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A discovery of Newton was of a two-fold character - he made it, and then others had to find out that he had made it.
A. de Morgan, Essays on the Life and Work of Newton [1914, p. 38]

There is no shortage of books and papers citing Lagrange’s Méchanique analitique [1788]; a core bibliography of scholarly works is appended to an article by H. Pulte [2005]. Yet, though armed with a thorough knowledge of secondary literature, the modern reader is likely to struggle with every page. Even the most dedicated Lagrangian scholars are not hardy enough to follow the book all the way through. Like many classics of the exact sciences, the Méchanique analitique is a labyrinthine microcosm.
Indeed, this is a book that begs for a critical edition with an extensive introduction and copious footnotes. Already by the middle of the 19th century, when the Méchanique analitique was required reading in courses on mathematical physics, the need was felt for a corrected reprint of the second edition, with multiple appendices and a few explanatory notes [Lagrange 1853-55]. Today, after two centuries of tumultuous changes in science, the bare text is closed to the unskilled in higher mathematics and to anyone who is not well-versed in the byways of eighteenth-century mechanics. (And while we are speaking of desiderata, we also need a serious edition of all of Lagrange’s surviving correspondence which is rigorously faithful to the original texts.)[footnoteRef:1] [1:  Previously unknown letters by Lagrange are still appearing [Caparrini 2007].] 

Leaving aside the problem of a critical edition, I offer here a number of disjointed remarks, or a collection of footnotes, to selected aspects of the Méchanique analitique. They aim to explore a number of paths in the history of mathematics and mathematical physics at the end of the 18th century. These notes are, of necessity, quite technical; to understand the role of the Méchanique analitique in the development of mathematics and mathematical physics, we need to go through the text line by line and equation by equation.[footnoteRef:2] [2:  For a recent evaluation of the place of Lagrange in 18th-century mechanics, see [Caparrini and Fraser 2013].] 

I will mainly discuss the first edition, but sometimes I will refer to the changes made in the two-volume second edition of 1811-15, retitled Mécanique analytique. Quotations from the Méchanique analitique are from the 1788 edition; for the other works of Lagrange I have relied upon his collected Oeuvres [1867-92]. Most of the translations from the French are taken from the English version of the Mécanique analytique published in 1997 by A. Boissonnade and V. N. Vagliente; any remaining ones are my own. For the dates of publication of Lagrange’s works I follow the chronology established by R. Taton [1974]. In the interest of clarity, the formatting of notations, and the layout of the equations has sometimes been slightly modernized.


A stratified text
The Méchanique analitique has a complex history of composition [Barroso-Filho 1994; Gal letto 1991; Caparrini 2014]. In 1756 the young Lagrange submitted an article on the principle of least action for publication in the Mémoires of the Berlin Academy of Sciences; unfortunately, for unknown reasons, the paper never appeared and is now lost. He then worked for about three years on a book about his calculus of variations and its applications to mechanics, but this too did not materialize. In the end, he only published a succinct overview of the application of least action to selected topics of general mechanics. Evidently, all of these works were intermediate steps in the evolution of the final treatise.
In addition to the Méchanique analitique, Lagrange also published several papers on different aspects of mechanics. Most of them are extensive treatments of fundamental subjects, like fluid dynamics, rigid bodies, perturbation theory and oscillations. Their basic structure is always the same: a few methodological remarks, a historical introduction and a section on general principles. Only after these preliminaries does Lagrange proceed to the special question he has set himself. No reader of Lagrange needs to be reminded that this is the structure of each of the main subdivisions of the Méchanique analitique. Historians of mechanics are therefore confronted with the problem of determining the nature and extent of the reciprocal influences between these early works and the final treatise.
About a quarter of a century after the appearance of the Méchanique analitique, Lagrange published a second edition [1811-15]. The many revisions and additions nearly doubled the size of the book. It was this greatly enlarged treatise that was read thoroghout the 19th century and created a new mathematical discipline. Surprisingly, the differences between the two editions have rarely been explored.


“No figures will be found in this book. …”
 “…The methods I present require neither constructions nor geometrical or mechanical arguments, but solely algebraic operations subject to a regular and uniform procedure.”[footnoteRef:3] This famous quote from the Preface to the Méchanique analitique is handed down from one generation to the next through the popular histories of mathematics and the historical footnotes of technical treatises. It is a measure of Lagrange’s influence that to a modern expert in analytical mechanics this dictum states the obvious and does not require any further comment. [3:  “On ne trouvera point de Figures dans cet Ouvrage. Les méthodes que j’y expose ne demandent ni constructions, ni raisonnemens géométrique ou méchaniques, mais seulement des opérations algébriques, assujetties à une marche régulière & uniforme.”] 

