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Abstract

A longstanding open problem in mathematical physics has been that of finding an action
principle for the Einstein-Weyl (EW) equations. In this paper, we present for the first time
such an action principle in three dimensions in which the Weyl vector is not exact. More
precisely, our model contains, in addition to the Weyl nonmetricity, a traceless part. If the
latter is (consistently) set to zero, the equations of motion boil down to the EW equations.
In particular, we consider a metric affine f(R) gravity action plus additional terms involving
Lagrange multipliers and gravitational Chern-Simons contributions. In our framework, the
metric and the connection are considered as independent objects, and no a priori assumptions
on the nonmetricity and the torsion of the connection are made. The dynamics of the Weyl
vector turns out to be governed by a special case of the generalized monopole equation, which
represents a conformal self-duality condition in three dimensions.
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1 Introduction

A remarkable generalization of Riemannian geometry was first proposed in 1918 by Weyl (see
e.g. [1–4]), who introduced an additional symmetry in an attempt of geometrically unifying elec-
tromagnetism with gravity [5, 6]. In this theory, both the direction and the length of vectors are
allowed to vary under parallel transport1. The trace part of the connection introduced by Weyl is
known as the Weyl vector. When it is exact, it can be gauged away by a local scale transformation.
In this case, Weyl geometry is said to be integrable (parallel transported vectors along closed paths
return with unaltered lengths), and there exists a subclass of global gauges in which the geometry
is Riemannian.

Mathematically, a Weyl structure on an n-dimensional manifold M consists of a conformal
structure [g] = {fg, f : M → R

+}, together with a torsion-free connection ∇ which is compatible
with [g] in the sense that

∇µgνρ = 2hµgνρ , (1)

for some one-form h on M. This compatibility condition is invariant under the transformation

g 7→ e2Ωg , h 7→ h+ dΩ , (2)

where Ω is a function on M.
A Weyl structure is said to be Einstein-Weyl (EW) [8] if the symmetrized Ricci tensor Rµν of

∇ is proportional to some metric g ∈ [g]. This conformally invariant condition is equivalent to

R(µν) −
R

n
gµν = 0 , (3)

with R the Ricci scalar of ∇.
A longstanding and still unresolved open problem has been that of finding an action principle

for (3). Here we shall present for the first time an action principle for the EW equations in 2 + 1
dimensions2 in which the Weyl vector is not exact. Notice that three-dimensional EW geometry [9]
is particularly interesting, since it is related to dispersionless integrable systems [10–12]. More-
over, Jones and Tod [13] showed that selfdual conformal four-manifolds with a conformal vector
field are in correspondence with abelian monopoles on Einstein-Weyl three-manifolds. In ref. [14],
Gauduchon and Tod studied the structure of four-dimensional hyper-Hermitian Riemannian spaces
admitting a tri-holomorphic Killing vector, i.e., a Killing vector that is compatible with the three
complex structures on the hyper-Hermitian space. It turned out that the latter is fibered over a
specific type of three-dimensional EW spaces, called hyper-CR or Gauduchon-Tod.

Note also that 3d EW manifolds and their generalizations play an important role also in high en-
ergy physics, for instance in the context of supersymmetric solutions to fake supergavity [15–17], in
the classification of four-dimensional Euclidean gravitational instantons [18,19], or supersymmetric
near-horizon geometries [20, 21]. Moreover, Weyl connections were considered recently in holog-
raphy [22]. For a general review of Einstein manifolds with nonmetric and torsionful connections
cf. [23].

1Note, however, that Weyl’s attempt to identify the trace part of the connection, associated with stretching and
contraction, with the vector potential of electromagnetism failed, due to observational inconsistencies [7].

2Our results hold also in three Euclidean dimensions.
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Our construction of an action that leads to (3) involves a metric affine f(R) gravity ac-
tion [24–29] plus additional terms containing Lagrange multipliers and gravitational Chern-Simons
contributions. We work in a first order formalism, where the metric and the connection are treated
as independent variables, and make no a priori assumptions on the metricity and the torsion of the
connection.

