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Abstract

It is easy to collect a large amount of data of 3D scenes using 3D scanners in just
a few seconds in the modern era. This data consists of an unordered collection of
points in 3D space sampled from the surface of a 3D object; such data is called
a 3D point cloud. This groundbreaking technology results in a growing number
of applications such as 3D model reconstruction, 3D broadcasting, culture and
heritage reconstruction, and navigation of unmanned vehicles. These modern point
cloud acquisition sensors often suffer from noise. In this thesis, we propose several
novel techniques for point cloud denoising to improve their quality.

The novelty in this research work is to study the correlation between the geome-
try and color attributes of a point cloud and then take advantage of this correlation
and employ it as a dynamic tool for various tasks, i.e., geometry denoising, color
denoising, and combined geometry and color denoising. The concepts of graph the-
ory have been used. A graph is constructed for each point cloud, where the joint
geometry/color graph of each point is a node and the weighted connections between
them are the edges. These algorithms are then analyzed in terms of efficiency and
performance. We devised two different approaches for point cloud denoising. One
is based on the convex minimization problem, and the other is on spectral graph
wavelets transforms.

Conventional point cloud denoising techniques are geometrical methods based
on graph representation considering only the geometry attribute of a point in a
point cloud. Few successful designs include the surface estimation of the point
cloud from the noisy observation. Later, the projection of the noisy points renders
the point cloud on the graph and employs the graph-based regularization technique.
All these procedures result in a traditional optimization problem.

In this thesis, after an introduction section where the definition and applica-
tions of a point cloud are presented, the basic concepts of neural network and
graph theory are presented. The current state-of-art techniques, a study of the re-
lationship between the geometry and color of a point cloud, and some basic graph
theory concepts are summarized in later sections. The project’s progress from the
construction of joint geometry and color k-NN graph to the architecture presenta-
tion is explained and analyzed in detail. Finally, the performance evaluations of
the proposed techniques are reported, the quantitative and qualitative analyses are
done to assess the obtained results. In particular, the point-to-point distance and
cloud-to-mesh distance are taken into account to evaluate the geometry denoising
results and perform comparisons with other approaches. For evaluating obtained
results of color denoising scheme, Mean squared error (MSE) and Peak Signal-to-
noise Ratio (PSNR) are considered. The proposed methods outperform the existing
state-of-art methods.



The presented algorithms contribute to the new field of digital geometry process-
ing and help to address the demand for efficient point cloud processing techniques.
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Chapter 1

Introduction

1.1 What is a point cloud?
A 3D point cloud [106, 2, 109] is a collection of points, and a novel primitive

representation for an object, environments, buildings, and cities, etc depicted in
Figure 1.1. The 3D geometry (x, y, z) represents the data of the sampled points
of the analyzed object. There are some other essential attributes of the surface of
the analyzed shape, such as color, transparency, and normals, etc. It has become
prevalent in numerous field of research [2], such as object reconstruction [92, 104]
and recognition [103] due to its versatility, simplicity, and robust representation
capability. Furthermore, the point cloud does not need to maintain or store the
topological consistency [59] and polygon-mesh connectivity [34]. Manipulating and
processing of point clouds, therefore, shows better performance and inexpensive
overhead. These striking advantages make point cloud processing a hot research
topic.

1.2 3D acquisition techniques
There are many techniques to obtain the point clouds of 3D objects. Several

approaches are employed depending on the size and geometry of the object and
required scan’s precision. Devices based on tactile measurement compute an ob-
ject’s surface using a touch probe by touching it with the surface. However, very
precise contact-based measurement systems are typically slow. On the other hand,
laser-based systems are slightly less reliable yet significantly faster, projecting a
laser beam on the object’s surface and using the triangulation principle to infer the
distance of the object.

Scanners with a structured light project 2D patterns onto the object’s surface
and measure the 3D geometry of points by examining the pattern’s deformation.
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Figure 1.1: Example of point cloud (a) A real-world point cloud model: House
without roof (b) illustration of the points in 3D space.

The advantage of such scanners is their speed, and so they can be helpful in scan-
ning moving objects. Laser radars belong to the family of scanning systems that
determine the distance of light beam to an object based on a time-of-flight (ToF)
signal. ToF is the time of a signal, i.e., laser pulse, to travel back and forth be-
tween the object and the laser scanner. Radar systems scan distant and massive
objects such as buildings and mountains to preserve topographic data. X-rays have
been used to build point clouds by Computed tomography (CT) scanners. In con-
trast to the other scanners, these scanners can scan solid objects containing hollow
parts, such as human organs and engine blocks. Finally, 3D scenes can be re-
constructed in photogrammetry-based systems from several images captured from
distinct viewpoints. These systems are generally used in architectural applications
and the film-making industry.

The point cloud obtained with these techniques, though, unavoidably suffers
from significant noise in geometry and includes outliers [62, 134] due to the intrinsic
noise of the acquisition device [84], sensors limitation [92], the artifacts in the scene,
or reflective characteristics of the surface [138]. Hence, filtering operations on raw
point clouds are required to obtain the point clouds that are suitable for additional
processing.

1.3 Applications of point clouds
There are numerous applications of a point cloud. In the construction industry,

the 3D point cloud data are employed for 3D model reconstruction and inspection
of geometry quality. Besides these two major applications, the other applications
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include:

• Tracking of construction progress.

• Analysis of building performance.

• Construction safety management.

• Topographic and bathymetric
maps.

• Digital elevation models (DEMs).

• Digital terrain models (DTMs).

• Renovation of a building.

• Construction automation.

• Animation and virutal reality.

• Culture heritage application.

• Robot navigation.

• Autonomous vehicles.

• Medical imaging.

• Aeronautics.

1.4 Problem Statement
With the improvement of computer graphics, computer vision technology, and

optical components, in addition to laser scanning sensors, economical low-cost
RGB-D cameras have been developed, such as the Astra, Astra S, Astra Pro, Intel
RealSense [115, 33, 15], and Microsoft Kinect [68, 57]. With the advent of RGB-D
cameras, it is relatively easy to generate the point cloud of an object. However,
the point cloud obtained with these cameras will have significant noise in geometry
and color, exhibiting artifacts because of various viewing angles, reflective mate-
rial or characteristics of the surfaces of the objects, light intensities, as well as the
limitations of sensors [121]. Several types of geometric noise can occur during the
acquisition of a point cloud that includes mixed pixels, range drift, wrap-around,
multiple inconsistent scans, and smoothing noise. In this thesis, we have dealt with
noise smoothing. The noise added both to the color and geometry attribute of
a point cloud is additive noise. Since the Gaussian noise model is the most es-
tablished model for additive noise [130], this thesis treats the Gaussian noise case
mathematically. Alongside the geometry of objects and scenes, which is essential for
many applications, surface colors and details play a vital role in several virtual and
augmented reality applications [144]. The color is a necessary attribute of a point
cloud, and it has been considered an essential feature for point cloud segmentation
[126, 142, 14] and retrieval of 3D models [76, 116]. Noise in the colors of a point
cloud may lead to a wrong segmentation. In recent works, geometry denoising has
received a lot of attention. In contrast, there is just one work for denoising the color
of a point cloud using Graph Laplacian regularizer (GLR) coupled with alternating
direction method of multipliers [20]; yet, numerous applications are employing both
the geometry and color attribute of a point cloud.
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In current literature, the geometry of a point cloud is expressed as a graph,
which is used for denoising by convex optimization [112]. In this paper, we propose
the joint use of the geometry and the color attribute of the points in a point cloud
to remove noise. We note that the color attribute is a powerful and very informative
feature correlated with the geometry, as also observed in [14, 20, 79]. Knowledge
of the color can be exploited to improve the denoising process for geometry noise.
Indeed, geometry and color can be jointly employed to remove geometry and color
noise.

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 

Figure 1.2: Green_monster model: Geometry denoised from geometry-only graph.
The noisy points are moved towards their nearest neighbors rather than their correct
positions, opening holes in the surface [112].

1.5 Contributions
Due to many point cloud applications in various research fields and among

these applications, some are very sensitive and require the accurate acquisition of
the point cloud, such as autonomous driving, virtual reality, etc. However, with
the advancement in digital technology, there are still limitations in the sensors and
extrinsic sources of noise such as reflection, refraction, etc., due to which accurate
acquisition is not possible; hence, point cloud denoising has recently gained a lot
of attention. Several techniques have been developed for the geometry denoising
of point clouds based on the geometry information of the neighboring points. The
disadvantage of these techniques is that holes are typically formed in the resulting
denoised point cloud (see Fig. 1.2) as the actual location of a point is estimated
based on the noisy geometry. This can lead to errors in estimating the local surface
as the manifold’s information is based only on geometry. Despite various appli-
cations associated with the color attribute of the point cloud as anticipated in
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Section. 1.4 there are few works at all considering the problem of denoising the
color attribute of a point cloud.

In this thesis, the focus of the research is to denoise the geometry and color
attributes of a point cloud. The point cloud denoising problem faces some severe
issues of creating artifacts, as discussed here. Many solutions are devised to solve
the denoising problem with fewer adverse artifacts.

The first contribution towards point cloud denoising is providing statistical anal-
ysis to assess the correlation between color and geometry of a point cloud, and then
move beyond the state-of-the-art technique and propose a novel approach employ-
ing the graph-based optimization, taking advantage of the correlation between color
and geometry, and using it as a powerful tool for several various tasks as follow:

• Denoising of the color attribute of a point cloud using convex optimization.

• Denoising of the geometry attribute of a point cloud based on graph opti-
mization.

• Denoising of combined geometry and color attribute point cloud exploiting
the joint geometry and color k-NN graph.

The proposed technique is based on the notion that the correct location of
a point also depends on the color attribute and not only the geometry of the
neighboring points, and the correct color also depends on the geometry of the
neighbors. The algorithm is explained in [49] and [48].

Our second contribution is to develop an algorithm that is non-iterative and less
computationally intensive than the graph-based convex optimization. We propose a
set-up for denoising point clouds based on spectral graph wavelet transform (SGW)
that jointly exploits geometry and color to perform denoising of geometry attribute
in graph spectral domain. The proposed technique is based on the design of a
joint geometry and color graph that compacts smooth graph signals’ energy in low-
frequency bands. A soft-thresholding is then applied for the noise removal from
the spectral graph wavelet coefficients. The denoising technique based on SGW is
presented in [51].

A data-driven adaptive soft-thresholding-based technique is the third contribu-
tion of this thesis. In the algorithm described in [51], prior knowledge of standard
deviation is required for performing soft-thresholding, which can work fine for the
synthetic point clouds. Still, in real-world point clouds, the standard deviation is
unknown. In this technique, we used adaptive soft-thresholding, in which the prior
knowledge of standard deviation is not needed.

We use the same framework for solving the color denoising problem of a point
cloud in a computationally efficient way with a different set of weights with respect
to the approach discussed in [50] where the point cloud color is denoised using
an iterative technique. Furthermore, the algorithm in [17] does not perform color
denoising.

5



Introduction

1.6 Organization of the thesis
The thesis is organized in the following chapters:

• Chapter 2 presents the classification of noise in point clouds. It also gives a
detailed literature review of point cloud denoising techniques, discussing the
advantages and the problems these algorithms face.

• Chapter 3 presents a comprehensive statistical analysis performed to study
the correlation between geometry and color attributes of both the real-world
and synthetic point cloud.

• Chapter 4 presents the preliminaries of the graph and construction of joint
geometry and color k-NN graph construction. It also discussed the dataset
used for the experimentation and the evaluation metrics for both the color
and geometry denoising of the point cloud.

• Chapter 5 presents a detailed discussion on the experimental setup. The steps
involved in implementing the proposed point cloud denoising algorithm using
graph-based convex optimization are discussed in this chapter. In particular,
various k-NN graphs have been constructed from the joint geometry and color
with different proportion of contribution for different application, respectively.
Then, Tikhonov regularization is applied to the constructed graph to estimate
the exact geometry, color and combine geometry and color. It then shows
extensive subjective and objective experimental results on synthetic and real-
world point clouds to analyze the denoising algorithm.

• Chapter 6 presents the preliminaries of the spectral graph wavelets. It also
discusses the experimental setup and detailed implementation of the denois-
ing technique based on the graph wavelets. The selection of the data-drive
adaptive soft-thresholding method is also presented in this chapter.

• Chapter 7 concludes the work. It also states the possible future work in this
field.

The work presented in this thesis had led to the following publications:

1. Irfan, Muhammad Abeer, and Enrico Magli. "Point Cloud Denoising using
Joint Geometry/Color Graph Wavelets." 2020 IEEE Workshop on Signal Pro-
cessing Systems (SiPS). IEEE, 2020.

2. Irfan, Muhammad Abeer, and Enrico Magli. "3D point cloud denoising using
a joint geometry and color k-NN graph." 2020 28th European Signal Process-
ing Conference (EUSIPCO). IEEE, 2021.
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3. Irfan, Muhammad Abeer, and Enrico Magli. "Exploiting color for graph-
based 3D point cloud denoising." Journal of Visual Communication and Image
Representation 75 (2021).

4. Irfan, Muhammad Abeer, and Enrico Magli. "Joint Geometry and Color
Point Cloud Denoising Based on Graph Wavelets." IEEE Access 9 (2021):
21149-21166.
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Chapter 2

Background on point cloud
denoising

In the current literature, several categorizations of point cloud processing are
available addressing various tasks such as point cloud segmentation, classification,
3D retrieval, and denoising [100, 25, 102, 37, 33, 126, 76], stating the increasing
attention towards point cloud and its application. In this chapter, the particular
study is presented on the denoising problem of the point cloud. The significance of
point cloud denoising, along with the other possible approaches, is discussed here.
The most related point cloud denoising algorithms highlighting the differences and
mutual features among them are presented.

2.1 Point clouds
As discussed in the chapter 1, a point cloud is a 3D model acquired from a

scanning process. To indicate the term point cloud in this thesis, we present the
following definition.

Definition 2.1.1 (Point Cloud). A point cloud P is a random collection of points
{pi}n

i=1 in 3D Euclidean space, representing the surface of an object resulting from
the scanning of that object.

Mathematically, it is appropriate to imagine a point cloud as a group of points
sampled with adequate density from some connected and dense smooth surface
S[18]. In reality, the point cloud algorithms require assumptions about the sampling
density. Otherwise, it is not easy to preserve the topology and geometry of the
original object.

However, in practice, the mathematical viewpoint is usually unrealistic. The
points in the point cloud are estimated with an inevitable error that results in
the sampling of points close to the manifold rather than on the surface. Further-
more, the sampling density of a target object also depends on the scanning process.
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Sometimes the term point cloud refers to the collection of points defining a curve
in space.

2.2 Related Work
Point cloud denoising techniques can be classified into two categories: outlier

removal and noise removal, i.e., surface smoothing techniques.

2.2.1 Outlier removal techniques
Outlier removal techniques can be further classified into two main approaches:

statistical and model-based.

Statistical approaches

The main objective of the statistical-based algorithms is to eliminate the outliers
by examining the distribution of each point to its neighbors or the number of
neighbors to the corresponding point. The statistical-based method described in
[108] measures the mean distance of each point from its corresponding points in
proximity. The standard deviation ‡ and mean µ identify reasonable intervals of
the global distances. The point is counted as an outlier whose mean distance is
outside the defined range and removed from the point cloud.

Radius outlier removal (ROR) is an alternative approach that is extensively
used for outlier removal. It is based on the number of neighbors, where each point’s
neighbors are calculated in a fixed radius. Those points with a number of neighbors
are less than a specific threshold are considered outliers and eliminated from the
point cloud. [106].

Model-based approaches

These techniques are based on the notion that the outliers usually are distant
from an object’s surface. The idea is to approximate the unknown surface of the
object with some model, e.g., a plane, square or sphere, etc., and then measure the
distance of each point to the surface of the model. The points with a significant
distance are considered as outliers and removed from the point cloud [31]. A pro-
gressive plane technique is explained in [46], where a plane is estimated from the
average normal and given 3D geometry coordinates. A least-square plane fitting
method is used for the distance measure between each point to the plane and build a
progressive plane; a hybrid technique is presented in [136] based on [46]. The prob-
lem with these algorithms is that details can be missed in the object with complex
geometry as it is hard to approximate the complex areas with simple models.
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2.2.2 Surface smoothing techniques
The surface smoothing technique is an intensive research domain and an es-

sential part of the processing pipeline for many applications. The main surface
smoothing techniques for 3D point cloud can be grouped into the following several
classes, in which four categories are from [61].

Locally Optimal Projection-based methods

Locally optimal projection (LOP) is a projection-based method used for noise
removal by adjusting each point’s position in a noisy point cloud via different pro-
jection strategies.

Motivated by the idea of L1 median [8, 117, 43, 45] from statistics, a parameterization-
free projection operation i.e., LOP has been introduced in [74]. This method tries
to iteratively project a subset of the input point onto the point cloud for noise re-
moval. However, suppose there is a highly non-uniform input point cloud. In that
case, LOP projection leads to non-uniformity, which is not desirable in normal esti-
mation and shape features preservation and normal estimation. A variant of LOP,
i.e., weighted LOP (WLOP), is used to generate an equally distributed point set
presented in [43], in which locally adaptive density weights of an individual point
are incorporated. In LOP, an essential factor that controls the smoothness is the
support size h of the weight function. An appropriate selection of h is required for
effective point cloud denoising. At a large value of h, the point cloud may shrink,
while too small a value provides the least denoising results. To solve the afore-
mentioned issue, another technique described in [137], where only the z coordinate
of the point set is projected, and by employing re-projection, x and y coordinates
are computed. This approach gains better smoothness and well preservation of the
geometric structure.

To address the stated problems, the authors of [69] add a feature preservation
weight to the formula that penalized significant variation in the geometry similarity
into the term E1 of L1 median, while preserving the repulsion term E2 unaltered
to set the feature-preserving locally optimal projection (FLOP). Hence, LOP is an
isotropic operator; thus, anisotropic LOP [44] remodels WLOP using an anisotropic
weighting function better preservation of sharp features.

Since the above techniques are computationally expensive, an efficient variant
of LOP is introduced by [99], where Gaussian Mixture Model (GMM) is produced
by regularizing the hierarchical Expectation-Maximization (EM) algorithm is em-
ployed to describe the density of point cloud. Later, they re-defined and assessed
the attractive force to get the continuous LOP (CLOP). Subsequently, CLOP has
been applied to the Gaussians to speedup the process. Due to the use of local op-
erators, these projection-based methods are also affected by over-smoothing [118,
143].
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MLS-based methods

As point-based models do not provide a mathematical definition of a smooth
surface, a local fitting surface is generally determined to approximate the sample
points in various applications. The first work is proposed by [67], where a pro-
jection operator is devised based on moving least-squares (MLS). Later, numerous
implementations of the projection method on point-based geometry are presented
in [3]; their approach begins from a 3D point with a shorter distance from the
point cloud. It then projects it onto the underlying surface locally approximated
by a polynomial. To determine the appropriate polynomial, a reference plane is
estimated to fit the surface around the points by minimizing the energy function
defined based on a weighted least-squares technique. The reference plane is then
employed to provide a bivariate polynomial based on a second least-squares fitting.

Following the work presented by [3], numerous improved MLS-based approaches
are offered by the researchers [60, 73, 72, 66]. Most of these methods need to re-
construct a local surface from a specific neighborhood of the test point. Still, it is
challenging to identify the MLS projection operation’s right neighborhood, partic-
ularly for the point clouds having under-sampling density. The nearest points can
be practically defined by calculating the Euclidean distances between the test and
neighborhood points. The close neighborhood of the point commonly has a shorter
Euclidean distance than the others. An alternative solution is to compute the near-
est neighborhood of a test point and then calculate the average of k neighborhood
[58]. Furthermore, the point sets obtained with scanning devices generally consist
of noise and uneven samples, causing notable approximation errors.

The disadvantage of MLS is that finding a reference plane involves a non-linear
optimization [59] which makes it computationally costly. Therefore, a simple pro-
jection method has been proposed in [4], in which the weighted average position
of a point defines the reference planes. Since MLS is a low-pass filter that helps
in smoothing the shape features of a point cloud, based on the M-estimator and
MLS methods, a new smoothing operator is computed via an effective numerical
optimization procedure in [80] that preserve the salient features.

Several extensions of MLS, such as robust MLS [107] and robust implicit MLS
[89], have also been proposed. The robust moving least-squares technique is based
on a forward-search model used to treat the noise, sharp features, and outliers.
They incorporate the neighborhood of points into a subgroup of smooth regions of
the surface, and then the MLS mechanism is performed on points. However, this
approach is very time-consuming and requires very dense point clouds. In the above
techniques, it can be observed that in the regions of high curvature, the plane fitting
operation is unstable for a sampling rate below a threshold; thus, spherical fitting
denoising based on MLS algebraic point set surfaces is proposed in [36], along with
its variant [35] to improve the stability where planar MLS fails. These MLS-based
methods can provide a smooth surface from significantly noisy input but are usually
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prone to over-smoothing and are very sensitive to outliers [118, 143].

Sparsity-based surface smoothing

In the context of a point cloud’s surface smoothing, several routines employ the
statistical notions suited for the point cloud type.

A kernel-based clustering technique is introduced in [110] for point cloud de-
noising. Initially, the local likelihood Li calculated on each point is acquired to
determine the likelihood function L, modeling the probability of noisy point clouds.
Then, the points are moved to high probability positions in an iterative way mo-
tivated by the mean shift procedure for point cloud smoothing. This technique
performs better in denoising and robust to the outlier detection. Still, their algo-
rithm misses the treatment of sharp features.

A Bayesian statistics was first used by [52] for the point cloud denoising. The
authors obtained a P (D|E) determination model, which defines the probability
distribution of estimated point cloud E corresponding to the evaluated data D.
Later, they set three prior probabilities, like smoothness priors, density priors, and
sharp features. A posteriori probability P (E|D) is maximized to remove noise and
preserve the features. A robust statistical approach has been presented in [56] for
filtering the point cloud. The authors employ an Iterative Least Squares (IRLS)
framework to estimates the curvature and assign weights in a single iteration to
update the neighborhood around every point. Finally, the estimated curvatures
and the final weights are used to improve the normal. The robustly computed
normals and curvatures may reject the outliers and point cloud denoising in a
feature-preserving fashion based on the global energy minimization method.