However, the true extent of Lagrange’s elimination of geometry is sometimes overlooked. For this revulsion is not limited to the Méchanique analitique: nowhere in Lagrange’s Oeuvres is there a single illustration. Some rough sketches can only be found in a few early texts not meant for publication: his letters to Euler of 1755 [Oeuvres de Lagrange 14] and the lectures on calculus given in the late 1750s at Turin‘s Royal School of Artillery [Borgato and Pepe 1987].
Clearly there are serious issues at stake here, which strike at the heart of what Lagrange understood by mathematics. It recalls the time, during the 1960s, when the followers of Bourbaki shouted “Down with triangles!” and tried to substitute classical geometry with linear algebra even in secondary schools. Indeed there are similarities between Lagrange and Bourbaki, for the entire life‘s work of Lagrange could be considered a vast foundational program that sought to algebrize all of mathematics. Synthetic geometry had no part in this enterprise.
But an over-reliance on the algebraic language does not necessarily imply the absence of results in geometry. In fact, as wes shall see, there are new concepts of geometry hidden between the formulae of the Méchanique analitique.


Dot product
While the abstract concept of vector belongs to the second half of the 19th century, most of the fundamental theorems on the composition of directed line segments had been discovered much earlier. Some important work on the systems of geometrical vectors was done by Lagrange as far back as 1775. These results then turned up in the Méchanique analitique.
Consider, for example, the section concerning the kinematics of a rigid body rotating about a point O. Given a set of orthogonal Cartesian axes (O; ) fixed in space, Lagrange defines a co-moving set of axes by taking three co-moving points , ,  such that the directed line segments OP, OP, OP are mutually orthogonal:

It is clear that , ,  are nothing more than the coordinates of an arbitrary point of the system and that similarly, , , , and , ,  are the coordinates of two other arbitrary points of the system. […] In order to shorten the expressions, let us assume , ,  […]. If the three points of the system, which we have assumed as given, are disposed in such a manner that they form three right triangles with the origin of the axes as their common vertex, that is, if they are on three straight lines passing through the origin and making right angles with one another, it is obvious that we will have , , . [Méchanique Analitique, p. 340-42; my translation][footnoteRef:4] [4:  “Il est clair que , , , ne sont sont autre chose que lers coordonnées d’un point quelconque donné du système, & que de même , , , &  , , , sont les les coordonnées de deux autres points du systême aussi donnés à volontés ; ces coordonnées ayant leur origine commune dans le centre du systême. […] [Faisons] pour abréger , ,  […] Si les trois points du systême que nous avons pris pour donnés sont disposés, ensorte qu’ils forment des triangles rectangles autour du centre, lequel en sera le sommet commun, c’est-à-dire, que ces points soient pris dans trois droits passant par le centre, & formant entr’elles des angles droits, il est visible qu’on aura alors , , .”] 


In other words, to achieve orthogonality Lagrange sets OP·OP= 0, OP·OP= 0, OP·OP= 0. Obviously, he knew the geometric meaning of what we call the dot product of two geometric vectors.
Lagrange had already worked out the elements for a theory of systems of three radii vectores about ten years before, in the first part of his New solution of the problem of the rotational motion of a body of any shape which is not acted on by any force [1775a]. There, among other theorems about directed line segments, he proves the formula

		

where , , and  is the angle between the radii vectores  and  [Oeuvres de Lagrange 3, p. 585]. Except for notational details, this is our dot product. This formula also appears in his Analytical solutions to some problems on tetrahedra [1775b], which was written about the same time as the New solution [Oeuvres de Lagrange 3, p. 668].
After the publication of Lagrange’s two papers, the “dot product” was taken up by Euler in his memoir A new method for the determination of the motion of rigid bodies [1776], where it appears in the form 

,

which expresses the angle between two right lines in space in terms of their direction cosines [L. Euleri Opera omnia (II)9, p. 105]. In this new incarnation, it earned a place in every textbook of analytic geometry and higher mechanics of the 19th century, whereas, Lagrange’s original formulation lay dormant for almost a century.


