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Random Effect (RE) models are used for analyzing data that are non-independent or
when data are characterized by a hierarchical structure. In traffic and highway
engineering, RE models have been successfully employed to estimate free-flow speed
distributions from data containing observations that are naturally nested according to
different levels (i.e. direction, sections, roads). Empirical studies conducted on both
urban arterials and rural two-lane highways have shown that RE models, by properly
accounting for the survey design, are superior to traditional Fixed Effect (FE) models.
In this paper, the transferability of RE models to road sections that were not in the
original sample used for model estimation was studied, under the assumption that for
these additional sections very few observations are available or can be collected. This
problem poses two challenges. First, random effects for the new road sections should
be estimated in order to make out-of-sample predictions. Second, the original model
formulation makes use of speed quantiles as predictors of the linear model which are
not readily available for the new sections. The method proposed estimates an
auxiliary model, in which the RE of the original model are correlated to the RE to be
defined for the new section, with the former being used to predict the latter. The RE
pairs are modeled jointly, taking advantage of their potential mutual correlation. The
model coefficients obtained are also validated using a jackknife technique. Results
show that the method converges quite fast and that a handful of observations for the
new road section are sufficient for good RE estimates.
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Abstract

Random Effect (RE) models are used for analyzing data that are non-independent or when
data are characterized by a hierarchical structure. In traffic and highway engineering, RE
models have been successfully employed to estimate free-flow speed distributions from data
containing observations that are naturally nested according to different levels (i.e. direction,
sections, roads). Empirical studies conducted on both urban arterials and rural two-lane
highways have shown that RE models, by properly accounting for the survey design, are
superior to traditional Fixed Effect (FE) models.

In this paper, the transferability of RE models to road sections that were not in the original
sample used for model estimation was studied, under the assumption that for these additional
sections very few observations are available or can be collected. This problem poses two
challenges. First, random effects for the new road sections should be estimated in order to
make out-of-sample predictions. Second, the original model formulation makes use of speed
quantiles as predictors of the linear model which are not readily available for the new sections.

The method proposed estimates an auxiliary model, in which the RE of the original model are
correlated to the RE to be defined for the new section, with the former being used to predict
the latter. The RE pairs are modeled jointly, taking advantage of their potential mutual
correlation. The model coefficients obtained are also validated using a jackknife technique.
Results show that the method converges quite fast and that a handful of observations for the
new road section are sufficient for good RE estimates.

Keywords: Operating speed, speed quantiles (percentile), random effects regression, jack-
knife resampling technique, out-of-sample prediction. .
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1 Introduction

Among the parameters characterizing vehicular flows, speed is used in multiple applications
including traffic analysis, speed management, road design, and road safety. Speeds are col-
lected through spot speed observations or by recurring to permanent acquisition units in the
field (Garber and Hoel 2020; Catani et al. 2017). This data may be used to calibrate models
to explain how speed is related to some significant variables depicting the road scenario. As
a result, analysts and road designers can select the most appropriate road features to mod-
ulate risk perception and compel drivers to adopt consistent speed decisions and behaviors.
Starting from the ‘80s, a conspicuous quantity of papers proposed models to predict the
85th speed percentile (i.e., V85) of operating speeds (OS), and OS differential (e.g., AV85,
85MSR) between road elements (Dimaiuta et al. 2011).

V85 is conventionally considered representative of OS distribution since it separates the speed
of prudent drivers from that of more aggressive ones. V85 models may include geometric
characteristics of roads (e.g., lane width, radius or curvature), environmental conditions (e.g.,
lighting, weather, land use), and driving regulations affecting driver behavior (Himes et al.
2013). The variation in operating speed between road elements has repeatedly been used to
support design decisions (Lamm et al. 1988). Park and Saccomanno (2006) evidenced that
speed variations must be evaluated for individual drivers (i.e., disaggregated data) rather than
from aggregated data for the observed group, in order to prevent the so called “ecological
fallacy” problem. However, this approach is challenging due to the need to monitor individual
vehicles along entire road segments (McFadden and Elefteriadou 2000).

However, when attention is focused on a section, the use of V85 becomes controversial
since different OS distributions may exhibit the same 85th percentile. To address this is-
sue, Shankar and Mannering (1998) proposed the use of simultaneous equations to model
the average and standard deviation of speed in each lane of multilane highways. Later on,
Figueroa-Medina and Tarko 2005 introduced a model to predict any speed percentile com-
bining the mean and the standard deviation in a linear regression equation.

Most of the available literature has proposed models of the Fixed Effect (FE) type, in which
each speed observation along a road section is assumed to be dependent on the predictors
included in that model only (Dimaiuta et al. 2011). This is only acceptable when speed
clusters used to calibrate the model are not distinguished per direction, are from segments
that do not belong to the same road, and are sufficiently distant from each other. However,
when speed observations are clustered and spatially close to each other, each of them may
share unobserved effects. Thus, it is not possible to assume independence of errors for
individual observations without considering Random Effects (RE) for these groups.

Tarris et al. (1996) carried out a panel analysis of free-flow speed data collected from indi-
vidual drivers with speed values recorded at sensor locations. In the proposed model, RE
were associated with groups and speed location. Islam and El-Basyouny (2015) used RE
to account for differences in hourly free-flow speed data related to site and community in
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a pilot study aimed at reducing OS. More recently, Cheng et al. (2018) evidenced that RE
are fundamental in predicting the speed and speed deviation along lanes in multilane high-
ways. They used RE to account for the variation between adjoining lanes, between adjacent
segments, and among segments.

RE models reach a higher coefficient of determination than those obtained assuming FE
coefficients for groups and sensor locations (Bassani, Dalmazzo, et al. 2014). RE models for
OS was proposed by the authors (Bassani, Dalmazzo, et al. 2014; Bassani, Cirillo, et al. 2016;
Bassani, Catani, et al. 2016) in multiple observations for the same direction (d) of a section
(s), on several sections of a road (r), and on several roads of the network. In the model:

V;“sd,i = BO + 6ersd,k + ﬂijerd,j + o + As|r + d|rs + €rsd,is (1>

where 3y is the general model intercept, 8, and §; are calibration parameters for the k& and
jvariables affecting the estimated mean X4, and the estimated standard deviation X, ;
respectively, and Z,, is the standardized normal variable. In eq. 1, a;, oy, and agps are the
three nested RE accounting for the variability introduced by the random selection of roads
in the network, the section within a road, and the directions in the section.

