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1 Introduction

The AdS-CFT correspondence [1] provides a striking geometric picture for quantum field
theories with a gravity dual. Usually referred to as ‘holographic duality’, this proposal
explicitly relates a non-gravitational field theory with a (super)gravity theory with one
extra spatial dimension. Using this correspondence, one can gain new insights into both of
the theories on either side of the duality.

It is often stated that the dual field theory ‘lives on the boundary’ that, in fact, means
that the theory is at the UV critical point. More generally, there exists a UV/IR relation
that identifies (super)gravity degrees of freedom at large (small) radius to those in the field
theory at high (low) energy. The renormalization group (RG) is a powerful method for
constructing relations between theories at different length scales. Since the energy scale of
the ‘boundary theory’ corresponds to the radial direction in the bulk spacetime [2, 3|, the
geometric radial flow can be holographically interpreted as the renormalization group flow
of the dual field theory [4, 5]. Concretely, this fundamental feature of AdS-CFT duality is
based on the fact that the boundary values of bulk fields determine the dual field theory



couplings, combined with the fact that the motion in the radial direction is related to
scaling in the dual field theory.

The original proposal of Maldacena stated that the (most) supersymmetric N' = 4
four-dimensional SU(N') gauge theory is equivalent to Type IIB superstring theory on its
maximally supersymmetric background of the form AdSs x S®. The massless sector of
this superstring theory, compactified on the five-sphere S°, is described by an effective
five-dimensional supergravity, which is a maximally supersymmetric one with gauge group
SO(6). This five-dimensional supergravity theory, in light of the conjectured duality, cap-
tures a suitable sector of the dual SYM theory in one dimension less. This gauge theory
is special because its f-function vanishes, resulting then in a conformal invariant (quan-
tum) field theory. In the framework of string theory, where the AdS-CFT duality is best
understood, simple backgrounds are both supersymmetric and conformally invariant. It is
interesting, though, to find new gravity solutions that could describe non-trivial RG flows.
For example, it is well known that by adding certain relevant perturbations the theory may
flow from the UV fixed point CFT to a new fixed point (a different conformal field theory)
in the infrared [6-9]. Generally, one way to obtain a non-trivial S-function is to consider
a model with a dilaton being non-constant. While domain walls connecting two different
AdS vacua are by now routinely found, exact non-singular flows at finite temperature can
not be constructed easily.

In this paper, we present exact neutral hairy black hole (BH) solutions in D = 4,
N = 2 gauged supergravity with electric FI terms [10].! For some consistent supergravity
truncations with exact hairy black hole solutions (see for instance [25-27]), the related
scalar potentials are particular cases of the general one obtained in [10]. The specific form
of the dilaton potential® in this model is connected with the existence of exact solutions
and, also, with a black hole solution generating technique that is going to be very useful for
our work. The scalar field has mixed boundary conditions that preserve the isometries of
AdS spacetime. In the context of AdS-CFT duality, these generalized boundary conditions
have a nice interpretation as multi-trace deformations of the boundary CFT [32]. For
our solutions, the mixed boundary conditions of the scalar field correspond to adding a
triple-trace operator to the dual field theory action. We are then going to focus on thermal
holographic properties of the corresponding RG flow. For the radial flow, the monotonic
c-function can be related to a thermal superpotential that allows one to recast the second
order bulk gravity equations into first order equations.

The paper is structured as follows. In section 2, we describe the supergravity framework
and present a consistent truncation for the dilaton. In section 3, we present the exact hairy
BH solutions and obtain their thermodynamic properties using holographic techniques. In
section 4, after a brief review of the construction of the RG flow at finite temperature, we

Various neutral [11-19] and charged [20-24] static black hole configurations with scalar hair have been
considered in the literature.

2When the cosmological constant is turned off, the potential is still non-trivial and charged hairy black
holes, which are asymptotically flat, exist when considering this potential [28] in Einstein-Maxwell-dilaton
theory. Interestingly, it was proven in [29-31] that this particular self-interaction for the scalar field is
essential for the thermodynamic and dynamic stability of the asymptotically flat hairy black hole.



obtain the thermal superpotential and present some concrete applications within AdS-CFT
duality. Finally, section 5 contains a discussion of our results with the emphasis on physical
interpretations.

2 Gauged supergravity framework

The construction of stationary black hole configurations is motivated by the study of clas-
sical general relativity solutions as well as AdS-CFT duality. These studies suggest that
conditions for the existence of hairy black hole solutions comprise suitable scalar field self-
interaction properties, encoded in a scalar potential, together with an appropriate gravi-
tational interaction determining the near-horizon behaviour as well as the far-region hair
physics. This implies a probable connection between the integrability of the equations of
motion and the explicit form of the scalar potential. An embedding of the scalar potential
itself in a supergravity model is important, since many physical aspects of the theory can
be better understood. In this section we describe in great detail the supergravity theory
we are going to use to obtain exact hairy black hole solutions.

Scalar potential. In a supergravity theory, supersymmetry constrains the form of the
scalar potential, allowing certain classes of solutions to be described by first order ‘gradient
flow’ equations, easier to handle. In particular, critical points of the scalar potential in
D = 4 supergravity define the asymptotic features of the black hole solution at radial
infinity and the dual CFT.

A scalar potential together with fermion mass terms can be introduced in a su-
pergravity theory without manifestly breaking supersymmetry only under certain con-
ditions [33, 34]. In extended supergravities, the only known mechanism for introducing
a non-trivial scalar potential without explicitly breaking supersymmetry is the so-called
gauging procedure [35-38]. The latter can be seen as a deformation of an ungauged theory,
with the same amount of supersymmetry and field content, where a suitable subgroup of
the global symmetry group of the Lagrangian is promoted to local symmetry, to be gauged
by the vector fields. The original (ungauged) Lagrangian is then modified, replacing the
abelian vector field strengths by non-abelian ones, introducing proper covariant derivatives,
Yukawa terms and a suitable scalar potential. The coupling of the (formerly abelian) vec-
tor fields to the new local gauge group provides matter fields that are charged under the
new local gauge symmetry. Theories featuring an internal gauge symmetry and, related to
it, a non vanishing scalar potential, are generically referred to as gauged supergravities.