Cross product
The first part of the New solution is a theory of systems of radii vectores of three moving points and the Analytical solutions is a study of tetrahedra considered as the portion of space enclosed by three radii vectores. Given the subject matter of these two papers, it should not surprise us that Lagrange discovered a number of properties of geometrical vectors long before the abstract concept of “vector” had been formulated. In the same way we recognize that, during the 17th-century, Fermat and Barrow, knew some theorems of differential and integral calculus even before the general theory wasborn.
Let us return to the section on the “General formulae relative to rotational motion” in the Méchanique analitique. After the passage reported above, Lagrange takes up anew the problem of defining a system of Cartesian axes fixed within the rotating rigid body:

Although the preceding analysis is very direct, it is possible to obtain the same results more naturally from this geometric consideration: that the position of a generic point in space is completely determined by its distance from three given points. [Méchanique analitique, p. 343; my translation][footnoteRef:5] [5:  “Quoique l’analyse précédente soit très-directe, on peut néanmoins parvenir aux mêmes résultats par une voie plus naturelle, en partant de cette consideration géométrique, que la position d’un point quelconque dans l’espace, est entièrement déterminée par ses distances à trois points donnés.”] 


This time he considers two points P, P moving with the rotating body and defines a system of co-moving axes with the origin at the fixed point O and two axes aligned along the segments OP and OP:

Now, since the positions of these points in the body is arbitrary, let us suppose for simplicity that their distances from the center of the body is equal to 1, and, moreover, that the straight lines drawn from the center to these two points are at right angles. […] From which it follows that a, b, c are nothing more that the rectangular coordinates of a generic point of the body referred to three axes passing through the center and fixed within the body, one of which passes through the point with coordinates , ,  and the other through the point represented by , , , while the third axis is perpendicular to the other two. [Méchanique analitique, p. 349; my translation][footnoteRef:6] [6:  “Or, comme la position de ces points dans le corps est arbitraires, on peut supposer pour plus de semplicité, que leurs distances au centre du corps soient =1, & que de plus les droits menées par le centre & par les deux points don’t il s’agit, forment entr’elles un angle droit. […] D’où il s’ensuit que a, b, c, ne sont autre chose que les coordonnées rectangles d’un point quelconque du corps, rapportées à trois axes passant par son centre, & fixes dans son intérieur, dont l’une passe par le point qui répond aux coordonnées , , , l’autre par le point relatif aux , , , & le troisième soit perpendiculaire à ces deux-là.”] 


In short, Lagrange refers the position of any point P(, , ) to a new set of axes by the formulae

,
,
,

where the points P(, , ) and P(, , ) defines the position of two axes [Méchanique analitique, pp. 350-1]. In standard vectorial notation, this means OP = aOP + bOP + cOPOP fixed, where P(, , ) is any point and a, b, c are some real coefficients. Then he adds the conditions

,
,
++=0,

that is, OP·OP= 0, , and defines the position of a fourth co-moving point P(, , ) by the formulae

,
,
,

or OP = OPOP, observing that

,
++=0,
++=0,

that is, OP·OP= OP·OP= 0, . Briefly, OP, OP, OP= OPOP is an orthonormal basis.
Thus we see that Lagrange had the formulae for the cross product of vectors in his hands. 
This part of the Méchanique analitique comes from the introductory sections of the New solution. In reading the source it is clear that Lagrange was aware of most the geometric interpretation of these formulae. For example, Lagrange knew of the interpretation of his expression for what we call the cross product uv as the (oriented) area of the parallelogram spanned by the vectors u and v [Oeuvres de Lagrange 3, p. 586].


Scalar triple product
In the Méchanique analitique occurs the following quantity occurs:

,

where , , ,  , , , , , , are the direction cosines of three directed unit segments drawn from the same origin However, nothing is said of its geometrical interpretation [Méchanique analitique, p. 354]. 
Let us now consider the chapter on “The determination of the orbits of comets” in the second edition. Here Lagrange marks with the letters C, C', C'' three positions of a comet (i.e., any moving point) on the surface of the unit sphere centered on the observer:

After having reduced the problem of comets to final equations with one unknown, it remains to examine the quantities which are assumed to be known. […] Let us begin with the quantity G [= ] from which the others are only derived. […] It is easy to prove that the quantity G is nothing more than the volume, taken six times, of the triangular pyramid for which the apex is at the center of the sphere whose radius is assumed equal to unity and which rests on the spherical triangle CC' C", that is, which has for base the rectilinear triangle made by the chords of the three arcs CC', CC", C' C". [Mécanique analytique, Oeuvres de Lagrange 12, pp. 56-8; translation by Boissonnade and Vagliente][footnoteRef:7] [7:  “Après avoir réduit le problème des comètes à des équations finales à une seule inconnue, il reste à examiner les quantités qui doivent être supposées connue. […] Commençons par la quantité G [[= ]], dont les autres ne sont que des dérivées. […] Il est facile de prouver que la quantité G n’est autre chose que la solidité, prise six fois, de la pyramide triangulaire qui a le sommet au centre de la sphère dont le rayon est supposé égal à l’unitè, et qui s’appuie sur le triangle sphérique CC' C", c’est-à-dire, qui a pour base le triangle rectiligne formé par les cordes des trois arcs CC', CC", C' C".”] 