The objective of this study is to transfer RE models calibrated on a given sample of lanes,
sections and roads to road sections that were not included in the estimation sample and
for which few speed observations were collected or available to the analyst. The problem
has relevant practical implications, as the method proposed will facilitate the use of existing
models on different sections without the need to collect a significant number of new obser-
vations, which is usually a lengthy and costly process. In order for this transferability to be
effective and to have realistic out-of-sample predictions, RE need to be predicted for the new
road section. Also, the model specification is based on speed quantiles, which are not readily
available for the new road sections.

REs in most situations are assumed to have zero mean and therefore the best a priori predictor
for REs in a new road section is zero as well. However, it is likely that better predictors can
be produced by considering a simpler, auxiliary RE model whose purpose is to overcome the
unavailability of quantiles in the validation sample. Specifically, following McCulloch et al.
(2008), it is possible to build an auxiliary model which, although inferior to the actual model,
takes advantage of the potential correlation existing across RE pairs in order to provide good
RE predictors. The method is based on the assumption that REs of the original model are
correlated with the REs to be defined for the new section and that the first one can be used
to predict the latter. The methodology is first developed in the case of one RE, and then
extended to the case of a model including two REs. The best predictor is derived and the
convergence is tested on empirical data. Finally, validation is performed on the quantiles of
all the road sections considered using a jackknife technique (Efron and Tibshirani 1993).

The remaining of this paper is articulated as follows. Model formulation for one RE and
two REs is presented in Section 2. Numerical results derived from real data collected in the
North-West of Italy are reported in Section 3. The case where predictors are multiplied by

4
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the normal quantiles is solved in Section 4. In Section 5, a Jackknife re-sampling technique is
used to analyze the causes of poor estimation results. Conclusions and suggestions for future
research are given in Section 6.

2 Model formulation

In this Section, we derive the statistical method to transfer an estimated random effect
model to a new road section for which very few observations are available to the analyst.
The problem is that for this new road section, only the model predictors are available, while
the random effect(s) are unknown. Under the hypothesis that the random effect of the new
section are correlated to those of the section for which the model has been estimated, we
derive the conditional mean of the Best Linear Unbiased Predictor (BLUP) of the error in
the new section. The method is developed first for a one random effect model (Section 2.1)
and then generalized to a two random effect model (Section 2.2).

2.1 One random effect model

Following the formulation in eq.1, we first develop the proposed methodology for a simple
case that contains one random effect. Let’s assume that speed data is available for several
sections s, and that the response variable V;; is affected by a set of predictors X, ;. The
model contains one random effect oy and an error term e ;:

Vi = Bo + BiXop + a5 + €54, (2)

where o, and €,; are independent and follow a normal distribution:

g ~ N(O,ag),
55,@' ~ N(O,O’Q).

while 3 is defined as the the vector of fixed coefficients to be estimated and that includes
both Sy and Sy

Once the model is calibrated, estimates for the model parameters (denoted as ,5’, 62, and

62) are available to the analyst, and predictions for the random variables o, and Vs can be
obtained (McCulloch et al. 2008).

Assuming the analyst is interested in predicting random effects for a new section s with
unknown random effect oy, the best a priori estimate of ay is zero since ay ~ N(0,02).
In some contexts this may be satisfying, but other methods can be explored under the
assumption that it is possible to sample a few observations for the new section s’ in order to
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improve the knowledge about oy and build a better a posteriori prediction. This is precisely
the ultimate objective of our method.

Suppose that n observations Vi 1,V o,..., Vi, are collected in the new section. ay cannot
be observed directly, because we always observe the sum of the errors. Hence according to
eq. 2 the sum of the residuals is:

Ts i = Qg + €s'i = ‘/s/,i - 5Xs/,k'

The difference Vy ; — Xy cannot be measured because the value of the parameters in [ is

unknown, so the estimated value B from model calibration is used to approximate the total
residuals 77, .

Let’s define u = (ay) and let’s assume that it follows a normal distribution with mean zero
and variance D = (02). In this case, u refers to a single random effect, but as we will see

in the next Section, the methodology applies to any number of effects to be predicted. The
residuals r = (ry.1,7¢ 2, ..., 'y n) have zero mean and variance W:

2 2 2 2
o 4—20 205 , 03
W — o o;+o° ... o
2 2 2 2
o o o+ o
W can be written as follows:
W = ol + o2

where [ is the identity matrix.

The covariance between the random effect ay and one given total residual is:

Cov(ay, Ty ;) = 02,

and more generally, the covariance C' between u and r is:

C’:[af o? .. ag}:agllm

and therefore:
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At this stage, it is not necessary to formulate hypotheses on the joint distribution of (u,r); it
is sufficient to know the first and second moments of (u,r) to derive the best linear unbiased
predictor (BLUP) of u (McCulloch et al. 2008). If the joint distribution were normal, the
BLUP would be the overall best predictor of u. This not the case for our real application.

Once 7 is observed, the BLUP of w is the conditional mean. The expectation of u|r is given
by:

Gy = E(ulr) = CW ™ 'r.
The estimated values of the coefficients are used to produce numerical values for the BLUP.

The predicted value for an observation i in section s will be:

‘/s’,i = BXS/,]C + OAfs’-

B can be estimated in a relatively easy way, so the main challenge for this problem is to
predict ¢. The objective here is to investigate what is the smallest sample in section s’ that
we can use to predict oy satisfactorily. In general, it can be observed that the prediction
converges faster when o2 is low relative to o2; this is because one single observation of 7 is
expected to be less noisy and more correlated with the unknown realized value a.

2.2 Two random effects models

The case with two nested random effects is formulated in eq. 3:

Vidi = Bo + BeXsanr + s + s + €, (3)

where the subscript d stands for direction, so speed data can be distinguished into two
different directions for the same section. The random effect ay), is nested within the levels
of a.