Embedding tensor. The above mentioned gauging procedure will in general break the
global symmetry group of the original ungauged theory: this global symmetry, acting as a
generalized electric-magnetic duality, is broken by the introduced minimal couplings, which
only involve the electric vector fields. As a consequence of this, in a gauged model we loose
track of the string/M-theory dualities, which are conjectured to be encoded in the global
symmetries of the ungauged theory [39].

The above issue can be avoided using the embedding tensor formulation of the gauging
procedure [40-51], in which all deformations involved are encoded in a single object, the



embedding tensor ©, which is itself covariant with respect to the global symmetries of the
ungauged model. This procedure allows to formally restore the symmetries at the level
of the (gauged) field equations and Bianchi identities, provided the embedding tensor is
transformed together with the other fields. However, since the embedding tensor is a non-
dynamical object, whose entries can be regarded as background quantities, a transformation
on it will map a model into a different one. Therefore, in the embedding tensor formulation
of gauged supergravities, global symmetries of the ungauged theory now act as equivalences
between different gauged models.

Fayet-Iliopoulos terms. In supergravity theories, the scalar fields in the Lagrangian
are typically described by a non-linear sigma-model, that is, they are coordinates of a
non-compact, Riemannian ng-dimensional differentiable manifold, the target space .#scal.
We shall restrict ourselves to the case in which the latter is a homogeneous, symmetric
manifold of the form?

Msea) ~ G/H (2.1)

where G is the manifold isometry group and H is the isotropy group of the origin O.
The scalar manifolds .#.. spanned by the scalar fields in the vector multiplets of NV = 2
theories, as well as the scalar manifolds in all N' > 2 four-dimensional theories, are endowed
with a flat symplectic bundle. As a consequence of this, with each point of these spaces .#gcal
a characteristic symmetric symplectic matrix My is defined, determining a metric on the
symplectic fiber and encoding all information about the non-minimal coupling between the
scalar fields and the vectors. Moreover, within the flat symplectic structure, each isometry
of the manifold is naturally associated with a constant symplectic matrix, with respect to
which M sy transforms as a metric under the action of the isometry.

We shall be interested in extended N = 2 theories, in which scalar fields may sit either
in the vector multiplets or in the hypermultiplets (that are part of the fermionic sector
of the theory). The former scalars span a special Kihler manifold #s, while the latter,
named hyper-scalars, parameterize a quaternionic Kéhler one .#q [52-54]. The scalar
manifold is always factorized in the product of the two, while the isotropy group H of the
scalar manifold splits according to H = HR X Hpatt, where Hg = U(2) is the R-symmetry
group and Hp,et acts on the matter fields in the vector and hypermultiplets.

In the absence of hypermultiplets, the SU(2) part of the R-symmetry group Hg be-
comes a global symmetry of the theory which can still be gauged, the gauging of this
symmetry being described by a (constant) embedding tensor whose components are known
as Fayet-Iliopoulos terms (FI terms). If the special Kéhler isometries are not involved in
the gauging, the constraints imply that only a U(1) subgroup of SU(2) can be gauged. In
this case, the embedding tensor has only one non-vanishing component and the resulting
theory is deformed by the introduction of abelian electric-magnetic FI terms defined by a

constant symplectic vector 0, which encodes all the gauge parameters.?

3 All scalar manifolds of N > 2 supergravity theories are of this kind, while N” = 2 can have homogeneous
non-symmetric and even non-homogeneous scalar manifolds.

4Even if we introduce both electric and magnetic gaugings to maintain duality covariance, the duality
group will always allow us to reduce to the case with only electric gaugings turned on.



In the following we will consider a class of N' = 2 supergravities coupled to a single
vector multiplet in the presence of FI terms. In particular, we will analyse a consistent
dilaton truncation of the model with an explicit form for the scalar potential, discussing also
how to explicitly express the latter in terms of the chosen FI quantities. The formulation
will lead to an asymptotically AdS, regular hairy black hole class of solutions. This kind of
models can also feature unexpected symmetries involving parameter transformations with
non-trivial action, providing a new solution generating technique in asymptotically AdS
spacetimes® [10].

2.1 Gauged supergravity with FI terms

Let us consider an extended N = 2 supergravity theory in four dimensions, coupled to n.
vector multiplets and no hypermultiplets, in the presence of Fayet-Iliopoulos (FI) terms.

The model describes n, vector fields Aﬁ, (A=1,...,ny) and ng = ny — 1 complex scalar

fields 2° (i =1,...,ns).5 The bosonic gauged Lagrangian is written as

1 R | _ 1 _ _

- Lsos = —§+gi]- oz’ 8“23—1—1 Irs(z,2) F/ﬁ, F* ‘“’—l—@ Ras(z, z) et F;’}V FPEU—V(Z, z),
(2.2)

with the n, vector field strengths:
A A A
F,, = 0,A, —0A,. (2.3)

The ng complex scalars z* couple to the vector fields through the real symmetric matrices
Ias(2,2), Rax(z,2) (non-minimal couplings) and span a special Kéhler manifold .Z,
the scalar potential V(z, Z) originating from electric-magnetic FI terms. The presence of
V(z,z) amounts to gauging a U(1)-symmetry of the corresponding ungauged model (with
no FI terms), implying minimal couplings of the vectors to the fermion fields only.

2.1.1 Special geometry

A special Kéhler manifold .Zy is the class of target spaces that are spanned by the complex
scalar fields sitting in the vector multiplets of an N' = 2 four-dimensional supergravity.
The geometrical properties of .#y are described in terms of a holomorphic section
QM (27 of the characteristic bundle defined over it. The latter is expressed by the product
of a symplectic-bundle and a holomorphic line-bundle. The components of the section are

written as
XA
QM:(¢>, A=1,...,ny, (2.4)
FA
while the Kéhler potential and the Kéhler metric have the following general form
K(z,z) = —log [z or'c Q} = —log [z (/?AGJA - XA?;“A)] ,
(2.5)
9i; = 818le .