Obviously, the quantity G =  is the volume of the parallelepiped spanned by the unit vectors OC, OC', OC'', where OC = (l, m, n), OC' = (l', m', n'), OC'' = (l'', m'', n''). Thus we see that Lagrange had the formula for the scalar triple product of geometrical vectors. He also invented the concise notation (C C' C'') for these expressions.
Once again, Lagrange was recycling old ideas. The interpretation as volumes of expressions like  goes back to the New solution [Oeuvres de Lagrange 3, p. 585] and the Analytical solutions [Oeuvres de Lagrange 3, p. 669]. The chapter on comets in the Méchanique analitique is modelled on his paper On the problem of the determination of the orbits of comets [1785].
To a modern reader, these quantities are best viewed as determinants:

G = .

While Lagrange does not say anything about this interpretation, he could not have missed it, for the first general theories of determinants, then called résultants, were published almost contemporarily by P. S. Laplace and A. T. Vandermonde about the same time as Lagrange’s two papers of 1775 [see Muir 1906, p. 15 ff].


Cauchy’s (so-called) inequality
Incidentally, it is worth noting that in the course of his research on systems of radii vectores Lagrange discovered the formula

,


now called Lagrange’s identity; it appears in the New solution as [Oeuvres de Lagrange 3, p. 581]. In modern language, it takes the form


,

where a and b are 3-dimensional Euclidean vectors with the respective lengths  and .
A few years later, in a paper entitled General remarks on the motion of several bodies mutually attracting in the inverse ratio of the square of the distances [1779] Lagrange obtained the inequality

,

which is an easy consequence of the above result [Oeuvres de Lagrange 4, p. 412]. Mathematicians immediately recognize this formula. Today it is called the Cauchy-Schwarz-Buniakovsky inequality because it was given in n dimensions in Cauchy’s Analyse algébrique [1821; see Oeuvres de Cauchy (II)3, p. 373] and reappeared, much later, in the works of H. A. Schwarz and V. Y. Buniakovsky. Maybe, in honor of its real discoverers, it should be renamed the Lagrange-Cauchy inequality. 


Mechanics of systems of bodies
While the statement in the Preface of the Méchanique analitique about the absence of geometrical arguments has been elevated to iconic status, the preceding paragraph is much less cited: 

In addition, this work will have another use. The various principles presently available will be assembled and presented from a single point of view in order to facilitate the solution of the problems of mechanics. Moreover, it will also show their interdependence and mutual dependence, and will permit the evaluation of their validity and scope. [Méchanique analitique, p. V; translation by Boissonnade and Vagliente][footnoteRef:8] [8:  “Cet Ouvrage aura d’ailleurs une autre utilité ; il réunira & présentera sous un même point de vue, les différens Principes trouvés jusqu’ici pour faciliter la solution des questions de Méchanique, en montrera la liaison & la dépendance mutuelle, &  mettra à portée de juger de leur justesse & de leur étendue.”] 


The great achievement of eighteenth century mechanics was the creation of formally coherent, nearly definitive theories for several different systems of bodies. The backbone of this success was a series of general principles, the most important of which were the conservation of vis viva, the principle of momentum, the principle of moment of momentum, the principle of virtual work, the principle of least action and the principle of the conservation of the motion of the centre of gravity. Before Lagrange it was known that these were theorems rathen than axioms. What was not clear was their degree of generality. (This, by the way, was the main motor behind the querelle des forces vives.) Mostly, they had been demonstrated in the context of specific theories.
As he implicitly says in the Preface, Lagrange put an end to the discussions by proving these theorems for most mechanical systems. Thus he accomplished in general what Euler had done for single points, rigid bodies and perfect fluids. In this respect, all the textbooks and general treatises on mechanics of the nineteenth century are direct descendents of the Méchanique analitique. 