We make the assumption that this new random effect is normally distributed:
Qg|s ~~ N<Oa Uc%)
As a result, in this model a sample from the new section s’ also includes some levels of the

direction effect. For illustration purposes, one section, two directions and n observations per
direction are assumed. The RE to be predicted is:

U= (Oésf, gy, ad2)7

and the total residuals are given by:
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Ts'di = V;'d,z - 5Xs'd,k-

where [ is the vector of coefficient to be estimated.

Similar to the one RE model, the RE cannot be directly observed. In this case, the covariance
structure for the total residuals is:

2 2 2
var(ryq;) = o5 + 05+ 07,

2 2
cov(Tsai,Tsdj) = 05 + 0y,
2

cov(Tyd,is Tsiari) = O

Two residuals in the same section but for different directions only share the a; term so their
covariance is o2. Residuals in the same direction also share (i) S0 their covariance is the

sum o2 + o3. Finally, the total variance of r is the sum of its three components o2 + 2 + 2.
These results are a consequence of the independence assumption made on the three REs.

As in the previous section, we want to derive the joint moments of (u,r). The covariance
matrices D, C' and W of (u,r) are respectively:

(02 +0% o} o2 0 0 0 ]
2 0 0 o2 o3 —|—202 203 , 0 0 0
I N 9 lop lopr oj+o 0 0 0
D= 8 ‘Bd 002 W=oit1 0 0 o240 o} o2
d 0 0 0 o; o3+0* o}

| 0 0 0 o3 o3 o3+ o?

with 0 being a matrix of zeros and I the identity matrix:

03 + 0?1 Opnxn

W =02+
s Orxem 03 + 0?1
C' is finally given by:
2 2 2 2 2 2 2 2
ol o0i 0 0: o0 O 0lixn 05lixn
C=\|o3 o3 05 0 0 0|=|031l1ixn Oixn
2 2 2 2

The predicted random effects are given by the expected mean:

E(ulr) = CW™1r.
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The predicted value for an observation ¢ in section s’ and direction d will be:

‘/s’d,i = ﬁs’diXs’d,k + Qg + A)s-

3 Numerical examples on OS data

Speed data used in this study were collected in road sections of two-lane rural highways
in the North-West part of Italy. Individual speeds of isolated vehicles were collected under
free-flow conditions in sections where vehicles travel at constant speed (i.e. in the center of
tangents and curves). Speeds were included in the database only when a minimum headway
of six seconds was observed. The data for model estimation were extracted from a larger
database already used by the authors in (Bassani, Cirillo, et al. 2016). The density and the
presence of elements along the road section was evaluated along one km across the sample
sections. Table 1 lists the values assumed by the variables that were found to be significant
in the calibration of the model reported in eq. 1. In the table, the variables are divided
into those affecting the average (Xj) and the dispersion (X;) of predictors. The latter are
also divided into numerical and Boolean variables. Finally, the last five columns summarize
the minimum (V},;,), the maximum (V},4,), the 50** (V'50) and the 85 (V85) percentile of
speeds included in the database, while n,,, indicates the number of data available for each
section. The notes at the end of table 1 describe the acronyms used to identify the variables.
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3.1 Results: one RE model

The first case study models speed data with only one RE, as formulated in 2.1; specifically,
it accounts for the RE related to sections but ignores the RE related to directions. A model
is calibrated using thirty sections out of the thirty one available in the database and listed
in Table 1. Once the model is fitted on the thirty sections, the RE effect is predicted for
the section that was left out from model estimation. This is repeated for all the thirty one
sections in the dataset. This procedure provides a series of predicted REs; these results are
used to assess the convergence of the method proposed.

Figures 1 and 2 illustrate the results obtained for each section. Each subplot represents
the predicted RE in the section used for validation. The x-axis corresponds to the number
of observations that were used from the validation section in order to predict the REs. For
example, an x-value of 10 for section 3 means that a model with all sections but the third one
was estimated, and that ten observations in the third section were used in order to predict
the (realized) effect of section 3.

Each subplot contains a solid line, a dashed line, and a dotted line. The solid line shows
the predicted effects obtained with the full model, for which the quantile information in
the validation sample is assumed to be known. This is ultimately the effect that we aim to
predict. The dotted line shows the predicted effects obtained with a simple auxiliary model
that only contains the predictors X j that affect the mean speed. The dashed line shows the
predicted effects for the conditional model obtained using information from the auxiliary
model. This is the prediction that ultimately is going to be used.

From figures 1 and 2, the following three remarks can be made: (i) a relative convergence in
the predicted effects as the number of observations grows is observed; (ii) there is a substantial
difference between the dotted line and the black solid line; meaning that the closer the two
lines are, the more likely that the one can be predicted from the other; (iii) the dashed line
does not approximate the solid line and it is mostly super-posed to the dotted line. Therefore,
it can be concluded that the predicted effect of the full model using the auxiliary model are
no better approximation than just the predicted effects of the auxiliary model. This results
might be seen as disappointing, but later it will be proved that correctly accounting for the
sample design solves the problem observed.
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Figure 1: Sections 1-22
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predicted random effects

Figure 2: Sections 23-36
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3.2 Results: two RE model

The second case study models two REs as formulated in 2.2; this time both section and
direction effects are taken into account. The scope here is to assess the convergence of &y,
g1 and ago in the presence of two REs; this model formulation is fully consistent with the
survey design.

Figures 3 and 4 should be read in the same way as figures 1 and 2. The thick solid line
corresponds to the predicted section effect, and the two fine solid lines correspond to the
predicted direction effects. The dashed lines correspond to the predicted effects using the
auxiliary model and those are used to compute the REs in the validation section.

For both sections and directions, the predicted effects using the auxiliary model are very
close to the ones using the full model. However, there are still noticeable differences when
very few observations are used for the prediction. For example, predictions in sections 8 and
27 are not very precise for only two or three observations.

It is worth noting that striking differences exist between predictions with one and two REs.
Effects with only the section component are not close to the true effects of the full model;
incorporating the direction effects, thus accounting for the design of the sample, drastically
improves the predictions.

