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Abstract

This paper presents the formulation of electromagnetic
problems constituted of inhomogeneous coupled angular
and planar regions by using the Generalized Wiener-Hopf
Technique (GWHT). In particular the paper is focused on
the scattering of a perfectly electrically conducting (PEC)
wedge in contact with an half dielectric grounded slab.
The solution method is based on deriving the Wiener-
Hopf formulation and on wusing the Fredholm
factorization. In this case the presence of inhomogeneous
regions introduces further difficulties.

1. Introduction

The study of electromagnetic scattering problems
constituted of isolated angular regions or of layered
regions is consolidated by a number of different
approaches in spectral domain. However these techniques
are not able to analyze complex scattering problems
where inhomogeneous angular and planar regions are
combined.

The Generalized Wiener-Hopf Technique (GWHT) has
been introduced to extend the classical Wiener-Hopf
technique first to solve electromagnetic problems
involving angular regions [1-4]. According to our opinion
the GWHT is not only a new powerful technique to solve
isolated wedge problems as done by the popular
Sommerfeld-Malyuzhinets (SM) method, see [5-7] and
references therein. In fact the GWHT allows to handle
new complex problems [8-14].

Moreover, in case of absence of exact closed-form
solutions, the Generalized Wiener-Hopf equations
(GWHESs) can be approximately solved via an efficient
approximate factorization technique known as Fredholm
factorization [15-16]. The Fredholm factorization consists
of eliminating one kind of unknowns (either plus or
minus) of the Wiener-Hopf (WH) equations by applying
the Cauchy decomposition formula. The elimination of
the minus (plus) functions yields integral representations
in plus (minus) unknowns. Combining the integral
representations of the problem, we can obtain the solution
via approximation of Fredholm integral equations of
second type. We note that Fredholm factorization avoids
the steps of factorization, decomposition and application

of Liouville’s theorem of the classical WH solution
procedure [17].
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Figure 1. The PEC wedge over an half dielectric
grounded slab.

Taking inspiration from [18],[19],[10], we introduce the
use of network modelling/representation of the relevant
GWHEs an their integral representations. This framework
allows to order and systematize the mathematical
procedure avoiding redundancy.

The aim of this paper is to introduce the GWHT to solve
the problem constituted of a PEC Wedge over an Half
Dielectric Grounded Slab, see Fig.1. In this case, due to
the presence of inhomogeneous regions, we need to start
the procedure by analyzing the wave equations with the
help of the characteristic Green function procedure as
applied in [18],[19]. The procedure presents some
difficulties that were not encountered studying a similar
problem, see [11-12].

2. Definitions and Geometry of the Problem

In this work we consider time harmonic electromagnetic

field with a time dependence specified by e’ “ which is
omitted. Figure 1 illustrates the problem. A PEC wedge is
in contact of a half dielectric grounded slab. We subdivide
the geometry into three regions and the structure is with
translational symmetry along the z axis. In particular,
according to cylindrical coordinates centered in O, the
PEC wedge is delimited by PEC boundary conditions at



o=n and @=®. Using Cartesian coordinates centered in O,
the half dielectric grounded slab is located at -d<y<O0,
filled by free space with free-space propagation constant k
and free space impedance Zo for x>0 (regionl) and filled
by dielectric material with relative permittivity er for x<0
(region 2). The angular region O<@<® is filled by free
space (region A).

We note that region 2 (-d<y<0, x<0) constitutes a planar
waveguide filled by dielectric material. For the sake of
simplicity, we suppose that the source is constituted of the
progressive first TE mode:

(1).

H'(x,) =cos§ye’”‘x (-d<y<0,x<0)

where ¥, with ne N are the TE mode propagation
constants

2 2).
nr
Zn = grkz - [j
d

We note that the discontinuity at x=0, -d<y<0 excites all
the TE modes that propagate along the negative x
direction.

The formulation of the problem is defined in terms of

I/4- (77)9 I+ (77)’ Ia+ (_m)
respectively of the E. at ¢=0, H, at =0 and H, at ¢p=0:

V.(n) = jo‘” E.(x,0)e’ dx

Laplace transforms

- . (3).
1.()= jo H _(x,0)e’ dx

L, (-m)=["H,(p,®)e"dp
3. Formulation

3.1 Angular Region

With reference to [1] the GWHE of region A is
Y.mV.om—1.(1)=~1,,(=m) ).

where Y. (m)=S&(m/kzZ, . Sm=\k-n* .
m=-1cos®+&(1)sin® . Eq. (4) is a Generalized WH
Equation (GWHE) since the unknown [  (-m) is a

minus function in the m-plane and not in the n-plane. We
resort to a Classical Wiener-Hopf equation by introducing
the mapping

7l 5).
07 =~k Cos[q)arcms(_ 7 )} 5)
7 k

yielding B B B B
Y;(ﬁ)K+ (ﬁ) _Il+ (ﬁ) = _1a+ (_ﬁ) (©).