A notation for partial derivatives
In the Méchanique analitique the symbol  indicates what we now denote by , that is, the partial derivative of the function V with respect to  [Méchanique analitique, p. 226]. 
At the close of the 18th century there were many notations, now completely forgotten, for partial derivatives. This period of confusion is described in the History of Mathematical Notations by F. Cajori [1929]. Unfortunately, Cajori omits to mention this remarkable antecedent of modern notation.


Spatial symmetries and conservation laws
According to accepted historical wisdom, Lagrange was not concerned with the problem of space in physics. However, a close examination of his work shows that he opened up new vistas on space and dynamics. While Newton and Euler had studied the structure of space and time in relation to the principle of inertia, Lagrange explored the connection between spatial invariance and conservation laws.
In the Méchanique analitique Lagrange first applies his invariance technique to the problem of finding the equilibrium of forces and momenta:

Let us consider an arbitrary system or assemblage of bodies or mass points mutually in equilibrium to which are applied various forces. If, for an instant, the action of these forces ceased to be mutually equilibrated, the system would begin to move and whatever its motion, it could always be considered as composed of 1) A translational motion common to all bodies; 2) A rotational motion about an arbitrary point; 3) A relative motion of the bodies expressing their change of position and their distance from one another. But, if they are to be in equilibrium, the bodies cannot have any of the motions cited above. However, it is obvious that the relative motions depend on the manner in which the bodies are arranged with respect to one another. Consequently, the conditions required to preclude these motions must be specifically fit to each system. Furthermore, the motions of translation and rotation can be independent of the configuration of the system and they can take place without changing the relative position of the bodies composing the system.
Thus the consideration of these two types of motion must furnish the general conditions or properties for equilibrium. These conditions and general properties are what we shall investigate. [Méchanique analitique, p. 25; translation by Boissonnade and Vagliente][footnoteRef:9] [9:  “Considerons un systême ou assemblage quelconque de corps ou points, qui étant tirés par des puissances quelconques, se fassent mutuellement équilibre. Si dans un instant l’action de ces puissances cessoit d’être détruite, le systême commenceroit à se mouvoir, & quel que pût être son mouvement, on pourroit toujours le concevoir comme composé, 1o d’un mouvement de translation commun à tous les corps, 2o d’un mouvement de rotation commun à tous les corps, 3o des mouvemens relatifs des corps entr’eux, par lesquels ils changeroient leur position, & leurs distances mutuelles. Il faut donc pour l’équilibre que les corps ne puissent prendre aucun de ces différens mouvemens. Or il est clair que les mouvemens relatifs dépendent de la maniere dont les corps sont disposés les uns par rapport aux autres ; par conséquent les conditions nécéssaires pour empêcher ces mouvemens, doivent être particuliers à chaque systême. Mais les mouvemens de translation & de rotation peuvent être indépendans de la forme du systême, & s’exécuter sans que la disposition & liaison mutuelle des corps en soit dérangée.
Ainsi la considération de ces deux especes de mouvemens doit fournir des conditions ou propriétés générales de l’équilibre. C’est ce que nous allons examiner.”] 


Lagrange’s argument is now familiar, though in modern textbooks is formulated in terms of the Lagrangian function rather than through the principle of virtual work. The basic idea is quite simple. Let us imagine that a system of n particles in equilibrium has been given an arbitrary translation
xi + a,    yi + b,    zi + c.
Assuming translational invariance, the virtual work of the forces acting on the system should be independent of the displacement . Therefore, the coefficients of a, b, c should be zero. This yields the equilibrium of forces
F1 + F2 + F3 + … = 0,
where Fi is the total force on the ith particle [Méchanique analitique, p. 28]. In a similar fashion, an arbitrary rotation of the system about some given axis yields the equilibrium of momenta
M1 + M2 + M3 + … = 0,
where Mi = ri  Fi is the moment acting on the ith particle [Méchanique analitique, p. 29].
About two hundred pages later Lagrange applies the same method to dynamics [Méchanique analitique, pp. 198-203]. This time translational invariance leads to the principle of momentum
,
while rotational invariance implies the principle of moment of momentum
.
As always with the Méchanique analitique, the main argument was not new. The idea of applying spatial invariance in order to obtain the principles of momentum and of moment of momentum went back to the very first paper on dynamics published by Lagrange, the Application of the preceding method to the solution of different problems in dynamics [1762]. In this case, the invariance argument was used in conjunction with the principle of least action [Oeuvres de Lagrange 1, p. 380]. Later still, in the General remarks [1779], Lagrange infinitesimally varied the Newtonian potential in an isolated system of mutually gravitating points [Oeuvres de Lagrange 4, pp. 403-6].
These ideas were then entirely new and threw much light on the significance of the conservation principles. We see here the first step on the way which, more than a century later, led E. Noether to her fundamental theorems.