5This is not a generic assumption, since in asymptotically AdS black holes the solutions generating
technique [51, 55-64], based on the global symmetry group of the ungauged theory, can no longer be
applied in a gauged theory, due to the non-trivial duality action on the embedding tensor [49, 50].

5In our previous work [10] ny denoted the number of vector multiplets of the theory, while, in the more
general formulation of the present work, it directly provides the total number of vector fields.



The choice of QM (z%) can be used to fix the symplectic frame (basis of the symplectic
fiber space) and, consequently, the non-minimal couplings of the scalars to the vector field
strengths in the Lagrangian. In the special coordinate frame, the lower entries %, of the
section can be expressed as the gradient, with respect to the upper components X2, of a
characteristic prepotential function F(X™):

oOF

Fy =
AT oA

(2.6)

The above function F(X™) is required to be homogeneous of degree two. The upper entries
XM (2%) are defined modulo multiplication times a holomorphic function and, in this frame,
can be used as projective coordinates to describe the manifold; this means that, in a local
patch in which X0 # 0, we can identify the scalar fields with the ratios 2! = X%/X°,

A field ®(z,2) on the Kdhler manifold is expressed as a section of a U(1)-bundle of
weight p if it transforms under a Kéhler transformation as

B(z,2) — Pz z). (2.7)

We can define an associated U(1)-covariant derivative on the bundle as
D = (ai + g ai/c) ®, D = (az - gagic) . (2.8)

and define a covariantly holomorphic vector VM

LA
VM — oM = 2.9
o - (V) o

which is section of the U(1)-line bundle with weight p = 1, satisfying the property:

1
DM = (35— 50K VY = 0. (2.10)
We can also introduce the quantities
M M 1 M fh
u,”- = D,V = 0; + = 0K | VY = , (2.11)
2 hia

where D;, D; are the above U(1)-covariant derivatives. The scalar potential V(z, z), ex-
pressed in terms of the new quantities, reads:

._ _ _ 1 _
Vo= (g7uMUy —3vMVN) 0a 0 = —5 O MM Oy —aVMVNOy Oy, (212)

where MMN "and its inverse M ;n, are symplectic, symmetric, negative definite matrices
encoding the non-minimal couplings of the scalar fields 2’ to the vectors. In particular
M is expressed as:

My = ((R_I(‘Il_??%i);z _(g{;AIIZAF>’ (2.13)



and the matrices Z, R are those involved in the vector field strengths terms in (2.2). The
potential (2.12) can be obtained in terms of a complex superpotential

W = VMo, (2.14)
section of the U(1)-bundle with p =1, as:
V = g D;W DIV — 3 |W*. (2.15)

The introduced 6j; terms transform in a symplectic representation of the isometry group
Gk of M on contravariant vectors. These Fayet-Iliopulos terms are the analogs of electric
and magnetic charges; however, the latter can be considered as solitonic charges of the
solution, while the former are background quantities actually entering the Lagrangian.
Moreover the FI terms do not define vector-scalar minimal couplings but only fermion-
vector ones.
It is also possible to define a real superpotential W = |W| in terms of which the
potential reads:
Vo= 4¢" 0, W oW — 3W?. (2.16)

Let us remark that the above formula only holds in the theory in which all the real scalars,
defined as the real and imaginary parts of the complex scalars z?, are dynamical. This is
not true in general if we truncate the full model to a subset of these real scalars. Indeed,
in the next sections, we shall consider a truncation of a model, with just one complex
scalar z, to the real part of z only. As we shall see, although the truncation is consistent,
the truncated potential V' is not in general simply expressed in terms of the truncated real
superpotential W and of its derivatives with respect to the remaining scalar only, according
to a formula of the form (2.16).

2.2 The model

Let us focus on an N = 2 theory with no hypermultiplets and a single vector multiplet
(ny = 1) with a complex scalar field z. The geometry of the special Kahler manifold is
described in terms of a prepotential of the form:

Fxd) = —i (x0)" (X1)2_”. (2.17)

the coordinate z being identified with the ratio X' /X°. For special values of n, the model
turns out to be a consistent truncation of the STU model. The latter is an N = 2
supergravity coupled to n, = 3 vector multiplets and is described, in a suitable symplectic
frame, by the prepotential function:

Fero(XY) = —i VX XTXZ X3, (2.18)

with a symmetric scalar manifold of the form .#sy = (SL(2,R)/ SO(2))3, spanned by three
complex scalars 2z = X*/X°, i = 1,2,3. This model is, in turn, a consistent truncation of
the maximal N' = 8 theory in D = 4.



For the special value n = 1/2, our model corresponds to the z3-model, whose manifold
is SL(2,R)/SO(2) and is embedded in that of the STU model through the identification

2t =22 = 23 = 2. If we set X0 = 1, the holomorphic section QM of the theory under
consideration reads:
1
z
oM = , : (2.19)
—3n z2—n
—% (2—n)zl™m
and the Kéhler potential I has the expression
1
e® =2 nz—(n-2)2) + cc (2.20)

4

The theory is then deformed by the introduction of abelian electric-magnetic FI terms, de-

fined by a constant symplectic vector 0y = (01, 62, 03, 04), encoding the gauge parameters

of the model. Having found the explicit expressions for the section Q™ and the Kihler

potential /I, the scalar potential V'(z, ) can be read from (2.12), using (2.9) and (2.11).
If we express the scalar z in terms of a dilaton field ¢ and an axionic field x

z=e P +iy, (2.21)
the truncation x = 0 to the dilaton field ¢ is consistent provided
(2—n)0103 —nb04 = 0, (2.22)
and the metric restricted to the dilaton reads:

1
ds* = 2g.; dzdz | , = 5)\211(2—11) de?, (2.23)
=

dx=0

and is positive provided 0 < n < 2. If we then set

2
A= |——, (2.24)
n(2—n)
the kinetic term for ¢ is canonically normalized. The scalar potential has now the ex-
plicit form:

Vi(p)=-2 e <2n_1 02+40, 0, eAWF% 62 €2A¢) _
_é e e ((2 n—1)n63—46030,n (n—2) e *?+(n—2) (2n—3) 63 6_2)“") ,

(2.25)

as a function of the dilaton only.
Let us discuss the issue of the real superpotential. Applying (2.16) to the truncated
model, we find

Vi, x =0) = 20,W| _,)> + 222 (9, W | _,)* —3W?| _, . (2.26)



Now we notice that, when we impose x = 0, the potential V' is not simply expressed in
terms of the real W\X:O and of its derivatives with respect to ¢, since it also contains terms
depending on 0, W |, _, that in general is different from zero:

KhW|  #0. (2.27)

The truncation to the dilaton ¢, although being consistent at the level of scalar potential,
cannot therefore be extended at the level of the real superpotential, since, in general, a
formula of the form (2.16) for the dilaton truncation does not hold:

Vg, x=0) # 20,W| _,)> —3W? _,. (2.28)
As we shall show below, this is not the case when o = 0, see subsection 2.2.2.

Symmetries. The potential is invariant under the simultaneous transformations

2—n

4

4 4
Oy, O3—F—01, 04— F
n 2

1
zZ— —, 91—>:|:ﬁ93, 0y — £
z 4 —-n

by, (2.29)

implying the transformation ¢ — —¢ in the dilaton truncation. The potential is also

invariant under

9 _
4

4 4
n93, 03 — F — 05, 94—>$2 01, n—2—-n. (2.30)
n

0 =+ 20y, 0y — +
4 -n

2.2.1 Simplifying the potential
We now perform the shift

2v
_ — log(6 2.31
SOHQP /\(l/+1) Og( 26)? ( )
and redefine the FI terms as:
v+1 -1 2 v—1 2«
0, = 0, vt ET vt 03 =2 0g) v+1 04 = 2.32
1 U1 2 5 ) 3 Oé(§ 2) S, 4 02&87 ( )

where v = (n — 1)~! and having also introduced the parameters «, £, and s. We can also
express £ in terms of the AdS radius L:

¢ = 2Lv 1 (2.33)
1+ v1-a2L2 '

The truncation to the dilaton ¢ is consistent provided equation (2.22) is satisfied. This

relation requires, in the new parametrization (2.32), the condition
(s> =1) (¥’ =D aVvl-L2a%2 =0, (2.34)

which is solved, excluding values n = 0 and n = 2, either for pure electric FI terms (o = 0)
or for s = +1.
After the shift (2.31), the scalar field z is expressed as

_2v_ N
s = (o) Y, (235)



and the same redefinition for the potential (in the general case s = £1) yields
2
V() = _% ((V -1)(v—-2) e tWw+1) 4 o W2 - 1) el 4 (v + 1)2(1/ +2) ew(u—l)) 4

o — L2 ((V - 1)(v—2) P {92 q)ert 4 w+D+2) ew@(vl))

2

where

A 212
S A= (2:37)

and having disposed of 05 by redefinitions (2.32).

Let us now rewrite ¢ as

o = 1og€(a;) - \/_1;”2 log (), (2.38)

2v

z = 2" (028) v, (2.39)

so that

and the scalar potential is now expressed as:

1
V(i) = m(gg (1-0?L2) (4= 402 =2 (=2 + v)(=1+v) =2 (1 +v)(2 + v)) -
—P L2 -3v A+ 2 (L) (24 v) H 42t (-1 + 1/2))> .
(2.40)
The complex superpotential YV can be obtained from (2.14) and in this new parametrization
reads
VI— 2?1 1y
W(z) = % 27 (14 v+a’(—1+v)) + i Zﬁx T (1—v—a"(1+v)). (2.41)
v v

2.2.2 Casea =0

Some things change in the o = 0 configuration. Once defined Wy = °ﬂ/|a:0, in this case
one finds that
GX%’X:O =0, (2.42)

unlike the previous general (2.27), so that now the truncation becomes consistent also at
the level of the superpotential. In particular, one finds that the imaginary part of the
truncated complex superpotential vanishes, being proportional to « (see also (2.41)).

The dilaton-truncated scalar potential has now the form

V((p) _ L21V2 ((l/ — 1)2(1/ . 2) e(pé(u—i-l) +2 (1/2 _ 1) P!t + (V+1)2(V+2) e—apf(y—l)) ’
(2.43)

~10 -



that, in terms of reparametrization (2.38), reads

x

Vo(z) = 3123 A-+D)r+2)z7V —v-2)(v—1)2" — 4%, (2.44)
and can be expressed through (2.16) using the following expression for the real superpo-
tential .

T2 v
Wo(z) = 2Ly(1+u+x (—-1+v)), (2.45)

that coincides with the (former complex) superpotential (2.41) in the a = 0 case.

2.3 N = 2 model and N = 8 truncations

The original SO(8) gauging of the maximal N’ = 8, D = 4 supergravity [35, 36] and its
generalizations to non-compact/non-semisimple CSO(p, q,r) gauge groups, p + q + r =
8 [37, 65] are part of a broader class of gauged maximal theories, usually referred to as
“dyonic” gaugings [66-70]. The construction of the latter is performed by exploiting the
freedom in the initial choice of the symplectic frame in the maximal theory: different frames
can be in fact obtained by rotating the original one [35] by a suitable symplectic matrix.
If we decide to gauge the same SO(p, q) group, p + ¢ = 8, in different symplectic frames, a
one-parameter class of inequivalent theories featuring the same gauge group SO(p,q) can
be constructed. The latter are named w-deformed SO(p, q) models, w being the angular
variable parameterizing the chosen frame.”