4 Computation of the residuals

We now turn our attention to the case where the model includes variables X4 ; multiplied by
the normal quantile Z, in addition to the regular predictors X4, (see Bassani, Dalmazzo, et
al. 2014; Bassani, Cirillo, et al. 2016; Bassani, Catani, et al. 2016). This is done to calculate
any percentile speed as a linear combination of variables affecting both the central tendency
and the dispersion of the collected speed data. Those quantiles are not available for the
validation sample, which is too small to allow for the calculation of variance indicators. Note
that Z,q; is a scalar so the term Z,X,q; is simply a scalar multiplied by a vector.

Viai = Bo + BeXsar + BjZpXsaj + s + agps + €sa

In this case, it is not possible to isolate the sum of REs and we must rely on alternative
methods. The strategy that is proposed here makes use of the estimated total residuals from
a restricted model that only contains observable variables (X4x) to predict the REs of an
unrestricted model (with both X4 and X4 ;).

14
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predicted random effects

Figure 3: Sections 1-22
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predicted random effects

Figure 4: Sections 23-36
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‘/sd,i = ﬁszd,k + Oé: + a:l|s + EZdiJ
a; ~ N(0,07%),
042‘3 ~ N(0> 0-;2)7 (4)
E:d,i ~ N(0, 0*2).
T:d,i = Viai — BuXsdk
Vidi = BeXsar + BjXsaj + as + aqs + €sas,
as ~ N(0, 03),
ags ~ N(0,03), (5)
Esd,i ~ N(O, 0'2).
Tsdi = Vsdi — BreXsdk — BiXsdj

21 The restricted (eq. 4) and unrestricted models (eq. 5) are calibrated and parameters are
22 estimated, together with the empirical correlation (p,, and p, dls,) across the effects of both
»3 models. Figures 5a and 5b plot the predicted section and direction effects of the restricted
s model and the unrestricted model respectively. As anticipated, the more correlated these
x5 effects are, the easier will be to predict one using the other.

Figure 5: Predicted effects

(a) Comparison of section effects (b) Comparison of direction effects

204

104
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o
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5 -4 0 4
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266 The term 7}, can be calculated in the validation sample, while the variance of one of those
27 residuals is given by:

* %2 *2 *2
Var(rsd,i) =0 +o)+0".

xs The covariance of two residuals is given by:

Cov(Tsdins Tsdjx) = 02, + 03, in the same direction, and

Cov(Tsgin, Tsrin) = Oy not in the same direction.
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20 'The covariance between residuals and REs are given by:

Cov(rky, as) = Cov(ak + Qs + Exain as) = Cov(al,as) = pa,0sOs = 0,

* _ * * * _ * _ * *
Cov(rig, aas) = Cov(ag + ag, + €545, ) = Cov(agy,, Qals) = Pay,0a0q = 044.

o Therefore, the joint covariance of r, and u is described by the following variance components:

a2 0 0
D=10 03 0],
2
0 0 o3
(072 + 0*2 o2 o2 0 0 0 ]
022 022 + o*2 022 0 0 0
W= o2 o2 o2 o2+ o2 0 0 0
Sk 0 0 O 0_22 + 0_*2 0.32 0.22 )
0 0 0 o2 ot +o0*? o2
0 0 0 o2 o2 o2 + o2
* * * * * *

USS O-SS O-SS O-SS O’SS USS

O4qg Oug Ougg O 0 0
0 0 0 o0y 044 Ou

Note that D is the same as before, but W is different because the random effects in r are
from the simpler model, and C' is also affected.

271

272

Tables 2 through 9 report predicted speed deciles (pred.) and compare them with the ob-
served ones (obs.).

273

274

Table 2: Predicted quantiles sections 1,3,5 and 7

Section 1 Section 3 Section 5 Section 7
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2

pred. obs. pred. obs. | pred. obs. pred. obs. | pred. obs. pred. obs. || pred. obs. pred. obs.
10 50 56 | 48.6 54 65.2 58 | 704 63 59.3 60 | 53.5 57 654 66 | 66.1 726
20 56.7 59 | 56.2 58 68.7 63 | 73.1 68 64.7 64 61 63 70.7 69 | 71.8 76
30 61.5 62 | 61.6 60 71.2 66 75 71 68.6 68 | 66.3 67 745 73 76 798
40 65.6 658 | 66.3 62 733 69 | 76.7 T4 72 71 | 709 70 T8 77 | 795 82
50 69.5 67 | 70.7 65 753 72 | 782 77 751 73 | 752 75 80.9 80 | 82.8 85
60 73.3 69 75 67 773 74| 798 79 783 77 | 795 77 84 82 | 86.1 87
70 T4 71 | 797 70 794 77 | 81.5 82 81.6 81 | 8.1 819 873 86.8| 8.6 89
80 823 73 | 8.2 T4 81.9 81 | 834 85 85.5 8 | 89.5 87 91.1 90 | 93.8 93
90 88.9 773|928 79 85.3 88 | 8.1 89 91 90 97 94 96.5 95 | 99.5 974
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Table 3: Predicted quantiles sections 8,9,10,11