[6] offered L1-sparsity criterion for point cloud denoising. Initially, the orien-
tation of the point is reconstructed by employing the re-weighted L1 minimization
process. The point’s position is then restored by considering a local planarity
paradigm to retain the shape features. However, this process can gain good out-
comes; points on edge are often not recovered [118]. Since L0 provides the sparse
solution with respect to L1, [118] presented a L0 minimization process adopted
for point cloud denoising by utilizing the same L0 optimization method. It ap-
proximates the normals; then, the points are re-positioned along with directions of
normal to preserve the sharp features better.

Neighborhood-based techniques

Neighborhood-based techniques identify a refined position of a point by utilizing
the degree of similarities between a point and its neighborhood. The similarity
measures have a significant impact on efficiency and effectiveness [111]. In the
following schemes, the similarity can be determined by various attributes such as
normals, positions of points.
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The bilateral filter, which is an edge-preserving [125] and smoothing filter in-
troduced initially in [91], is practised for the denoising of 3D meshes [28, 54, 64].
However, a mesh generation process is required for these techniques, which usually
suffers from noise [81]. The bilateral filter is directly applied to the point cloud
[78, 40, 113, 104]. The range and spatial weights are represented by wr and ws,
respectively.

wr = exp
A

≠(I(i, j) ≠ I(x, y))2

2‡2
r

B

.

ws = exp
A

≠(i ≠ x)2 + (j ≠ y)2

2‡2
s

B

.

Here, the neighborhood of(x, y) is represented by (i, j), the intensity at (x, y) is
denoted by I(i, j), ‡r and ‡s are the standard Gaussian function.

To overcome the time complexity, Xu et al. [135] substituted the weight in the
bilateral filter with a binary function shown in Eq. 2.1 to attain good performance.
Still, these filters consider the point clouds containing the intensity attribute. Con-
sequently, normal [35,40–43], as an essential attribute of the point cloud used in
the bilateral filter, whose weight is set as a function of spatial position and normal
of points, shown in Eq. 2.2.

wr =

Y
]

[
1 |I(x, y) ≠ I(i, j)| Æ 3, I(x, y) /= 0
0 |I(x, y) ≠ I(i, j)| > 3, I(x, y) /= 0.

(2.1)

w = f1[d(p, q)] x f2[c(np, nq)]. (2.2)

where, the f1 and f2 are the Gaussian function with ‡f1 and ‡f2 . The normal of
the corresponding points p and q are represented as np and nq, respectively. The
Euclidean distance d(p, q) defines the distance between point p and its neighboring
point q. c(np, nq) represents the normal relations at point p and q, like Î(p≠q).npnqÎ
[53], (np ≠ nq)2 [127], inner product of normal vector Ènp, nqÍ [81], and np.(np ≠ nq)
[82].

Inspired by the mean shift filtering technique for 2D images, Hu et al. [42]
presented a filtering algorithm based on a 3D mean shift anisotropy by considering
various attributes of a point cloud such as position, vertex, curvature, and nor-
mal. They determine the neighborhood of each point via an adaptive neighboring
searching procedure based on clustering. Lastly, they employed the trilateral filter
on the computed adaptive neighborhoods to denoise the point cloud and preserved
the features. Another algorithm is proposed in [111] based on identical bilateral
filtering, where the non-local means employed for 2D images [9] have been extended
for 3D point cloud denoising. They established a new non-local similarity measure
that considers the local square neighborhoods around the point. This technique
provides more precise denoising results and carries better feature preservation.
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The algorithm described in [47] considers the intra-patch similarity and color
information for designing a robust non-local filter. This technique initially removes
the outliers and then carries out a smoothing process and maintains the sharp
features. An effective method is presented in [129] performs both the outlier removal
and surface smoothing. This paradigm removes the sparse outliers based on the
average local neighborhood and relative deviation of a local neighborhood. Then,
the normal filtering in an iterative manner is performed. Furthermore, the points
are updated to match the filtered normal.

PDEs-based techniques

One of the essential tools extensively used in computer graphics and computer
vision is PDEs (Partial Differential Equations) that have been effectively applied
to various tasks like image and mesh denoising. PDEs-based point cloud denoising
methods are the extension of filtering of triangular meshes.

A PDE-based technique is presented in [11], where the point cloud filtering
is done by solving an anisotropic geometric diffusion equation. This technique
achieves good smoothing results and also preserves the shape features. An ex-
tended work of [123] is presented in [63] and considers the principal and directional
curvature and the Weingarten map to get the anisotropic geometric curvature to
denoise the point cloud. A Weingarten map is produced from the directional curva-
ture and calculates the principal curvature’s eigenvectors and eigenvalues. Finally,
a modified Laplacian is obtained by applying the curvature information. This tech-
nique can also find the features such as edges.

An anisotropic curvature flow method based on directional curvature and co-
variance analysis is proposed in [133]. Their method is anti-shrinking, anti-point
drifting and provides better performance in surface smoothing and preserving shape
features. To extend various procedures on 2D images into point clouds, an arbi-
trary weighted graph is constructed in [77], which considers the local neighborhood
information. In addition, a PDEs morphological and p-laplacian operator [120] was
employed in these arbitrary graphs i.e., PDEs on weighted graphs [27] for the point
cloud denoising.

The drawback of PDEs-based methods is that they require the computation
of partial differential equations that are time-consuming for the 3D point cloud
denoising, which scales linearly with the point cloud’s complex structure.

Signal processing based techniques

Signal processing techniques can also be utilized for point cloud denoising.
Based on the method described in [122] where the mesh is filtered by employ-
ing the Laplacian operators, a filtering operator is defined in [71] comprising three
features: geometric appearance, non-shrinkage, and locality.
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A discrete estimation of the Laplacian to point cloud is introduced in [94]. Their
approach balances the shrinkage using the displacement of a point p

Õ
s neighborhood

to deal with shrinkage. Encouraged by Fourier transform, the algorithm presented
in [93] used spectral processing for the point cloud filtering. A discrete Fourier
transform is applied to achieve a spectral decomposition of a point cloud. The
filtering is then carried out by manipulating the frequency spectrum by a Wiener
filter.

Recently, graph-based techniques have been used for denoising point clouds.
The conventional approach constructs a k nearest neighbor (k-NN) graph as it
makes geometric structure explicit [128]. The points in a given point cloud are
considered nodes, and each node is connected through edges to its k nearest neigh-
bors with weights that reflect inter-node similarities based on geometric information
[112, 22]. A fast 3D point cloud denoising using Bipartite graph approximation is
proposed in [21]. Here, the point cloud is decomposed into two set through bipartite
graph approximation [139] of a k-NN graph. Then, surface normals of one set were
defined via geometric coordinates of the neighboring points. Finally, the denoised
point cloud is obtained by employing a convex optimization problem, i.e., Graph
Total variation (GTV). However, the graph Laplacian is constructed from the noisy
point clouds and cannot exhibit the exact manifold.

Motivated from the low-dimensional manifold model (LDMM) in [141], they
took advantage of the self-similarity of the surface patches. The extension of [87]
from images to point clouds is non-trivial. A precise coordinate function is required
for the correct computation of the manifold dimension. They approximate the
manifold dimension in the continuous domain by a graph Laplacian regularizer
(GLR).

An iteratively based regularization technique (IBR) is employed to enforce
smoothness on the geometry-only graph signal [112]. They explain how the position
can be represented as a graph signal that can be filtered using the convex optimiza-
tion method. Inspired by the traditional wavelet-based signal denoising techniques,
a framework is proposed in [17] for manifold denoising based on Spectral Graph
Wavelet transform (MSGW). This algorithm exploits the geometry coordinate in-
formation for the construction of a graph.

The robust denoising of piece-wise smooth manifolds (RPSM) is performed using
a local tangent space-based graph [16]. First, a graph is constructed that encodes
the geometric structure locally via tangent space affinity graph on Tensor voting
[83]. Later, the manifold denoising is performed by solving a diffusion process on
the graph through convex optimization, particularly via Tikhonov regularization.
The disadvantage of these approaches is that holes are typically formed in the
denoised output (see Fig. 1.2) as the correct position of a point is estimated based
on the noisy geometry. This can lead to errors in estimating the local surface as
the manifold’s information is based only on geometry.
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Learning based techniques

In the last few years, learning-based techniques [102, 25, 105, 39], particularly
the ones based on deep learning, have gained a lot of attention. Extension of
traditional Convolutional Neural Network (CNN) to 3D point cloud is not simple
and straightforward due to unorganized points in 3D space. Indeed, in point cloud
segmentation and shape classification, several schemes have recently been explicitly
proposed to deal with point cloud data. PointNet [100] is among the most suitable
works in this field, characterized by a simple design. This algorithm has achieved
promising outcomes.

Several contributions exploit the same scheme presented in [100] to address other
point cloud processes. One of the most work is PCPNet [37], where the local shape
features are computed, such as normals of the points. In the current literature, a
few designs are proposed to extend the work of PointNet to point cloud denoising.
PointCleanNet [101] employs a similar method to PointNet to approximate the
points’ correct vectors in the noisy point cloud. In [25], the authors apply a neural
network equivalent to the PointNet scheme to determine a reference plane for each
noisy point. Then the denoised point cloud is obtained by projecting the noisy
point onto the respective reference plane.

In PointProNet [105], point cloud denoising is performed by utilizing the similar
architecture of PointNet for the approximation of local directions of the surface.
However, the local frame approximation precision delimits the accuracy of this
technique. The drawback of all these methods similar to PointNet is that they
consider the individual points and use a global symmetric aggregate function and
ignore the neighborhood’s local structure. To address this problem, PointCleanNet
takes the input local patches in place of a whole point cloud. Still, this technique
is limited as the network cannot learn hierarchical features, such as conventional
CNNs. These deep denoising techniques are supervised since they need pair of noisy
and reference ground-truth point clouds. In practice, the noisy point clouds are
generated by adding noise to the reference point clouds. To address this problem,
an unsupervised approach is presented in [39], which works under the hypothesis
that a noisy pixel is random distributed around a clean pixel value that assists
in appropriate learning on this distribution to converge finally to an actual value.
However, this supposition is invalid for the unstructured points and also cannot
preserve the sharp features due to the lack of feature information during the training
step.

Recently, Graph-convolutional networks (GCNs) have shown better performance
for the classification and segmentation tasks. Particularly, Dynamic Graph CNN
(DGCNN) [131] presents the concept of the dynamic graph update in the hidden
layers of a GCN. However, the denoising task is distinct from the segmentation and
classification problem presented in [131], which depends on global features rather
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than localized representations. Primarily, numerous factors such as spatial trans-
former block make DGCNN inconsistent for denoising the point cloud since its
aim is canonical global representation. However, the denoising task is mainly con-
cerned with the local representation of the neighborhood of point that also linearly
increases the computational complexity with the size of point clouds. Furthermore,
the graph convolutional operator behaves uncertain in the presence of a substantial
amount of noise, as it employs the max operator in an aggregate way. A graph-
convolutional-based method that removes the outliers and denoised the point cloud
in a single model is proposed in [98], where the graph-convolutional layer in their
architecture learns the feature, imitating the standard CNN behavior.

Other techniques

There are various other techniques for point cloud denoising. A set of potential
functions is developed by [119] to group together the oriented particles (3D point
cloud) into a surface-like structure. Each point has its local coordinate framework,
defining both the local tangent plane and the normal of the corresponding surface.
This technique helps in the construction of the surface by moving the points in
their proximity.

Based on Voxel Grid (VG), a filtering algorithm is presented in [41], where a 3D
voxel grid is constructed for the point cloud. Then, a point is selected in each voxel
to estimate all the points that lie in the corresponding voxel. The centroid or center
of the voxel is usually used as the estimation. The VG-based algorithm typically
results in geometric information. The point cloud denoising method generates a
quadtree (a data structure used to organize a point cloud). Such representation
is to improve the neighborhood searching, which is crucial for efficient smoothing
procedures. Later, the projection or neighborhood-based techniques) are employed
for the point cloud denoising.

A similarity-based filtering technique for a point cloud denoising is presented
in [19]. The input point cloud is decomposed into a smooth piece produced using
the high-frequency term and mean curvature. Then, a non-local approach based
on L2-distance similarity is used for filtering the high-frequency components. This
technique relied on the density of the point cloud and cannot discriminate structure
and texture noise.

There are some hybrid schemes, typically two or more filtering methods, to
treat raw point clouds. An iterative procedure is developed in [75] to process the
point cloud. First, a WLOP operator is applied for efficient noise filtering. Then,
the outliers are detected and eliminated from the input raw point cloud using the
mean-shift operator. Nevertheless, their algorithm faces difficulty in recovering
sharp features and is computationally expensive.

A density-based approach proposed in [138] for point cloud denoising. They
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first applied the particle-swam optimization method for the approximation of ker-
nel density estimation (KDE). Further, the point cloud is filtered using a mean-shift
clustering scheme utilizing KDE. Finally, the remaining noise was reduced by em-
ploying the bilateral filter. This algorithm shows robustness to the highly noisy
point cloud.
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Chapter 3

Statistical Analysis

This chapter presents the statistical analysis to study the correlation between
geometry and color in a point cloud and use that information for the crucial step
of graph construction in our proposed point cloud denoising algorithms. The idea
of using joint geometry/color graph construction is based on the notion that on a
smooth surface, the color is typically smooth, and the correct location of a point
also depends on the color attribute and not only the geometry of the neighboring
points, and the accurate color also depends on the geometry of the neighbors. For
the statistical analysis, a multivariate platform is employed to examine every vari-
able’s relationship to the rest of the attributes of a point cloud. We then summarize
the linear relationship’s strength between each pair of a response variable through
correlation tables. To identify the dependencies among the variables, scatterplot
matrices were computed. We employed other procedures to examine multiple vari-
ables, such as pairwise correlations and covariance matrices.

3.1 Pearson product-moment correlation
Correlation is an assessment of a monotonic relationship between the two vari-

ables. A monotonic association between two variables is either (a) directly pro-
portional: the value of one variable increases, so does the other; or (b) indirectly
proportional: the value of one variable increases with the decrease of the second
variable. In correlated data, the higher value of a variable tends to be lower (neg-
atively correlated) or higher (positively correlated) values of the second variable,
and vice versa. A linear relationship between the two variables is a specific case of
a monotonic relationship.

A Pearson product-moment correlation (PPMC) attempts to form a line that
fits best for two responsive variables’ data. The Pearson correlation coefficient, fl,
shows how the data points are far away from the drawn line, i.e., to what extent
the data points fit the model or line of best fit). The PPMC coefficient of two
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n-dimensional vectors v1 and v2 is denoted by fl(v1, v2). To compute the fl, first,
the standard deviation of each random variable is computed as:

Îv1 =
ı̂ıÙ 1

N

nÿ

i=1
(v1i ≠ v1)2.

Îv2 =
ı̂ıÙ 1

N

nÿ

i=1
(v2i ≠ v2)2.

where, v1 = 1
n

q
n

i=1 v1i and v2 = 1
n

q
n

i=1 v2i represents the arithmetic means of
the corresponding variable v1 and v2, respectively. The PPMC is then measured
as:

fl(v1, v2) = 1
N

nÿ

i=1

A
v1i ≠ v1

Îv1

B A
v2i ≠ v2

Îv2

B

. (3.1)

If there is an exact linear relationship between two variables, the correlation is
1 or -1 depending on whether the variables are positively or negatively related. If
there is no linear relationship, the correlation tends towards zero.

Scatterplots

The first necessary step in all the data analysis procedures is to build a data plot
in a very illustrative possible way. A scatterplot is a two-dimensional representation
of n pairs of measurements (v1, v2) made on the respective random variables v1 and
v2. The very first bi-variate scatterplot is presented in [65] showing the correlation
given by [30]. These plots conveys information about the relationship between v1
and v2 [12], such plots are considered as useful tools in the exploratory analysis.

Along with the correlation coefficient, scatterplots are very informative [132].
To understand each geometry’s relationship to the individual color component of
a point cloud, scatterplots are combined in multiple plots to realize higher-level
structure data with more than two variables. Hence, a scatterplot matrix gives
the best summary of the data set since they provide a graphical summary of non-
linearity, linearity, and separated points [12, 88].

3.2 Correlation between geometry and color
A point cloud is represented as P = {p1, p2, p3, ....., pN} with pi œ R6 containing

3D geometry and RGB color information for point pi. The six-dimensional feature
of each point is pi = [Xi, Ci], where Xi = [xi yi zi] œ R3 is the geometric coordinate
vector and Ci = [Ri Gi Bi] œ R3 are the color attributes. We compute the linear
correlation coefficient fl between each independent variable of Xi and Ci.

22
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Figure 3.1: (a) 4arms_monster ground-truth model; (b) Scatterplot Matrix of the
correlation result of the geometry and color of (a) shown in Table 3.1.

Table 3.1: Correlation fl of two n-dimensional variables of geometry and color of
4arms_monster ground-truth model.

x y z R G B

x 1.00 0.07 0.71 0.07 0.06 0.16

y 0.07 1.00 0.14 0.15 0.01 0.12

z 0.71 0.14 1.00 0.28 0.25 0.25

R 0.07 0.15 0.28 1.00 0.65 0.77

G 0.06 0.01 0.25 0.65 1.00 0.36

B 0.16 0.12 0.25 0.77 0.36 1.00

In Figure 3.1, 95% bivariate normal density ellipse is shown in each scatterplot
box. Assuming that each pair of variables has a bivariate normal distribution, this
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ellipse encloses approximately 95% of the points. The narrowness of the ellipse
reflects the degree of correlation of the variables.

The results in Table 3.1 and Figure 3.1 show the relationship of individual ge-
ometry coordinate to itself (diagonal values of fl in Table 3.1 and to other variables.
They show that there exists some correlation between each geometry coordinate
and every individual color attribute of a point.

 

Figure 3.2: MastinLake9_001_colorized0: LiDAR model.

We further investigate the correlation between geometry and color on a point
cloud acquired from the heterogeneous system. A LiDAR image MastinLake9_001_
colorized0 model has been taken from the sampled dataset provided by LiDARUSA
[70]. The LiDAR model Figure 3.2 contains over 10 million points; we then take
a small patch and compute the linear correlations between the color and geometry
attributes. The correlation results in Table 3.2 and the scatterplot box shown in
Figure 3.3. The density ellipses indicate that both the geometry and color compo-
nents are highly correlated.
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Multivariate 
Correlations

X
Y
Z
R
G
B

1.0000
0.0646

-0.1047
0.2654
0.1271

-0.0185

0.0646
1.0000

-0.4191
0.3743
0.2335

-0.2311

-0.1047
-0.4191
1.0000

-0.3704
0.1927
0.7627

0.2654
0.3743

-0.3704
1.0000
0.7484
0.1680

0.1271
0.2335
0.1927
0.7484
1.0000
0.6653

-0.0185
-0.2311
0.7627
0.1680
0.6653
1.0000

X Y Z R G B

The correlations are estimated by Pairwise method.

Scatterplot Matrix

2242060

2242070

2242080

2242090

X

1742450

1742460

1742470

Y

705

715

725

Z

0

100

200

R

50
100
150
200
250

G

0

100

200

B

X

2242060 2242080
X

Y

1742450 1742465
Y

Z

705 715 725
Z

R

0 100 200
R

G

50 150 250
G

B

0 100 200
B

Figure 3.3: Scattorplotbox of MastinLake9_001_colorized0 model.

Table 3.2: Correlation fl of two n-dimensional variables of geometry and color of
MastinLake9_001_colorized0 model.

x y z R G B

x 1.00 0.06 -0.10 0.27 0.13 -0.02

y 0.06 1.00 -0.42 0.37 0.23 -0.23

z -0.10 -0.42 1.00 -0.37 0.19 0.76

R 0.27 0.37 -0.37 1.00 0.75 0.17

G 0.13 0.23 0.19 0.75 1.00 0.67

B -0.02 -0.23 0.76 0.17 0.67 1.00
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3.3 Covariance
In order to quantify the relationship between the geometry and color more

precisely and gain some intuition, it is helpful to compute the covariance between
the individual color component for a different region within a point cloud.

The covariance is a measurement of the correlation of variation in two ran-
dom variables v1 and v2, with a joint normal distribution. The covariance can be
computed as:

cov(v1, v2) = 1
n ≠ 1

ÿ
(v1i ≠ v1̄)(v2i ≠ v2̄).

Where, v1̄ and v2̄ are the mean values of respective variables. If there is a linear
relationship between two variables, then the covariance can be positive or negative
subject to the variables’ association has a positive or negative slope. Covariance is
zero, if v1 and v2 are independent, i.e, not correlated.

The covariance is computed initially for a full point cloud (singleton cluster)
to understand how much the geometry and color attributes are associated. Then,
the k-mean clustering is performed based on geometry information for an optimized
choice of k using the algorithm described in [124]. The pair-wise covariance between
colors in each cluster is computed and compared with the singleton cluster’s co-
variance. Figure 3.4-a and Figure 3.4-b represent a singleton cluster and k clusters
of 4arms_monstre model, respectively.

The intuition is that within a geometry-based cluster, the covariance among
the color components should be less than the covariance of the singleton cluster,
which means that the color is less varying within close proximity and is highly
correlated. Table. 3.4-a reports the pair-wise covariance of color for a singleton
cluster. The covariance among the individual color components in each cluster is
shown in Tables. 3.4(b-g). It can be seen that the colors have less covariance for all
the clusters with respect to the covariance in a singleton cluster except the results
shown in Table. 3.4-f, where the covariance is higher, that may be due to the
dynamic range of colors inside the cluster.
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(a) (b) (c)

Figure 3.4: (a) 4arms_monstre model: (b) Singleton cluster and (c) k-mean clus-
tering of (a) with k = 6.

Table 3.3: Comparison of covariance between pair-wise color components of
Arco_valentino model: for (a) Singleton cluster (b) highly correlated cluster and
(c) less correlated cluster.

R G B

R 2672.51 2373.41 2103.21
G 2373.41 2187.40 1984.80
B 2103.21 1984.80 1857.42

(a)

R G B R G B

R 597.82 561.12 545.37 R 4358.04 4006.77 3600.47
G 561.12 563.91 563.41 G 4006.77 3803.53 3499.75
B 545.37 563.41 586.12 B 3600.47 3499.75 3325.05

(b) (c)

The same analysis has been performed to verify and understand the relationship
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between geometry and color in real-world point clouds. Figure 3.5-a and Figure
3.5-b are the singleton cluster and k clusters of Arco_valentino model, respectively.