The truncated supergravity action explicitly reads

1

I=——oH d4x\/jg<

R 1
G Jur 2 2

(09)% + V(g@)) . (2.46)

The (infinitely many) theories we have introduced in this section contain all the possible
one-dilaton consistent truncations of the w-deformed SO(8) gauged maximal supergravities.
Indeed, if we perform the change of variables

a = L lsin(w), (2.47)
the N = 2 scalar field potential with electromagnetic gauging results in

V(p) = cos*(w) Qy) + sin’*(w) Q(—¢), (2.48)

L2 —1)(v—2 1
Q) =~ (L= ottt (2 - 1y o9 4 L 4 1)+ 2 e 0D)),
v
(2.49)
¢ being defined in (2.37). The gauging is then purely electric if w = 0 and purely magnetic
when w = 7/2, while self-duality invariance of the potential can be then expressed as

w—>w+g, P— (2.50)

"These deformed theories feature a richer vacuum structure than the original model [35-37, 65], corre-
sponding to the w = 0 value.
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The truncations can be characterized by the breaking of the SO(8) gauge group to the
following stabilizers of the dilatonic field ¢

v = g ~ S0(7),

v=2 — S0(6) xSO(2), (2.51)
v=4 - SO(5)xS0(3),

v=o00 — SO(4) x SO(4).

When v = co or v = 2, one must also set w = 0 to have an embedding in N/ = 8
supergravity: this allows to consistently uplift our solutions to corresponding w-rotated
models. For a more detailed analysis about the embedding of our models within maximal
four-dimensional supergravity, we refer to [24].

3 Hairy BH solutions in AdS-CFT duality

In this section, we present a general family of exact asymptotically AdS neutral hairy
black hole solutions, with the non-trivial dilaton potential obtained in section 2. We use
the quasilocal formalism of Brown and York [71], supplemented with counterterms to study
their thermodynamics. We compute the quasilocal stress tensor, energy, on-shell Euclidean
action (together with the corresponding thermodynamic potential) and show that the first
law of thermodynamics and quantum statistical relation are satisfied. These hairy solutions
have a dual interpretation as triple-trace deformations in field theory.

3.1 Hairy BH as a triple-trace deformation

We are interested in a particular case of [10], namely planar hairy black holes in the limit
a = 0. The general metric ansatz is

ds? = T(z) ( F(z)dt? — ”;(dj - dZ) : S = dy? + d2?, (3.1)

and we choose the following conformal factor:

L2 1/2 V= 1

=

(3.2)

so that the equation of motion for the dilaton can be easily integrated.

It was shown in [10] that there exist two distinct families of solutions, each one of
them containing two branches. When the horizon topology is toroidal, the first family is
characterized by the following dilaton and metric function:

p(z) = —L"" In(z), flx) =1+a’L? (-1 + aV:Z ((V + 227V — (v —2)a" + 1% — 4)) .

(3.3)
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The second family of planar hairy black holes can be obtained from a symmetry transfor-
mation of the action, namely ¢ — —p and a? — L™2 — a2, and so the new expressions for
the dilaton and metric function are:

p(z) =" In(z), f(z)=1+(1~-a’L?) (—1 + fz (W+2)2™ = (w-2)2" +v* - 4)) .
(3.4)

The x coordinate is not the canonical radial coordinate of AdS spacetime. One can easily
check that the metric is asymptotically AdS and the conformal boundary is located at
x = 1, which corresponds to ¢ = 0. One can compute the Ricci scalar to find the location
of the singularity; however, the same information can be straightforwardly obtained from
the dilaton’s profile. We observe that the dilaton diverges when x = 0 and x = 400 and
so there exist two disconnected branches for each family, one in the range x € [0,1) and
the other in the range = € (1, o0].

In what follows, we consider the case a = 0 and only the branches with ¢ > 0. In this
case, the superpotential is real and, as we are going to prove now, there exist regular hairy
black holes pertaining to the second family. Explicitly, when o = 0, the metric function
of the first family (3.3) becomes trivial, f(z) = 1, but the metric function of the second
family (3.4) gives a non-trivial function of z,

_ 2) v Na¥ 4124 3.5
J@) = 5 (42 — (v -2)2" +v° - 4). (3.5)
This function vanishes when
V2442 —4
flzn) =0 = (zn)" = ; (3.6)

v—2

where xy, indicates the horizon location, that exists only for > 1 and v > 2 (the positive
branch of the second family). For this specific case, we are going to construct the thermal
superpotential and an exact S-function.

To obtain the boundary conditions for the dilaton, let us now use the canonical coor-
dinates in AdS with the ansatz

72 _
ds® = gu(r)dt* + g (r)dr® — <L2 +0 (r 2)) dy.. (3.7)
We then have
2 _2
T(z) = 75+0 (2, (3.8)

from which we can get asymptotically® the following expansion of the coordinate x in terms
of the canonical radial coordinate r of AdS:

L2 1— 2 2_1
e A R A el (3.9)
rn 24 (rn) 24 (rn)

8For v = 3, one can obtain an exact expression, but in general the change of coordinates can be obtained

only perturbatively.
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With this change of coordinates, we get the usual fall-off of the scalar field in AdS:

_72%0 4 %P1 -3\ _ 42 1 74 1 -3

o= L4 L4 0(r )_Lem L2€n2r2+0(7’ ). (3.10)
The Breitenlohner-Freedman (BF) bound [72] in four dimensions is m2, = —;5%5. The

conformal mass of the dilaton is given by m? = —2/L? with

3 9
Ap=SE\T+miL = Ap=2, A =1, (3.11)
and so 1 9

— 2> A2
12 =" = T (312)

Therefore, both modes in the dilaton’s fall-off are normalizable, and they are related by
the following boundary conditions:

1 ¢, 0

P0= 70 01=—5¥p, w(p) =—— . (3.13)

It can be then explicitly checked that these boundary conditions preserve the isometries of
AdS [13, 73, 74]:

dw oY1
— . 3.14

In the context of AdS-CFT duality, Witten has interpreted the general mixed boundary
conditions for the scalar field as a multi-trace deformation of the dual CFT of the form

[d3x w[O(z)] [32]. In our case, the boundary perturbation (3.13) generates a triple-trace
deformation of the dual field theory [13, 32]:°

Topr — ICFT+§ / &z 0P (3.15)

It is important to notice that the parameter v affects the coupling of deformation through
the parameter ¢, but, regardless of the value of v, the dual field theory is always deformed
by a triple-trace deformation.