The remainder of this paper is organized as follows: In section 2 we briefly review metric affine
f(R) gravity in n dimensions, following [25,26]. Subsequently, in section 3 we construct an action
that yields the EW equations with nonexact Weyl vector in three dimensions. We conclude our
work with some final remarks.

2 Metric affine f(R) gravity in n dimensions

Consider the gravitational action

SG =
1

2κ2

∫

dnx
√−gf(R) , (4)

where κ denotes the gravitational coupling constant and f(R) is an arbitrary function of the scalar
curvature R = gµνRµν(Γ), with Γ a general affine connection3. We work in a first order (Palatini)
formalism, where the metric gµν and the connection Γλ

µν are treated as independent variables.
Variation of (4) w.r.t. gµν gives

f ′(R)R(µν) −
1

2
f(R)gµν = 0 , (5)

while the variation w.r.t. Γλ
µν leads to

1√−g

[
−∇λ

(√−gf ′(R)gµν
)
+∇σ

(√−gf ′(R)gµσ
)
δνλ

]

+ 2f ′(R)
(
gµνΓσ

[λσ] − gµρΓσ
[ρσ]δ

ν
λ + gµσΓν

[σλ]

)
= 0 .

(6)

The trace of (5) yields
f

2f ′
=

R

n
, (7)

which is identically satisfied if we choose

f = CRn/2 , (8)

where C is an arbitrary integration constant. Let us observe that (7) could also be viewed as an
algebraic equation on R admitting generically solutions with constant scalar curvature (cf. e.g. [26]).
Here, we consider the specific choice (8). Then (with C = 1), the action (4) becomes

SG =
1

2κ2

∫

dnx
√−gRn/2 , (9)

which is invariant under the conformal transformation (we use the same definition as [26])

gµν 7→ g′µν = e2Ωgµν , Γλ
µν 7→ Γ′λ

µν = Γλ
µν , (10)

3We adopt the same conventions of [25,26]. In particular, our metric convention is η = diag(−,+,+).
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where Ω is a scalar function. Indeed, under (10) we have

dnx
√
−g 7→ dnxenΩ

√
−g , Rλ

µνρ 7→ Rλ
µνρ , Rµρ 7→ Rµρ , R 7→ e−2ΩR , (11)

and one can clearly see that (9) is invariant.
Now, plugging (7) into (5), the latter boils down to

R(µν) −
R

n
gµν = 0 . (12)

In the case in which one has Weyl nonmetricity (1) and vanishing torsion, (12) precisely corresponds
to the Einstein-Weyl equations. Observe that (12) is traceless.

Let us take a closer look at (6). Using the definition of the Cartan torsion tensor,

Tµν
ρ := Γρ

[µν] , (13)

(6) can be rewritten as

1√−g

[
−∇λ

(√−gf ′(R)gµν
)
+∇σ

(√−gf ′(R)gµσ
)
δνλ

]

+ 2f ′(R) (gµνTλ − T µδνλ + gµσTσλ
ν) = 0 ,

(14)

where Tλ := Tλσ
σ is the trace part of the torsion. Taking the λ, µ trace of (14) leads to the identity

Pµ
µν = 0 , (15)

where we introduced the so-called Palatini tensor,

Pλ
µν = −∇λ (

√−ggµν)√−g
+

∇σ (
√−ggµσ) δνλ√−g

+ 2 (gµνTλ − T µδνλ + gµσTσλ
ν) , (16)

which is indeed traceless. Contracting λ and ν in (14), one obtains4

(n− 1)∇σ

(√−gf ′(R)gσµ
)
= 2(n− 2)

√−gf ′(R)T µ . (17)

Plugging (17) into (14) and taking the symmetric and antisymmetric part in µ, ν, we get respectively

− 1√−g
∇λ

(√−gf ′(R)gµν
)
+ 2f ′(R)

(

gµνTλ −
1

n− 1
gρ(µδν)λTρ + gσ(µTσλ

ν)

)

= 0 , (18)

and

− 1

n− 1
gρ[µδν]λTρ + gσ[µTσλ

ν] = 0 . (19)

After some algebraic manipulation, (19) gives

Tλµ
ν =

2

n− 1
T[λδµ]

ν , (20)

