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ON THE L.C.M. OF SHIFTED FIBONACCI NUMBERS

CARLO SANNAT

ABSTRACT. Let (F3,)n>1 be the sequence of Fibonacci numbers. Guy and Matiyasevich proved

that
3loga 5

loglem(Fy, Fa, ..., Fp) ~ -n”  asn — +oo,

2
where lem is the least common multiple and « := (1 + /5)/2 is the golden ratio.

We prove that for every periodic sequence s = (s, )n>1 in {—1, +1} there exists an effectively
computable rational number Cs > 0 such that

3log

loglem(Fs + s3, Fu + Sa,..., Fy + 8n) ~ 2 -Cs-n’, asn— +00.

Moreover, we show that if (sn)n>1 is a sequence of independent uniformly distributed random
variables in {—1,+1} then
3loga 15Lix(1/16) o

E[loglcm(Fg—|—33,F4—|—34,...,Fn+5n)]~ 2 5 -n”, asn — 4oo,

where Liz is the dilogarithm function.

1. INTRODUCTION

Let (F,)n>1 be the sequence of Fibonacci numbers, defined recursively by F; = F» = 1 and
Foi2 = F,11+F,, for every integer n > 1. Guy and Matiyasevich [3] proved that, as n — 400,
3loga o
—

(1) loglem(Fy, Fs, ..., Fy) ~
i

I

where lem denotes the least common multiple and o := (1 + v/5)/2 is the golden ratio. This
result was extended by Kiss—Matyas [0], Akiyama [!], and Tropak [14] to more general binary
recurrences, and by Akiyama [2, 3] to sequences satisfying some special divisibility properties
(see also [1]).

We study what happens if each Fibonacci number Fj, in (1) is replaced by a shifted Fibonacci
number Fj &+ 1, for various choices of signs. Arithmetic properties of shifted Fibonacci have
been studied before. For example, Bugeaud, Luca, Mignotte, and Siksek [5] determined all the
shifted Fibonacci numbers that are perfect powers; Marques [7] gave formulas for the order
of appearance of shifted Fibonacci numbers; and Pongsriiam [10] found all shifted Fibonacci
numbers that are products of Fibonacci numbers.

Our first result concerns periodic sequences of signs.

Theorem 1.1. For every periodic sequence s = (Sp)n>1 in {—1,+1}, there exists an effectively
computable rational number Cs > 0 such that

3loga

loglem(Fs + s3, Fy + S4, ..., Fpy + Sp) ~ — -Cy - n?,

as n — +oo. (The least common multiple starts from F3 + s3 to avoid zero terms.)

We computed the constant Cs for periodic sequences s with short period. We found that
Cs = 1/2 for most of such sequences. In particular, Cs = 1/2 for all periodic sequences with
period less than 5. Moreover, all the periodic sequences s with Cgs # 1/2 and period 5 or 6 are
listed in Table 1 and Table 2, respectively.
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S CS S C s S Cs S Cs

-——=+ 43/96 | —+--+ 43/96 | +---- 43/96 | +-+++ 91/192
-——+= 43/96 | —+-+- 43/96 | +--+- 43/96 | ++-+- 17/36
——+== 11/24 | —+=++ 91/192 | +-+-— 43/96 | ++-++ 17/36
——+—+ 11/24 | —++—+ 91/192 | +—+—+ 91/192 | +++-+ 91/192
—+-—— 43/96 | —++++ 91/192 | +—++- 91/192 | ++++- 91/192

TABLE 1. All period-5 sequences s such that Cs # 1/2.

S Cs S Cs S Cs ] Cs

————— + 13/32 | ——++=+ T7/16 | +=+—++ 29/64 | ++-—++ 11/24
——==++ 13/32 | ——++++ 29/64 | +—++-- 29/64 | ++-+-- 13/32

——=+-=  7/16 | —+---= 13/32 | +=+++= 29/64 | +++-+- 11/24
-==+=+ 7/16 | —+--—+ 13/32 | +=++++ 29/64 | +++-++ 11/24
——+—++ 29/64 | —+-—++ 13/32 | ++-——= 13/32 | ++++—— 29/64

——++-=  7/16 | —+=+-= 13/32 | ++——+= 11/24 | +++++- 29/64

TABLE 2. All period-6 sequences s such that Cs # 1/2.

Our second result regards random sequences of signs.

Theorem 1.2. Let (sp)n>1 be a sequence of independently uniformly distributed random vari-
ables in {—1,+1}. Then

3loga 15Lis(1/16)
. . n
w2 2 ’

as n — 400, where Liz(2) := Y 0"_ 2™/n? denotes the dilogarithm.