Since the boundary conditions are such that the conformal symmetry in the boundary
is preserved, the ADM mass [77, 78] matches the holographic mass [74, 79] and can be read
off from the expansion of the metric:

2 2 4
r ve—4 L _9
For convenience, we consider 1 > 0 and so the mass density of the planar hairy black hole is
M I v?—4
R — L4 , = —7F, 3.17
=5 87G a 33 (3.17)
with ¢ = L72 [dY, defined to be dimensionless. We notice that the mass density is
positive defined when v > 2, a result compatible with the one obtained from the condition
of existence of the horizon (3.6).

9See, also, [75] for a detailed discussion of the cubic coupling in ABJM theory [76].
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3.2 Holographic stress tensor

To confirm that, indeed, the ADM and holographic mass match, let us compute the holo-
graphic stress tensor using the counterterms proposed in [79]:
03

—1(1( hay K + 2 LG>+hab N (3.18)
Tab = grg \“reb T Mab 2 pab ® )T ra\2L " 6L |- ‘

We choose the foliation & = const., with the induced metric h,, on each 3 -dimensional
hypersurface, for which the boundary is at x = 1. Here, G, is the Einstein tensor for the
foliation and K is the extrinsic curvature. The trace of the induced metric is denoted by
h and the one of the extrinsic curvature by K.

For the hairy BH solution (3.5), we get

L pL* L pL*
“RerG WP T R 16rG

(3.19)

Ttt

The geometry where the dual field theory lives is related to the induced metric on the
boundary by a conformal factor,

2
s una = % (at? - ax), ds3 el = ap dztda® = dt? — dX. (3.20)

Consequently, the quasilocal stress tensor on the gravity side and the one of the dual field
theory are related by [80]

R
(rap™) = Jim — 7ap, (3.21)
and so, we obtain
L
(™) = o tm (30000 —vw) = (04 P uauws— P (3.22)

For observers on the boundary (with u, = 60), we explicitly obtain

3L _ L*u _ L
167G° P~ 167G P=%rG’

pt+p= (3.23)

that corresponds to the one of a conformal gas with energy density p and pressure p. The

holographic stress tensor is covariantly conserved and its trace vanishes, (74ual)

=0, as

expected for boundary conditions of the dilaton that preserve the conformal symmetry.
The conserved charges can be obtained from the quasilocal formalism of Brown and

York [71]. For the Killing vector & = 3/0t, the conserved quantity is the total energy of

the black hole (including the hair)

E = /dzinjgﬂ' = L4%, (3.24)

where d¥ is the planar surface at infinity with ¢t = const. The same result was obtained
in (3.23) by using the stress tensor of the dual conformal gas with energy density p and
pressure p.
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3.3 Quantum statistical relation

In this section we closely follow [74]'? and consider the regularized Euclidean action

1 R 1
I*lg% ¢l = o= /M d*z/g" (2 — 509 + V((p)) Mdi”x\/ﬁKHgHg, (3.25)

871G 9
with the gravitational counterterm [81]

1 2 L
5= — | & h( Rh). 3.26
Since we would like to compare this method with the one using the superpotential as a
counterterm, we write in detail the contribution in the boundary of the first three terms

in the action:

A oL? 2017 r Q3
I e S TG T RGT (LZ,M +—3 o — TO ; (3.27)
where the temperature and entropy are
T 1 (V2 —4) (a8 —1)? SfULQT(xh) A (3.28)
- 47['77 2 xﬁ_l ’ - 4G o 4G ’ ’

We can identify a divergence in the last term and, to regularize the action, it is necessary
to include the scalar field counterterms,

1 0 w(po) 1 0 LB
= — [ Pavi| )= — [ #avh| -2 ), (329
° " 812G Jour xf<2L+ Lg * 57G S VM 2L ") B

that, after integration at the boundary, give

L? 20 L 2
=2 (— gog+wo>. (3.30)

® StGT 3 2

The on-shell finite action I* = Iy, + &, + g + I is related to the free energy and the
quantum statistical relation is satisfied:

E 4 OH
F=I'r=M-TS§, M=1L Frvek (3.31)
One can also explicitly verify that the first law is satisfied by doing the variation with
respect to the integration constant 7 (the other parameter, v, is a parameter of the theory).
As a final observation, we notice that o is, in principle, a surface with infinite area. One
should then work with ‘densities’ or make identifications in the geometry to obtain a
toroidal surface with finite area.

10The advantage of this method compared with the usual holographic renormalization for the general
solutions (3.3) and (3.4) is that it can be used even for a complex superpotential [10], though in this work
when a = 0 the superpotential is real. However, we are going to compare the two methods in section 4.1.
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4 Holographic applications

In this section we are going to construct the thermal superpotential for the exact regular
hairy black hole solution (3.5). We start with a brief review of [82] and explicitly show
how the second order equations can be rewritten as first order equations, when the thermal
superpotential is introduced. Then, we use the thermal superpotential to investigate the
holography of the hairy black hole and the corresponding RG flow. We are also going to
present a domain wall/black hole duality in w-deformed supergravity.

4.1 Thermal superpotential and holographic renormalization

Before presenting a detailed analysis of hairy BHs in extended supergravity with the
ansatz (3.1), let us discuss the ‘domain wall’ coordinate ansatz:

du?

o’ (4.1)

ds® = AW (eg(“) dt? — dy? — dz2> —
that corresponds to a domain wall when g(u) = 0 and to a planar black hole for g(u) # 0.

In these coordinates, the holographic interpretations can be stated unambiguously.
The Einstein equations

1
E,uV = GMV - aﬂ@ O + 9w (2 (890)2 - V(‘P)) =0, (4'2)

using ansatz (4.1) become (here, the derivative with respect to u, d/du, is denoted by ')

El-E'=0 & 24" + 0% =0,
1
E'=0 = 3A'2—§<,0'2—|—A'g/—|—e_9V:(), (4.3)
EBY-E!'=0 & ¢*+¢' +34 ¢ =0.