4Here we also fix a miscalculation appearing in [27].
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i.e., the torsion is completely determined by its trace part Tλ. On the other hand, if we take the
µ, ν trace in (18) and use the general formula [25,26]

∇λ
√−g = −1

2

√−ggµν∇λg
µν = −1

2

√−ggµνQλ
µν = −1

2

√−gQλ , (21)

where Qλ ≡ Qλµ
µ is a trace of the nonmetricity tensor5, we find

n− 2

2n
Qλ +

2(n − 2)

n− 1
Tλ =

∂λf
′

f ′
, (22)

or equivalently
n− 2

2
wλ = ∂λlnf

′ , (23)

where we introduced the so-called affine vector wλ [25], defined in n dimensions by

wλ :=
1

n
Qλ +

4

n− 1
Tλ . (24)

Observe that, using (8), eq. (23) can be rewritten as

∂λlnR = wλ , (25)

i.e., the affine vector is exact. Now, plugging the expression for ∂λ ln f
′ from (22) and the torsion

(20) into (18), we obtain

Qλµν =
1

n
Qλgµν . (26)

The nonmetricity is thus fully determined by the vector Qλ. Notice that in the irreducible decom-
position of the nonmetricity tensor under the Lorentz group there is a second nonmetricity vector
Q̃ν := Qµ

µν . Using (26), one gets Q̃ν = 1
nQν , and therefore (26) can alternatively be written as

Qλµν = Q̃λgµν .
Finally, exploiting the generic decomposition of an affine connection,

Γλ
µν = Γ̃λ

µν +Nλ
µν , (27)

where the distortion tensor Nλ
µν and the Levi-Civita connection Γ̃λ

µν are respectively given by

Nλ
µν =

1

2
gρλ (Qµνρ +Qνρµ −Qρµν)

︸ ︷︷ ︸

deflection

− gρλ (Tρµν + Tρνµ − Tµνρ)
︸ ︷︷ ︸

contorsion

, (28)

Γ̃λ
µν =

1

2
gρλ (∂µgνρ + ∂νgρµ − ∂ρgµν) , (29)

one can show that, in the present case, the complete expression for the affine connection reads

Γλ
µν = Γ̃λ

µν +
1

2n
Qνδ

λ
µ +

1

2

(

wµδν
λ − gµνw

λ
)

. (30)

5The latter is defined by Qλµν := −∇λgµν = −∂λgµν + Γρ
µλgρν + Γρ

νλgµρ.
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Notice that, in f(R) theories, the connection is only determined up to a vectorial degree of freedom
[25,26]. Indeed, using the definition of the Ricci tensor,

Rµν := Rλ
µλν = 2∂[λΓ

λ
|µ|ν] + 2Γλ

ρ[λΓ
ρ
|µ|ν] , (31)

one can show that under projective transformations6

Γλ
µν 7→ Γ′λ

µν = Γλ
µν + δλµξν , (32)

where ξν is an arbitrary vector field, the symmetric part of the Ricci tensor and thus the Ricci
scalar and the action (4) remain invariant.

Observe that in the case in which (7) is considered as a purely algebraic equation for the scalar
curvature R yielding constant curvature metrics, one has, from (25), that the affine vector wµ

vanishes, which implies

Qµ = − 4n

n− 1
Tµ , (33)

and

Γλ
µν = Γ̃λ

µν +
1

2n
Qνδ

λ
µ . (34)

One can therefore always arrive at the Levi-Civita connection by choosing ξν appropriately in (32).
On the other hand, in the case of f(R) theories with f(R) = Rn/2, taking into account that

under the projective transformation (32) one has7

Tµν
λ 7→ Tµν

λ + δ[µ
λξν] , Tµ 7→ Tµ − n− 1

2
ξµ ,

Nλ
µν 7→ Nλ

µν + δλµξν , Qλµν 7→ Qλµν + 2ξλgµν , Qµ 7→ Qµ + 2nξµ ,
(35)

one easily shews that the affine vector wµ is invariant under (32). This is consistent with the fact
that wµ is related by (25) to the scalar curvature R, which was shown above to be projectively
invariant. One can use the projective gauge freedom to further restrict the torsion and nonmetricity,
and thus the affine connection. For instance, we can choose ξµ in such a way to eliminate either
the torsion or the nonmetricity [25,26],

