 

K 

KD
g 

l 

L 

Le 

Flutter derivatives (i=1, 2, …, 6) [/]  

Deck moment of inertia for vertical bending [m4] 

Deck primary (St. Venant) torsion constant [m4] 

Deck mass polar moment of inertia/unit length [kg m2/m] 

Deck warping constant [m6] 

Reduced frequency [/], B/U 

Geometric stiffness matrix of deck 

Length of bridge central span [m] 

Length of main cables [m] 

Length of element e [m] 

(z)    

(z,t) 

 

f 

g 

 

ϕA,k, ϕB,j 

(z) 

 

f 

Mode shape of vertical bending [m] 

Torsion rotation of deck (=twist angle) [/] 

Complex eigenvalue 

(Flutter) critical complex eigenvalue 

Total bridge mass per unit length (kg/m) 

Air mass density [kg/m3] 

Generic mode shape vectors 

Torsion mode shape [/] 

Circular frequency [rad/s] 

(Circular) flutter frequency [rad/s] 
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