The first equation involves just the dilaton and the warp factor A(u) and, since the metric
function g(u) does not appear explicitly in its expression, this equation is the same for
the domain wall and planar black hole. This important feature hints to the fact that a
generalization of the superpotential at finite temperature should use directly this specific
equation, rather than the usual relation between the potential and superpotential in super-
gravity. We transform this second order equation in two first order equations by defining
the thermal superpotential W (p) as

24"+ 0% =0 o J)= A = —%W(gp). (4.4)

Then, the second and third Einstein equations can be rewritten in terms of the superpo-
tential as

1 /dW 2 3 2 1, —g 12 n 3
2<d90) 4W +29W e , g +g 2gW 0 (4.5)
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When g(u) = 0, we recover the usual relation between the potential and superpotential
from the (fake) supergravity. However, we observe that at finite temperature the non-trivial
function g(u) plays an important role in obtaining the thermal superpotential.

To apply this formalism to the hairy black hole solution (3.5), we have to use the
z-coordinate. In these new coordinates, the first Einstein equation and thermal superpo-
tential become

¢ _dW .
VY dp W) = =

Using now the other two Einstein equations, we obtain the relation between the potential

(4.6)

and superpotential in the z-coordinate system as

AW\ 3 L\ f WS
m((w) —2W>2+2nﬁ. (47)

For the exact solution (3.5), this equation can be integrated and the resulting thermal

superpotential is

Wie) = o (4 1) e CF) 4 - e (). (48)

The relation between the supergravity real superpotential W (¢) defined in subsection 2.2.2
and the above thermal superpotential is given by W (p) = 2Uy(—¢). At first sight, this
specific relation may come as a surprise. However, this can be traced back to the duality
between the two families of solutions (see the expressions (3.3) and (3.4) for the scalar
field) that changes the sign of the scalar field. The metric function is drastically changed,
but only the scalar field is relevant for the superpotential.

As a first application in AdS-CFT duality, let us use the thermal superpotential to
compute the Fuclidean action. In section 3.2 we have used gravitational and dilaton coun-
terterms to regularize the action, this method being compatible with a well defined varia-
tional principle for general mixed boundary conditions for the dilaton [74]. Alternatively,
one can use the superpotential as a counterterm to regularize the action [83, 84]. The main
difference is that, in this case, we do not have to add the gravitational counterterm, the
whole information being contained in the thermal superpotential. Let us now check that
the two methods are equivalent. The Euclidean action contains only three terms,

I°[g%, o] = Ipux + Lon + Tw(p) (4.9)

the boundary contribution from the first two terms being

I + Ioy =

L4 2+3

A o L? 213 red  2L%¢
4G 8nGT

wo + 2uL2>. (4.10)

We identify two divergent terms proportional to 3 and r that can be canceled out if we
use the thermal superpotential as a counterterm:

1 3
IW(LP) = 8771' aMd x\/ﬁW(g@) = 8rG T

oL? (213 r¢d 2L%0
e —uL*|. (411
<L4 T 3 Yo H (4.11)
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4.2 Holographic renormalization group

Once we have the thermal superpotential, we can explicitly construct the S-function. In
AdS-CFT duality, the radial coordinate is interpreted as the energy of the dual field theory.
Therefore, in the ‘domain wall’ coordinate system, the S-function can be computed as:

/
@ 2 dW)
)= er = 2 [T e 4.12

per) = ge W(dgp ¢ (4.12)
Written as a function of the thermal superpotential, the S-function is in turn directly
computed as a function of the dilaton. By using (4.8), we obtain

By = ~2__ o1 (4.13)
e¥) = —— e .
Certv+1)+v—1 7

that, as expected, matches the result obtained from a direct computation using the dilaton
expression (3.4):

Oy 27T
L) — of = -
) = d =

The original proposal [8] for an holographic c-function for a domain wall can be extended

o' e’ (4.14)

at finite temperature (see, e.g., [85]). The geometrical construction is based on imposing
the null energy condition,!! which captures the positivity of local energy density on the
matter sector of the theory. For a gravity theory with a scalar field and its self-interaction,
the null energy is satisfied, that is p +p ~ ¢'? > 0. For the metric (4.1), we obtain

d 1
24" =42 >0 = ™ <1n <A,2>) >0. (4.15)

Due to the holographic duality, there should exist a geometric c-function, C(u) > 0, that is
monotonically increasing from the bulk towards the boundary, C’(u) > 0, so that we have

Cu)’
> (1 >0. 4.1
C) >0 = 0Oy(InC(u)) >0 (4.16)
By comparing (4.15) with (4.16), we can identify the c-function as
Co
With the change of coordinates
1 dx 1

the c-function for the planar hairy black hole solution becomes

2 v+1 2
B 27 Y3/2 B 2 2va 2
Clz) = Cg( 1 = Co L it (4.19)

We directly confirm the monotonicity of the c-function (4.19) for the hairy black hole in
the plots of figure 1a and 1b.

or any light-like vector n n, = U, at every point 1n spacetime, € matter energy-momentum tensor
Ug light-lik tor n® 0, at int i ti th tt tum t
obeys Thp n®n® > 0.
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the same values of the v parameter.

To complete the analysis, let us obtain the same result using the thermal superpotential
defined in (4.4). We rewrite the null energy condition as

AW\ 2
2 (== 4.2
p (d@) >0 (4.20)

and so, analogous to equation (4.15), the result is

d 4
—2A" = '? = (1 ()) : 4.21
>0 7 \ 2 { 5772 >0 (4.21)
The c-function can be constructed as before, and the final result

2 2 ol
C(QO) _ 4C(2) _ 4L C()V e - (4'22)
w (v —1)e=¢tv/2+ (v +1)evt¥/?)

matches (4.19) when written as a function of the coordinate x.