Section 8 Section 9 Section 10 Section 11
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. || pred. obs. pred. obs. | pred. obs. pred. obs. | pred. obs. pred. obs.
10 68.2 694 | 679 742 || 63.2 60 | 65.2 70 474 50 | 54.5 56 56.4 59.3 | 56.4 59.3
20 739 754 | 73.5 7 68.4 67 | 704 728 51.8 51.2| 57.2 60 62.5 63.2 | 62.5 61.7
30 78 81 775 776 || 721 68 | 741 76 549 54.6| 59.1 63 66.9 65.1 | 66.8 67.1
40 81.5 84 81 81.6 || 752 73 | 77.3 T79.6 | 57.6 55 | 60.8 64 70.6 68.1| 70.6 71
50 84.8 86 84.2 85 782 75 | 80.3 82 60.1 56 | 624 65 742 706 | T4 725
60 88.1 832 | 874 872 || 81.1 79 | 83.3 86.4 | 626 57 | 63.9 67 7T 719 | 775 T4
70 91.6 90 90.9 90 84.3 86 | 86.5 88 65.3 59 | 65.6 68 81.5 759 | 81.2 764
80 95.7 942 | 949 948 || 87.9 87 | 90.2 91.2 | 684 60.8| 67.5 71.2 | 859 81.6| 8.6 81.6
90 101.4 103.5 | 100.5 100.6 || 93.1 90 | 954 94.1| 72.7 644 | 70.2 73 92 956 | 91.6 93
Table 4: Predicted quantiles sections 12,13,14,15
Section 12 Section 13 Section 14 Section 15
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. || pred. obs. pred. obs. | pred. obs. pred. obs. || pred. obs. pred. obs.
10 60.9 59.7| 61.1 59 629 62.7| 622 658 64.5 67.1 | 634 678 || 64.6 643 | 63.7 65.7
20 66.9 64.2| 674 67.5 | 68.6 67.4| 683 685 | 71.2 70.6 | 70.6 721 || 70.7 69.5 | 70.2 73.8
30 71.3 713 | 718 72 2.7 707 | 727 72 76 76.3 | 75.7 75.3 75 74.3 | 748 75.6
40 75 739 | 757 783 76.3 754 | 765 743 | 80.1 79.6 | 80.2 79.1 78.8 78 78.7 80.2
50 785 769 | 793 829 | 796 79.8| 80 81.9 | 839 831 | 84.3 83 822 819 | 824 8338
60 81.9 85.7| 82.8 86 82.9 84.2| 835 844 877 859 | 8.5 90.6 | 8.7 843 | 86.1 85.2
70 85.7 88.8 | 86.7 90 86.4 87.8| 87.3 84.8 | 91.8 91 929 94.1 || 89.4 88.6 | 90.1 88.7
80 90  92.1 | 91.2 91 90.5 89.1 | 91.7 869 | 96.6 96.3 | 98.1 97.9 93.8 926 | 94.7 93.7
90 96.1 94.8 | 97.4 106.8 | 96.3 93.2| 97.8 934 || 103.3 107.1 | 105.3 105.9 || 99.8 103.1 | 101.1 97.2
Table 5: Predicted quantiles sections 16,17,18,21
Section 16 Section 17 Section 18 Section 21
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. || pred. obs. pred. obs. | pred. obs. pred. obs. || pred. obs. pred. obs.
10 65 717 | 644 713 || 624 66.2| 642 67.8 | 51.4 51.9| 51.2 526 8.8 73 | 86.2 81.7
20 71.8 752 | 71.1  T74.6 69.1 69.2| 70.3 70.9 | 57.8 54.2| 57.8 56.6 || 89.3 88 90.3  89.2
30 76.6  80.2 76 76.3 T4 729 | 748 744 | 624 584 | 626 609 | 91.9 925 93.2 953
40 80.8 825 | 80.2 79.6 || 781 745 | 786 774 | 66.3 653 | 66.7 62.2 94 97 | 95.6 984
50 84.7 85 84 82.2 82 76.9| 822 80 70 67.2| 70.5 685 96.1 98 98 104
60 88.6 88.3 | 879 844 | 8.9 854 | 8.7 833 73.7 69.7| 743 71.8| 981 99 | 100.3 105
70 927  90.5 | 921  91.5 90.1 923 | 89.6 88.7| 77.6 749 | 784 754 100.3 99.5| 102.8 105
80 97.6 935 | 96.9 94.3 95 963 | 94 924 | 822 80.3| 8.1 84.9| 102.8 100 | 105.7 111.8
90 104.3 108.6 | 103.7 100.2 || 101.7 99.3 | 100.2 94.1 || 88.6 91.2 | 89.7 91.7 || 106.3 105 | 109.7 114.9
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Table 6: Predicted quantiles sections 22,23,24,25

Section 22 Section 23 Section 24 Section 25
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. || pred. obs. pred. obs. || pred. obs. pred. obs. || pred. obs. pred. obs.
10 60.8 64.8 | 56.3 64 45.5 39.1 | 43.7 46 63.6 67 | 66.6 59.7| 53.7 54 | 55.5 50.4
20 68 69 64 70 48.3 424 | 476 47 69.1 68.6 | 71.2 66 58.7 56.2 | 60.5 55.2
30 732 714 | 696 71 50.3 46.1 | 50.5 48 73.1 69 | 746 753 622 59.8| 64.1 654
40 77.6 78 744 72 52 46.8 | 52.9 50 764 724 | 775 774 653 626 | 672 714
50 81.8 82 789 72 53.6 47.5| 552 50.5| 79.6 74 | 80.1 79 68.1 66 | 70.1 73
60 86 94 833 75 55.2 48.2 | 574 51.8 | 82.7 79.4 | 82.8 81.8 71 68.6| 73 784
70 90.4 978 | 88.1 76 57 489 | 59.8 54.1 | 8.1 81 | 85.7 88.1 74 71 76 81.2
80 95.6 101 | 93.7 79 59  50.2 | 62.7 574 90 86 89 902 776 75 | 79.7 84.2
90 102.8 1084 | 101.5 82 61.7 51 | 66.6 615 955 99 | 93.7 96.1| 825 75 | 84.7 89
Table 7: Predicted quantiles sections 26,27,28,29
Section 26 Section 27 Section 28 Section 29
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. || pred. obs. pred. obs. | pred. obs. pred. obs. || pred. obs. pred. obs.
10 57.8 59.4 | 60.8 57.2 | 34.8 44.6| 354 45.8 || 66.5 67 68.3 76.6 68.2 723 | 67.2 785
20 63.5 65.6| 65.4 60.6| 404 46.2| 41 476 73.3 75 | 747 78 752 771 | 748 80.1
30 67.5 67 68.8 65.5 || 444 478 45 484 || 78.1 7 79.4  83.8 80.2 84 80.3 82.6
40 71 67.6| 71.6 688 479 494 | 484 492 | 823 78 | 834 86.4 || 845 89.2 85 85.1
50 742 73 | 743 76 51.1 51 | 51.6 51 86.2 87 | 87.1 87 88.5 93.1 | 894 85.1
60 775 758 | 76.9 76.8 | 54.3 53.6 | 54.8 53.6 90 87 | 90.8 87.6 | 926 93.1 | 93.8 93.7
70 81 771 79.8 773 | 57.7 54.2| 582 55.6 | 942 88.5| 94.8 91 96.9 93.1 | 985 101.2
80 85 80.8| 83.1 80.4 || 61.7 55 | 62.2 56.8 99 89 | 994 96.8 || 101.9 94.9 | 103.9 103.9
90 90.7 86.7| 87.7 86.6| 673 60 | 67.8 60.2 || 105.8 103 | 105.9 100.8 || 108.9 109.7 | 111.5 108.8
Table 8: Predicted quantiles sections 30,31,32,33
Section 30 Section 31 Section 32 Section 33
quantile dir 1 dir 2 dir 1 dir 2 dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. | pred. obs. pred. obs. || pred. obs. pred. obs. || pred. obs. pred. obs.
10 62.6 56.3 | 65.3 574 || 56.8 61.2 | 60.6 67.2| 46.2 52.1| 474 552 54  52.7| 56.5 58.2
20 64.2 56.3 | 66.5 62.1| 629 66.5| 65.6 689 | 529 57.5| 53.7 59.2| 588 581 | 60.6 60.9
30 65.3 575 | 674 621 672 68 | 69.3 70 57.7 59.6 | 58.3 622 | 622 60 | 63.6 64
40 66.3 61.4| 68.1 638 709 70.3| 723 73 61.9 59.6 | 622 639 | 652 62.7| 66.1 67.4
50 67.3 659 | 68.8 718 | 744 719 ]| 752 744 65.7 64.2| 65.8 674 | 679 66.2| 68.5 67.4
60 68.2 69.3 | 69.5 741 | 779 732 | 781 77.1| 69.6 66.7| 694 69.3| 70.7 67.6| 70.9 67.4
70 69.2 69.3 | 70.2 7T4.1| 816 746 | 812 79.6| 73.7 695 | 733 7T14 | 736 T71.1| 734 T71.1
80 70.3 872 | 71.1 792 | 8.9 769 | 84.8 834 | 785 794|779 735 771 738 764 719
90 71.9 932 | 723 79.2 92 84.1| 89.8 875 | 8.2 834 | 842 773 | 819 81.3| 80.5 753
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Table 9: Predicted quantiles sections 34,36