E[loglcm(Fg + 53, Fy +84,...,F, + sn)] ~

Using the methods of the proofs of Theorem 1.1 and Theorem 1.2, it should be possible to
prove similar results, where the sequence of Fibonacci numbers is replaced by the sequence of
Lucas numbers or by a sequence of integers powers (a")p>1, with a > 2 a fixed integer. Also,
one could consider what happens for a deterministic non-periodic sequence of signs (S, )n>1.
We leave these as problems for the interested reader.

Notation. We employ the Landau-Bachmann “Big Oh” notation O with its usual meaning.
Any dependence of the implied constants is indicated with subscripts. We let ¢ denote the
Euler’s totient function. We reserve the letter p for prime numbers.

2. PRELIMINARIES ON FIBONACCI AND LUCAS NUMBERS

Let (L, )n>1 be the sequence of Lucas numbers, defined recursively by L; = 1, L = 3, and
Lypy2 = Lypt1 + Ly, for every integer n > 1. It is well known that the Binet’s formulas
n __ An
(2) Fo= P nd Ln—am+ g,
a—p

hold for every integer n > 1, where a := (1++/5)/2 and 8 := (1 —+/5)/2. It is useful (proof of
Lemma 2.3 later) to extend the sequences of Fibonacci and Lucas numbers to negative indices
using (2). Let us define

(3) o, = H (a — Tt B) ,
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for each integer n > 2, and put ®; := 1. It can be proved that each ®,, is an integer [13,
p. 428]. Moreover, from (2) and (3) it follows that

(4) Fo= [ ®« and L,= [] @,
n€D(n) n€D’'(n)

for every integer n > 1, where D(n) := {d € N: d | n} and D'(n) := D(2n)\D(n). In particular,
using (4) one can prove by induction that ®,, > 0 for every integer n > 1.
We need the following two results about ®,,.

Lemma 2.1. For all integers m > n > 1 we have gcd(®y,, ®,,) | m.

Proof. For m > 5, m # 6,12, and n > 3, it is known [13, Lemma 7] that gcd(®,,, ®,) divides
the greatest prime factor of m/ged(3, m), and consequently it divides m. The remaining cases
follow easily since @1 = &9 =1, &3 =2, &4, =3, &5 =5, Pg =4, and P15 = 6. ]

Lemma 2.2. For all integers n > 1, we have log ®,, = ¢(n)loga + O(1).
Proof. See, e.g., [11, Lemma 2.1(iii)]. O

The next lemma belongs to the folklore and provides a way to write shifted Fibonacci
numbers as products of Fibonacci and Lucas numbers.

Lemma 2.3. For every integer k, we have

Figr1 — 1= FopLog1, Figr1+ 1= Fopy1 Loy,
Figro — 1 = FopLogyo, Figro +1 = FoproLog,
Figsz — 1= FopoLlogya, Figts + 1= Fopq1 Loy,
Figra — 1= Fopy3Llogya, Figra +1 = Fopy1Logys.

Proof. Employing (2) and af = —1, a quick algebraic manipulation yields

(5) Fa+b + (_1)bFa—b = FyLy,
for all integers a, b. Each of the eight identities corresponds to a particular choice of a,b in (5),
noting that F_1 =1 and F_o = —1. ]

Finally, we need a lemma about the greatest common divisor of a Fibonacci number and a
Lucas number.

Lemma 2.4. For all integers m,n, we have that ged(Fin, Ly) is equal to 1, 2, or Lgcq(m,n)-

Proof. See [9]. O

3. FURTHER PRELIMINARIES
For every sequence s = (sp)p>1 in {—1,+1} and for every integer n > 5, define
ls(n) = lem(F5 + S5, ..., Fy + sp).

(Starting from Fjy instead of F3 does not affect the asymptotic and simplifies a bit the next
arguments.) Furthermore, define the sets

.FS(TL) = {h S [2, %] : Soph—9 = (—1)h V Sop—

Vosopar = (1) s

1)h+1

1 h+1}

1"
1)" },

(—
(—
Es(n) = {h S [2, %] I Sop_9 = ( 1>h+1 V Sop_ (
Vsontr = (=1 Vosonga = (-
and
Ms(n)= |J D) u |J D).
he Fs(n) h€ Ls(n)
The next lemma is the key to the proofs of Theorem 1.1 and Theorem 1.2.
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Lemma 3.1. As n — 400, we have

logls(n) = > cp(d)loga—i—O( "’ )

de Ms(n) logn

Proof. Assume n > 8 and let n = 4K + 4, for some real number K > 1. Using Lemma 2.3, we
can write each F; +s; (i = 5,...,n) as a product of a Fibonacci number and a Lucas number,
which, in light of Lemma 2.4, have a greatest common divisor not exceeding 3. Therefore,