From the first to the second edition
The second edition of the Méchanique analitique, now re-titled Mécanique analytique [1811-15], was published nearly a quarter of a century after the first. By then, a new generation of mathematicians, physicists and engineers was redefining mathematical physics. In his new Preface, Lagrange took notice of the changing landscape:

The present edition is in many respects a new work based on the same outline but augmented. I have further developed the principles and general formulas and I have introduced numerous additional applications in which the solutions to the major problems in the domain of mechanics will be found. [Mécanique analytique, Oeuvres de Lagrange 11, p. XIV; translation by Boissonnade and Vagliente][footnoteRef:10] [10:  “Celle-ci est, à plusieurs égards, un Ouvrage nouveau, sur le même plan, mais plus ample. On a donné plus de développement aux principes et aux formules générales, et plus d’étendue aux applications, dans lesquelles on trouvera la solution des principaux problèmes qui sont du resort de la Mécanique.”] 


How should we interpret the statement that the second edition is “a new work”? Certainly, not in the sense that the foundations had been consolidated; the old axioms are almost the same, except for minor improvements. Nor are we to look for mere exercises or examples, since there are no such things in Lagrange. In fact, the “further [developments of] the principles and [the] general formulae” reveal Lagrange’s reactions to new trends in mathematical physics: geometrical mechanics, questions of invariance and conservation laws. 
As for the “numerous additional applications,” a comparison with the mathematics literature up to 1810 shows that Lagrange had inserted into his treatise many of the new results that had been discovered since the appearance of the first edition. In a way, he was showing the mathematicians of the last generation that their efforts were but corollaries of his general theory. Some of these “additional applications” are easily found: L. Carnot’s theorems on the loss of vis viva during impact [Oeuvres de Lagrange 11, p. 310], P. S. Laplace’s invariable plane [Oeuvres de Lagrange 11, p. 285] and S. D. Poisson’s development of the theory of the variation of arbitrary constants [Oeuvres de Lagrange 12, p. 176]. Others are more recondite.


Projections of plane surfaces
Among the additions to the second edition is the proof that the sum of the products of the mass of every particle and the sectorial area described by its radius vector on each coordinate plane per unit time, that is

,

is invariant under a rotation of the coordinate axes [Oeuvres de Lagrange 11, p. 284]. In modern terms, this quantity is the squared magnitude of the total moment of momentum of the system. Thus Lagrange has nearly shown that moment of momentum is a vector.
In pursuing this argument Lagrange was covering the same ground as a then recent paper by Poisson on the geometric representation of moments by means of plane surfaces [1808]. Poisson considered a system of plane surfaces and studied the sum of their projections on the coordinate planes of an orthogonal Cartesian system. This amounts in effect to a geometric interpretation of the theory of moments. Poisson’s results became quite well-known and had a place in every textbook of mechanics and analytic geometry up to the end of the 19th century [Caparrini 2002].


Internal forces and torques
During the 18th century the theorem which states that the resultant and the resultant torque of the internal forces of a system of mass points are both equal to zero was not yet known. Only for some special mechanical systems, like rigid bodies, this seemed intuitively true [Truesdell 1968]. 
Therefore, when in the Méchanique analitique Lagrange wrote the principles of linear momentum and of moment of momentum, he did not mention the distinction between internal and external forces.
As far as we know, the first proofs of the vanishing of the total internal forces and torques are due to Laplace and were published in the Traité de Mécanique céleste [1799; Oeuvres de Laplace 1, pp. 62-64]. Laplace also remarked that, because of these lemmas, internal forces and torques do not appear in the principles of linear momentum and of moment of momentum.
Lagrange took note of all this in the second edition of his treatise. His proof of Laplace’s lemmas is a simple corollary of translational and rotational invariance: evidently, internal forces and torques are not affected by rigid translations or rotations of the whole system. These lemmas were first demonstrated for statics [Oeuvres de Lagrange 11, pp. 47 and 50], and then taken over into dynamics [Oeuvres de Lagrange 11, pp. 274 and 279]. Laplace’s two lemmas then appeared in the works of Binet, Cauchy and Poisson [Caparrini 1999 and 2002].