(a) (b)

(c)

Figure 3.5: (a) Arco_valentino model: (b)Singleton cluster and (b) kmean cluster-
ing of (a) for k = 14.

It is observed that the color covariance in each cluster is less with respect to
the covariance in a singleton cluster in a similar fashion as seen for synthetic point
clouds. The results of the real-world point cloud analysis depict that the geometry
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and color are closely related to each other in close proximity.

Table 3.4: Comparison of covariance between pair-wise color components of
4arms_monstre model: for (a) Singleton cluster shown in Figure 3.4b and (b-g)
individual cluster shown in Figure 3.4c.

R G B
R 787.69 539.95 401.29
G 539.95 865.78 196.08
B 401.29 196.08 345.63

(a)

R G B R G B
R 609.73 355.56 379.11 R 416.74 133.19 256.34
G 355.56 494.22 288.51 G 133.19 264.56 94.52
B 379.12 288.51 325.90 B 256.34 94.52 212.72

(b) (c)

R G B R G B
R 585.75 223.74 438.67 R 544.74 198.17 290.70
G 223.74 311.18 177.29 G 198.17 387.39 162.12
B 438.67 177.29 362.83 B 290.70 162.12 260.61

(d) (e)

R G B R G B
R 853.32 779.21 596.92 R 372.99 152.97 233.94
G 779.21 901.56 207.09 G 152.97 297.62 133.53
B 596.92 207.09 571.66 B 233.94 133.53 203.93

(f) (g)

In order to present the covariance result of Arco_valentino to depict the results
of all the clusters, the highly correlated cluster and the only inadequate cluster
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with less correlation in terms of covariance to the corresponding singleton cluster
are shown in Table. 3.3-b and Table. 3.3-c, respectively.

Furthermore, to get more meaningful results, a planar patch is taken into ac-
count from Arco_Valentino shown in Figure 3.6a to compute the linear correlation
between geometry and color. The results in Table 3.5 and the scatterplot shown
in Figure 3.6b indicates that the data points for the individual geometry and color
component are tightly clustered, which depicts that the geometry and color are
highly correlated.
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Figure 3.6: (a) Arco_valentino model; (b) Scatterplot Matrix of the correlation
result of the geometry and color of (a) shown in Table. 3.5.

By performing statistical analysis, a conclusion can be drawn that the geometry
and color attribute in a point cloud is highly correlated, varying from point cloud
to point cloud. Based on this statistical analysis, we can use both geometry and
color attributes for geometry-only and color-only denoising a point cloud.
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Table 3.5: Correlation fl of two n-dimensional variables of geometry and color of a
planar patch in Arco_valentino model.

x y z R G B

x 1.00 -0.17 -0.21 0.49 0.47 0.41

y -0.17 1.00 0.20 0.12 0.11 0.09

z -0.21 0.20 1.00 0.35 0.34 0.34

R 0.49 0.12 0.35 1.00 0.98 0.94

G 0.47 0.11 0.34 0.98 1.00 0.99

B 0.41 0.09 0.34 0.94 0.99 1.00
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Chapter 4

Graph Signal Processing

In this chapter, a concise introduction to the Graph theory is provided in or-
der to present the essential concepts and the processes employed in our proposed
algorithms.

4.1 Preliminaries of Graph
A generic graph G is composed of a set of points called nodes or vertices,

and edges are the connections between them, usually denoted by V and E µ V
x V, respectively.

A graph G can be directed or undirected. In the case of a directed graph, for
instance, if vertex A is connected to the vertex B, then B is connected to A; unless
the edge’s direction is specified by an arrow as shown in Figure 4.1-a and Figure
4.1-b.

Consider a graph G = {V , E} consisting of set of N vertices represented by
V = {vj} for j œ {1,2, ..., N}, and the aggregation of all the edges E = {eij}
for i, j œ {1,2, ...., N}. A matrix M = N x N defines the adjacency matrix with
the elements mij equal to 1 if an edge exists between the node i and the node j,
otherwise the value is 0.

The adjacency matrix of the undirected graph shown in Figure 4.1-b is shown
as an example. It is axiomatic that the adjacency matrix for an undirected graph
would be symmetric.

M =

S

WWWWWWWWU

0 1 1 1 1 1
1 0 1 0 0 1
0 1 0 1 0 0
0 0 1 0 0 0
1 0 1 0 0 0
1 1 0 0 0 0

T

XXXXXXXXV
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Weight is a particular quantity associated to each edge of the graph, adding
some information to the signal’s representation; a graph with this information is
called a weighted graph.

Consider an undirected weighted graph G = {V , E} having a finite set of m

vertices V and a set of edges E defined as (i, j, wi,j), where i, j œ V and each edge
has a non-negative weight wi,j œ R+ that reflects the affinity between node i and
j. The corresponding adjacency matrix W(i, j) = wi,j is a real symmetric m ◊ m

matrix, that can be defined as:

Wi,j =

Y
]

[
0 if eij /œ E
wij if eij œ E .

Here, wij denotes the weight associated to the edge eij. The adjacency matrix
of the weighted graph shown in Figure 4.1-c is reported as:

W =

S

WWWWWWWWU

0 0.31 0 0 0.14 0.75
0.31 0 0.56 0 0 0.48

0 0.56 0 0.20 0 0
0 0 0.20 0 0 0

0.67 0 0 0 0 0
0.75 0.48 0 0 0 0

T

XXXXXXXXV

After a brief description of weighted and adjacency matrix, the degree matrix
can be defined as the diagonal degree matrix D with entries Di,j = q

j wi,j. The
degree matrix of the undirected weighted graph in Figure 4.1-c is:

D =

S

WWWWWWWWU

1.20 0 0 0 0 0
0 1.35 0 0 0 0
0 0 0.76 0 0 0
0 0 0 0.20 0 0
0 0 0 0 0.67 0
0 0 0 0 0 1.23

T

XXXXXXXXV

The edge direction is considered in a directed graph; different sign is associated
to the edge for different directions.

Given D and W, the combinatorial graph Laplacian matrix is defined as:

L = D ≠ W.

The graph signal g(G) for a given graph G is defined on the vertices of a graph,
as g : V æ RD for some dimension D.
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Figure 4.1: Examples of different types of graphs: (a) Directed graph, (b) Undi-
rected graph, and (c) Weighted graph.

4.1.1 Joint geometry/color k-NN graph
A common approach is to construct a k nearest neighbor (k-NN) graph based

on Euclidean distance to make geometric structure explicit [128]. We generate the
k-NN graph based on both coordinates proximity and similarity in color of points
pi œ P.

Construction of k-NN color-only graph is not a good choice as geometrically
distant points may have similar color but different semantic content, which may
lead to the construction of a wrong graph. In contrast, geometry-only k-NN graph
generates artifacts as anticipated in Sec. 1. Figure 4.2 illustrates how color can
positively affect the graph construction by generating a set of neighbors that is more
semantically meaningful than a geometry-only graph. The joint geometry and color
graph is helpful as it exploits more information about the point cloud. To construct
such graph for a given point cloud P , every vertex is connected through an edge to
its k nearest neighbors with an associated weight, which is computed using some
metric. In this context, we choose to use the Euclidean distance. A common choice
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for weighting function is to use threshold Gaussian kernel [114]:

(a) (b)

Figure 4.2: (a) Illustration of a joint geometry and color k-NN graph for k = 4; node
A is connected to the nodes that are closer to it by geometric and color distance,
blue colored nodes are analogous to same color within proximity. (b) Illustration
of a geometry only k-NN graph for k = 4; node A is connected to nodes that are
within its proximity regardless of color of each connected node.

wi,j =

Y
___]

___[

exp
3

≠ÎXi≠XjÎ2

2◊
2
X

≠ ÎCi≠CjÎ2

2◊
2
C

4
if pj œ „k(i)

or pi œ „k(j)
0 otherwise.

(4.1)

Here, ◊X and ◊C determine the relative contribution of geometry and color in
the construction of joint geometry and color graph. „k(i) is the set of k nearest
neighbors to point pi, and „k(j) is the set of k nearest neighbors to point pj. The
resulting k-NN graph is denoted as G.

4.2 Datasets
The denoising algorithms have been applied to both the synthetic and real-world

point clouds. For the synthetic point clouds, Greyc 3D colored mesh dataset [85] is
used, which contains 16 real objects with different colors, textures, and geometric
structures. The static real-world point cloud dataset is available in the JPEG
PLENO (GTI-UTM) database for evaluating the proposed denoising algorithms
[29].
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4.3 Evaluation Metrics
The evaluation and comparison of the proposed algorithm and the other com-

peting algorithms are made using appropriate evaluation metrics for both the color
and geometry denoising.

4.3.1 Color denoising
The metrics used for the objective evaluation of the proposed color denoising

algorithm are mean-squared-error (MSE) and peak signal-to-noise ratio (PSNR):

MSE = 1
N

Nÿ

i=1
ÎCi ≠ „CiÎ2

. (4.2)

PSNR = 10 log10

A
2552

MSE

B

. (4.3)

Where Ci and „Ci represent the color attribute of the points in ground-truth and
denoised point cloud, respectively, N is the number of points in a point cloud P .

4.3.2 Geometry denoising
For image denoising, quality metrics are based on a one-to-one correspondence

between ground-truth and denoised data samples. However, in the case of point
clouds, such constraint would be practically too restrictive. The Hausdorff distance
overcomes the notion of a vertex to vertex distance [10, 5, 26, 86]. A triangular
mesh M consists of a set p

i
of points and a set T of triangles defining how the

vertices from p
i

are associated together, denoted by M = (p
i
, T ). We consider

a mesh corresponding to p
i

as M = (p
i
, T ) and a denoised point cloud ‚p

i
. We

are interested in measuring the distances between sets of points in the two-point
clouds.

Hausdorff distance

The distance d(„X i, M) between a given point „X i œ ‚p
i

and any point X i œ M
is defined as:

d(„X i, M) = min
XiœM

ÎX i ≠ „X iÎ2. (4.4)

The Hausdorff distance between „X and M is denoted as dH(„X, M) and is
given by:

dH(„X, M) = max
‚Xiœ‚pi

d(„X i, M). (4.5)
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The dH(„X, M) and dH(M, „X) are referred to as forward and backward dis-
tance, respectively. These distances are not symmetrical, i.e., dH(„X, M) /= dH(M, „X).
The symmetrical Hausdorff distance dS(„X, M) can be computed as:

dS(„X, M) = max (dH(„X, M), dH(M, „X)). (4.6)

The distance between any point X i belonging to M and „X can be computed
analytically, as it can be reduced to the minimum of the distances between X i and
all the triangles T œ T . If the orthogonal projection „X i of X i on the plane of T

is inside the triangle, the point-to-triangle distance is nothing but a point-to-plane
distance. When the projection lies outside T , the point-to-triangle distance is the
distance between X i and the closest point „X

Õ
i

of T , which lies necessarily on one
of the sides of T [10, 5, 26].
The point-to-mesh distance in Eq. 4.4 can also be used to calculate the mean
distance dm between „X and M:

dm(„X, M) = 1
N

ÿ

‚Xiœ ‚X
d(„X i, M). (4.7)

’ =
ı̂ıÙ 1

N

Nÿ

i=1
(di ≠ dm)2

. (4.8)

Where di = Îp
i
≠ ‚p

i
Î2; ’ represents the standard deviation of the distance between

the point ‚p
i

and the corresponding point p
i
. We computed the Hausdorff distance

using the cloud-to-mesh (C2M) metric in CloudCompare [32]. The ground-truth
3D models act as the reference meshes to their respective denoised point clouds.
The outputs of the C2M metric are dH , dm.

For further analysis of the proposed algorithm with respect to the other algo-
rithms, we have also computed the Mean-squared-error (MSE) and Mean city-block
distance (MCD). Assume Q and QÕ represent the geometry of the noise-free and
denoised point cloud respectively, where Q = {q

i
}N1

i=1 QÕ={q
Õ
i
}N2

i=1, such that q
i
, q

Õ
i

œ R3. We define distance metrics as follows.
MSE : It is computed as an average of the squared Euclidean distance between

each point in Q and its corresponding nearest point in QÕ, and also between each
point in QÕ and its corresponding nearest point in Q:

MSE = 1
2N1

ÿ

qiœQ
min
q

Õ
iœQÕ

Îq
i
≠ q

Õ
i
Î2

2 + 1
2N2

ÿ

q
Õ
iœQÕ

min
qiœQ

Îq
Õ
i
≠ q

i
Î2

2. (4.9)

MCD : MCD uses l1 norm instead of l2 norm.

MCD = 1
2N1

ÿ

qiœQ
min
q

Õ
iœQÕ

Îq
i
≠ q

Õ
i
Î + 1

2N2

ÿ

q
Õ
iœQÕ

min
qiœQ

Îq
Õ
i
≠ q

i
Î. (4.10)

38



Chapter 5

Point cloud denoising using
convex optimization

In this chapter, we will discuss the denoising of both the geometry and color
attribute of a point cloud by employing graph-based optimization technique, taking
advantage of the correlation between geometry and color described in Sec. 3.2, and
using it as a powerful tool for several tasks, i.e., color denoising, geometry denois-
ing, and combined geometry and color denoising. We explain how the geometric
coordinates can be represented as a graph signal that can be filtered utilizing convex
optimization techniques.

5.1 Proposed method - Graph construction
We have constructed the k- nearest neighbors (k-NN) graph using the Eq. 4.1

in the following three different settings for each task.

5.1.1 Joint geometry/color graph construction from noisy
geometry and noise-free color

In the setting considered here, the given point cloud P contains noisy geometry
and noise-free color information for a point p

i
. The proposed approach described in

Eq. 4.1 generates a k-NN graph based on color similarity and geometry proximity
in a 3D plane, with a suitable choice of ◊X and ◊C . The resulting k-NN graph is
denoted as G2.
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5.1.2 Joint geometry/color graph construction from noise-
free geometry and noisy color

For color denoising of a point cloud, a joint k-NN graph constructed from the
noise-free geometry and noisy color of the points is used to denoise the color at-
tribute of a point cloud. The resulting k-NN graph is defined as G1.

5.1.3 A joint geometry/color graph construction from noisy
geometry and noisy color

A joint k-NN graph constructed from the noisy geometry and color is used to
denoise both the geometry and color of a point cloud. The given noisy point cloud
P consists of noisy geometry and noisy color information for a point p

i
, with a

potentially different choice of ◊X and ◊C . The resulting k-NN graph is denoted as
G3.

Having introduced the mechanism of graph construction for the different de-
noising scenarios we are interested in, we now present the proposed approach for
denoising the color-only, geometry-only, and combined geometry and color noise of
a point cloud.

The very first step is to remove the outliers from the entire point cloud. The
outliers have distinct characteristics in that each outlier has a sparse neighborhood;
therefore, the detection and removal of outliers are density-based [112, 31]. In the
following, we follow the ROR approach, in which a sphere with a predefined radius
r is formed, having each point p

i
as its center. ui denotes the number of points

contained in each sphere. We then calculate ū =

nq
i=1

ui

N
, where N is the total number

of points. A point p
j

is considered as an outlier if uj < ū.

5.2 Geometry denoising
For geometry denoising, we exploit the graph G2 constructed from both geometry

and color information of the noisy point cloud defined in Sec. 4.1.1. We define
a graph signal g(G2), where each vertex of G2 is associated with the geometry
information X i and color information Ci of the point cloud. The point p

i
can

be expressed as p
i

= [X i + Zi, Ci], X i being the unknown true geometry of p
i
,

Zi the geometry noise, and Ci the color attribute, with X i, Zi, Ci œ R3. The
objective is to estimate X i for each point. This can be done using the following
denoising algorithm described in Eq. 5.1, which moves the points closer to their
exact location based on a smoothness assumption applied to the joint geometry
and color information embedded in a graph G2. A graph G2 can be considered
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an approximation of a 3D manifold. Therefore, the regularity of the combined
geometry and color is associated with the proximity of the points to the manifold.

„X = arg min
X

ÎX ≠ gÎ2
2 + “ÎÒG2XÎ2

2. (5.1)

Here, X = X(G2) is a graph signal on G2 containing geometry values on each
node; the estimated denoised geometry for the whole point cloud is referred to
as „X. The convex optimization problem in Eq. 5.1 promotes the smoothness of
the graph signal X defined on G2 utilizing the combined geometry and color k-NN
graph. The fidelity term in Eq. 5.1 enforces the denoised points to move to their
observed position. The smoothness of the graph can be measured by graph gradient
ÒG2X of the signal X. This can also be done by Total variation using Eq. 5.2. This
yields the denoised point cloud ‚p

i
= [„X i Ci], where „X i is the denoised geometry

for point p
i
.

„X = arg min
X

ÎX ≠ gÎ2
2 + “ÎÒG2XÎ1. (5.2)

The alternative direction method of multipliers (ADMM) [7] can also handle
this problem efficiently.

5.3 Color denoising
The algorithm presented in the following has the objective to perform color

denoising by exploiting the graph G1 from geometric and color information of the
noisy point cloud. We define a graph signal g(G1), where each vertex of G1 is
associated with the geometry X i and color Ci of the corresponding point p

i
of a

point cloud P . The input noisy point cloud consists of both geometry and color.
Each point can be expressed as p

i
= [X i, Ci + W i], X i being the geometry, Ci

being the unknown true color, and W i the color noise. The objective is to estimate
Ci for each point of the point cloud.

For denoising, we exploit the regularity of the color and its correlation with
the proximity of the points. Graph gradient can be used to measure the degree of
smoothness of a graph signal [114]. In the following, we propose a convex optimiza-
tion technique that enforces the regularity of the denoised color attributes on G1.
In particular, the denoising problem can be written as follows:

„C = arg min
C

ÎC ≠ gÎ2
2 + “ÎÒG1CÎ2

2. (5.3)

Here, C = C(G1) is a graph signal on G1 containing an RGB color attribute on
each node; the estimated denoised color for the whole point cloud is referred to as
„C, the observed noisy signal is represented by the graph signal g defined above,
“ is a parameter for regularization and ÒG1C represents the gradient of the graph
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signal C on the graph G1 (see [114]). Eq. 5.3 has two terms; the first is a fidelity
term that enforces the denoised point to be not too far from its observed color,
while the second term promotes smoothness of the denoised point cloud on G1 via
Tikhonov regularization. The same method can also employ Total Variation (TV)
regularization with the constraint that the underlying manifold of a point cloud is
piece-wise smooth. This leads to the following convex optimization problem:

„C = arg min
C

ÎC ≠ gÎ2
2 + “ÎÒG1CÎ1. (5.4)

The problems in Eq. 5.3 and 5.4 can be solved by alternating direction method
of multipliers (ADMM) [7]. This yields the denoised point cloud ‚p

i
= [X i

„Ci],
where „Ci is the denoised color attribute for point p

i
.

5.4 Combined geometry and color denoising
Up to this point, we have taken advantage of the correlation between geometry

and color to remove one type of noise, either on the geometry or on the color.
In the following, we consider the case of simultaneous denoising of geometry

and color noise employing the constructed k-NN graph G3 described in Sec. 5.1.3.
The point p

i
can be expressed as p

i
= [X i + Zi, Ci + W i], X i being the unknown

true geometry and Ci the noisy RGB color of p
i
, Zi the geometry noise, and W i

is the color noise, with X i, Zi, Ci, W i œ R3. The objective is to estimate X i and
Ci for each point. In the proposed algorithm, we use a weighting procedure for
each component in the feature vector representing a point in the cloud to generate
a weighted input signal X i

˜ = [Ω1(Xi + Zi), Ω2(Ci + Wi)] where, Ω1 and Ω2 œ R.
X i
˜ is then denoised using Eq. 5.5, which moves the points closer to their actual

position and their true color based on the smoothness assumption in graph G3. The
weights Ω1 and Ω2 enforce the fidelity term in Eq. 5.5 that the geometry and color
of the denoised points do not move too far from their observed position and their
actual color.

„
X̃ = arg min

X̃

ÎX̃ ≠ gÎ2
2 + “ÎÒG3X̃Î2

2. (5.5)

Here, X̃ = X̃(G3) is a graph signal on G3 containing a geometry value and color
value on each node; „

X̃ represents the estimated geometry and color denoised values.
The convex optimization problem in Eq. 5.5 promotes the smoothness of the graph
signal X̃ defined on G3 utilizing the combined geometry and color k-NN graph. The
smoothness of the graph can be measured by graph gradient ÒG3X̃ of the signal X̃.
This yields the denoised point cloud ‚p

i
= [„X i

„Ci], with „X i being obtained from
the first three components of „

X̃ divided by Ω1, and „Ci being obtained from the
last three components of „

X̃ divided by Ω2.
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Table 5.1: Parameter setting of the proposed denoising techniques for both the
synthetic and natural point cloud models with different noise levels.

Techniques
Noise level in

color
distribution

Noise added in
color

attribute

Noise added in
geometry
attribute

Noise level in
geometry

distribution

k

(Synthetic
point clouds)

“

(Synthetic
point clouds)

k

(Natural
point clouds)

“

(Natural
point clouds)

◊X ◊C Ω1 Ω2

Color
denoising

‡ = 10

100% 0% —

8 0.05

25 1.5 0.88 3.5 — —

‡ = 15 8 0.08
‡ = 20 8 0.13
‡ = 25 8 0.16
‡ = 30 8 0.20
‡ = 40 8 0.28

Geometry
denoising — 0% 50%

‡ = 0.3 15 0.075
10 0.075 1.0 2.4 — —‡ = 0.4 15 0.075

‡ = 0.5 15 0.1

Combined
geometry &

color denoising

‡ = 20
100% 50%

‡ = 0.3 100 0.025
70 0.075 0.7 14 0.20 0.80‡ = 30 ‡ = 0.4 100 0.025

‡ = 40 ‡ = 0.5 100 0.04

5.5 Experimental results
This section focuses on the analysis of the experimental results, both subjective

and objective, on static real-world and synthetic point cloud datasets discussed in
Sec. 4.2.

5.5.1 Experimental setup
For our experiments, we assume that the noise follows a uniform and Gaussian

distribution for geometry and color of a point cloud, respectively. This is a common
assumption, see e.g. [55, 20]. The graph signal processing in our denoising algo-
rithm has been implemented using GSPBOX [95], and for the convex optimization,
we have used UNLocBox [96].