(6) log ¢s(n) = loglem <Z elg-‘lz(ln)ﬂ’jelcﬁr'ﬁn) Lj> +0(1),

where F.(n), LL(n) C [2,2K + 3] NZ are defined by

(7) 2k e Fi(in) <= (1<k<K)A (Sshp1=-1V Sappa=—1))
V(2<k<K+1) A (sgh—1=—1V sg_o = +1)),

2k + 1 Efé(n) < ((1 < ]CSK) N (S4k+1 =41V sgpr3=+1V S4k+4:+1))
(2<k<K+1) A sg=-1),

2k € Li(n) = (1<k<K) A (sapr1 =41V sapp2 = +1))

V
<
V ((2 <k< K+ 1) VAN (S4k_2 =—1V sgp_1 = —|—1)),
<

2k+1¢€ ﬁls(n) <= ((1 E<K) AN (Sge1=—-1V Sgp03=—1V Sgp14 = —1))

V(2<k<K+1) A sy =+1),

for every integer k € [1, K + 1]. Since F},L; < 2¢ for every integer i > 1, replacing all the
bounds on k in (7) with 2 < k < n/4 amount to an error at most O(n) in (6), that is,

8 logls(n) =loglem| lem F;, lem L; | + O(n).
® gls(n) = log <i€.7:s(n) j€Ls(n) J) ()

Suppose that p¥ || ¢s(n), for some prime number p < n and some integer v > 1. Then
p¥ | F; + s; for some integer i € [5,n], and consequently p¥ < F,, + 1 < 2". Hence,

nQ
9 log ( ) <tog (I 2") <#lp:p<n}on-log2= ,
9) og( [ »') <tog( J[ 2") <#{p:p<n}-n-log2=0 Togn
P || n P || n
p<n p<n

since the number of primes not exceeding x is O(x/log z).
Writing each Fj, L; in (8) as a product of ®,4’s using (4), and taking into account Lemma 2.1
and (9), we obtain that

2
log ¢s(n) = log H <I>d+0(ln )

de Ms(n) o8
Hence, by Lemma 2.2, we get
2

n n?
log ls(n) = Z log¢d+0<logn>: Z ¢(d)loga+0<logn>,

d e Ms(n) de Ms(n)

since Mg(n) C [2,n] and consequently #Msg(n) < n. O
For all integers » > 0 and m > 1, and for every x > 1, let us define
Arm(z) :={n <z :n=r (mod m)}.

We need two lemmas about unions of D(n), respectively D'(n), with n € A, ().
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Lemma 3.2. Let r,m be positive integers and let S be the set of s € {1,...,m} such that there
exists an integer t > 1 satisfying st = r (mod m). For each s € S, let t(s) be the minimal t.
Then, for all x > 1, we have

U 20 =] A <té)>

ne€ Arm(x) seS

Proof. On the one hand, let n € A, ,,(x) and pick d € D(n). Clearly, n = dt for some integer
t > 1. Let s € {1,...,m} such that d = s (mod m). Then st = dt = n = r (mod m) and
consequently s € S and t > t(s). Therefore, d = n/t < z/t(s), so that d € A, (z/t(s)).

On the other hand, suppose that d € A, (z/t(s)) for some s € S. Letting n := di(s), we
have n = st(s) =r (mod m) and n < z, that is, n € A, ,,(x). Finally, d € D(n). O

Lemma 3.3. Let r,m be positive integers and let S be the set of s € {1,...,m} such that
there exists an odd integer t > 1 satisfying st = r (mod m). For each s € S, let t(s) be the
minimal t. Then, for all x > 1, we have

U om= Azsgm@j)).

n € Arm(x) seS

Proof. On the one hand, let n € A, ,,(z) and pick d € D'(n). Then 2n = dt for some odd
integer t > 1. In particular, d is even. Let s € {1,...,m} such that § = s (mod m). Then
st = 4t =n = r (mod m), and consequently s € S and t > t(s). Therefore, d = 2n/t <
2z /t(s), so that d € Agg 9m (22/t(s)).

On the other hand, suppose that d € Agsom(22/t(s)) for some s € S. In particular, d is
even and ¢ = s (mod m). Letting n := gt(s), we have n = st(s) = r (mod m) and n < z,

2
that is, n € A, ,,(z). Finally, 2n = dit(s) and t(s) is odd, so that d € D'(n). O

Finally, we need two asymptotic formulas for sums of the Euler’s function over an arithmetic
progression.