ξµ =
2

n− 1
Tµ ⇒







T ′
µ = 0 ⇒ T ′

µν
λ
= 0 ,

Q′
µ = Qµ +

4n

n− 1
Tµ ⇒ Q′

λµν = Qλµν +
4

n− 1
Tλgµν ;

ξµ = − 1

2n
Qµ ⇒







T ′
µ = Tµ +

n− 1

4n
Qµ ⇒ T ′

µν
λ
= Tµν

λ +
1

2n
Q[µδν]

λ ,

Q′
µ = 0 ⇒ Q′

λµν = 0 .

(36)

Intriguingly, one may also choose ξµ in such a way that the torsion and nonmetricity vectors result
to be interchanged [25]8,

ξµ =
2

n− 1
Tµ − 1

2n
Qµ ⇒







T ′
µ =

n− 1

4n
Qµ ⇒ T ′

µν
λ
=

1

2n
Q[µδν]

λ ,

Q′
µ =

4n

n− 1
Tµ ⇒ Q′

λµν =
4

n− 1
Tλgµν .

(37)

6The latter are defined as those transformations of the affine connection that leave the autoparallels of vectors
invariant up to reparametrizations of the affine parameter [25].

7Here we use N(λµ)ν = 1
2
Qνλµ.

8Notice that, in this case, the scalar product TµQ
µ is left invariant under the transformation.
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In this sense, systems with spacetime dislocations (induced by torsion) are physically equivalent to
systems with Weyl nonmetricity [25].

As we already mentioned, the action (9) is also invariant under the conformal transformations
(10), under which the torsion and nonmetricity transform respectively as

Tµν
λ 7→ T ′

µν
λ
= Tµν

λ , Qλµν 7→ Q′
λµν = e2Ω [Qλµν − 2gµν∂λΩ] , (38)

which implies

Tµ 7→ T ′
µ = Tµ , Qµ 7→ Q′

µ = Qµ − 2n∂µΩ , Q̃µ 7→ Q̃′
µ = Q̃µ − 2∂µΩ . (39)

For further details on transformations in metric affine manifolds we refer to [26].
To conclude this preliminary review, let us now briefly discuss, following [26], what happens

when one adds a matter action SM[gµν ,Γ
λ
µν ] to (4). The full action is then

S = SG + SM . (40)

Variation of (40) w.r.t. gµν gives

f ′(R)R(µν) −
1

2
f(R)gµν = κ2Tµν , (41)

where

Tµν := − 2√−g

δSM

δgµν
(42)

is the energy-momentum tensor9, while the variation w.r.t. Γλ
µν leads to

1√−g

[
−∇λ

(√−gf ′(R)gµν
)
+∇σ

(√−gf ′(R)gµσ
)
δνλ

]

+ 2f ′(R)
(
gµνΓσ

[λσ] − gµρΓσ
[ρσ]δ

ν
λ + gµσΓν

[σλ]

)
= κ2∆λ

µν ,

(43)

with the hypermomentum tensor

∆λ
µν ≡ − 2√−g

δSM

δΓλ
µν

, (44)

that contains information on the spin, shear and dilation of matter. Using the Cartan torsion
tensor, (43) can be cast into

1√−g

[
−∇λ

(√−gf ′(R)gµν
)
+∇σ

(√−gf ′(R)gµσ
)
δνλ

]

+ 2f ′(R) (gµνTλ − T µδνλ + gµσTσλ
ν) = κ2∆λ

µν .

(45)

The λ, µ trace of (45) gives
∆µ

µν = 0 , (46)

which cannot hold for any form of matter. (46) arises due to the projective invariance of the Ricci
scalar. Metric affine f(R) theories of gravity can thus be consistently coupled only to projectively
invariant matter. Note in this context that the terms added to (9) in the next section break
projective invariance, so that the resulting theory can be coupled to any type of matter.