For the outlier removal we have set ‘ = 0.01, k = 5 and · = 1 as in [112]. The
parameters setting that provides the best results for the proposed algorithms for
both the synthetic and real-world point clouds is shown in Tab. 5.1.

5.5.2 Visual analysis of geometry denoising algorithm
The visual results of the geometry denoising algorithm applied to Greyc datasets

and natural point clouds are discussed here.

Geometry denoising of natural point clouds

We show a visual comparison between the point cloud denoised by the proposed
algorithm and denoised using a graph constructed from only geometry as in [112].

43



Point cloud denoising using convex optimization

The experiment is performed on real-world natural point clouds, for which we do
not have a noiseless reference; hence, the results are only qualitative. Fig. 5.1a
and Fig. 5.2a show the point clouds with real noise; it can be seen that the points
with the same color are typically in a small neighborhood. Fig. 5.1b and Fig. 5.2b
are the resulting output after outlier removal. Fig. 5.1c and Fig. 5.2c depict the
denoised point cloud using the proposed algorithm. Here the noisy points are moved
close to their original position by exploiting the correlation between the geometric
coordinates and the color attribute. Fig. 5.1d and Fig. 5.2d show the denoised
point cloud using the geometry-only graph approach in [112]; it can be seen in
the same region that, using no color information, the noisy points are not moved
to their correct location, leaving gaps as anticipated in Fig. 1.2, and generally
providing a noisier result near object boundaries. As can be seen, the proposed
method does not generally create gaps and provides a visually more natural result.

 
 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 
 

(a)

 
 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 
 

 

(b)

 
 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 
 

 
 

(c)

 
 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 
 

 
 

 

(d)

Figure 5.1: Palazzo_Carignano_Dense model illustration. (a) noisy input, (b)
outlier-free input, geometry denoised results by (c) proposed algorithm, and (d)
geometry-only graph [112].
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(a) (b)

(c) (d)

Figure 5.2: Arco_Valentino model illustration. (a) noisy input, (b) outlier-free
input, geometry denoised results by (c) proposed algorithm, and (d) geometry-only
graph [112].

Geometry denoising of LiDAR image

The proposed denoising algorithm has also been applied to the point cloud
acquired by the LiDAR sensor from a dataset provided in [70]. The input point
cloud model is shown in Fig. 5.3, where we can see noise in the acquired LiDAR.
The noise can be seen as the dispersal of points on the trees and power lines with
different colors, which may be due to the adverse effects of atmospheric particles
or weather conditions such as snow or rain. The denoising result obtained from the
proposed algorithm is shown in Fig. 5.4, where we can see that the points are moved
to their actual position, and minimize the noise. Furthermore, in the highlighted
region, we can see a less adverse effect of the creation of holes in the denoised
output. However, using the proposed algorithm for the denoising of point cloud
acquired from LiDAR is computationally expensive especially for a very densely
populated point cloud. The computational cost of the proposed algorithm and the
algorithm described in [112] for point clouds from various acquisition system are
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Figure 5.3: Input LiDAR model: MastinLake9_001_colorized0.

shown in Table. 5.12. Fig. 5.5 depicts the denoising result using the algorithm,
where the geometry is considered for the construction of k-NN graph. We can see
that the input point cloud is over-regularized and hence causes the adverse effects
of leaving gaps.

Geometry denoising of ToF point clouds

To check the robustness of our proposed algorithm, we applied our technique on
point cloud generated using Helio2 ToF (Time-of-Flight) 3D camera. The sample
point cloud is available on [1]. The input model 3 Plastic Laundry Detergent on
Carpet (color overlay using Triton 3.2MP camera) is shown in Fig. 5.6a. The
synthetic geometry noise is then added with ‡ = 0.3. Fig. 5.6b represents the
noisy ToF model. We can see that the model is having inconsistent and lacks
smoothness. The denoised point clouds obtained using the proposed is shown in
Fig. 5.6c. We can see that the points are relocated to their actual position with
fewer adverse artifacts. The denoised point cloud using geometry-only algorithm
[112] is depicted by Fig. 5.6d. It can be seen that the algorithm tried to stretch the
points too much around their neighbors, which caused the creation of large holes
in the output. It can also be seen that the resulting point cloud from the proposed
algorithm is quite smoother than the noisy point cloud and the output point cloud
of the technique considering only geometry for the graph construction.
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Figure 5.4: Denoised LiDAR model with proposed algorithm.

Geometry denoising of synthetic point clouds

The proposed denoising approach has also been applied to noise-free point clouds
from the Greyc dataset [85], corrupted with uniform zero-mean synthetic geometry
noise applied to 50% of the points with ‡ = 0.3, 0.4, and 0.5. Fig. 5.7a and Fig.
5.8a show the noise-free point clouds. Fig. 5.7b and Fig. 5.8b show the noisy point
clouds with ‡ = 0.4. The denoised point clouds obtained by our proposed algorithm
are shown in Fig. 5.7c and 5.8c; it can be seen that the geometry noise has been
regularized, and the noisy points are moved close to their original positions. The
resulting denoised point clouds using the geometry-only algorithm [112] are shown
in Fig. 5.7d and 5.8d. The output point clouds of MSGW [17] are shown in Fig. 5.7e
and Fig. 5.8e. It can be seen that the geometry is not quite as much regularized;
moreover, as anticipated in Sec. 1, these approaches have an adverse effect on
overall geometry, as they tend to open holes in the denoised point clouds. Overall,
it can be seen from the qualitative results of both the real-world and synthetic
point clouds that the point clouds denoised by the proposed algorithm have better
quality and fewer artifacts.

We have also compared the proposed algorithm with RPSM [16]. Due to the
limitations of RPSM as anticipated in Sec. 4.3, we performed experiments on
sub-sampled point clouds. The sub-sampling performed here is on a spatial basis,
setting a minimum distance between the two points equal to 0.80. The larger the
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Figure 5.5: Denoised LiDAR model with geometry-only algorithm [112].

distance, the fewer points will be retained in the sub-sampled output. The number
of points in the sub-sampled clouds is around 20000 on average. The subjective
results are shown in Fig. 5.9 and Fig. 5.10. The proposed algorithm and RPSM
[16] are applied to the noisy inputs shown in Fig. 5.7b and Fig. 5.8b; the reference
noise-free point clouds are shown in Fig. 5.7a and Fig. 5.8a. It can be seen that,
while RPSM yields rather natural denoised color, it also tends to over-regularize
the point cloud and thereby opens large holes.

5.5.3 Visual analysis of color denoising algorithm
The subjective analysis of color denoising algorithms has been performed for

both synthetic and natural point clouds.

Color denoising of natural point clouds

The visual results of the proposed color denoising algorithm on natural point
clouds are presented here. There is not much literature available for color denoising
of the point cloud to the best of our knowledge, as anticipated in Sec. 1. Here,
the qualitative results show the comparison between the proposed algorithm using
Tikhonov and TV regularization. Fig. 5.11a and Fig. 5.12a show the real noisy
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Figure 5.6: 3 Plastic Laundry Detergent on Carpet model: (a) ground-truth (b)
noisy input, geometry denoised results by (c) proposed algorithm using Tikhonov
regularization (d) geometry-only graph [112].

point clouds; it can be seen that the details are not very clear due to a large amount
of color noise. In some areas, two distinct regions are overlapped with each other
due to the color noise.

Fig. 5.11b and Fig. 5.12b show the resulting point clouds after outlier removal.
For the color denoising, the outliers must be removed before applying the proposed
algorithm as they may lead to construct a wrong graph, which in turn affects the
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Figure 5.7: Green_monster model: (a) ground-truth (b) noisy input, geome-
try denoised results by (c) proposed algorithm using Tikhonov regularization (d)
geometry-only graph [112], and (e) MSGW [17].

color denoising process. Fig. 5.11c and Fig. 5.12c depict the point cloud denoised
using the proposed algorithm. Here, the colors are much smoother and natural
by exploiting the relation of the color of the points within proximity. Due to the
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Figure 5.8: Asterix model: (a) ground-truth (b) noisy input, geometry denoised
results by (c) proposed algorithm using Tikhonov regularization (d) geometry-only
graph [112], and (e) MSGW [17].

noise in the point cloud, details are missing, and one can not see the contours in
the real point cloud. The denoised point clouds look sharper in comparison to the
input noisy point clouds. The color denoising procedure helps to preserve object
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(a) (b)

Figure 5.9: Green_monster model: (a) denoised results by proposed algorithm
using Tikhonov regularizatoin, and (b) RPSM [16].

(a) (b)

Figure 5.10: Asterix model: (a) denoised results by proposed algorithm using
Tikhonov regularization, and (b) RPSM [16].

boundaries. Fig. 5.11d and Fig. 5.12d show the denoised point cloud using TV; it
can be seen that the color is still noisy, and there is a lack of details in the output
point clouds. TV is not very effective at enforcing color smoothness in comparison
to the proposed algorithm using Tikhonov regularization.

Color denoising of synthetic point clouds

The proposed algorithm for color denoising has been applied to noise-free point
clouds affected by synthetic color noise; Gaussian distribution is used to add noise
to the color attribute of every point in a reference point cloud while keeping the
geometry noise-free. Fig. 5.13a and Fig. 5.14a present the ground-truth point cloud
having noise-free geometry and color. Fig. 5.13b and Fig. 5.14b show the point
cloud affected by Gaussian noise with µ = 0 and ‡ = 30; adding noise to the color
affects the details and causes blurring of boundaries. Fig. 5.13c and 5.14c depict
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Figure 5.11: Palazzo_Carignano_Dense model illustration. (a) noisy input, (b)
outlier-free input, color denoised results by (c) proposed algorithm using Tikhonov
regularization, and (d) using TV.

the denoised output of the proposed algorithm using Tikhonov regularization. The
color of the output point cloud is denoised by exploiting the correlation of color
within the proximity, and the points in the k-neighborhood have a high probability
of having a similar color as the surface has smooth color. Fig. 5.13d and Fig. 5.14d
illustrate the denoised output using TV. The output point clouds are still noisy,
and the details are not preserved. The TV technique is the least effective in terms
of color denoising.
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Figure 5.12: Arco_Valentino model illustration. (a) noisy input, (b) outlier-free
input, color denoised results by (c) proposed algorithm using Tikhonov regulariza-
tion, and (d) using TV.

5.5.4 Visual analysis of combined geometry and color de-
noising algorithm

Geometry and color denoising of natural point clouds

The proposed denoising algorithm is applied to the natural point cloud with real
noise in geometry and color. The visual results of the comparison between the point
cloud denoising by the proposed technique using Tikhonov and TV are described
here. Fig. 5.15a and Fig. 5.16a show a real-world point cloud containing noise
both in geometry and color. Due to the noise, the structural information in the real
point clouds is lost, and fine details are not visible. Fig. 5.15b and Fig. 5.16b are
the outcomes after applying the outlier removal algorithm, eliminating the noisiest
points, thereby helping in the construction of a useful k-NN graph. Fig. 5.15c and
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(a) (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 

(c) (d)

Figure 5.13: Green_monster model: (a) ground-truth (b) noisy point cloud with
noise level of µ = 0 and ‡ = 30, color denoised results by (c) proposed algorithm
using Tikhonov, and (d) using TV.

Fig. 5.16c depict the denoised point clouds obtained by the proposed algorithm
using Tikhonov regularization. The geometry noise is removed by moving the
noisy points closer to their original position, and also, the color becomes smoother
by exploiting the correlation of geometry and color of points in a point cloud.
Structural information is preserved in the resulting point cloud, and one can see
more details, which were partly hidden in the noisy point cloud. Fig. 5.15d and
Fig. 5.16d show the denoised point cloud by using TV. The TV also performs
geometry denoising but has a minimal denoising effect on the color noise; it can be
seen that the details are not very well-defined in the output point clouds because
the colors are not smooth enough.

Geometry and color denoising of synthetic point clouds

Here we present the subjective results of the proposed combined geometry and
color denoising approach applied to noise-free point clouds affected by synthetic
geometry and color noise. The noise in the geometry is added to 50% of the points
using a zero-mean uniform noise with µ = 0 and ‡ = 0.3, 0.4, and 0.5; the color of
each point is corrupted by zero-mean Gaussian noise with ‡ = 20, 30, and 40. For
clarity, the subjective results of combined geometry and color denoising are shown
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(c) (d)

Figure 5.14: Asterix model: (a) ground-truth (b) noisy point cloud with noise
level of µ = 0 and ‡ = 30, color denoised results by (c) proposed algorithm using
Tikhonov, and (d) using TV.

in separate figures focusing on the color and geometry individually. The effect of
color denoising in the combined geometry and color denoising algorithm is shown
in Fig. 5.17 and Fig. 5.18. The noise-free point cloud is shown in Fig. 5.17a and
Fig. 5.18a. Fig. 5.17b and Fig. 5.18b depict the noisy point clouds highlighting
only the color noise added in the noise-free synthetic point cloud. The denoised
point clouds obtained by our proposed algorithm using Tikhonov regularization are
shown in Fig. 5.17c and 5.18c, highlighting the color denoising effect in combined
geometry and color denoising. It can be seen that the denoised output is cleaned
from the color noise, and the colors in the output point cloud are closer to the
exact color of the ground-truth input point cloud. Fig. 5.17d and Fig. 5.18d are
the resulting denoised point clouds of the proposed algorithm using TV. The TV
has a small effect at removing the noise from the color.

The effect of the proposed algorithm for geometry denoising can be seen in Fig.
5.19 and Fig. 5.20. The noise-free input point clouds are shown in Fig. 5.19a and
Fig. 5.20a. The noisy point clouds highlighting only the geometry noise can be seen
in Fig. 5.19b and Fig. 5.20b. The outcome of the proposed denoising algorithm
is depicted in Fig. 5.19c and Fig. 5.20c, focusing only on the denoising effect on
geometry. It can be seen that the geometry noise has been regularized, and the
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Figure 5.15: Palazzo_Carignano_Dense model illustration. (a) noisy input, (b)
outlier-free input, combined geometry and color denoised results by (c) proposed
algorithm using Tikhonov regularizarion, and (d) using TV.

noisy points are moved close to their original positions; moreover, as anticipated
in Sec. 1, our approach avoids generating artifacts by leaving fewer holes in the
output denoised point cloud. Fig. 5.19d and Fig. 5.20d are the denoised output of
TV regularization. The TV also helps in regularizing the noisy points. Overall we
can perceive from the qualitative results of the synthetic point clouds that the point
clouds denoised by the proposed algorithm using Tikhonov have better quality both
in color and geometry denoising and exhibit fewer artifacts.

5.5.5 Objective evaluation on Greyc color mesh dataset
The quantitative evaluation has also been performed on the Greyc noise-free

synthetic point clouds dataset.
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Figure 5.16: Arco_Valentino model illustration. (a) noisy input, (b) outlier-free
input, combined geometry and color denoised results by (c) proposed algorithm
using Tikhonov regularizarion, and (d) using TV.

Color denoising

The color attribute of each point cloud is corrupted with Gaussian noise applied
to each point in a point cloud with ‡ = 20, 30, and 40. The MSE and PSNR
comparisons between the proposed color denoising algorithm using Tikhonov and
TV regularization are shown in Tab. 5.2 and Tab. 5.3. The results of both metrics
show that the proposed technique via Tikhonov regularization performed far better
than the TV regularization. The average gain in MSE and PSNR is demonstrated
in Fig. 5.21 for three different noise levels. It can be seen that with the increase
in the intensity of noise level, the proposed color denoising method using Tikhonov
performs much better than the TV regularization.

Gaussian noise with zero-mean and ‡ = 10, 15, 20, and 25 is added to the color
attribute of the noise-free point cloud models of Greyc dataset for the comparison
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Figure 5.17: Green_monster model: Highlighting only the color denoising effect in
combined geometry and color denoising algorithm: (a) ground-truth (b) noisy point
cloud with ‡ = 30 in color attribute, color denoised results in combined geometry
and color by (c) proposed algorithm using Tikhonov, and (d) using TV.

Table 5.2: MSE comparison of color denoising algorithm for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue

‡ = 20

Noisy 398.25 361.28 373.52 393.64 339.57 397.24 365.38 383.29 368.56 387.52 321.09 375.24 309.14 335.40 377.39 398.13

Proposed 77.75 103.56 145.23 82.80 130.65 63.04 91.64 150.11 85.83 77.90 95.91 89.56 149.53 93.75 82.52 84.77

TV 303.05 279.02 289.48 298.13 286.05 301.50 279.04 299.68 279.21 293.61 242.14 283.15 241.15 254.99 293.32 302.99

‡ = 30

Noisy 869.27 781.84 816.58 867.14 722.06 875.25 796.19 850.03 797.42 850.88 692.54 810.94 645.11 713.61 811.92 882.35

Proposed 109.74 148.53 214.89 120.77 189.47 89.12 138.24 217.08 130.09 112.13 157.44 136.40 250.35 148.58 133.63 123.06

TV 590.97 540.25 564.67 589.46 548.87 594.55 542.77 596.83 539.70 575.89 467.70 544.00 449.27 485.12 561.85 602.88

‡ = 40

Noisy 1506.10 1329.00 1384.60 1462.90 1241.90 1469.80 1347.80 1462.10 1355.50 1462.60 1171.90 1372.90 1092.10 1217.80 1376.20 1519.90

Proposed 137.31 210.90 281.89 149.67 262.51 133.94 184.53 279.98 175.90 144.71 228.37 185.25 385.53 213.93 242.06 154.26

TV 1119.50 995.38 1033.80 1081.70 979.85 1088.40 1000.40 1107.10 1000.90 1083.80 862.00 1005.10 816.02 903.14 1026.80 1131.90

of the proposed color denoising algorithm with GLR [20, 90] and GTV [13]. Quan-
titative results in terms of PSNR are shown in Tab. 5.4, where GTV and GLR show
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Figure 5.18: Asterix model: Highlighting only the color denoising effect in combined
geometry and color denoising algorithm: (a) ground-truth (b) noisy point cloud
with ‡ = 30 in color attribute, color denoised results in combined geometry and
color by (c) proposed algorithm using Tikhonov, and (d) using TV.

Table 5.3: PSNR comparison of color denoising algorithm for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue

‡ = 20

Noisy 22.13 22.55 22.41 22.18 22.82 22.14 22.50 22.30 22.47 22.25 23.07 22.39 23.23 22.88 22.36 22.13

Proposed 29.22 27.98 26.53 28.95 26.97 30.13 28.50 26.38 28.80 29.19 28.33 28.61 26.43 28.41 28.96 28.84

TV 23.32 23.67 23.52 23.39 23.57 23.34 23.67 23.36 23.67 23.45 24.29 23.61 24.31 24.07 23.46 23.32

‡ = 30

Noisy 18.74 19.20 19.01 18.75 19.55 18.71 19.12 18.84 19.11 18.83 19.73 19.04 20.03 19.60 19.04 18.67

Proposed 27.72 26.41 24.81 27.31 25.35 28.63 26.72 24.76 26.98 27.63 26.15 26.78 24.14 26.33 26.87 27.23

TV 20.42 20.81 20.61 20.43 20.74 20.39 20.79 20.37 20.81 20.53 21.43 20.78 21.60 21.27 20.64 20.33

‡= 40

Noisy 16.35 16.90 16.72 16.48 17.19 16.46 16.84 16.48 16.81 16.48 17.44 16.75 17.75 17.28 16.74 16.31

Proposed 26.36 24.90 23.63 26.38 23.95 26.86 25.47 23.66 25.68 26.53 24.54 25.45 22.27 24.83 24.29 26.25

TV 17.64 18.15 17.97 17.79 18.22 17.76 18.13 17.69 18.13 17.78 18.78 18.11 19.01 18.57 18.01 17.59

the highest average PSNR value for noise level ‡ = 10 and ‡ = 15, respectively.
With the increase in the noise level, the proposed algorithm performs better than
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Figure 5.19: Green_monster model: Same output point cloud as Fig. 5.17, high-
lighting geometry denoised effect in combined geometry and color denoising tech-
nique, (a) ground-truth (b) noisy point cloud with noise level of µ = 0, ‡ = 0.4 in
geometry attribute, geometry denoised results in combined geometry and color by
(c) proposed algorithm, and (d) using TV.

GLR and GTV, with an average PSNR increased by 0.25dB and 0.09dB, respec-
tively. Besides PSNR, the average execution time (AET) per noise level for the
proposed, GLR, and GTV algorithms is also shown in Tab. 5.4. The proposed
method is faster because it denoises the color using smaller “, which in turn per-
forms regularization in a smaller number of iterations. AET has been measured in
MATLAB 2017b on a 3.5Ghz MacBook Pro with an Intel Core i7 processor and
16GB memory.

Geometry denoising

Each point cloud has been corrupted with uniform synthetic geometry noise,
applied to 50% of the points with ‡ = 0.3, 0.4, and 0.5. The comparison between
the proposed algorithm and the denoising approach used in [112] and MSGW [17]
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Figure 5.20: Asterix model: Same output point cloud as Fig. 5.18, highlighting
geometry denoised effect in combined geometry and color denoising technique, (a)
ground-truth (b) noisy point cloud with noise level of µ = 0, ‡ = 0.4 in geom-
etry attribute, geometry denoised results in combined geometry and color by (c)
proposed algorithm, and (d) using TV.

is shown in Tab. 5.7. The results show that the proposed denoising technique
performs better than [112] and [17] in terms of all the metrics in the cloud to mesh
distance at all noise levels. For ‡ = 0.3, the Green monster, Mario, Pokeman ball,
and Statue show good results for the geometry-only algorithm [112]. Still, with
the increase in noise intensity, the proposed algorithm performs better for all the
models in the Greyc mesh dataset. The gain is more significant as the noise level
increases, showing that the proposed denoising method is indeed better at removing
geometry noise.

To check the robustness of the proposed algorithm to other noise distribution,
Gaussian noise is added to each point cloud of the Greyc dataset with ‡ = 0.2,0.3,
and 0.4. The comparative results are shown in Tab. 5.8, proving that the proposed
algorithm yields good results with respect to the denoising techniques described
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Table 5.4: Color denoising comparison for Gaussian noise ‡ = 10, 15, 20, and 25
with GLR-based [20] and GTV-based [13] in terms of PSNR and AET (s).