Lemma 3.4. Let r,m be positive integers. Then, for every x > 2, we have

3
Srm(@) = Y @(n) = T - crma” + Orm(zloga),

where

Proof. This is a special case of the asymptotic formula, given by Shapiro [12, Theorem 5.5A.2],
for >, ., ¢(f(n)), where f a polynomial with integers coefficients, no multiple roots, and
satisfying f(n) > 1 for every integer n > 1. O

Lemma 3.5. Let r,m be positive integers and let z € (0,1). Then, for every x > 2, we have

3 m(l—2)Lis(z)
© o2 z

Z cp(n)(l _ Ztﬂc/nJ)

ne .Ar,m (-'E)

-2 + Oy (z(log 2)?).
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Proof. For every integer k > 1, we have |z/n] =k if and only if /(k + 1) < n < z/k. Hence,

S ey = 3 (1) (sm(ii) ~sn(551))

n € Arm(x) k<=z
x
—Z lfz lfz 1) Srm | —
> )5n()
3 crma? xlogx
o k—1 T,m
-9 X A (5 o, (8T
k<z
3 2 2kl z2 zlogx
= an(l=2) 3 T *O’"m<2k2)+0’”’" 2
k>x k<z
3 crm(l—2)Lis(z
=3 m(1 z) 2( )':U2+O,«,m(ac(logx)2),
where we employed Lemma 3.4. ([

4. PROOF OF THEOREM 1.1

Let s = (sp)n>1 be a periodic sequence in {—1,+1}, and let 7' > 1 be the length of its period.
By the periodicity of s, it follows that there exist Ri,Ro C {1,...,m}, where m := 2T, such
that

U Arm(n/2) and Lo(n) = | Arm(n/2),
reRy reRe

for every integer n > 1.
Then, by Lemma 3.2 and Lemma 3.3, we get that there exist R C {1,...,2m} and positive
rational numbers (6, ),cr such that

Ms(n) = U Ar,2m(97"n)7
reR

for every integer n > 1.
Therefore, Lemma 3.1 and Lemma 3.4 yield that

n? 3log n?
1 f d)1 = Cg - 2 s y
gt =3 X eldogat o) =T g 0,2

reER de Ar Qm(ern)

where
o } : 2
Cs = Cr2m 07,
reR
is a positive rational number effectively computable in terms of s, ..., s7.

The proof is complete.

5. PROOF OF THEOREM 1.2

Let s = (sp)n>1 be a sequence of independent and uniformly distributed random variables in
{—1,+1}, and let n > 1 be a sufficiently large integer. For every integer k € [2,n/2], we have
that the event k ¢ Fg(n), respectively k ¢ Lg(n), depends only on Sog_o, Sok—1, S2k+1, S2k-+2-
In particular, if the integers k1, ko € [2,n/2] satisfy |k; —ka| > 3 then (kl ¢ Fs(n), ko ¢ fs(n)),
(k1 ¢ Ls(n),ks ¢ Ls(n)), and (k1 ¢ Fs(n),k2 ¢ Ls(n)) are pairs of independent events.

Moreover, we have

Pk ¢ Fs(n)] =P[k ¢ Ls(n)] =271 =161
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Therefore, it follows that

P[d ¢ Ms(n)] :P[ A (kgFm) A A (h¢£s(n))}

2<k<n/2 2<h<n/2

deD(k) deD'(h)
= [ PE¢FRm] - [ Plh¢Lsn)
2<k<n/2 2<h<n/2

deD(k) deD'(h)

— 16~ /D] | 16—(Lngcd(Q»d)/(Zd)J—Ln/(2d)J)
— 16—Lngcd(27d)/(2d)J’

for every integer d > 6. Consequently, by Lemma 3.1, we get

n2
(10) E[log ls(n)] = (log ) Z o(d)Pld € Mg(n)] + O< >

de Ms(n) logn

2
- d) (1 = 16~ necd(2,d)/(2d)] ol " '
(oga) 3 o ) ( ) +0( o
In turn, by Lemma 3.5, we have

(11) Z o(d) (1 — 16—Lngcd(2,d)/(2d)J) _ Z o(d) (1 _ 16—\_n/(2d)]>

d<n d€ Ay2(n/2)
LS (e
de Az 2(n)

3 0172 .
e ( 4 +c2,z) 15Liz(1/16) - n* + O (n(log n)?)

3 15Liya(1/16) o 2
e St A A 1 .

T2 2 " +O(n( Ogn) )

Finally, putting together (10) and (11), we obtain

3loga 15Liy(1/16)

E[Iogﬁs(n)]w 2 2 “no,

as n — +00.
The proof is complete.
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