9If f(R) is given by (8), the trace of (41) yields gµνTµν = 0, so this specific model can be coupled only to
conformally invariant matter.
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3 An action principle for the Einstein-Weyl equations in three

dimensions

In this section, we present an action principle for the Einstein-Weyl equations in 2 + 1 dimen-
sions. To this end, we consider the f(R) contribution (9) plus additional terms involving Lagrange
multipliers and gravitational Chern-Simons contributions.

Let us first recall the decomposition of the nonmetricity Qλµν and torsion Tλµ
ν in a trace and

traceless part. In three dimensions, one has [26]

Qλµν =
2

5
Qλgµν −

1

5
Q̃λgµν +

3

5
gλ(νQ̃µ) −

1

5
gλ(νQµ) +Ωλµν , (47)

Tλµ
ν = δ[µ

νTλ] + Sλµ
ν , (48)

where the traces Qλ (the Weyl vector), Q̃λ and Tλ were defined in the previous section, while Ωλµν

and Sλµ
ν denote the traceless parts of the nonmetricity and torsion respectively. In the following,

we shall need the variation of the latter w.r.t. the metric and the connection, which is given by [26]

δgQραβ = ∂ρ (gµαgνβδg
µν)− 2gλµgν(αΓ

λ
β)ρδg

µν , δgTµν
α = 0 , (49)

and
δΓQραβ = 2δνρδ

µ
(αgβ)λδΓ

λ
µν , δΓTαβ

λ = δ[µα δ
ν]
β δΓλ

µν . (50)

These imply

δgQρ = ∂ρ (gµνδg
µν) , δgTµ = 0 , (51)

δgQ̃β = δgµν [gνβg
ρα∂ρgµα + Γλ

µνgλβ − gρσΓα
ρσgµαgνβ ] + gνβ∂µδg

µν , (52)

and
δΓQρ = 2δνρδ

µ
λδΓ

λ
µν , δΓQ̃β = (gµνgβλ + δµβδ

ν
λ)δΓ

λ
µν , δΓTα = δ[µα δ

ν]
λ δΓλ

µν . (53)

We propose the action

S =
1

2κ2

∫

d3x

[√−gf(R) +
1

2µ
ǫµνρQρR̂νµ

]

+

∫

d3xǫµνρ
[

χρµ

(

−1

3
Qν + Q̃ν

)

+ ζνσTρµ
σ

]

+
3

κ2µ

∫

d3xǫµνρ
(

Γσ
τρ∂µΓ

τ
σν +

2

3
Γτ

σµΓ
σ
ανΓ

α
τρ

)

,

(54)

where f(R) = R3/2, R̂µν := Rλ
λµν = ∂[µQν] denotes the homothetic curvature tensor, and µ is a

Chern-Simons coupling constant. Note that (54) contains a Chern-Simons term both for the Weyl
vector and the connection Γ. In (54) we also introduced the Levi-Civita symbol ǫµνρ =

√−gεµνρ,
where εµνρ is the Levi-Civita tensor. χµν = −χνµ and ζµν are Lagrange multipliers10. The idea
that gravitational Chern-Simons terms may be useful to find an action principle for the three-
dimensional EW equations appeared for the first time in [9, 30]. In particular, the suggestion to

10The action (54) is diffeomorphism-invariant by construction, since it can be written as S =
∫
d3x

√
−gΨ, where

Ψ transforms as a scalar under general coordinate transformations.
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use a CS term for the Weyl vector occurs as a final comment in [9]. (54) can also be written in the
form

S =
1

2κ2

∫

d3x

[√−gf(R) +
1

2µ
ǫµνρQρR̂νµ

]

+

∫

d3xǫµνρ
[

χρµ

(

−1

3
Qν + Q̃ν

)

+ ζνσTρµ
σ

]

+
3

2κ2µ

∫

d3xǫµνρ
(

Rσ
τµνΓ

τ
σρ −

2

3
Γτ

σµΓ
σ
ανΓ

α
τρ

)

.