Model
‡ = 10 ‡ = 15 ‡ = 20 ‡ = 25 AET (s)

Noise Proposed GLR GTV Noise Proposed GLR GTV Noise Proposed GLR GTV Noise Proposed GLR GTV Proposed GLR GTV

Asterix 28.38 31.32 32.03 31.61 24.94 29.21 29.66 29.53 22.53 27.98 28.10 27.56 20.68 26.69 26.12 27.05 2.55 5.20 211.00

Duck 28.53 30.77 30.40 30.60 25.20 28.63 28.42 28.14 22.71 26.97 26.89 26.35 20.90 25.81 25.68 25.04 0.792 1.70 58.00

Green_Dinosaur 28.14 33.17 33.28 33.36 24.60 31.28 31.64 31.31 22.13 30.13 30.30 30.34 20.23 29.23 28.52 29.62 3.99 11.20 389.00

Red_Horse 28.29 32.43 32.15 32.20 24.74 30.17 29.72 30.01 22.35 28.96 27.85 28.57 20.47 27.38 25.66 27.33 8.13 19.50 851.00

Average 28.30 31.92 31.87 31.94 24.85 29.82 29.86 29.75 22.44 28.51 28.29 28.20 20.61 27.27 26.495 27.26 3.86 9.40 377.25
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Figure 5.21: (a): Average gain in MSE (dB) for the color denoising algorithm (b):
Average gain in PSNR (dB) for the color denoising algorithm.

in [112] and [17] at all noise levels for C2M distance. At noise level ‡ = 0.2,
the geometry-only [112] algorithm performs better for Asterix, Pokeman ball, and
Rabbit models; however, only the duck shows good results for MSGW [17] for all
the noise intensities. The proposed denoising algorithm performs better for all the
models except Duck as the noise level increases.

For performance comparison between the proposed algorithm and RPSM [16],
we need a ground-truth mesh for each point cloud of the Greyc dataset [85]. Due
to the large memory requirement of RPSM, we performed experiments on sub-
sampled point clouds, for which the sub-sampled ground-truth mesh is not available.
Hence, we employ on these sub-sampled point clouds the same metrics as in [140]
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Table 5.5: MSE comparison on sub-sampled Greyc dataset.

Model
‡ = 0.3 ‡ = 0.4 ‡ = 0.5

Proposed RPSM
[16] Proposed RPSM

[16] Proposed RPSM
[16]

4arms
Monstre 0.29 0.48 0.34 0.51 0.42 0.52

Asterix 0.26 0.31 0.28 0.34 0.30 0.37
Cable

car 0.36 0.74 0.38 0.80 0.40 0.82

Dragon 0.25 0.44 0.26 0.48 0.28 0.50
Green

monster 0.33 0.62 0.36 0.65 0.37 0.67

Rabbit 0.31 0.58 0.32 0.60 0.35 0.63
Red
horse 0.34 0.51 0.36 0.55 0.39 0.58

Table 5.6: MCD comparison on sub-sampled Greyc dataset.

Model
‡ = 0.3 ‡ = 0.4 ‡ = 0.5

Proposed RPSM
[16] Proposed RPSM

[16] Proposed RPSM
[16]

4arms
Monstre 0.43 0.70 0.57 0.90 0.62 1.00

Asterix 0.38 0.45 0.41 0.48 0.44 0.53
Cable

car 0.51 0.92 0.54 0.98 0.57 1.05

Dragon 0.37 0.65 0.37 0.68 0.42 0.70
Green

monster 0.49 0.71 0.52 0.77 0.55 0.80

Rabbit 0.46 0.80 0.49 0.82 0.51 0.88
Red
horse 0.50 0.75 0.54 0.78 0.57 0.81

also described in Sec. 4.3.2. Tab. 5.5 and Tab. 5.6 show the MSE and MCD
comparisons between the proposed algorithm and RPSM [16] on sub-sampled point
clouds. The results clearly indicate that the proposed algorithm performs better
than RPSM [16].
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Table 5.7: C2M metric comparison of the proposed geometry denoising algorithm
with the geometry-only graph approach [112] and MSGW [17] for uniform noise.

Noise level
in geometry Methods Parameters 4arms

monstre Asterix Cable
car Dragon Duck Green

Dinasour
Green

monster Horse Jaguar Long
Diansour Mario Mario

car
Pokeman

ball Rabbit Red
horse Statue

‡ = 0.3

Proposed

dH 0.96 0.97 1.17 1.29 1.56 1.50 1.18 0.94 1.17 1.45 1.18 0.98 1.01 1.32 1.27 0.90

dm < 0.01 0.01 0.03 0.01 0.02 ¥ 0.00 0.02 < 0.01 0.03 0.01 0.04 0.03 0.03 < 0.01 < 0.01 0.01

’ 0.07 0.07 0.16 0.11 0.18 0.04 0.10 0.06 0.14 0.13 0.15 0.14 0.11 0.06 0.10 0.09

Geometry-
only
[112]

dH 0.96 0.75 1.17 1.29 1.56 1.50 0.75 0.94 1.17 1.02 1.02 0.98 0.64 1.33 1.28 0.90

dm 0.01 0.02 0.04 0.02 0.02 < 0.01 0.02 < 0.01 0.03 0.02 0.04 0.03 0.03 < 0.01 0.02 0.01

’ 0.08 0.08 0.18 0.14 0.19 0.08 0.10 0.08 0.15 0.15 0.15 0.14 0.11 0.08 0.14 0.08

MSGW
[17]

dH 1.10 0.98 1.31 1.55 1.97 1.86 1.25 1.31 1.29 1.20 1.11 1.34 0.99 1.59 1.65 1.50

dm 0.02 0.10 0.09 0.08 0.11 0.01 0.08 0.01 0.07 0.05 0.07 0.18 0.07 0.01 0.04 0.01

’ 0.07 0.13 0.27 0.22 0.35 0.13 0.17 0.10 0.20 0.21 0.19 0.26 0.15 0.10 0.18 0.10

‡ = 0.4

Proposed

dH 0.96 0.97 1.17 1.29 1.56 1.50 1.18 0.94 1.17 1.45 1.18 0.98 1.01 1.32 1.27 0.90

dm 0.01 0.02 0.05 0.03 0.03 < 0.01 0.04 0.01 0.05 0.03 0.07 0.05 0.03 0.01 0.02 0.02

’ 0.09 0.11 0.21 0.17 0.20 0.09 0.15 0.10 0.20 0.19 0.20 0.19 0.13 0.11 0.17 0.12

Geometry
Only [112]

dH 1.18 0.97 1.17 1.29 1.57 2.12 1.18 1.32 1.18 1.45 1.32 1.20 1.01 1.32 1.80 1.27

dm 0.02 0.03 0.06 0.04 0.03 0.01 0.04 0.01 0.06 0.04 0.08 0.06 0.04 0.02 0.03 0.02

’ 0.14 0.11 0.22 0.19 0.21 0.13 0.15 0.11 0.21 0.20 0.21 0.20 0.14 0.12 0.20 0.12

MSGW
[17]

dH 1.26 1.25 1.48 1.82 2.13 2.12 1.91 1.87 1.56 1.76 1.68785 1.86 1.35 1.86 1.87 1.79

dm 0.04 0.18 0.14 0.13 0.18 0.02 0.13 0.01 0.14 0.10 0.15 0.27 0.09 0.02 0.06 0.02

’ 0.17 0.23 0.31 0.32 0.50 0.19 0.23 0.11 0.31 0.30 0.29 0.32 0.19 0.15 0.28 0.13

‡ = 0.5

Proposed

dH 1.37 1.07 1.43 1.30 1.59 1.51 1.19 1.33 1.18 1.46 1.32 1.55 1.11 1.32 1.80 1.28

dm 0.02 0.04 0.09 0.06 0.03 0.01 0.07 0.02 0.08 0.05 0.11 0.08 0.05 0.02 0.05 0.03

’ 0.14 0.14 0.26 0.23 0.21 0.14 0.18 0.15 0.25 0.22 0.23 0.23 0.15 0.16 0.24 0.16

Geometry
Only [112]

dH 1.53 1.31 1.44 1.32 1.63 2.13 1.34 1.35 1.44 1.47 1.45 1.56 1.12 1.33 1.89 1.28

dm 0.03 0.05 0.12 0.07 0.05 0.02 0.08 0.03 0.09 0.07 0.12 0.10 0.06 0.03 0.07 0.04

’ 0.14 0.15 0.26 0.24 0.27 0.16 0.20 0.19 0.26 0.25 0.25 0.25 0.16 0.16 0.245 0.17

MSGW [17]

dH 2.05 1.77 1.75 1.98 2.45 2.50 1.99 1.89 1.86 1.77 1.96 1.87 1.63 2.09 1.90 1.48

dm 0.04 0.18 0.14 0.14 0.18 0.03 0.15 0.04 0.16 0.12 0.17 0.30 0.09 0.03 0.10 0.03

’ 0.18 0.24 0.32 0.33 0.51 0.20 0.26 0.24 0.34 0.51 0.32 0.34 0.19 0.17 0.29 0.20

Combined geometry and color denoising

The geometry and color of each reference point cloud have been altered with
uniform synthetic geometry noise and Gaussian color noise, respectively. The geom-
etry of 50% of the points in each point cloud is affected with noise level ‡ = 0.3, 0.4,

and 0.5; however, the color of each point in a point cloud is affected with ‡ = 20, 30,

and 40. The C2M metric with respect to the corresponding reference point cloud
has been computed for the denoised point cloud by the proposed algorithm using
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Table 5.8: C2M metric comparison of the proposed geometry denoising algorithm
with the geometry-only graph approach [112] and MSGW [17] for Gaussian noise.

Noise level
in geometry Methods Parameters 4arms

monstre Asterix Cable
car Dragon Duck Green

Dinasour
Green

monster Horse Jaguar Long
Diansour Mario Mario

car
Pokeman

ball Rabbit Red
horse Statue

‡ = 0.2

Proposed

dH 0.68 0.61 1.16 0.91 1.56 1.49 1.06 0.94 1.17 1.02 0.98 1.18 0.64 0.93 1.26 0.90

dm < 0.01 0.01 0.02 0.01 0.02 < 0.01 0.01 < 0.01 0.01 0.01 0.02 0.02 0.03 < 0.01 < 0.01 < 0.01

’ 0.04 0.06 0.12 0.08 0.19 0.02 0.07 0.03 0.11 0.09 0.10 0.12 0.11 0.05 0.07 0.05

Geometry
Only
[112]

dH 0.78 0.61 1.27 0.98 1.56 1.71 1.17 0.94 1.38 1.23 0.98 1.07 0.45 0.93 1.47 1.09

dm 0.01 0.01 0.04 0.02 0.02 < 0.01 0.01 < 0.01 0.02 0.01 0.02 0.03 0.03 < 0.01 0.01 < 0.01

’ 0.05 0.05 0.16 0.12 0.19 0.05 0.09 0.53 0.12 0.13 0.12 0.14 0.11 0.04 0.12 0.07

MSGW
[17]

dH 1.37 0.97 1.18 0.92 1.56 1.51 1.07 0.95 1.41 1.02 0.99 1.18 0.91 0.94 1.81 1.28

dm 0.02 0.02 0.03 0.02 0.02 < 0.01 0.02 0.01 0.03 0.02 0.03 0.05 0.04 0.02 0.01 0.02

’ 0.11 0.09 0.17 0.12 0.16 0.07 0.11 0.11 0.15 0.12 0.15 0.17 0.12 0.12 0.13 0.12

‡ = 0.3

Proposed

dH 0.96 1.05 1.17 1.28 2.21 1.50 1.18 1.30 1.17 1.03 1.38 1.19 0.90 1.32 1.27 0.90

dm 0.01 0.02 0.04 0.03 0.05 < 0.01 < 0.01 < 0.01 0.03 0.02 0.04 0.06 0.04 0.01 0.02 0.01

’ 0.08 0.09 0.19 0.15 0.27 0.08 0.12 0.07 0.17 0.16 0.17 0.18 0.13 0.08 0.14 0.08

Geometry
Only
[112]

dH 0.96 1.06 1.66 1.29 1.57 1.96 1.60 1.32 1.66 1.65 1.58 1.33 0.87 1.32 1.68 1.28

dm 0.01 0.04 0.07 0.04 0.05 0.01 0.04 0.01 0.05 0.03 0.06 0.09 0.03 0.01 0.02 0.01

’ 0.10 0.10 0.21 0.17 0.24 0.11 0.13 0.08 0.19 0.16 0.18 0.20 0.12 0.09 0.17 0.10

MSGW
[17]

dH 1.53 1.31 1.67 1.83 1.56 2.13 1.20 1.88 1.86 1.50 1.56 1.34 1.30 1.88 1.98 1.82

dm 0.03 0.03 0.05 0.035 0.03 0.01 0.05 0.02 0.06 0.03 0.07 0.10 0.05 0.03 0.02 0.03

’ 0.14 0.12 0.23 0.16 0.23 0.09 0.16 0.14 0.22 0.18 0.22 0.23 0.14 0.16 0.16 0.15

‡ = 0.4

Proposed

dH 1.13 1.48 1.34 1.53 2.41 1.83 1.37 1.58 1.29 1.19 1.61 1.33 0.98 1.46 1.35 1.02

dm 0.02 0.05 0.07 0.05 0.07 0.01 0.05 0.02 0.05 0.03 0.06 0.07 0.05 0.01 0.03 0.01

’ 0.12 0.15 0.22 0.19 0.38 0.11 0.14 0.13 0.23 0.18 0.21 0.20 0.17 0.11 0.16 0.13

Geometry
Only
[112]

dH 1.24 1.55 1.89 1.56 2.04 1.94 1.75 1.59 1.92 1.84 1.79 1.50 0.99 1.48 1.73 1.39

dm 0.03 0.06 0.10 0.06 0.08 0.02 0.07 0.03 0.08 0.04 0.08 0.11 0.06 0.02 0.04 0.03

’ 0.15 0.18 0.26 0.23 0.31 0.15 0.16 0.15 0.27 0.19 0.29 0.24 0.17 0.13 0.22 0.18

MSGW
[17]

dH 1.66 1.77 1.94 2.01 1.97 2.39 1.46 1.84 2.17 1.76 1.83 1.51 1.47 2.07 2.03 1.97

dm 0.05 0.06 0.09 0.06 0.05 0.01 0.08 0.05 0.09 0.05 0.11 0.13 0.07 0.06 0.04 0.04

’ 0.19 0.21 0.27 0.21 0.29 0.13 0.19 0.20 0.30 0.21 0.32 0.28 0.19 0.22 0.19 0.26

Tikhonov regularization and using TV. The comparative quantitative results of ge-
ometry denoising in a combined geometry and color denoising algorithm are shown
in Tab. 5.9. To better understand the results, we mapped the C2M distance on the
reference point cloud. The distances are represented by the color scale; blue, green,
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Figure 5.22: Asterix_model (noise level µ = 0 and ‡ = 0.5) (a): C2M metric
of denoised point cloud by proposed algorithm using Tikhonov regularization (b):
C2M metric of denoised point cloud using TV.
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Figure 5.23: (a): Average gain in MSE (dB) for the color denoising in combined
geometry and color denoising algorithm (b): Average gain in PSNR (dB) for the
color denoising in combined geometry and color denoising algorithm.

yellow, and red display the range of distances from minimum to maximum. Fig.
5.22 shows the results of C2M distance for the Asterix_model. The performance
evaluation of the proposed algorithm for color denoising has been done by comput-
ing the MSE and PSNR. The results of MSE and PSNR comparison with different
noise levels are shown in Tab. 5.10 and Tab. 5.11, respectively. Fig. 5.23 shows the
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Point cloud denoising using convex optimization

average gain in MSE and PSNR, which further verifies the proposed algorithm’s
better performance. The results show that the proposed technique using Tikhonov
regularization performs significantly better than the TV for noise levels ‡ = 0.3, 0.4,

and 0.5 except for the Duck. The results also indicate that the proposed algorithm
is robust to the increase in noise intensity.

Table 5.9: C2M metric comparison between the proposed combined geometry and
color denoising algorithm using Tikhonov regularization and TV.

Noise level
in geometry Methods Parameters 4arms

monstre Asterix Cable
car Dragon Duck Green

Dinasour
Green

monster Horse Jaguar Long
Diansour Mario Mario

car
Pokeman

ball Rabbit Red
horse Statue

‡ = 0.3

Proposed algorithm
using Tikhonov
regularization

dH 0.68 0.61 1.17 0.91 2.71 1.50 0.52 0.94 0.82 1.02 0.82 0.69 0.45 0.93 1.27 0.89

dm < 0.01 < 0.01 0.05 0.03 0.37 ¥ 0.00 < 0.01 ¥ 0.00 0.01 0.01 0.02 0.01 0.03 ¥ 0.00 0.01 < 0.01

’ 0.04 0.06 0.19 0.15 0.68 0.03 0.07 0.02 0.10 0.10 0.11 0.10 0.11 0.03 0.11 0.04

TV regularization

dH 0.96 0.61 0.82 0.91 1.56 1.50 0.75 0.94 1.17 1.02 0.83 0.97 0.64 0.93 1.27 0.90

dm 0.01 0.01 0.04 0.02 0.07 < 0.01 0.02 < 0.01 0.03 0.02 0.05 0.03 0.03 < 0.01 0.01 0.01

’ 0.08 0.07 0.19 0.14 0.31 0.05 0.11 0.06 0.15 0.14 0.16 0.15 0.12 0.08 0.13 0.09

‡ = 0.4

Proposed algorithm
using Tikhonov
regularization

dH 0.68 0.74 1.16 0.91 2.71 1.50 0.74 0.98 0.83 1.02 1.02 0.98 0.63 0.93 1.27 0.89

dm < 0.01 0.01 0.06 0.03 0.37 < 0.01 0.02 < 0.01 0.02 0.02 0.04 0.03 0.03 < 0.01 0.02 < 0.01

’ 0.05 0.08 0.21 0.17 0.68 0.05 0.10 0.04 0.14 0.13 0.15 0.13 0.11 0.05 0.14 0.06

TV regularization

dH 0.96 0.87 1.43 1.29 1.61 1.54 1.06 1.08 1.18 1.02 1.18 0.98 1.01 1.32 1.80 0.90

dm 0.02 0.02 0.06 0.04 0.07 0.01 0.05 0.01 0.05 0.04 0.08 0.06 0.05 0.02 0.03 0.02

’ 0.12 0.10 0.22 0.19 0.33 0.09 0.16 0.10 0.20 0.19 0.21 0.20 0.14 0.12 0.19 0.13

‡ = 0.5

Proposed algorithm
using Tikhonov
regularization

dH 0.96 0.96 1.43 0.94 3.50 1.53 1.05 0.99 1.17 1.02 1.02 0.98 0.89 0.93 1.29 0.91

dm < 0.01 0.03 0.09 0.06 0.61 < 0.01 0.04 < 0.01 0.04 0.03 0.06 0.04 0.04 < 0.01 0.03 < 0.01

’ 0.08 0.12 0.26 0.23 0.83 0.07 0.13 0.05 0.18 0.17 0.18 0.16 0.12 0.06 0.19 0.06

TV regularization

dH 1.37 1.07 1.65 1.30 1.69 1.50 1.30 1.33 1.18 1.45 1.45 1.56 1.11 1.32 1.81 1.27

dm 0.03 0.04 0.10 0.07 0.08 0.01 0.08 0.02 0.09 0.06 0.11 0.09 0.06 0.03 0.05 0.03

’ 0.14 0.14 0.26 0.26 0.34 0.13 0.20 0.14 0.26 0.25 0.24 0.24 0.16 0.16 0.25 0.16
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Table 5.10: MSE comparison of combined geometry and color denoising algorithm
for Greyc dataset with three noise levels in color attribute.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue

‡ = 20

Noisy 396.81 361.15 374.29 393.14 339.42 397.91 364.35 385.17 368.52 386.45 321.67 376.17 309.85 333.85 378.42 396.90

Tikhonov 107.03 164.03 172.73 116.33 564.41 97.96 125.90 173.33 127.41 105.68 130.65 121.52 269.01 119.79 219.17 119.52

TV 360.47 333.08 344.70 358.37 320.00 361.15 334.29 354.34 338.20 352.53 294.67 344.65 285.11 303.66 350.36 361.43

‡ = 30

Noisy 876.66 782.13 810.77 863.43 728.82 872.76 793.86 841.43 801.55 848.09 689.96 813.16 652.34 716.01 814.97 882.11

Tikhonov 199.35 269.90 275.74 202.90 647.76 174.94 235.39 267.61 242.29 200.79 252.53 251.17 385.45 216.69 316.62 215.98

TV 820.72 737.84 764.08 809.03 693.63 815.83 748.37 792.41 755.33 795.76 649.93 766.46 613.50 670.00 769.39 826.59

‡ = 40

Noisy 1505.90 1337.20 1384.60 1459.90 1243.80 1476.30 1353.50 1467.20 1357.00 1458.90 1167.20 1368.70 1088.30 1209.70 1380.00 1523.40

Tikhonov 241.45 386.44 395.22 246.54 884.03 202.77 321.99 375.98 340.35 254.89 372.51 350.60 658.49 308.36 445.18 275.12

TV 1390.60 1244.00 1286.80 1347.20 1162.90 1358.90 1258.70 1362.30 1262.80 1350.50 1087.20 1275.20 1009.70 1116.70 1283.10 1408.20

Table 5.11: PSNR comparison of combined geometry and color denoising algorithm
for Greyc dataset with three noise levels in color attribute.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue

‡ = 20

Noisy 22.15 22.55 22.40 22.19 22.82 22.13 22.52 22.27 22.47 22.26 23.06 22.38 23.22 22.90 22.35 22.14

Tikhonov 27.84 25.99 25.76 27.47 20.61 28.22 27.13 25.74 27.08 27.89 26.97 27.28 23.83 27.35 24.72 27.36

TV 22.56 22.91 22.76 22.59 23.08 22.55 22.89 22.64 22.84 22.66 23.44 22.76 23.58 23.31 22.69 22.55

‡ = 30

Noisy 18.70 19.20 19.04 18.77 19.50 18.72 19.13 18.88 19.09 18.85 19.74 19.03 19.99 19.58 19.02 18.68

Tikhonov 25.13 23.82 23.73 25.06 20.02 25.70 24.41 23.86 24.29 25.10 24.11 24.13 22.27 24.77 23.13 24.79

TV 18.99 19.45 19.30 19.05 19.72 19.01 19.39 19.14 19.35 19.12 20.00 19.29 20.25 19.87 19.27 18.96

‡= 40

Noisy 16.35 16.87 16.72 16.49 17.18 16.44 16.82 16.47 16.81 16.49 17.46 16.77 17.76 17.30 16.73 16.30

Tikhonov 24.30 22.26 22.16 24.21 18.67 25.06 23.05 22.38 22.37 22.81 24.07 22.42 19.95 23.24 21.65 23.74

TV 16.70 17.18 17.046 16.84 17.48 16.80 17.13 16.79 17.12 16.83 17.77 17.08 18.09 17.65 17.05 16.64
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Table 5.12: The computational cost of the proposed algorithm and IBR [112] for
different types of point clouds.