The vector representation of infinitesimal rotations
The vectorial composition of infinitesimal rotations was discovered by P. Frisi in his 1759 book on the precession of the equinoxes, but it went unnoticed until it was rediscovered by Lagrange [Caparrini 2002].
Lagrange did not immediately recognize the vectorial nature of his theorems. In the Méchanique analitique he demonstrates that any infinitesimal rotation of a rigid body with a fixed point O can be obtained as a sequence of three rotations about three orthogonal axes meeting at O:

It follows that arbitrary instantaneous rotations d, d, d about three orthogonal axes, intersecting at the same point, are composed of one rotation , about an axis passing through this same point of intersection and making the angles , ,  with these three axes such that , , , and conversely, an arbitrary rotation d  about a given axis can be resolved into three partial rotations expressed by , ,  about three axes which intersect at right angles on a point of the given axis and which make with this axis the angles , , . This gives a simple way to compose and resolve instantaneous motions or rotational velocities. [Méchanique analitique, p. 33; translation by Boissonnade and Vagliente][footnoteRef:11] [11:  “On doit conclure de-là en général, que des rotations quelconques d, d, d  autour de trois axes qui se coupent perpendiculairement dans un point, se composent en une seule , autour d’un axe passant par le même point d’intersection, & faisant avec ceux-là des angles , ,  tels que , , , & réciproquement qu’une rotation quelconque d  autour d’un axe donné, peut se decomposer en trois rotations partielles exprimés par , , , autour de trois axes qui se coupent perpendiculairement dans un point de l’axe donné, & qui fassent avec lui les angles , ,  ; ce qui fournit, comme l’on voit, un moyen bien simple de composer & de décomposer les mouvemens de rotation.”] 


It is easy to see how close Lagrange comes to establishing the vectorial character of infinitesimal rotations, yet he fails to do so.
Lagrange considers again the same problem in the second edition. This time, after the passage reported above, he adds a completely new analysis of the problem: he demonstrates that the partial rotations transform as the components of a force. Thus he succeeds at last in formulating the vectorial composition of infinitesimal rotations;

It is clear from this development that the composition and resolution of rotational motions are entirely analogous to rectilinear motions. Indeed, if on the three axes of rotation d, d, d one takes from their point of intersection lines proportional respectively to d, d, d, and if one draws on these three lines a rectangular parallelepiped, it is easy to see that the diagonal of this parallelepiped will be the axis of composed rotation d and will be at the same time proportional to this rotation d. From this result and because the rotations about the same axis can be added or subtracted depending on whether they are in the same or opposite directions as the motions which are in the same or opposite directions, in general, one must conclude that the composition and resolution of rotational motions is done in the same manner and by the same laws that the composition or resolution of rectilinear motions, by substituting for rotational motions rectilinear motions along the direction of the axes of rotation. [Mécanique analytique, Oeuvres de Lagrange 11, p. 61; translation by Boissonnade and Vagliente][footnoteRef:12] [12:  “On voit par là que ces compositions et décompositions des mouvements de rotation sont entièrement analogues à celles des mouvements rectiligne. En effet si sur les trois axes de rotation d, d, d on prend, depuis leur point d’intersection, des lignes proportionelles respectivement à d, d, d, et que l’on construise sur ces trois lignes un parallélépipède rectangle, il est facile de voir que la diagonal de ce parallélépipède sera l’axe de la rotation composée d et sera en même temps proportionelle à cette rotation d. De là, et de ce que les rotations autour d’un même axe s’ajoutent ou se retranchent suivant qu’elles sont dans le même sens ou dans des sens opposés, comme les mouvements qui ont la même direction ou des directions opposées, on doit conclure en général que la composition et la décomposition des mouvements de rotation se fait de la même manière et suit les mêmes lois que la composition et la décomposition des mouvements rectilignes, suivant la direction des axes de rotation.”] 


We do not know if Lagrange took this result from Frisi. It is possible that he did, for he knew Frisi’s works well. But he might also have noticed the similarities between his old formulae and the then recent results on the vectorial composition of moments of forces. However it may be, his contemporaries attributed to him all the merits of the discovery. Undoubtedly, it is through the Mécanique analytique that the vectorial theory of angular velocity made its way into modern literature.