(55)

From the variation of (54) w.r.t. χµν and ζµν we get respectively

Q̃µ =
1

3
Qµ , (56)

εµρσTρσ
ν = 0 . (57)

The latter implies vanishing torsion,
Tρσ

ν = 0 . (58)

Varying w.r.t Γλ
µν and using (50), (53), one obtains

Pλ
µν + δλ

νgµσ
∂σf

′

f ′
− gµν

∂λf
′

f ′
+

2

µf ′
ενρσ(3Rµ

λρσ − δλ
µR̂ρσ)

+
2κ2

f ′

(

δλ
νεµρσχρσ − 2

3
δλ

µενρσχρσ + gλτ ε
τρσχρσg

µν + εµνρζρλ

)

= 0 ,

(59)

where Pλ
µν is the Palatini tensor defined in (16). In the following, we shall consistently set the

traceless part of the nonmetricity to zero,

Ωλµν = 0 . (60)

Notice that (56) and (60) are precisely the constraints needed to get the Weyl nonmetricity (1):
Plugging (56) and (60) into the decomposition (47) gives Qλµν = gµνQλ/3, and thus

∇λgµν = −Qλµν = −1

3
Qλgµν , (61)

which coincides with (1) for hλ = −Qλ/6.
Using (56), (58), (60), and writing the Palatini tensor explicitly in terms of the Weyl vector

Qµ, (59) becomes

1

6
(gµνQλ − δλ

νQµ) + δλ
ν ∂

µf ′

f ′
− gµν

∂λf
′

f ′
+

6

µf ′

[

2εανβgλαR̃
µ
β + εαµν(gαλR̃− 2R̃αλ)

]

+
1

µf ′

[
1

3
εαµν(gαλQρQ

ρ −QαQλ + 6∇̃αQλ) + εανβgαλ

(
1

3
QβQ

µ − 2∇̃βQ
µ

)]

+
2κ2

f ′

(

δλ
νεµρσχρσ − 2

3
δλ

µενρσχρσ + gλτ ε
τρσχρσg

µν + εµνρζρλ

)

= 0 .

(62)

Here, ∇̃ denotes the Levi-Civita connection, and R̃µν , R̃ are respectively its Ricci tensor and scalar
curvature. We also used (27), (28), (47) and (48) to express the Riemann tensor in terms of its
Levi-Civita part and the Weyl vector.
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The λ, µ trace of (62) leads to

2κ2

f ′
ενρσζρσ = 0 ⇒ ζ[ρσ] = 0 . (63)

Taking this into account and considering the λ, ν trace of (62), we obtain

10κ2

3f ′
εµρσχρσ − 1

6
Qµ − 1

µf ′
εµρσR̂ρσ +

∂µf ′

f ′
= 0 . (64)

Plugging (63) and (64) into (62), and taking the µ, ν trace of the resulting equation, one finds

χρσ = 0 , (65)

and thus (64) reduces to
∂µf ′

f ′
=

1

6
Qµ +

1

µf ′
εµρσR̂ρσ . (66)

With (65) and (66), (62) becomes

(δλ
νεµρσ − εαρσgαλg

µν)R̂ρσ + 6
[

2εανβgλαR̃
µ
β + εαµν(gαλR̃− 2R̃λα)

]

+
1

3
εαµν(gαλQρQ

ρ −QαQλ + 6∇̃αQλ) + εανβgαλ

(
1

3
QβQ

µ − 2∇̃βQ
µ

)

+ 2κ2µεµνρζλρ = 0 .
(67)

Before proceeding with the analysis of (67), consider the variation of (54) w.r.t. gµν . To this end,
observe that the Chern-Simons terms are topological, i.e., independent of the metric up to boundary
terms. If we use moreover (60) and (65), it is straightforward to shew that the equations of motion
of gµν are just given by the Einstein-Weyl equations (12) for n = 3,

R(µν) −
R

3
gµν = 0 . (68)

Notice that, if one kept Ωλµν 6= 0, there would be additional pieces in (68), so that one would
not obtain precisely the EW equations, but something more general that contains a traceless part
of the nonmetricity. Recall that (68) is supplemented by (56), (58) and (60), and that we get a
nonexact Weyl vector whose dynamics is governed by (66). In terms of its Levi-Civita part and
the Weyl vector, (68) reads

R̃µν −
1

3
gµνR̃− 1

108
gµνQρQ

ρ +
1

36
QµQν +

1

18
gµν∇̃ρQ

ρ − 1

6
∇̃(µQν) = 0 . (69)