Uniform Noise 0.3 0.4 0.5
Methods No of Points Proposed IBR Proposed IBR Proposed IBR

Synthetic Point clouds

4arms_monstre 83063 1.56 1.32 1.85 1.43 1.91 1.85
Asterix 45498 0.82 0.68 1.01 0.76 0.94 0.82
Cable car 267828 7.54 4.76 5.78 5.10 5.81 4.88
Dragon 101369 2.32 2.18 1.85 1.66 1.93 1.51
Duck 19247 0.41 0.33 0.39 0.29 0.36 0.31
Green dinasour 87999 1.71 1.43 2.37 1.35 1.71 1.34
Green monster 204250 5.59 4.11 5.43 4.69 4.71 3.72
Horse 137831 3.75 3.32 2.86 2.37 2.86 2.38
Jaguar 130423 3.19 2.22 2.49 2.02 2.63 2.19
Long dinasour 114005 2.43 1.89 2.20 1.79 2.14 1.85
Mario 199281 4.72 3.93 4.32 3.49 5.41 3.76
Mario car 216375 4.63 3.86 4.78 3.93 4.88 4.40
Pokemon Ball 25427 0.49 0.40 0.54 0.57 0.48 0.39
Rabbit 157534 3.27 2.74 3.42 3.10 3.44 2.81
Red Horse 156671 3.17 2.57 3.20 2.70 3.83 3.33
Statue 89256 1.68 1.36 1.74 1.49 1.94 1.50
Average 2.96 2.32 2.76 2.30 2.81 2.31

Proposed IBR

Real-world Point clouds
Arco_valentino 1530552 108.23 116.22

Palazzo_carignano 4203962 173.93 190.37

LiDAR MastinLake9_001 10001543 1048.10 1455.09
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Chapter 6

Joint geometry and color point
cloud denoising based on graph
wavelets

In this chapter, we describe a novel non-iterative set-up for the denoising of
point cloud based on spectral graph wavelet transform (SGW) that jointly exploits
geometry and color to perform denoising of geometry and color attributes in graph
spectral domain. The design framework is based on the construction of a joint
geometry and color graph that compacts smooth graph signals’ energy in the low-
frequency bands. We then apply soft-thresholding to remove the noise from the
spectral graph wavelet coefficients.

6.1 Spectral Graph Wavelet Preliminaries
In this section, we set up a mathematical notation and the definition of SGW

[38]. The Graph Fourier Transform (GFT) ĝ for a function g(G) is defined as
ĝ(l) = È‰l, gÍ = q

m≠1
i=1 g(i)‰l(i), where the eigenvectors of the graph Laplacian L

are represented by ‰l and eigenvalues are denoted as ⁄l for l = 0 , . . . . , m ≠ 1.
SGW [38] establishes a scaling operator in the Graph Fourier domain based on ⁄l.
Particularly, SGW are determined using a kernel f , the wavelet operator Tf = f(L)
acts on a given function g by modulating each Fourier mode as:

‰Tf g(l) = f(⁄l)ĝ(l) . (6.1)

The inverse transform is defined as:

(Tf g)(n) =
m≠1ÿ

l=0
f(⁄l)ĝ(l)‰l(n) . (6.2)
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At scale s, the wavelet operator is defined as T
s

f
= f(sL). SGW is then cal-

culated by localizing the operators T
s

f
by enforcing them to the impulse ” on a

single vertex: Âs,n = T
s

f
”n. For a given graph signal g, the wavelet coefficients are

determined by taking the inner product with these wavelets as Ψg(s, n) = ÈÂs,n , gÍ.
Ψg(s, n) can be estimated from the wavelet operators T

s

f
using the orthonormality

of ‰ as:

Ψg(s, n) = (T s

f
g)(n) =

m≠1ÿ

l=0
f(s⁄l)ĝ(l)‰l(n) . (6.3)
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Figure 6.1: (a) Noisy Asterix model with µ = 0, ‡ = 0.2 (b) Normalized energy of
ΨXi(s(i), n), where 1 Æ i Æ I and n = 1 . . . . N.

The naive technique for calculating SGW from Eq. 6.3 needs explicit computa-
tion of the entire ‰, which scales inadequately for large graphs. Another method
for direct calculation of SGW transform is to diagonalize L, which is possible only
for the small graphs having less than a thousand vertices [38]. For the real-world
and synthetic point clouds consisting of a large number of points, the SGW can
be computed with a fast algorithm via low order polynomials, which estimate the
scaled generating kernels. The wavelet coefficients can be determined at every sin-
gle scale by applying a polynomial of L to the underlying data. This leads to
lower computational costs when the graph is sparse. To define the transform in
graph spectral domain, direct calculation of Laplacian operator via diagonalization
is infeasible for problems with size exceeding a few thousand vertices.
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Table 6.1: Parameter values used for the proposed SGW using soft-thresholding,
MSGW [17], IBR [112] and RPSM [16].

Parameter Proposed MSGW [17] IBR [112] RPSM [16]

k 30 60 20 10

◊X 0.8 – – –

◊C 0.2 – – –

“ – – 0.50 (‡ = 0.2, 0.3)
0.70 (‡ = 0.4) –

·

0.2 (‡ = 0.2)
0.3 (‡ = 0.3)
0.4 (‡ = 0.4)

0.2 (‡ = 0.2)
0.3 (‡ = 0.3)
0.4 (‡ = 0.4)

– –

Hence, the wavelet and scaling coefficients of a given input [m◊D] graph signal
are efficiently calculated by employing Chebyshev polynomial approximation [97,
38] to avoid the need for explicit diagonalization of the graph Laplacian and then
mapped these coefficients to [m ú (I ≠ 1) ◊ D], where I denotes the number of
wavelet decomposition levels.

In order to compare the proposed geometry denoising algorithm with MSGW
[17] and IBR [112], outlier removal is needed. Outliers have distinct features i.e.,
that they have a sparse neighborhood; therefore, outliers detection and removal
are density-based [112, 31]. We follow the ROR method, in which a sphere with a
radius r is formed having each point pi as its centre. The sphere contains ui number

of points. We then compute ū =

Nq
i=1

ui

N
, where N is the total number of points. A

point pj is considered as an outlier if uj < ū.

6.2 Geometry denoising
The given noisy coordinates of each point pi can be described as p

i
= [X i +

ni , C i] , X i being the unknown true position of a point p
i

and ni is the geometry
noise, with X i , ni œ R3. The objective is to estimate xi for each point in a point
cloud. This can be performed using the proposed denoising technique based on
SGW. After the construction of an undirected graph G using Eq. 4.1 and defin-
ing the graph Laplacian L from W, we take the SGW transform using low order
polynomials to establish tight vertex localization of SGW coefficients.

For the respective noisy signal X , SGW coefficients are computed for each SGW
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band, i.e., ΨXi(s(i)) for 1 Æ i Æ I, preserving all the wavelet and scaling coefficients,
which corresponds to a low-frequency wavelet band s. Denoising of ΨXi(s(i), n) is
then performed by soft-thresholding based on the property that energy of the signal
is concentrated in the low-frequency spectral wavelet bands. The distribution of
the energy of signal for a noisy Asterix model is shown in Fig. 6.1-b. Finally, the
denoised point cloud Q is obtained by taking an inverse spectral wavelet transform
of the denoised SGW coefficients Ψú

Xi
(s(i)).

6.2.1 Experimental Setup
We set I = 6 wavelet decomposition levels, and preserve the wavelet coefficients

of s(1) scale and then preserve the wavelet coefficients which are above the threshold
· for the corresponding noise level in the s(i) for 2 Æ i Æ I.

 
 

(a)

 
 

(b)
 
 

(c)

 
 

(d)

Figure 6.2: Arco_Valentino model. (a) Noisy input, denoised results by (b) Pro-
posed algorithm based on SGW using soft-thresholding, (c) MSGW [17] applied to
outlier-free input, and (d) IBR performed after the outlier removal step [112].

74



6.2 – Geometry denoising

In order to denoise the point cloud locally by approximating the spectral wavelet
coefficients, the Chebyshev polynomials approximation order is set to k/2 for a k-
NN graph. All the parameters used in this algorithm are given in Tab. 6.1.

6.2.2 Denoising of real-world point clouds
We show a visual comparison for the point cloud denoised by the proposed

algorithm with a graph constructed from only geometry and regularization as in
[112] and the algorithm described in [17]. The experiment is performed on real-
world natural point clouds, for which we do not have a noiseless reference; hence
the results are only qualitative.
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Figure 6.3: Palazzo_Carignano model. (a) Noisy input, denoised results by (b)
Proposed algorithm based on SGW using soft-thresholding, (c) MSGW [17] applied
to outlier-free input, and (d) IBR performed after the outlier removal step [112].
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(a) (b) (c)

(d) (e)

Figure 6.4: 4arms_monster models with color: (a) ground-truth, (b) noisy input
(µ = 0 and ‡ = 0.3), denoised results by (c) proposed algorithm based on SGW
using soft-thresholding at · = 0.3, (d) MSGW [17], and (e) IBR [112].
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Fig. 6.2-a and Fig. 6.3-a show the point clouds with real noise; it can be seen
that the points with the same color are typically spread in a small neighborhood
during the acquisition process, which may blur the details. Fig. 6.2-b and Fig. 6.3-
b reports the resulting denoised point cloud using the proposed algorithm. Here the
noisy points are moved close to their original position by exploiting the correlation
of their geometry and color, hence preserving the details hidden in the noisy point
cloud. Fig. 6.2-c and Fig. 6.3-c show the denoised point cloud using [17]; it can
be seen that the algorithm is less effective at denoising the geometry even after
applying the outlier removal step prior to perform denoising. Fig. 6.2-d and Fig.
6.3-d show the denoised output using IBR [112] applied to the outlier-free input; it
can be seen in the same region that, using no color information, the noisy points
are not moved to their correct location, enlarging gaps and generally providing a
noisier result near object boundaries. This algorithm is iterative, and for real-world
point cloud, it is very computationally expensive; moreover, the outlier removal
step is required for both MSGW and IBR, which makes these algorithms more
computational complex.

6.2.3 Denoising of synthetic point clouds
The proposed denoising approach has also been applied to noise-free point clouds

from the Greyc dataset [85], corrupted with zero-mean Gaussian synthetic geometry
noise applied to the points with ‡ = 0.2, 0.3 and 0.4. In Fig. 6.4 and Fig. 6.5, the
results are shown in two rows for 4arms_monstre and Asterix models respectively.
The top row of each point cloud model highlights the adverse effect, i.e., creating
holes in the resulting denoised point cloud using MSGW and IBR with respect to
the proposed algorithm. In contrast, the effect of geometry denoising is highlighted
in the second row of each point cloud model. To visualize the first row of each Fig.
6.4 and Fig. 6.5, the axes of each point cloud is scaled by a factor of 1/4, and for the
visualization of the second row, the axes of an individual point cloud are scaled by
a factor of 4. Fig. 6.4-a and Fig. 6.5-a show the noise-free point cloud models. Fig.
6.4-b and Fig. 6.5-b show the noisy point clouds with ‡ = 0.3. The denoised point
clouds obtained by the proposed algorithm are shown in Fig. 6.4-c and Fig. 6.5-c;
it can be seen that the geometry noise has been regularized, and the noisy points
are moved close to their original positions with less adverse effect of creating holes.
Fig. 6.4-d and Fig. 6.5-d shows the denoised output of MSGW [17]; it can be seen
that the geometry is not denoised properly and also causes the opening of holes in
the resulting output. The resulting denoised point clouds using the IBR algorithm
[112] are shown in Fig. 6.4-e and Fig.6.5-e. It can be seen that the geometry is
not quite as much regularized with respect to the proposed algorithm, while still
better than MSGW [17]; moreover, the resulting point cloud of the IBR algorithm
[112] has big holes; the reason is the value of “ parameter, higher “ is required for
denoising well, but it causes severe artifacts.
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(a) (b) (c)

(d) (e)

Figure 6.5: Asterix models with color: (a) ground-truth, (b) noisy input (µ = 0
and ‡ = 0.3), denoised results by (c) proposed algorithm based on SGW using
soft-thresholding at · = 0.3, (d) MSGW [17], and (e) IBR [112].
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Overall, it can be seen from the qualitative results of both real-world and syn-
thetic point clouds that the point clouds denoised by the proposed algorithm have
better quality and fewer artifacts.

The comparative analysis has also been performed concerning RPSM [16], and
the results are shown in Fig. 6.6. In this particular case, we performed the experi-
ment on sub-sampled point clouds from the same dataset due to the large memory
requirement of RPSM. The sub-sampling performed here is on a spatial basis, where
the average minimum distance between the two points in each point cloud is set
to 0.80. The number of points in each point cloud model of Greyc dataset [85] is
around 20,000 on average.

(a) (b)

(c) (d)

Figure 6.6: 4arms_monstre model with noise of (µ = 0 and ‡ = 0.3): (a) Denoised
results by proposed algorithm based on SGW using soft-thresholding at · = 0.3,
(b) RPSM [16]. Asterix model with noise of (µ = 0 and ‡ = 0.3): (c) denoised
results by proposed algorithm based on SGW using soft-thresholding at · = 0.3,
and (d) RSPM [16].
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The proposed algorithm and RPSM [16] are applied to the sub-sampled noisy
inputs shown in Fig. 6.5-b; the ground-truth point clouds are shown in Fig. 6.5-a.
The denoised outputs of the proposed algorithm are shown in Fig. 6.6-a, and Fig.
6.6-c, and the resulting denoised outputs of RPSM [16] are shown in Fig. 6.6-b and
Fig. 6.6-d; it can be seen that RPSM [16] over-regularized the sub-sampled point
clouds which tends to generate the holes in the resulting denoised point cloud.

Table 6.2: MSE and MCD comparison of various algorithms for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

MSE

‡ = 0.2

Proposed 0.35 0.27 0.20 0.20 0.73 0.36 0.17 0.41 0.13 0.16 0.13 0.13 0.38 0.37 0.21 0.36 0.29

MSGW[17] 0.36 0.27 0.23 0.23 0.85 0.37 0.18 0.43 0.14 0.17 0.14 0.14 0.36 0.37 0.23 0.37 0.30

IBR [112] 0.38 0.30 0.29 0.31 0.63 0.41 0.23 0.45 0.20 0.24 0.19 0.19 0.41 0.40 0.30 0.37 0.33

‡ = 0.3

Proposed 0.36 0.27 0.22 0.21 0.76 0.37 0.18 0.42 0.14 0.17 0.14 0.15 0.40 0.38 0.22 0.36 0.30

MSGW[17] 0.38 0.28 0.24 0.24 0.92 0.39 0.18 0.44 0.15 0.18 0.15 0.15 0.40 0.40 0.25 0.38 0.32

IBR [112] 0.39 0.30 0.30 0.32 0.71 0.42 0.24 0.46 0.20 0.25 0.20 0.19 0.44 0.42 0.32 0.38 0.35

‡ = 0.4

Proposed 0.37 0.27 0.26 0.28 1.15 0.40 0.19 0.44 0.15 0.19 0.16 0.16 0.41 0.41 0.28 0.38 0.34

MSGW[17] 0.38 0.28 0.30 0.32 1.35 0.43 0.21 0.45 0.16 0.21 0.17 0.17 0.41 0.41 0.32 0.39 0.37

IBR [112] 0.39 0.31 0.31 0.33 1.16 0.43 0.24 0.45 0.21 0.26 0.21 0.20 0.46 0.42 0.33 0.38 0.38

MCD

‡ = 0.2

Proposed 0.51 0.39 0.30 0.30 1.07 0.52 0.25 0.60 0.19 0.24 0.19 0.19 0.56 0.53 0.31 0.52 0.42

MSGW[17] 0.53 0.39 0.33 0.33 1.24 0.53 0.26 0.61 0.20 0.25 0.21 0.20 0.52 0.54 0.34 0.53 0.44

IBR [112] 0.55 0.43 0.42 0.44 0.94 0.59 0.33 0.65 0.29 0.35 0.28 0.28 0.61 0.59 0.44 0.54 0.48

‡ = 0.3

Proposed 0.52 0.39 0.32 0.31 1.13 0.54 0.27 0.61 0.21 0.25 0.21 0.21 0.59 0.55 0.32 0.53 0.44

MSGW[17] 0.54 0.40 0.35 0.35 1.36 0.56 0.27 0.63 0.21 0.26 0.22 0.22 0.58 0.58 0.36 0.55 0.47

IBR [112] 0.56 0.44 0.43 0.46 1.06 0.61 0.34 0.66 0.30 0.36 0.29 0.28 0.65 0.61 0.46 0.55 0.50

‡ = 0.4

Proposed 0.54 0.40 0.38 0.40 1.68 0.58 0.28 0.63 0.23 0.28 0.23 0.23 0.60 0.59 0.40 0.53 0.50

MSGW[17] 0.54 0.41 0.43 0.45 1.96 0.61 0.31 0.64 0.24 0.30 0.24 0.25 0.61 0.59 0.47 0.56 0.54

IBR [112] 0.57 0.45 0.44 0.47 1.71 0.62 0.35 0.68 0.31 0.37 0.30 0.29 0.67 0.61 0.48 0.55 0.55
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Table 6.3: MSE and MCD comparison between proposed algorithm and RPSM [16]
on sub-sampled Greyc dataset for different noise levels.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

MSE

‡ = 0.2
Proposed 0.51 0.34 0.73 0.52 0.80 0.58 0.49 0.65 0.38 0.47 0.45 0.44 0.41 0.65 0.63 0.52 0.54

RPSM [16] 0.90 0.74 1.25 1.02 1.33 0.99 0.87 1.19 0.78 0.74 1.02 0.86 0.73 0.94 1.18 1.03 0.97

‡ = 0.3
Proposed 0.54 0.36 0.77 0.53 0.84 0.61 0.51 0.68 0.39 0.49 0.46 0.47 0.44 0.68 0.66 0.54 0.56

RPSM [16] 0.95 0.76 1.34 1.07 1.35 1.04 0.93 1.24 0.83 0.80 1.07 0.92 0.79 1.00 1.26 1.06 1.03

‡ = 0.4
Proposed 0.56 0.37 0.80 0.56 0.87 0.64 0.52 0.71 0.41 0.50 0.48 0.48 0.46 0.69 0.68 0.56 0.58

RPSM [16] 0.98 0.79 1.41 1.13 1.39 1.12 0.98 1.28 0.89 0.86 1.13 0.98 0.90 1.05 1.31 1.11 1.08

MCD

‡ = 0.2
Proposed 0.75 0.50 1.08 0.76 1.19 0.85 0.72 0.96 0.56 0.70 0.66 0.65 0.60 0.95 0.93 0.76 0.79

RPSM [16] 1.44 1.04 1.93 1.57 1.91 1.60 1.32 1.79 1.18 1.24 1.49 1.25 1.52 1.63 1.79 1.56 1.52

‡ = 0.3
Proposed 0.79 0.52 1.14 0.79 1.25 0.90 0.75 1.00 0.58 0.72 0.68 0.69 0.65 0.99 0.98 0.80 0.83

RPSM [16] 1.51 1.08 2.05 1.63 1.94 1.67 1.41 1.87 1.24 1.32 1.56 1.34 1.60 1.72 1.90 1.61 1.59

‡ = 0.4

Proposed 0.82 0.53 1.18 0.82 1.30 0.95 0.77 1.05 0.60 0.74 0.70 0.70 0.67 1.02 1.00 0.82 0.85

RPSM [16] 1.55 1.12 2.15 1.71 2.00 1.77 1.47 1.92 1.32 1.40 1.63 1.41 1.74 1.78 1.97 1.66 1.66

6.2.4 Objective evaluation on Greyc color mesh database
The proposed method has also been verified via quantitative evaluation on the

complete Greyc dataset. Each point cloud has been corrupted with zero-mean
Gaussian synthetic geometry noise, applied to each point with ‡ = 0.2, 0.3, and
0.4. The MSE and MCD comparisons between the proposed algorithm and the
denoising approaches used in IBR [112] using total variation regularization and
MSGW in [17] is shown in Tab. 6.2. The results show that the proposed denoising
technique performed better than MSGW [17] and IBR [112] for all the models for
noise level ‡ = 0.2, 0.3 and 0.4 except duck (where IBR performed better) and
Pokeman_ball (where MSGW performed better).

The objective evaluation has also been performed for the comparison between
the proposed algorithm and RPSM [16] on the sub-sampled point cloud models of
Greyc dataset [85]. Tab. 6.3 shows the MSE and MCD comparison; it can be seen
that the proposed algorithm outperformed the RPSM [16] in terms of both metrics
for ‡ = 0.2, 0.3 and 0.4.

The average MSE and MCD (last column in Tab. 6.2 and Tab. 6.3) shows that
the gain is more significant as the noise level increases, indicating that the proposed
denoising methods are indeed better at removing geometry noise.
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6.3 Denoising using adaptive data-driven thresh-
olding

In the algorithm described in Sec. 6.2, prior knowledge of the standard de-
viation is needed to perform the soft-thresholding, which can work when noise is
synthetically added. Still, in the real-world point clouds, the standard deviation
is unknown. We used the same framework for solving the geometry and color de-
noising problem of a point cloud and used a data-driven adaptive soft-thresholding
technique, in which the prior knowledge of the standard deviation is not required.