Section 34 Section 36
quantile dir 1 dir 2 dir 1 dir 2
pred. obs. pred. obs. | pred. obs. pred. obs.

10 45.6 425 | 439 43.1 || 45.3 44.6 | 46.5 56.7
20 49.3 46.5| 487 50.6 | 53.1 50.9 | 53.8 59.1
30 52 49.1 | 522 52.7 || 588 59.2| 59.1 62.2
40 54.3 51.2| 552 56.2 | 63.6 64.2| 63.6 652
50 56.5 53.2| 579 588 | 68.1 682 | 67.8 69.5
60 58.6 54.7 | 60.7 60.2 | 726 70.9| 72 724
70 60.9 58 | 63.7 649 775 749 | 765 76.8
80 63.6 62.2] 672 703 8.1 793 | 81.8 788
90 673 684 | 72 76 91 946 | 89.1 825
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When analyzing Tables 2 to 9, a number of patterns can be observed. First, the speed
quantiles of most sections are predicted accurately, which attests the validity of our statistical
methodology. For example, most of the sections have predictions that are within an interval
of 2-3 kilometer per hour (km/h) and for almost all the quantiles. Most central deciles (40"
to 60 quantiles) have very good predictions and therefore it is possible to say that additional
observations collected to predict the REs can be successfully used to predict the mean speed
of the section with some accuracy. The worst value obtained for the predicted median (50"
quantile) is the one related to section 29, direction 1, with an observed median of 93.1 km/h
and a prediction of 88.5 km/h. This compares with the 10" quantile that predicts 68.2 km/h
for an observed value of 72.3 km/h.

Second, some sections are likely to have an error in part due to the prediction error of the
random effects. One way to assess this is to observe the extreme quantiles of those sections
for which both the 10?* and the 90" quantiles are underestimated. Example of this type is
section 22, direction 1. Looking back at the plots of predicted REs in figure 3, it is possible
to observe that the direction effects are not very precise with only five observations and this
is likely a case where the prediction has created a small error. For section 23 (figure 4) the
section effect and one of the direction effect are overestimated with five observations, which
would explain this component of the prediction error.

Third, the most obvious prediction error is the overestimation of low deciles and the under-
estimation of high deciles, or vice-versa. This can be observed for example in section 10,
direction 1 for which the 10" quantile is underestimated by 2.6 km/h while the 90" quantile
is overestimated by 8.3 km/h. There might still be an error in the predicted RE for this
section but it cannot be fixed because the RE is a constant added to all predictions in the
same section and direction. The most likely cause for this kind of error lies in the estimated
coefficients. This possible source of error will be investigated in the next section using a
re-sampling technique that will determine if data from a particular section has a relevant
effects on the values of the coefficients estimated.

5 Jackknife coeflicients

A jackknife re-sampling technique (Efron and Tibshirani 1993) is adopted to explore the poor
predictions obtained for some combinations of sections and directions; we are particularly
interested in predictions of high and low speed quantiles. We have already discussed in the
previous section how to compute out of sample predictors for REs. However, the prediction
of speed quantiles in a new section also requires the model’s coefficients to be estimated for
the validation sample.

The use of a jackknife procedure is based on the following observations: (1) the modeling
approach suggested in this paper involves the fitting of a model on a set of road sections and
the application of it to another section for which data is not available; (2) some sections are
poorly predicted by the suggested model but (3) the majority of sections are predicted with
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remarkable accuracy.

We are specifically interested in comparing the jackknife coefficients obtained by excluding
a generic section s and the quality of the forecasts for that section. We hypothesize that
significant discrepancies among the values predicted and observed indicate the existence of
one or more of the following problems: (i) inaccuracies in the data, (ii) errors in data collection
(perhaps these sections have been sampled by operators who did not get proper training,
and/or did not assess accurately if the vehicle was traveling under free flow conditions), (iii)
different driving conditions might alter motorists’ behavior, (iv) the omission of important
covariates that were overlooked and that affect some sections. These scenarios would generally
cause some sections to be poorly modeled by the approach suggested in this paper and the
assessment of such conditions is expected to greatly simplify the investigation task as the
model’s user validates his data.