4.3 Domain wall/planar black hole duality

The last application we would like to present is a duality between the solutions in w-

deformed SO(8) maximal gauged supergravity presented in section 2.3. Consider the elec-
tric (i.e. a = 0) potential

1 (dWa\% 3.,
e pr— w= pr— pr— —_— _7We 9 4.2
Va = Voo = Qo) = 3 (52) =W (123
where 1
2 (v—1 £ (v+1
Wale) = o (0 De =5 4 -5 (4.24)

—90 —



and, correspondingly, the magnetic (i.e. « = L~!) potential

dm@mg>2 3 5
—E ) — = Winag 4.25
d(p g ( )

1
Vo = Vg = ) = (W) 2

2

where
1 v— — v
Wanelo) = o7 (0 + D™ 4 0= De™5) —Wa(-0),  (20)

and coincides with the one in (4.8). Now, let us show that in the electric frame, the
magnetic superpotential generates hairy black hole solutions. Indeed we find that,

1 (dWiag\? 3 1 _ 2 3
5 (Tam) — I W50 W = €WV, g%+ W =0, (420)
using the expressions
2 2.2 -1
. x —v v 2 2A L*v*x .
eg_ﬁ((y+2)x —(v—2)2"+v —4), e —W—T(x),
dz =4yt ¢ =01 1n(x)
du ) )
(4.28)
the function e vanishing for
24+ vVi2—4
(z)” = 2 A (4.29)

v—2

Electromagnetic duality is then related to a domain wall/planar black hole duality: the
electric frame superpotential generates a domain wall, while the magnetic frame superpo-
tential generates a black hole.

5 Discussion

We have described a supergravity framework and obtained exact neutral planar hairy black
holes that, within AdS-CFT duality, can generate non-trivial RG flows in the dual field
theory. While a direct study of the RG properties is an involved problem in QFT, the use
of AdS-CFT duality transforms it to a much more tractable one.

In particular, we were interested in an N = 2 supergravity model featuring a single
vector multiplet with a complex scalar field, whose target space (Ké&hler) geometry was
carefully analyzed in section 2. The supergravity potential of a consistent dilaton truncation
of the model was explicitly rewritten in (2.36) in terms of parameters «, v, through suitable
scalar and FI terms redefinitions. At the level of the solutions, for the general case with
a # 0, there exist two distinct families of hairy black holes that are characterized by
different boundary conditions and which are related by a symmetry of the action.

In this work, we are mainly focused on the case @ = 0. In this limit, while the first
family contains only domain wall solutions, within the second family there exist regular

- 21 —



| | | o 1
) :. ': : 80 | /
| . | I:
: ' .
:. . 7 / I';
60 | Il :
| T L I
$
LORN \\\ ‘ ' .
-201 3 Il/
AR wL ] i ;
\\ )
2 \\ ) / /::
- | /. .
\\ ///
20 2
\\\ //
-60 \\ 10 '{{4“" N
| AT
! \ 0 —-/ .
y y 0 2 4 6 8 10

Figure 2 (a). Plot of the dilaton poten- Figure 2 (b). Plot of the thermal superpoten-
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v=1.1, 1.6, 1.9. v=11,16, 1.9.

black holes and the thermal superpotential can be analytically obtained. The hairy black
hole solutions exist only for v > 2 (the special case v = 1 is presented below), otherwise
there are naked singularities. While the thermal superpotential has the same qualitative
behaviour for any value of v, there is a drastic change in the behaviour of the dilaton
potential, see figure 2a and 2b. This happens because an extremum of the superpotential
will automatically be an extremum of the potential, but the converse is not true in general.

The success of AdS-CFT duality is coming from providing a concrete computational
‘recipe’ for relating the bulk (super)gravity/string theory with the dual field theory at the
boundary. Particularly, the equivalence of (part of) the bulk and boundary spectra can
be explicitly verified. However, there exists a class of boundary operators with no obvious
SUGRA counterpart, namely the multi-trace gauge invariant operators of N' = 4 SYM.
The existence of these operators in the dual field theory posed a puzzle, since they arise
in the operator product expansions of the boundary operators at strong coupling [86, 87]
and so they should also have an interpretation in the bulk supergravity framework. Now
it is well understood that they can by studied via AdS-CFT by a generalization of the
boundary conditions. In this context, the hairy black holes presented in our paper —
which correspond to mixed boundary conditions for the dilaton — can be interpreted as
triple trace deformations in the dual field theory.

To obtain the dual RG flow, it is important to obtain the dynamics of the system as
first order flow equations, and this can be done by introducing the (fake) superpotential.
The key observation of [4] is that the equations of motion are in fact the Hamilton-Jacobi
equations for the dynamical system of gravity and scalars, and the superpotential is nothing
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else than the classical Hamilton-Jacobi function. However, since we consider hairy black
hole solutions, we have obtained the corresponding thermal superpotential and, with the
help of the ‘bulk-boundary dictionary’ of [4], we had constructed the exact RG flow in
section 4.2.

Since all the details were presented carefully, we would only like to point out some
properties of the c-function (4.19). The central charge counts the number of massless
degrees of freedom in the CFT. The coarse graining of a quantum field theory removes the
information about the small scales, so that there is a gradual loss of non-scale invariant
degrees of freedom. This is basically the reason behind the existence of a c-function that
is decreasing monotonically from the UV regime (or large radii in the dual AdS space) to
the IR regime (or small radii in the gravity bulk dual) of the QFT. We emphasize that
the c-function depends only on the conformal factor, not on the metric function, which
is consistent with the fact that we deal with the same theory, but at finite temperature.
Then, we notice that, when the hairy parameter has the value v = 1, the moduli metric
vanishes and we obtain the Schwarzschild-AdS solution for which the flow is trivial. In this
case, we have C(v = 1) = Cy L? and so, in principle, the constant Cy can be computed in
this limit.'?

Examples of flows between two conformal fixed points and flows to massive theories
can be found in [6-8]. Note that on the gravity side, the RG solutions corresponding to the
flow to massive theories are generically singular. In our case, the near horizon geometry
does not contain an AdS, spacetime as in the case of zero temperature and so the horizon of
planar black hole at finite temperature is not an IR critical point, but, due to the existence
of the horizon, it is not singular. Exact charged hairy black holes in extended supergravity,
for which a similar analysis at zero temperature is possible, are going to be presented
in [88]. Similar examples, but in a different context, were presented in [89, 90] and the
holographic microstate counting in AdS; was done in [91] (see, also, [92] and references
therein).
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