Table 6.4: Parameter values used for the proposed geometry denoising algorithm
based on SGW using data-driven adaptive soft-thresholding, MSGW [17], IBR [112]
and RPSM [16].

Parameter Proposed MSGW [17] IBR [112] RPSM [16]

k

(Synthetic
Point cloud)

30 60 20 10

k

(Natural
Point cloud)

10 20 20 –

◊X 0.8 – – –

◊C 0.2 – – –

“

(Synthetic
Point cloud)

– – 0.50 (‡ = 0.2, 0.3)
0.70 (‡ = 0.4) –

“

(Natural
Point cloud)

– – 0.1 –

·

(Synthetic
Point cloud)

–
0.2 (‡ = 0.2)
0.3 (‡ = 0.3)
0.4 (‡ = 0.4)

– –

·

(Natural
Point cloud)

– 0.4 – –
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Table 6.5: Parameters values used for proposed color denoising based on SGW
using data-driven adaptive soft-thresholding and other various algorithms.

Parameters Proposed Tikhonov & TV GLR [20] GTV [20]

k

(Synthetic
point cloud )

8 20 8 8

k

(Natural
point cloud)

8 25 – –

◊X 5 0.88 3 2

◊C 50 3.5 100 100

“

(Synthetic
point cloud)

–

0.05 (‡ = 10)
0.07 (‡ = 15)
0.10 (‡ = 20)
0.13 (‡ = 25)
0.19 (‡ = 30)
0.26 (‡ = 40)

0.3 (‡ = 10, 15)
0.5 (‡ = 20 ,30)

15 (‡ = 10, 15)
25 (‡ = 20 ,30)

“

(Natural
point cloud)

– 1.5 – –

fl , t – – – 5 ,0.1

6.3.1 Selection of data-driven adaptive soft-thresholding
Here, we focus on the estimation of parameters ‡X and ‡C for geometry and

color denoising, respectively, which in turn yields a measure of individual thresholds
·(‡X) and ·(‡C) for geometry and color denoising application. These estimated
thresholds are adaptive to various sub-band characteristics.

The geometry/color noise variance ‡
2 is required to be estimated initially, which

can be done using robust median estimator as in [24, 23]:

‡̂ = Median(|ΨXi(s(i))|)
0.6745 , for 5 Æ i Æ I . (6.4)

The variance of the transform coefficients ‡
2
ΨXi

can be found empirically:

‡̂
2
ΨXi

= 1
n

3nÿ

i=1
Ψ2

Xi
, (6.5)
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where n = m ◊ (I ≠ 1). The threshold is thus computed using:

·(‡̂X) = ‡̂
2

‡̂X

, (6.6)

where

‡̂X =
Ú

max(‡̂2
ΨXi

≠ ‡̂
2),0 . (6.7)

To compute ·(‡C), we need to replace ΨXi by ΨCi in Eq. 6.4, Eq. 6.5, and Eq.
6.7, and replace ‡X by ‡C in Eq. 6.6.

6.3.2 Color denoising
For the color denoising problem, we assume that the geometry of the point cloud

is noise-free or has been denoised using one of the existing denoising algorithms [112,
17, 16, 20].

We perform color denoising by exploiting the graph G from geometry and color
information of the noisy point cloud. Each vertex of G is associated with the
geometry Xi and color Ci information of the corresponding point pi. The input
noisy point cloud consists of both geometry and color. Each point can be expressed
as pi = [Xi, Ci + ni], Xi being the geometry, Ci being the unknown true color and
Wi the color noise. The objective is to estimate Ci for each point of the point cloud.
After the construction, the graph G using Eq. 4.1 with the appropriate choice of
◊X and ◊C for the color denoising, we compute the SGW coefficients for each SGW
band, i.e., ΨCi(s(i)), where 1 Æ i Æ I for the corresponding noisy signal Ci and
then denoising is performed by following the procedure described in Sec. 6.2.

6.3.3 Setup for experiments
We have set six (6) wavelet decomposition levels, and maintain the wavelet

coefficients of a scale s(1) and then preserve the wavelet coefficients that exceeds
the threshold ·(‡X), which is calculated using Eq. 6.6 for the corresponding noise
level in s(i) for 2 Æ i Æ I. The whole set of parameters used in this paper required
for geometry-only and color-only denoising scenario are given in Tab. 6.4 and Tab.
6.5, respectively.

6.3.4 Visual results of geometry denoising algorithm
The visual inspection of geometry denoising algorithms has been performed for

both synthetic and natural point clouds.
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Geometry denoising of natural point clouds

We show a visual comparison of the proposed point cloud denoised algorithm
with the denoising technique that constructs a graph from geometry only and per-
forms regularization as in [112], along with the algorithm described in [17]. The
proposed algorithm is applied to real-world natural point clouds, for which we do
not have a noiseless reference; thereby, the results are only qualitative. Fig. 6.7-a
and Fig. 6.8-a present the point clouds with real noise; it can be observed that
the points with similar color are typically dispersed in a small neighborhood in the
acquisition process, which may blur the details.

 
 

(a)

 
 

(b)

 
 

(c)
 
 

(d)

 
 

(e)

Figure 6.7: Arco_Valentino model. (a) Noisy input (b) outlier-free input, denoised
results by (c) proposed algorithm based on SGW using data-driven adaptive soft-
thresholding, (d) MSGW [17] applied to outlier-free input, and (e) IBR performed
after the outlier removal step [112].

The resulting output after outlier removal is shown in Fig. 6.7-b and Fig. 6.8-b,
a prior step required for denoising algorithms such as MSGW [17] and IBR [112].
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The resulting denoised point cloud using the proposed method is reported in Fig.
6.2-c and Fig. 6.8-c. Here, it can be seen that the noisy points are relocated close
to their true position by taking advantage of the correlation of their geometry and
color, thus preserving the details which were hidden in the noisy input point cloud.

 

  1 

  1 

  2 

  2 

(a)

 

  1 

  1 

  2 

  2 

(b)

 

  1 

  1 

  2 

  2 

(c)
 

  1 

  1 

  2 

  2 

(d)

 

  1 

  1 

  2 

  2 

(e)

Figure 6.8: Palazzo_Carignano model. (a) Noisy input (b) outlier-free input, de-
noised results by (c) proposed algorithm based on SGW using data-driven adaptive
soft-thresholding, (d) MSGW [17] applied to outlier-free input, and (e) IBR per-
formed after the outlier removal step [112].

The adaptive thresholding is very helpful for denoising the real-world point
cloud, for which prior knowledge of the standard deviation of the noise is not
required and is estimated using Eq. 6.4. Fig. 6.7-d and Fig. 6.8-d show the
denoised point cloud using MSGW; it appears that the technique is not preserving
the details effectively in the geometry irrespective of employing the outlier removal
step before performing denoising.

Furthermore, prior knowledge of noise-level (‡) is required to apply soft-thresholding
in [51], which is unknown for real-world point clouds, and geometry denoising de-
pends on the selection of the ‡ for soft-thresholding.
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(a) (b) (c)

(d) (e)

Figure 6.9: 4arms_monstre model with color: (a) ground-truth, (b) noisy input
(µ = 0 and ‡ = 0.3), denoised results by (c) proposed algorithm based on SGW
using data-driven adaptive soft-thresholding, (d) MSGW [17], and (e) IBR [112].
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Fig. 6.7-e and Fig. 6.8-e depict the resulting denoised output using IBR [112]
applied to the outlier-free input; it can be noted in the same region that, considering
no color information, the noisy points are not relocated to their original location
with respect to the proposed algorithm. However, IBR performs better than MSGW
in denoising but enlarges gaps due to over-regularization and typically provides a
noisier result near object boundaries.

This is an iterative-based algorithm, and for real-world point cloud, it is compu-
tationally very expensive; furthermore, the outlier removal step is essential for both
MSGW and IBR, which turns these into more computational complex algorithms.

Geometry denoising of LiDAR

For the visual comparison of proposed denoising technique with the algorithm
defined in [17], we performed experiments on LiDAR image shown in Fig. 6.10. We,
then denoised the input point cloud using proposed and MSGW [17] algorithms, the
outputs are shown in Fig. 6.11 and Fig. 6.12 where, we have highlighted a couple
of regions to understand both the denoising and adverse effects i.e., (creation of
holes) of the respective techniques. We can see that the proposed algorithm is
relatively performs better with less side effects. The wavelet based approach for
denoising the LiDAR is very less computationally expensive in comparison with
the iterative based techniques. The computational cost for different types of point
clouds, denoised with various algorithms are shown in Table. 6.12.

 

Figure 6.10: Input LiDAR model: MastinLake9_001_colorized0.
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Figure 6.11: Denoised LiDAR model with proposed algorithm.
 
 
 
 

Figure 6.12: Denoised LiDAR model with MSGW [17].
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Geometry denoising of ToF point clouds

To perform the proposed algorithm for geometry denoising on point cloud gen-
erated from ToF, we take the sample point cloud 3 Plastic Laundry Detergent on
Carpet generated using Helio2 ToF 3D camera, and color overlay is done with
Triton 3.2MP camera. The ground-truth ToF is shown in Fig. 6.13a. Gaussian
synthetic geometry noise with µ = 0 and ‡ = 0.3 is then added to each point in a
ground-truth ToF. The denoising results with proposed algorithm and MSGW [17]
are shown in Fig. 6.13c and Fig. 6.13d, respectively. The denoising results indicate
that the proposed algorithm is slightly better in denoising with fewer adverse effects
than the MSGW. However, in terms of overall smoothness, the proposed algorithm
is far better than MSGW. Thus, we can say that adding an extra feature in the
graph construction can help in obtaining better denoising results.

Geometry denoising of synthetic point clouds

The experiments have also been performed on noise-free point clouds from the
Greyc dataset [85], corrupted with Gaussian synthetic geometry noise with µ = 0
and ‡ = 0.2, 0.3, and 0.4. In Fig. 6.5, the results are presented in two rows for
4arms_monstre and Asterix models, respectively. For each point cloud model in
Fig. 6.5, the first row of figures is their natural representation. The artifacts (i.e.,
hole formation) can be seen in the resulting denoised point clouds using MSGW
and IBR with reference to the proposed algorithm. Moreover, an alternate view is
provided in the second and fourth rows; they are the zoomed-in versions of the point
clouds shown with the identical size in the first and third row. This sort of visual
representation is more sparse and allows to differentiate better the noise removal
and fine details at the boundaries. Fig. 6.5-a shows the ground-truth point cloud
models. Fig. 6.5-b presents the noisy point clouds with ‡ = 0.3. The resulting
denoised point clouds using the proposed algorithm are shown in Fig. 6.5-c; it can
be observed that the geometry noise has been regularized, and the noisy points are
proximate to their actual positions with the less adverse effect of holes formation.
The denoised output of MSGW is shown in Fig. 6.5-d; it can be clearly seen that
the geometry noise is not properly removed and also causes the opening of holes
in the output point clouds. Fig. 6.5-e depicts the resulting denoised point clouds
obtained by the IBR algorithm. It is evident that the geometry is not entirely
regularized with respect to the proposed algorithm, while still better than MSGW;
nevertheless, the resulting output of the IBR algorithm has large holes; the reason is
the “ value, higher “ is appropriate for denoising well, but it causes severe artifacts.
In general, it can be noted from the visual results of both real-world and synthetic
point clouds that the denoised point clouds using the proposed algorithm have
superior quality and fewer artifacts.

A comparative study has also been conducted with respect to RPSM [16], and
the outcomes are shown in Fig. 6.15. In this specific case, we have applied the
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(a)

 
 

(b) 
 
 
 
 
 

(c)

 
 
 
 
 

(d)

Figure 6.13: 3 Plastic Laundry Detergent on Carpet model: (a) ground-truth (b)
noisy input, geometry denoised results by (c) proposed algorithm based on SGW
using data-driven adaptive soft-thresholding (d) MSGW [17].

proposed algorithm on sub-sampled point clouds from the same dataset because
of the large memory requirement of RPSM as anticipated in Sec. 5.5.5. The sub-
sampling performed here is on a spatial basis, where the average minimum distance
between the two points in each point cloud is set to 0.80. The number of points in
each point cloud model of the Greyc dataset [85] is around 20,000 on average.
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(a) (b) (c)

(d) (e)

Figure 6.14: Asterix model with color: (a) ground-truth, (b) noisy input (µ = 0
and ‡ = 0.3), denoised results by (c) proposed algorithm based on SGW using
data-driven adaptive soft-thresholding, (d) MSGW [17], and (e) IBR [112].
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(a) (b) (c) (d)

Figure 6.15: Sub-sampled point cloud models with color: (a) ground-truth, (b)
noisy input (µ = 0 and ‡ = 0.3), denoised results by (c) proposed algorithm based
on SGW using data-driven adaptive soft-thresholding, and (d) RPSM [16].

The results of the proposed algorithm and RPSM [16] on sub-sampled 4arms_monstre
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and Asterix are presented in two rows for each point, respectively. The proposed
algorithm and RPSM [16] are applied to the sub-sampled noisy inputs shown in
Fig. 6.15-b; the corresponding ground-truth point clouds are shown in Fig. 6.15-a.

The denoised outputs of the proposed algorithm are shown in Fig. 6.15-c; it
can be observed that the proposed algorithm performs better at geometry denoising
with very few artifacts, and the resulting denoised outputs of RPSM [16] are shown
in Fig. 6.15-d; it can be seen that RPSM [16] over-regularizes the sub-sampled point
clouds which tends to generate the holes in the resulting denoised point cloud.
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Figure 6.16: Arco_Valentino model illustration. (a) noisy input, (b) outlier-free
input, color denoised results by (c) proposed algorithm based on SGW using data-
driven adaptive soft-thresholding, (d) using Tikhonov regularization, and (e) using
TV.

6.3.5 Visual results of color denoising algorithm
The visual inspection of color denoising algorithms has been performed for both

synthetic and real-world point clouds. The proposed color denoising technique has
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been compared with the color denoising method described in [50], where the color
of the point clouds is denoised using a different set of parameters ◊X and ◊C .
Graph gradient was used to measure the degree of smoothness of a geometry/color
graph signal. The color denoising technique [50] is an iterative convex optimization
technique that enforces the regularity of the denoised color attributes on a defined
graph.
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Figure 6.17: Palazzo_Carignano_Dense model illustration. (a) noisy input, (b)
outlier-free input, color denoised results by (c) proposed algorithm based on SGW
using data-driven adaptive soft-thresholding, (d) using Tikhonov regularization,
and (e) using TV.

95



Joint geometry and color point cloud denoising based on graph wavelets

Color denoising of real-world point clouds

The visual results of the proposed color denoising algorithm on real-world point
clouds are presented here. There is not much literature available for color denoising
of the point cloud as anticipated in Sec. 1. Here, the qualitative results show the
comparison between the proposed algorithm using SGW with Tikhonov and TV-
based regularization. Fig. 6.16-a and 6.17-a represent the real-world noisy point
clouds; it can be observed that the details are not very clear due to the existence
of a large amount of color noise.

(a) (b)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

(c) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 

(d) (e)

Figure 6.18: Green_monster model: (a) ground-truth (b) noisy point cloud with
noise level of µ = 0 and ‡ = 30, color denoised results by (c) proposed algorithm
based on SGW using data-driven adaptive soft-thresholding, (d) using Tikhonov
regularization, and (e) using TV.

In certain areas, two different regions are overlapped with each other as an effect
of color noise. Fig. 6.16-b and 6.17-b show the resulting point clouds after outlier
removal, which is required to get better color denoising results using Tikhonov and
TV regularization. Fig. 6.16-c and 6.17-c depict the point cloud denoised using the
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proposed algorithm. Here, the colors are much smoother and natural by exploiting
the relation of the color of the points within proximity. Due to the noise in the
point cloud, details are missing, and one can not see the contours in the real-world
point cloud. The denoised point clouds look sharper in comparison to the input
noisy point clouds.

The color denoising procedure helps to preserve object boundaries. Fig. 6.16-d
and Fig. 6.17-d show the denoised result using Tikhonov regularization; it can be
seen that the details are quite similar to the proposed algorithm but a little over-
smoothed. Fig. 6.16-e and Fig. 6.17-e show the denoised point cloud using TV; it
can be seen that the color is still noisy, and there is a lack of details in the output
point clouds. TV is not very effective at enforcing color smoothness in comparison
to the proposed algorithm. Tikhonov and TV are iterative-based and parameter
oriented techniques, which tend to be computationally expensive.

Color denoising of synthetic point clouds

The proposed algorithm for color denoising has been applied to noise-free point
clouds affected by synthetic color noise; Gaussian distribution is used to add noise
to the color attribute of every point in a reference point cloud while keeping the ge-
ometry noise-free. Fig. 6.18-a and 6.19-a present the ground-truth Green_Monster
and Asterix point cloud models, respectively having noise-free geometry and color.
Fig. 6.18-b and 6.19-b show the point cloud affected by Gaussian noise distribution
with µ = 0 and ‡ = 30; adding noise to the color affects the details and causes
blurring of the boundaries. Fig. 6.18-c and 6.19-c depict the denoised output of
the proposed algorithm.

The color of the output point cloud is denoised by exploiting the correlation of
color within the proximity; the points in the k-neighborhood have a high probability
of having a similar color as the surface has smooth color. Fig. 6.18-d and 6.19-d
depict the denoised output using Tikhonov regularization; it can be clearly seen,
particularly in the highlighted areas of both point cloud models, that there is still
noise in color. Fig. 6.18-e and 6.19-e illustrate the denoised output using TV.
The output point clouds are still noisy, and the details are not preserved. The TV
technique has the least effective in terms of color denoising.

6.3.6 Objective evaluation on Greyc Color mesh dataset
The quantitative evaluation has also been performed on the Greyc noise-free

synthetic point clouds dataset.

Geometry denoising

The proposed geometry denoising method has also been verified via quantitative
evaluation on the complete Greyc dataset. Each point cloud has been corrupted
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(a) (b)
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Figure 6.19: Asterix model: (a) ground-truth (b) noisy point cloud with noise level
of µ = 0 and ‡ = 30, color denoised results by (c) proposed algorithm based on
SGW using data-driven adaptive soft-thresholding, (d) using Tikhonov regulariza-
tion, and (e) using TV.

with zero-mean Gaussian synthetic geometry noise, applied to each point with
‡ = 0.2, 0.3, and 0.4. The MSE and MCD comparisons between the proposed
algorithm and the denoising approaches used in IBR [112] using TV regularization
and MSGW are shown in Tab. 6.6. The results show that the proposed denoising
technique performed better than MSGW and IBR for all the models for noise level
‡ = 0.2, 0.3, and 0.4 except Green_Dinasour and Red_Horse (where MSGW
performed better) for ‡ = 0.2 ,0.3.

For further verification of the performance of the proposed geometry denois-
ing algorithm, we compute the C2M metric for each denoised point cloud by the
proposed algorithm, MSGW, and IBR with respect to the corresponding reference
ground-truth point cloud. The comparative C2M metric results are shown in Tab.
6.8, which further verifies the better performance of the proposed algorithm. To
better understand the results, we mapped the C2M distance of denoised point cloud
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Table 6.6: MSE and MCD comparison of various algorithms for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

MSE

‡ = 0.2

Proposed 0.33 0.26 0.21 0.22 0.61 0.38 0.17 0.38 0.13 0.16 0.12 0.13 0.35 0.35 0.26 0.35 0.28

MSGW 0.36 0.27 0.23 0.22 0.84 0.36 0.17 0.42 0.14 0.17 0.14 0.14 0.36 0.37 0.23 0.37 0.30

IBR 0.38 0.30 0.29 0.30 0.63 0.40 0.23 0.45 0.20 0.24 0.19 0.19 0.41 0.40 0.30 0.37 0.33

‡ = 0.3

Proposed 0.34 0.27 0.23 0.23 0.68 0.39 0.18 0.39 0.13 0.17 0.13 0.15 0.38 0.36 0.28 0.36 0.29

MSGW 0.37 0.28 0.24 0.24 0.92 0.38 0.18 0.44 0.15 0.18 0.15 0.15 0.40 0.40 0.25 0.38 0.32

IBR 0.39 0.30 0.30 0.31 0.71 0.42 0.23 0.45 0.20 0.25 0.20 0.19 0.44 0.42 0.32 0.38 0.34

‡ = 0.4

Proposed 0.35 0.28 0.25 0.26 1.12 0.39 0.21 0.40 0.15 0.18 0.15 0.16 0.40 0.38 0.29 0.36 0.33

MSGW 0.38 0.28 0.30 0.31 1.35 0.42 0.21 0.44 0.16 0.21 0.17 0.17 0.41 0.41 0.32 0.39 0.37

IBR 0.39 0.31 0.30 0.32 1.15 0.42 0.24 0.45 0.21 0.26 0.21 0.20 0.46 0.42 0.33 0.38 0.38

MCD

‡ = 0.2

Proposed 0.49 0.38 0.30 0.31 0.85 0.55 0.25 0.56 0.19 0.24 0.18 0.19 0.51 0.52 0.38 0.50 0.40

MSGW 0.53 0.39 0.33 0.33 1.24 0.53 0.25 0.61 0.20 0.25 0.20 0.20 0.52 0.54 0.34 0.53 0.44

IBR 0.55 0.43 0.42 0.44 0.94 0.59 0.33 0.65 0.29 0.35 0.28 0.27 0.61 0.58 0.44 0.53 0.48

‡ = 0.3

Proposed 0.50 0.39 0.32 0.32 1.22 0.57 0.25 0.57 0.20 0.25 0.20 0.21 0.56 0.52 0.40 0.51 0.44

MSGW 0.54 0.40 0.35 0.35 1.36 0.55 0.26 0.63 0.21 0.26 0.22 0.21 0.58 0.58 0.36 0.54 0.46

IBR 0.56 0.44 0.43 0.46 1.06 0.61 0.34 0.66 0.30 0.36 0.29 0.28 0.65 0.60 0.46 0.55 0.50

‡ = 0.4

Proposed 0.52 0.40 0.40 0.41 1.64 0.56 0.27 0.58 0.21 0.26 0.23 0.23 0.58 0.55 0.42 0.53 0.49

MSGW 0.54 0.41 0.43 0.45 1.95 0.61 0.31 0.64 0.24 0.30 0.24 0.25 0.61 0.60 0.47 0.54 0.54

IBR 0.57 0.45 0.44 0.47 1.71 0.62 0.35 0.68 0.30 0.37 0.30 0.29 0.67 0.60 0.47 0.55 0.55

of 4arms_monstre on the reference point cloud; this is shown in Fig. 6.21. The
distances are represented by the color scale; blue, green, yellow, and red display
the range of distances from minimum to maximum. The histogram of the proposed
algorithm in Fig. 6.21-a shows that the points move closer to their actual position
without moving too far from their corresponding original position of a reference
point cloud. We can see in the histograms shown in Fig. 6.21-b and Fig. 6.21-c
that the points have deviated too much from their actual position, and also the
number of points moved farther are higher for MSGW and IBR.