By applying the Fredholm factorization [15] we eliminate
the minus function [/ (—77) and mapping back the

integral representation to M plane we obtain the integral
representation [10]

L =Y.V, m+2V.("], neR ().

1 oo
where 9]= 2 [~ y.nT1dn win

Lo dn V) a7
nmY-nmdn' n'-n Sn-py@m 2

poln=ncos2n® —/k* =1 sin2n®
0= é(ﬂ sin 2n® +/k* —17° cos 2n®)

o

y(n.n"=

and u(t) is the unit step function.

In (7) we have used an abstract notation that is associated
to a network interpretation of the integral representation
[10]. In particular region A is modelled via algebraic-
integral operator admittance that relates the plus

unknowns V, (77), 1, (17) see Fig. 2.
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Figure 2. Equivalent network model of region A
corresponding to (7).

3.2 Half Dielectric Grounded Slab

Region 1 and 2 constitute the half dielectric grounded
slab. In this subsection we give the hints to build an
integral representation that relates the plus unknowns

V.(n),1,(nn) . Since we are dealing with an

inhomogeneous combined region we resort to the
characteristic Green’s function procedure to model the
half slabs via the solution of the wave equation.
Continuity at the interface x=0 yields the final

representation.
The wave equations of the two regions are
> P ®).
—+—+k* |E.(x,y)=0
(axz ! (7)

withi=1,2 and k, =k and k, = k,\[€, .
By applying the unilateral Fourier transforms we get
equations

&’ . . ©).

[2+szq)(asy):fa(y)

dy
in o plane where the forcing term is related to the field
components at the interface x=0 (initial conditions) and
r=vk’-o’ .
Focusing the attention on region 1, using the characteristic
Green’s function procedure [18],[19] and enforcing the



PEC boundary condition at y=-d we obtain an equation
that relates V,(77),1,(77) to the initial conditions

J1(») for x=0.:

[Iodsin(f(y'+ d))fi(¥)dy (10).

JkZ, sin(z'd) ]_A(“) =Y, (o), ()

. [r2_ 2
with Y (@)=—j kkza cot[\/kz—azd}’
To have a closed mathematical problem we explicit

J12(») by considering the modal representation of the

field in region 2 at x=0.:
E.(y,x)=E, sin (%yje’“’"‘ + i C, sin (% y)e“’”x (11).
n=1

Analytical properties of the integral term in (10) after the
introduction of (11) allows to obtain a WH equation
where the right hand side of (10) is equal to a forcing term
that depends on the source (first TE mode), the modal

field expansion of region 2 (poles ¥, ) and y (a)
2
estimated for 5 — _, —_ |32 _[””J neN,:
n d b

v.(@)+y.(@)+y.(@)=1(@)+Y, @V () (12).

where v (2)=2 $za E,
deo(a_al )(0!1 +x )

In particular, taking into account that /, (&) and V. (&)
are regular at & =—¢, and assuming the residue at

oa=-a, , the above equations relate the unknown
coefficients Cq to V, (—¢,) -

Eq. (12) models regions 1-2. The application of Fredholm
factorization eliminates the minus function ¥ () and it

yields the integral representation

V(@) +y (@) -L(@=Y, @V (@)+7,[V.()] 13).

Also for (13) we can introduce a network interpretation.
In particular regions 1-2 are modelled via algebraic-
integral operator admittance (right hand side), a source

term /' (&) and a dependent source term ¥/, (&) .

3.3 The Complete Problem

By substituting (13) into (7) (noting that n and o are the
same spectral variable) we eliminate [ , obtaining a

Fredholm integral equation of second kind of the
following kind:

VM*?F M(aar)-V.(a)ded =N, () + S h @)V (~a,) (14).
e

m=1

Solution may be obtained by truncating the infinite series
to M terms and by using superposition.

Simple discretization technique of (14) can be applied
according to Fredholm theory [20].

Further developments will be reported during the
presentation at the conference and solution will be given
in terms of modal field components inside the waveguide
region 2 and in terms of far field components in region A.
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