In a model that is appropriate for its data, it is expected that the exclusion of any observation
does not change the estimates of the model coefficients in a relevant way. The re-sampling
scheme suggested discards a substantial number of observations. This way to proceed makes
it impossible to directly use the standard re-sampling literature to quantify the effect of a
specific coefficient, and ultimately to identify the specification issue. Furthermore, the use
of such a criteria would involve a different threshold for each section due to the variability
of their size. Simulations could be used to derive a more systematic identification method
for sections requiring attention, however this is outside the scope of our analysis and we rely
instead on a qualitative evaluation of the effect of each section on coefficients’ estimates.

Tables 10, and 11 in Appendix A present the jackknife coefficients used for speed data
validation and should be read together. Each line corresponds to estimates obtained by
removing one section, except the first one that contains the estimations on the whole sample.
Each column provides the estimated coefficients for a specific predictor. The cells in bold
indicate the coefficients that are very different from the full sample equivalent (outside two
standard deviations). Ideally, the estimated coefficients in a given column would be stable and
comparable to the coefficient estimated using the entire sample. Large differences between
a coefficient estimated by excluding one section and those obtained with the whole sample
raise concerns about the specific section or the predictor.

When reading the results, it can be observed that the jackknife coefficients for Z*xSRW are
very similar across the thirty one jackknife samples and are very similar to the coefficients
estimated on the overall sample, whereas the coefficients for Z*1/R appear to be off only
for sections 7 and 10. Sections 1, 3, 7, and 36 generate some of the extreme jackknife
coefficients. We can probably conclude that these sections (1,3,7, and 36) behave according
to a different model, or that the measurement of predictors and speed data was less reliable
on these sections. This is also confirmed in the comparison between predition and observation
reported in the Tables 2 to 9.
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6 Conclusions

In this paper we have explored methods to predict speed distributions using mixed linear
models. Difficulties associated with this problem are twofold. First we rely on model with
random effects to make prediction on new road sections. Second, we are using normal quan-
tiles of the dependent variables as predictors.

We have discussed that it is necessary to observe at least some speed data in the section
for which decile predictions were computed. To overcome the problem created by the use of
normal quantiles in the calculation of residuals, we propose the use of an auxiliary model. It
has been shown how the relationship between this auxiliary model and the full actual model
can be used in prediction in order to derive the best linear unbiased predictor (BLUP) in
this context. It was also observed that this method was not performing well when used to
make random effect predictions for a model that ignored the sampling design of the data,
but turned out to be very precise when the full sampling design was accounted in the model.

The approach was further tested to validate the models’ coefficients associated with the vari-
ables of the model. The estimates obtained were roughly stable except for some variables that
generated more extreme coefficients for some sections. The sections with extreme coefficients
were consistently the same for all the affected variables.

A jackknife technique was used to understand what road sections caused poor predictions of
the random effects. It was found that most road sections were predicted satisfactorily. Large
errors in the prediction of random effect were mostly caused by errors in the coefficients of the
model. Some sections appeared to have a disproportionate effect on the model, suggesting
that they should be modeled in a different way.

Overall, this paper has contributed to the transferability of RE models, has identified the
problems arising in the estimation of Operating Speeds, has developed a theory to calculate
the best predictors and to validate the results obtained. Future efforts should be directed

towards the use of the method proposed in practice and possibly to different model types
that include REs.
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Table 10: Jackknife coeflicients - Part 1

= - ) N N wn
= 2 = = = 3 2 2 gz £ £z &
2 &8 £ = . £ ¢ §© & ¢ ¢ £
S k= N N N N N N N N N
wn