The objective evaluation has also been performed for the comparison between
the proposed algorithm and RPSM [16] on the sub-sampled point cloud models of
the Greyc dataset [85]. Tab. 6.7 shows the MSE and MCD comparison; it can be
seen that the proposed algorithm outperformed RPSM [16] in terms of both metrics
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Table 6.7: MSE and MCD comparison between proposed algorithm and RPSM [16]
on sub-sampled Greyc dataset for different noise levels.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

MSE

‡ = 0.2
Proposed 0.61 0.49 0.85 0.67 0.83 0.74 0.59 0.73 0.50 0.59 0.55 0.58 0.51 0.74 0.76 0.56 0.64

RPSM [16] 0.90 0.74 1.2457 1.02 1.33 1.00 0.87 1.19 0.78 0.73 1.02 0.86 0.73 0.94 1.18 1.03 0.97

‡ = 0.3
Proposed 0.61 0.49 0.86 0.67 0.87 0.75 0.58 0.74 0.48 0.59 0.56 0.58 0.50 0.75 0.77 0.57 0.65

RPSM [16] 0.95 0.76 1.34 1.06 1.35 1.03 0.93 1.24 0.83 0.80 1.07 0.92 0.79 1.00 1.25 1.06 1.02

‡ = 0.4
Proposed 0.62 0.50 0.87 0.68 0.90 0.77 0.59 0.75 0.51 0.58 0.56 0.59 0.51 0.77 0.79 0.58 0.66

RPSM [16] 0.98 0.79 1.41 1.13 1.39 1.12 0.97 1.28 0.89 0.85 1.12 0.98 0.90 1.05 1.30 1.11 1.08

MCD

‡ = 0.2
Proposed 0.89 0.70 1.24 0.98 1.24 1.09 0.86 1.07 0.72 0.85 0.80 0.83 0.74 1.08 1.11 0.83 0.94

RPSM [16] 1.44 1.04 1.93 1.56 1.91 1.60 1.33 1.79 1.18 1.24 1.48 1.25 1.51 1.63 1.79 1.56 1.51

‡ = 0.3
Proposed 0.90 0.71 1.26 0.98 1.29 1.10 0.86 1.08 0.71 0.86 0.82 0.84 0.74 1.09 1.13 0.84 0.95

RPSM [16] 1.51 1.08 2.05 1.63 1.94 1.67 1.41 1.87 1.24 1.32 1.55 1.33 1.60 1.72 1.90 1.60 1.59

‡ = 0.4
Proposed 0.91 0.72 1.27 0.99 1.33 1.12 0.87 1.10 0.74 0.84 0.83 0.86 0.75 1.12 1.16 0.85 0.96

RPSM [16] 1.55 1.11 2.15 1.71 2.00 1.77 1.47 1.92 1.32 1.40 1.63 1.41 1.73 1.78 1.97 1.66 1.66

for ‡ = 0.2, 0.3, and 0.4. The average MSE and MCD (last column in Tab. 6.6
and Tab. 6.7) shows that the gain is larger as the noise level increases, indicating
that the proposed denoising method is better at removing geometry noise.

Color denoising

The color attribute of each point cloud is corrupted with Gaussian noise applied
to each point in a point cloud with ‡ = 20,30,40. The MSE and PSNR compar-
isons between the proposed color denoising algorithm and the color denoising using
Tikhonov and TV regularization are shown in Tab. 6.9 and Tab. 6.10. The re-
sults of both metrics show that the proposed technique performed better than the
Tikhonov and TV regularization for all the point cloud models for all the noise-level
except cable_car , Horse, which performed better for the noise level of ‡ = 20 , 30
and Pokemon_ball performed better only for noise-level ‡ = 20.

The average MSE and PSNR (last column in Tab. 6.9 and Tab. 6.10 and Fig.
6.20) shows that the gain is larger with the increase in the noise-level, showing that
the proposed algorithm of color denoising using SGW performed better.
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Table 6.8: C2M metric comparison of the proposed geometry denoising algorithm
with the IBR and MSGW.

Geometry
Noise Methods Parameters 4arms

monstre Asterix Cable
car Dragon Duck Green

Dinasour
Green

monster Horse Jaguar Long
Diansour Mario Mario

car
Pokeman

ball Rabbit Red
horse Statue

‡ = 0.2

Proposed

dH 0.68 0.40 0.82 0.91 3.13 1.50 0.75 0.94 0.83 1.02 0.69 0.58 0.45 0.92 1.27 0.89

dm 0.19 0.12 0.12 0.12 0.44 0.17 0.05 0.24 0.06 0.07 0.07 0.08 0.16 0.23 0.17 0.25

’ 0.10 0.07 0.09 0.09 0.37 0.10 0.04 0.12 0.05 0.05 0.06 0.07 0.09 0.12 0.13 0.09

IBR

dH 0.96 0.61 1.16 1.29 3.83 1.50 1.18 0.94 0.83 1.12 1.19 0.82 1.00 1.31 1.28 1.26

dm 0.30 0.21 0.22 0.24 0.60 0.30 0.09 0.37 0.14 0.17 0.14 0.14 0.35 0.33 0.24 0.29

’ 0.11 0.09 0.11 0.09 0.43 0.10 0.61 0.13 0.05 0.06 0.08 0.07 0.15 0.13 0.10 0.12

MSGW

dH 0.68 0.86 1.17 0.91 3.53 1.50 1.06 0.94 0.83 1.02 1.38 1.31 0.63 0.93 1.27 0.90

dm 0.25 0.13 0.16 0.17 0.76 0.16 0.07 0.29 0.10 0.10 0.09 0.09 0.20 0.28 0.13 0.26

’ 0.11 0.08 0.12 0.13 0.66 0.09 0.05 0.13 0.07 0.07 0.07 0.07 0.10 0.13 0.09 0.09

‡ = 0.3

Proposed

dH 0.68 0.86 0.82 0.91 3.13 1.50 0.75 0.93 0.85 1.02 0.97 0.83 0.45 0.94 1.27 0.89

dm 0.20 0.13 0.13 0.13 0.50 0.17 0.05 0.25 0.07 0.07 0.08 0.09 0.16 0.24 0.19 0.26

’ 0.09 0.07 0.10 0.10 0.41 0.11 0.05 0.12 0.06 0.06 0.07 0.08 0.10 0.13 0.15 0.09

IBR

dH 0.96 0.91 1.165 1.29 3.98 1.51 1.59 0.96 0.92 1.04 1.43 1.18 0.10 1.31 1.29 1.28

dm 0.30 0.21 0.23 0.25 0.66 0.31 0.13 0.38 0.15 0.18 0.15 0.15 0.36 0.34 0.24 0.30

’ 0.12 0.09 0.13 0.10 0.24 0.10 0.67 0.14 0.06 0.07 0.12 0.13 0.16 0.14 0.10 0.12

MSGW

dH 0.68 0.96 1.17 0.91 3.87 0.15 1.58 0.93 0.90 1.03 1.39 1.69 0.90 1.31 1.27 1.27

dm 0.26 0.14 0.17 0.18 0.79 0.16 0.08 0.29 0.14 0.15 0.13 0.14 0.22 0.30 0.13 0.27

’ 0.11 0.09 0.13 0.14 0.68 0.10 0.07 0.13 0.10 0.10 0.10 0.10 0.10 0.13 0.09 0.10

‡ = 0.4

Proposed

dH 0.96 0.86 1.06 0.91 3.54 1.50 1.18 0.94 1.18 1.03 1.38 1.17 0.64 0.94 1.27 1.27

dm 0.20 0.13 0.20 0.21 0.75 0.17 0.10 0.25 0.10 0.12 0.11 0.12 0.17 0.25 0.21 0.27

’ 0.12 0.08 0.15 0.15 0.64 0.12 0.10 0.13 0.08 0.09 0.09 0.10 0.10 0.13 0.16 0.11

IBR

dH 1.21 1.17 1.36 1.58 4.02 1.52 1.75 1.32 1.24 1.76 1.53 1.44 1.11 1.61 1.37 1.28

dm 0.32 0.22 0.23 0.27 0.69 0.32 0.18 0.39 0.16 0.19 0.16 0.16 0.37 0.36 0.25 0.30

’ 0.13 0.09 0.15 0.11 0.26 0.15 0.13 0.16 0.09 0.11 0.12 0.13 0.16 0.15 0.10 0.13

MSGW

dH 1.16 1.14 1.22 1.30 4.11 1.51 1.25 1.32 1.23 1.45 1.44 1.38 0.91 1.51 1.28 1.28

dm 0.22 0.14 0.21 0.22 0.95 0.18 0.12 0.25 0.14 0.17 0.16 0.15 0.18 0.26 0.22 0.28

’ 0.13 0.10 0.16 0.16 0.78 0.13 0.11 0.14 0.08 0.10 0.11 0.12 0.11 0.13 0.17 0.12

To compare the proposed color denoising using SGW with GLR [20] and GTV
[20, 13], we added Gaussian noise with zero-mean and ‡ = 10, 15, 20, 25 to the color
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Table 6.9: MSE comparison of color denoising algorithm for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

‡ = 20

Noisy 398.25 361.28 373.52 393.64 339.57 397.24 365.38 383.29 368.57 387.52 321.09 375.24 309.14 335.40 377.39 398.13 367.79

Proposed 69.43 98.20 166.40 71.44 128.27 63.03 85.39 166.60 76.68 66.00 87.33 78.41 156.10 89.09 80.64 78.93 97.63

Tikhonov 77.75 103.56 145.23 82.80 130.65 63.04 91.64 150.11 85.83 77.90 95.91 89.56 149.53 93.75 82.52 84.77 100.29

Total Variation 303.05 279.02 289.48 298.13 286.05 301.50 279.04 299.68 279.21 293.61 242.14 283.15 241.15 254.99 293.32 302.99 282.91

‡ = 30

Noisy 869.27 781.84 816.58 867.14 722.06 875.25 796.19 850.03 797.43 850.89 692.54 810.94 645.11 713.61 811.93 882.35 798.95

Proposed 93.26 124.45 224.75 99.77 166.98 81.85 131.05 226.10 125.85 85.24 137.52 109.78 194.21 133.74 128.09 103.39 135.38

Tikhonov 109.74 148.53 214.89 120.77 189.47 89.12 138.24 217.08 130.09 112.13 157.44 136.40 250.35 148.58 133.63 123.06 151.22

Total Variation 590.97 540.25 564.67 589.46 548.87 594.55 542.77 596.83 539.70 575.89 467.70 544.00 449.27 485.12 561.85 602.88 549.67

‡ = 40

Noisy 1506.10 1329.01 1384.60 1462.90 1241.90 1469.80 1347.81 1462.10 1355.51 1462.61 1171.90 1372.91 1092.10 1217.80 1376.21 1519.90 1360.82

Proposed 108.93 203.40 269.15 137.18 221.99 107.32 181.40 274.05 139.83 119.45 194.93 149.54 263.86 204.24 221.17 129.75 182.89

Tikhonov 137.31 210.90 281.89 149.67 262.51 133.94 184.53 279.98 175.90 144.71 228.37 185.25 385.53 213.93 242.06 154.26 210.67

Total Variation 1119.50 995.38 1033.80 1081.70 979.85 1088.40 1000.40 1107.10 1000.90 1083.80 862.00 1005.10 816.02 903.14 1026.80 1131.90 1014.74

Table 6.10: PSNR comparison of color denoising algorithm for Greyc dataset.

Gaussian Noise Methods 4arms
monstre Asterix Cable

car Dragon Duck Green
Dinasour

Green
monster Horse Jaguar Long

Diansour Mario Mario
car

Pokeman
ball Rabbit Red

horse Statue Average

‡ = 20

Noisy 22.13 22.55 22.41 22.18 22.82 22.14 22.50 22.30 22.47 22.25 23.07 22.39 23.23 22.88 22.36 22.13 22.49

Proposed 29.72 28.21 25.92 29.59 27.05 30.13 28.82 25.91 29.28 29.94 28.72 29.19 26.20 28.63 29.07 29.19 28.47

Tikhonov 29.22 27.98 26.51 28.95 26.97 30.13 28.51 26.37 28.79 29.21 28.31 28.61 26.38 28.41 28.97 28.85 28.26

Total Variation 23.32 23.67 23.52 23.39 23.57 23.34 23.67 23.36 23.67 23.45 24.29 23.61 24.31 24.07 23.46 23.32 23.63

‡ = 30

Noisy 18.74 19.20 19.01 18.75 19.55 18.71 19.12 18.84 19.11 18.83 19.73 19.04 20.03 19.60 19.04 18.67 19.12

Proposed 28.43 27.18 24.61 28.14 25.90 29.01 26.96 24.59 27.13 28.83 26.75 27.73 25.25 26.87 27.06 27.99 27.03

Tikhonov 27.73 26.42 24.81 27.31 25.36 28.63 26.72 24.76 26.99 27.63 26.16 26.78 24.14 26.33 26.88 27.23 26.49

Total Variation 20.42 20.81 20.61 20.43 20.74 20.39 20.79 20.37 20.81 20.53 21.43 20.78 21.61 21.27 20.64 20.33 20.75

‡= 40

Noisy 16.35 16.90 16.72 16.48 17.19 16.46 16.84 16.48 16.81 16.48 17.44 16.75 17.75 17.28 16.74 16.31 16.81

Proposed 27.76 25.05 23.83 26.76 24.67 27.82 25.54 23.75 26.67 27.36 25.23 26.38 23.92 25.03 24.68 27.00 25.72

Tikhonov 26.75 24.89 23.63 26.38 23.95 26.86 25.47 23.66 25.68 26.53 24.54 25.45 22.27 24.83 24.29 26.25 25.09

Total Variation 17.64 18.15 17.99 17.79 18.22 17.76 18.13 17.69 18.13 17.78 18.78 18.11 19.01 18.57 18.01 17.59 18.09

attribute of the noise-free point cloud models of Greyc dataset. Quantitative results
in terms of PSNR are shown in Tab. 6.11, where the proposed algorithm shows the
highest average PSNR value for all the noise levels ‡ = 10 ,15 ,20 and 25. With the
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increase in the noise level, the proposed algorithm performs better than GLR and
GTV, with an average PSNR increase of 0.49dB and 0.34dB, respectively.

Table 6.11: Color denoising comparison for Gaussian noise ‡ = 10, 15, 20, and 25
with GLR-based [20] and GTV-based [13] in terms of PSNR and AET (s).

Model
‡ = 10 ‡ = 15 ‡ = 20 ‡ = 25 AET (s)

Noise Proposed GLR GTV Noise Proposed GLR GTV Noise Proposed GLR GTV Noise Proposed GLR GTV Proposed GLR GTV

Asterix 28.38 31.76 32.03 31.61 24.94 29.69 29.66 29.53 22.53 28.21 28.10 27.56 20.68 27.09 26.12 27.05 1.06 5.20 211.00

Duck 28.53 30.83 30.40 30.60 25.20 28.51 28.42 28.14 22.71 27.05 26.89 26.35 20.90 26.21 25.68 25.04 0.46 1.70 58.00

Green_Dinosaur 28.14 33.19 33.28 33.36 24.60 31.21 31.64 31.31 22.13 30.13 30.30 30.34 20.23 29.37 28.52 29.62 1.82 11.20 389.00

Red_Horse 28.29 32.79 32.15 32.20 24.74 30.59 29.72 30.01 22.35 29.07 27.85 28.57 20.47 28.25 25.66 27.33 3.48 19.50 851.00

Average 28.30 32.14 31.87 31.94 24.85 30.00 29.86 29.75 22.44 28.62 28.29 28.20 20.61 27.73 26.495 27.26 1.71 9.40 377.25

Table 6.12: The computational cost of the proposed algorithm and MSGW [17] for
different types of point clouds.

Gaussian Noise 0.2 0.3 0.4
Methods No of Points Proposed MSGW Proposed MSGW Proposed MSGW

Synthetic Point clouds

4arms_monstre 83063 1.58 4.49 1.52 3.86 1.89 3.96
Asterix 45498 1.07 2.06 0.83 2.18 1.07 2.11
Cable car 267828 6.31 10.44 7.18 12.10 6.77 14.88
Dragon 101369 1.89 4.60 2.26 4.42 1.99 4.39
Duck 19247 0.38 1.11 0.42 0.96 0.43 0.79
Green dinasour 87999 1.69 3.95 1.69 3.77 1.63 3.74
Green monster 204250 4.74 11.66 4.70 13.45 4.96 13.34
Horse 137831 2.84 6.62 2.79 6.43 3.30 8.41
Jaguar 130423 2.43 5.95 2.47 6.97 2.86 6.49
Long dinasour 114005 2.09 5.17 2.10 5.97 2.52 5.20
Mario 199281 4.20 10.28 4.39 11.54 4.43 11.59
Mario car 216375 5.29 11.56 4.67 11.78 4.91 13.28
Pokemon Ball 25427 0.57 1.25 0.54 1.20 0.54 1.28
Rabbit 157534 3.80 8.08 3.33 8.04 3.47 8.13
Red Horse 156671 3.50 7.79 3.28 9.33 3.35 9.35
Statue 89256 1.83 4.04 1.76 4.74 2.03 5.05
Average 2.76 6.50 2.75 6.87 2.88 7.05

Proposed MSGW

Real-world Point clouds
Arco_valentino 1530552 73.87 32.82

Palazzo_carignano 4203962 159.08 85.25

LiDAR MastinLake9_001 10001543 665.37 625.86
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Figure 6.20: (a): Average gain in MSE (dB) for the color denoising algorithm (b):
Average gain in PSNR (dB) for the color denoising algorithm.
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Figure 6.21: 4arms_model (noise level µ = 0 and ‡ = 0.4) (a) C2M metric of de-
noised point cloud by proposed algorithm based on SGW using data-driven adaptive
soft-thresholding (b) C2M metric of denoised point cloud using MSGW, and (c)
C2M metric of denoised point cloud using IBR.
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6.3 – Denoising using adaptive data-driven thresholding

Besides PSNR, the average execution time (AET) per noise level for the pro-
posed GLR and GTV algorithms is also shown in Tab. 6.11. The proposed method
is almost six and over 200 times faster than GLR and GTV, respectively, as it
is a non-iterative technique, which is computationally very cheap. AET has been
measured on the machine with the exact specification and same MATLAB version
as anticipated in 5.5.5.

105



106



Chapter 7

Conclusions and Future Work

In this thesis, we have presented a collection of techniques to perform point
cloud denoising by exploiting the correlation between geometry and color attribute
of a point cloud and construct a joint geometry/color k-NN graph. We tried to
avoid the artifacts that appear in the denoised point cloud with the other state-
of-the-art algorithms that consider the geometry information only to construct the
graph.

Our first proposed algorithm is an efficient way of denoising a point cloud based
on graph signal processing. It is based on the notion that in close proximity with
a smooth surface, color is typically smooth. We take advantage of this correlation
and encode it in a k-NN graph that can be used for several tasks such as denoising
only the color, only the geometry, and both of them jointly by merely adapting the
parameters to each denoising scenario. Denoising is then performed by employing
graph-based Tikhonov regularization on graph signal. The convex optimization
problem improves the smoothness of the graph signal defined on the graph. The
fidelity term in the Tikhonov regularization drives the denoised points to move to
their original observed location in the case of geometry denoising and their true color
in color denoising. Graph gradient is used for the measurement of the smoothness
of the graph.

Our second algorithm proposed a non-iterative scheme for point cloud denoising
using SGW that takes advantage of positive correspondence between the color and
geometry and performs denoising in the graph frequency domain. The idea is based
on the framework where the joint graph compacts smooth graph signals’ energy in
low-frequency bands. A soft-thresholding is then applied to eliminate the noise from
the spectral graph wavelet coefficients. In this proposed algorithm, prior knowledge
of standard deviation works fine for the synthetic point cloud. Still, it is unknown
for the real-world point cloud. We extend this framework and apply a data-driven
adaptive soft-thresholding for denoising, in which prior information of standard
deviation is not required.
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Conclusions and Future Work

7.1 Future work
As earlier explained, the state-of-art point cloud denoising approaches create the

artifacts in the resulting denoised point cloud as they only consider the geometry
information. Some other algorithms exploit the normal attribute for the point cloud
denoising; however, these algorithms are not providing good results for the point
cloud with the complex structure. The color attribute can be used to estimate the
correct normal of a complex manifold, and then the normals can be used for the
denoising problem.

As a future advancement, we can use the data-driven approach to define a
new loss function that counters the color attribute of a point. In particular, a
possible way is to estimate the actual position of a point corresponding to the color
information and then compare it with the reference point in a ground-truth.
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Nomenclature

Acronyms / Abbreviations

CLOP Continuous Locally Optimal Projection

CNNs Convolutional Neural Networks

CT Computed Tomography

DEMs Digital Elevation Models

DGCNN Dynamic Graph Convolutional Neural Network

DTMs Digital Terrain Models

EM Expectation-Maximization

FLOP Feature Locally Optimal Projection

GLR Graph Laplacian Regularizer

GMM Gaussian Mixture Model

GTV Graph Total Variation

IBR Iterative-based regularization

IRLS Iterative Least Squares

KDE Kernel Density Estimation

LDMM Low Dimensional Manifold Model

LOP Locally Optimal Projection

MLS Moving Least Squares

MSE Mean-squared error

MSGW Manifold denoising using Spectral Graph Wavelets
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Nomenclature

PDEs Partial Differential Equations

PPMC Pearson Product-Moment Correlation

PSNR Peak-to-signal ratio

ROR Radius outlier removal

RPSM Robust denoising of piece-wise smooth manifolds

SGW Spectral Graph Wavelet Transform

ToF Time of flight

V G Voxel Grid

WLOP Weighted Locally Optimal Projection
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