Plugging this into (67), the latter becomes

δλ
νεµρσR̂ρσ − εαρσgαλg

µνR̂ρσ − 2εαµνR̂λα + 2εανρgαλR̂
µ
β

+ εαµνgαλ

(
1

9
QρQ

ρ − 2R̃ +
4

3
∇̃ρQ

ρ

)

+ 2κ2µεµνρζλρ = 0 .
(70)

(66) is equivalent to
R̂ρσ = ερστΥτ , (71)

9



where

Υτ :=
1

2
µερστ

(
1

6
f ′Qτ − ∂τf

′

)

. (72)

Using this in (70), one easily shows that the terms involving the homothetic curvature tensor
identically vanish, and we are left with

εαµνgαλ

(
1

9
QρQ

ρ − 2R̃+
4

3
∇̃ρQ

ρ

)

+ 2κ2µεµνρζλρ = 0 , (73)

or equivalently

ζµν =
1

κ2µ
gµν

(

R̃− 1

18
QρQ

ρ − 2

3
∇̃ρQ

ρ

)

=
1

κ2µ
gµνR , (74)

where we used (56), (58) and (60) in the last step. Summarizing, one has

Qλµν =
1

3
Qλgµν , (75)

which corresponds to Weyl nonmetricity, together with (58), (66) and (68). The latter are precisely
the Einstein-Weyl equations in three dimensions. The final form of the connection, obtained by
plugging (58) and (75) into (28), results to be

Γλ
µν = Γ̃λ

µν −
1

6
gµνQ

λ +
1

3
δ(µ

λQν) . (76)

With f(R) = R3/2, eq. (66) becomes

∂µ lnR =
1

3
Qµ +

4

3µ
√
R
gµτ ε

ρστ R̂ρσ . (77)

As we can see, the Weyl vector is not exact and possesses a nontrivial dynamics. In particular,
(77) is a differential equation containing only the Weyl vector and the metric. Dualizing (77) gives
the generalized monopole equation (cf. [13]),

dh = ⋆(dΣ + hΣ) , (78)

with the one-form h and the function Σ respectively defined by hλ = −Qλ/6 and Σ = µ
√
R/4.

Actually, (78) represents a special case of the generalized monopole equation, since the latter has
the exterior derivative of any one-form ω on the lhs. If Σ were constant (this can always be achieved
by a Weyl rescaling (10), under which Σ 7→ e−ΩΣ), (78) would boil down to dh = ⋆hΣ, which is
the self-duality condition (3) of [31] in three dimensions. We can thus regard (78) as a conformally
invariant generalization of the three-dimensional self-duality condition.

4 Final remarks

A longstanding open mathematical problem has been the construction of an action principle
for the Einstein-Weyl equations. In this paper, we presented for the first time such an action
in three dimensions, given by a metric affine f(R) gravity contribution plus additional pieces
involving Lagrange multipliers and gravitational Chern-Simons terms. To be more precise, our

10



model contains, in addition to the Weyl nonmetricity, also a traceless part. However, the latter can
be consistently set to zero, and in this case our equations of motion boil down to the EW equations.

Let us spend some words on the matter coupling of (54). As mentioned in section 2, when
one adds matter to metric affine f(R) theories of gravity, the projective invariance of the action
imposes the constraint ∆µ

µν = 0 on the hypermomentum. However, if we couple matter to the
theory developed in the present paper, we see that the extra contributions we have introduced
in the action break projective invariance. Thus, in particular, ∆µ

µν 6= 0, and the inconsistency
mentioned above does not appear anymore.

It remains to be seen if our results can be extended to higher dimensions. If so, this would
probably involve topological terms like e.g. BF actions, in addition to f(R) gravity. Note that
Chern-Simons terms were considered in modifications of four-dimensional general relativity [32–34].
We hope to come back to this point in a future publication.

Finally, it would also be interesting to explore possible cosmological applications of (54), along
the lines of refs. [35, 36], which are based on f(R) gravity theories with a Levi-Civita connec-
tion. In this context, [37] presented a model for cosmological hyperfluids, i.e., fluids with intrinsic
hypermomentum that induce spacetime torsion and nonmetricity.
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