none | 79.33 -7.59 -1946.46 20.54 -274.07 -3.46 -1.56 -0.83 -2.88 -0.64 -13.38 13.85
1 79.8 7.7 -2042.39  25.07  -227.05 -1.95 -2.82 -091 -0.79 -1.36 -13.62 13.09
3 79.51 -7.67 -1983.47 2296 -170.71 -2.49 -1.19 -0.97 -2.03 -0.31 -12.56 14.29
5 79.48 -7.65 -1976.76 19.71  -279.35 -3.38 -2.24 -0.95 -3.1 0.12 -13.41 13.74
7 79.21 -7.55 -2277.82 21.89 -289.06 -3.45 -0.93 -0.83 -2.72 -0.47 -13.36 14.13
8 79.09 -7.5 -1896.77 20.86 -283.21 -344 -144 -0.83 -2.86 -0.57 -13.36 13.9
9 79.3 -7.58  -1943.43 20.46 -274.26 -3.48 -1.64 -0.84 -2.88 -0.59 -134 13.87
10 79.2 -7.54 -1208.28 21.33 -248.33 -3.31 -148 -0.81 -2.82 -0.54 -13.34 13.78
11 79.53 -7.67 -1987.44 1997 -267.14 -3.45 -1.5 -0.8 -2.88 -0.71 -13.37 13.85
12 79.28 -7.57 -1936.44 18.9 -271.29 -347 -153 -0.82 -294 -0.66 -13.37 13.89
13 79.33 -7.59 -1946 21.35 -283.83 -3.46 -1.58 -0.84 -2.88 -0.58 -13.39 13.85
14 79.12 -7.51 -1901.82 20.27  -274.76  -3.45 -1.57 -0.83 -291 -0.61 -13.36 13.84
15 79.22 -7.55 -1922.98 20.74 -273.66 -3.45 -1.59 -0.86 -2.88 -0.61 -13.38 13.85
16 79.12 -7.51 -1901.59 21.76 -266.84 -3.43 -1.58 -0.87 -2.83 -0.64 -13.38 13.82
17 79.23 -7.55 -1924.69 20.26 -270.36 -3.46 -1.6 -0.86 -2.88 -0.62 -13.38 13.85
18 79.68 -7.72 -2017.04 21.32 -276.61 -3.41  -1.49 -0.82 -2.84 -0.56 -13.4 13.84
20 78.42 -7.24  -1757.97 19.7 -278.04 -3.52 -1.65 -0.83 -2.93 -0.72 -13.37 13.87
21 78.71 -7.36 -1819.11 21.88  -244.19 -3.32 -1.37 -0.9 -2.78 -0.51 -13.39 13.82
22 79.33 -7.59  -1944.68 20.45 -274.83 -3.46 -1.5 -0.81 -2.94 -0.7  -13.37 13.89
23 80.41 -8 -2168.41 20.52 -276.31 -3.46 -1.55 -0.83 -2.88 -0.64 -13.38 13.86
24 79.33 -7.59 -1945.62 2049 -273.89 -3.55 -1.54 -0.82 -2.86 -0.66 -13.4 13.84
25 79.73 -7.74  -2028.57 20.52 -273.66 -3.47 -1.57 -0.83 -2.89 -0.66 -13.39 13.85
26 79.58 -7.69 -1997.16 20.52 -273.93 -3.59 -146 -0.v9 -2.74 -0.71 -13.38 13.88
27 79.48 -8.74 -1976.04 20.47 -269.15 -3.5 -1.59  -0.86 -2.83 -0.59 -13.35 13.85
28 79.09 -7.5 -1895.65 19.77 -272.6 -3.5 -1.67 -0.85 -2.91 -0.7 -13.36 13.85
29 7893 -744 -1863.92 20.07 -267.62 -349 -1.65 -0.85 -293 -0.73 -13.34 13.86
30 79.37 -7.56 -1954.05 19.1 -214.59 -4.27 -2.05 -0.99 -3.53 -1.15 -13.43 13.63
31 79.52 -7.66 -1983.91 20.34  -256.36 -3.1 -1.63 -0.87 -2.74 -0.71 -13.26 13.93
32 79.47 -743 -1973.31 21.44  -295.67 -3.71 -1.6 -0.7 -3.11 -0.74 -13.36 13.82
33 79.78 -7.76  -2037.72 21.32 -276.67 -3.33 -1.5 -0.81 -3.05 -0.6 -13.39 13.83
34 79.34 -7.66 -1947.25 19.84 -27581 -3.59 -1.67 -0.v9 -3.01 -0.76 -13.35 13.87
36 79.39 -7.52 -1958.78 17.03 -257.60 -4.26 -2.33 -091 -3.62 -1.11 -13.31 13.82
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Table 11: Jackknife coefficients - Part 2
- wn N
e 2 2 2 & w B 8 g g2 7z
5/ 8 £ g 2 ¢ 5§ & = 73 7§
SN & F 0N & % x & & K&
none | 0.06 043 -0.29 -3.52 -0.43 0.07 0.07 1.62 0.41 1.31 1.16
1 0.04 0.26 -0.78 -4.16 -0.3 0.09 0.19 0.11 0.03 2.57 2.52
3 0.16 0.6 -0.82 -6.73 -0.52 0.06 0.03 213 -0.3 1.03 1.25
5 0.07 045 -0.27 -337 -04 0.11 0.06 1.71 0.34 1.53 0.87
7 0.0 044 -0.86 -4.13 -0.46 -0.08 0.05 166 0.04 1.67 1.09
8 0.06 0.43 -0.4 -3.67 -0.43 0.06 0.07 162 031 136 1.17
9 0.06 042 -0.31 -3.48 -0.42 0.05 0.07 162 042 133 1.13
10 0.06 0.44 -0.25 -3.77 -0.49 0.13 0.07r 158 0.5 1.19 1.17
11 0.06 043 -0.27v -337 -0.49 0.08 0.07 163 04 132 1.12
12 0.06 047 -0.24 -3.17 -0.42 0.07 0.08 1.61 0.4 1.35 1.26
13 0.06 042 -0.3 -3.7% -0.39 0.07 007 159 04 1.3 1.18
14 0.06 0.44 -0.26 -3.48 -0.42 0.09 0.07 1.6 0.39 1.3 1.22
15 0.06 043 -0.29 -3.58 -0.41 0.07 0.07 162 041 1.29 1.18
16 0.06 039 -032 -3.78 -046 0.07 0.07 165 041 1.26 1.06
17 0.06 0.42 -0.28 -3.44 -0.42 0.07 0.07 163 0.41 129 1.17
18 0.06 0.44 -0.3 -3.83 -0.42 0.07 0.08 1.59 037 139 1.27
20 0.06 0.4 -0.28 -3.18 -0.43 0.07 0.07 163 0.44 124 1.03
21 0.06 0.46 -0.46 -4 -0.51 0.0 0.07r 1.67 0.17 1.38 1.3
22 0.06 0.45 -0.27 -3.53 -045 0.06 0.07 1.6 041 141 1.08
23 0.06 0.42 -0.3 -3.5 -0.43 0.07 007 161 039 131 1.14
24 0.06 0.41 -0.3 3.5  -0.45 0.07 0.07 1.67 041 134 1.11
25 0.06 043 -0.28 -3.52 -0.43 0.06 0.07 162 042 133 1.16
26 0.06 044 -0.29 -3.53 -048 0.06 0.07 159 0.39 138 1.08
27 0.06 0.36 -0.33 -3.5 -0.44 0.07 0.06 212 046 133 1.03
28 0.06 0.4 -0.28 -3.19 -044 0.08 0.07 165 043 1.23 1.03
29 0.06 0.43 -0.12 -3.43 -0.45 0.07 0.08 1.65 057 128 1.14
30 0.05 0.34 -0.37 -2.7  -0.53 0.06 0.1 1.99 043 144 1.18
31 0.06 0.46 -0.27 -3.39 -046 0.07 0.08 1.38 038 1.21 1.12
32 0.06 038 -0.33 -3.75 -041 0.08 0.08 1.76 038 1.6 1.13
33 0.06 043 -0.31 -3.81 -0.43 0.07 0.08 163 037 1.41 1.24
34 0.06 0.41 -0.3 -3.19 -0.44 0.07 0.08 1.25 0.39 1.28 1.1
36 0.04 043 -0.35 -1.76 -0.38 0.1 0.1 1.81 0.28 0.82 1.29
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