The geometrical theory of moments
At the beginning of the 19th century, thanks to the work of Euler, Laplace, Poinsot, Prony, Poisson, Binet and Cauchy, it became clear that moments of forces can be represented by directed line segments and composed according to the parallelogram rule [Caparrini 2002].
Lagrange took notice of this discovery in the second edition of his treatise. As we have seen, he had demonstrated that that infinitesimal rotations admit a vector representation. Given this result, his proof of the vectorial composition of moments follows immediately from the apparently natural hypothesis that the moment of a force about an axis is proportional to the corresponding rotation in a given infinitesimal time [Oeuvres de Lagrange 11, p. 60]. Unfortunately Lagrange’s proof is not correct, because this assumption does not take into account the role of the moments of inertia.


Formal invariance
As is well known, in the Méchanique analitique statics is entirely founded on the principle of virtual works, expressed by the formula

,

where P, Q, R, … are the applied forces per unit mass and dp, dq, dr, … are the projections along the direction of the forces of the virtual displacements of their points of application [Méchanique analitique, p. 15].
Generalizing from statics to dynamics via d'Alembert’s principle, the formula becomes

,

where , , , are the inertial forces [Méchanique analitique, p. 195].
This obviously leads to a problem: while the original formula is independent of the coordinates, the additional terms  depend on the axes.
Lagrange tackled the question in the second edition:

There is an important addition in Section II [of Part II: Dynamics]. It is shown for which cases the general formula of dynamics and consequently, the equations which result for the motion of a system of bodies, is independent of the position of the coordinate axes in space. This demonstration gives a means of completing a solution by the introduction of three new arbitrary constants where some constants would have otherwise been assumed to be equal to zero. [Mécanique analytique, Oeuvres de Lagrange 11, p. XVI; translation by Boissonnade and Vagliente][footnoteRef:13] [13:  “Il y a dans la deuxième Section une addition importante, où l’on montre dans quels cas la formule générale de la Dynamique et, par conséquent aussi, les équations qui en résultent pour le movement d’un système de corps sont indépendantes de la position des axes des coordonnées dans l’espace, ce qui donne le moyen de completer une solution où l’on aurait supposé nulles quelques constantes, par l’introduction de trois nouvelles constantes arbitraries.”] 


The proof is by direct substitution [Oeuvres de Lagrange 11, p. 269]. Lagrange shows that the virtual work per unit mass and unit time



is not affected by an orthogonal transformation of coordinates

,
,
,

where , , … etc.
This is one of the first algebraic demonstrations of coordinate invariance. A few years earlier, Laplace had studied the effect of an orthogonal transformation of coordinates on the three sums of the projections on the coordinates planes of the areas swept out by the radii vectores of a system of particles [1798]. Succesively, Poisson had thrown light on the geometrical background of this theorem, demonstrating implicitly the independence of the solution from the choice of axes [1808].
Apparently, the idea spread slowly. In 1834 G. Lamé demonstrated the invariance of the Laplacian and other differential operators, and as late as 1841 Cauchy devoted a paper to the invariance of what we call the dot product, the triple scalar product and the magnitude of the cross product.


The Lagrangian function
Today Lagrange’s equations in the Méchanique analitique, look somewhat unfamiliar, for they are expressed in the form

,

where T is the kinetic energy, V the potential energy,  a generalized coordinate and the corresponding generalized velocity [Méchanique analitique, p. 226]. We are surprised by the absence of the Lagrangian , but a moment's reflection is sufficient to understand that Lagrange consciously separated the kinematics T from the dynamics V [Méchanique analitique, p. 217]. Lagrange’s equations were mostly expressed in this form during the 19th century.
To find the combination , we must turn to Lagrange’s first paper on the variation of arbitrary constants in mechanics [1809], his last burst of creative genius. There he introduces the function  and a perturbation function  which takes into account, for example, moving centers of force. The equations of motions then take the form

,

which is close enough to that reported in our textbooks [Oeuvres de Lagrange 6, p. 778]. The general theory of the variation of arbitrary constants in mechanics was then inserted into the Mécanique analytique of 1811-15, where the function  was denoted by Z [Oeuvres de Lagrange 11, p. 347].
Let us fast forward to the second half of the century. The function introduced by Lagrange in 1808 was called Lagrangian in E. J. Routh’s Treatise on the Stability of a Given State of Motion [1877, p. 47]. Ten years later, in a paper entitled “On the physical meaning of the principle of least action,” Helmholtz introduced the kinetische Potential H = V  T as a world function encompassing different physical phenomena [Wissenschaftliche Abhandlungen 3, p. 204]. Finally, the terminology was standardized in E. T. Whittaker’s Treatise on the Analytical Dynamics of Particles and Rigid Bodies [1904, p. 38].
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