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Abstract

For every positive integer n and for every a € [0, 1], let B(n, &) denote the probabilistic
model in which a random set A C {1, ..., n}is constructed by picking independently
each element of {1, .. ., n} with probability a. Cilleruelo, Rug, Sarka, and Zumalacarregui
proved an almost sure asymptotic formula for the logarithm of the least common
multiple of the elements of A.Let g be an indeterminate and let [k]g == 1+ g+ >+
+ g“=1 € ZIq] be the g-analog of the positive integer k. We determine the expected
value and the variance of X := deglcm([.Alg), where [A]; = {[K]; : k € A}. Then we
prove an almost sure asymptotic formula for X, which is a g-analog of the result of
Cilleruelo et al.

Keywords: Asymptotic formula, Least common multiple, g-analog, Random set

Mathematics Subject Classification: Primary: 11N37, Secondary: 11B99

1 Introduction

A nice consequence of the Prime Number Theorem is the asymptotic formula

loglem(1,2,...,n) ~n, asn— 409, (1)

where lcm denotes the least common multiple. Indeed, precise estimates for log lem(1, . . .,
n) are equivalent to the Prime Number Theorem with an error term. Thus, a natural
generalization is to study estimates for L¢(n) := loglem(f(1), .. ., f(n)), where f is a well-
behaved function, for instance, a polynomial with integer coeflicients. (We ignore terms
equal to 0 in the lcm and we set lem @ := 1.) When f € Z[x] is a linear polynomial,
the product of linear polynomials, or an irreducible quadratic polynomial, asymptotic
formulas for Ly (n) were proved by Bateman et al. [3], Hong et al. [10], and Cilleruelo [6],
respectively. In particular, for f(x) = x> 4 1, Rué et al. [15] determined a precise error
term for the asymptotic formula. When f is an irreducible polynomial of degree d > 3,
Cilleruelo [6] conjectured that Ls(n) ~ (d — 1) nlogn, as n — 400, but this is still an
open problem. However, bounds for L¢ (1) were proved by Maynard and Rudnick [13], and
Sah [16]. Moreover, Rudnick and Zehavi [14] studied the growth of L¢(n) along a shifted
family of polynomials.

Another direction of research consists in considering the least common multiple of
random sets of positive integers. For every positive integer # and every o € [0, 1], let
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B(n, a) denote the probabilistic model in which arandomset A C {1, ..., n} is constructed
by picking independently each element of {1, . . ., n} with probability «. Cilleruelo et al. [9]
studied the least common multiple of the elements of A and proved the following result
(see [1] for a more precise version, and [4,5,7,8,12,17-19] for other results of a similar

flavor).

Theorem 1.1 Let A be a random set in B(n, ). Then, as an — +00, we have

loglem(A) ~ M - n,

l—«o

with probability 1 — o(1), where the factor involving « is meant to be equal to 1 for « = 1.

Remark 1.1 In the deterministic case « = 1, we have A = {1, ..., n} (surely) and Theo-

rem 1.1 corresponds to (1).
Let g be an indeterminate. The g-analog of a positive integer k is defined by
Klg:=1+q+q*+-+4" € Zlq].

The g-analogs of many other mathematical objects (factorial, binomial coefficients, hyper-
geometric series, derivative, integral...) have been extensively studied, especially in Anal-
ysis and Combinatorics [2,11]. For every set S of positive integers, let [S]; := {[k]q 1k e
s).

The aim of this paper is to study the least common multiple of the elements of [.A], for
arandom set A in B(n, ). Our main results are the following:

Theorem 1.2 Let A be a random set in B(n, a) and put X := deg lcm([A]q). Then, for
every integer n > 2 and every a € [0, 1], we have

3 OlLi2(1 —Ol)

E[X] = = n* + O(om(log n)z), (2)

l-«
where Liz(z) == Y 7o, 2K /k? is the dilogarithm and the factor involving a is meant to be
equal to 1 when o = 1. In particular,

BIX] ~ 2 2 Llf(l .
Y -

as n — ~+o00, uniformly for o € [0, 1].

Theorem 1.3 Let A be a random set in B(n, &) and put X := deg lcm([A]q). Then there
exists a function v : (0,1) — R such that, as om/((log n)3(log log n)z) — 400, we have

VIX] = (v(e) + o(1)) . (3)
Moreover, the upper bound
VIX] < ar?, (4)

holds for every positive integer n and every a € [0, 1].

As a consequence of Theorems 1.2 and 1.3, we obtain the following g-analog of Theo-

rem 1.1.
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Theorem 1.4 Let A be a random set in B(n, ). Then, as an — +00, we have

3 o«olLi)(l —«
deg Icm([.A]q) ~ ok 12+a) n,

with probability 1 — o(1), where the factor involving « is meant to be equal to 1 for o = 1.

Remark 1.2 1In the deterministic case @ = 1, we have (see Lemma 4.1 below)

deglcm[{l,Z,...,n}]q: Z o(d),

l<d<n

and Theorem 1.4 corresponds to the well-known asymptotic formula ) _,_, ¢(d) ~ %nz
(Lemma 3.3 below) for the sum of the first values of the Euler function ¢.

Remark 1.3 In Theorem 1.4 the condition an — +00 is necessary. Indeed, if en < C, for
some constant C > 0, then

n

]P’[A:@]:(l—a)”z(l—£>n—>ec

as n — 400, and so no (nontrivial) asymptotic formula for deg lcm([A]q) can hold with
probability 1 — o(1).

We conclude this section with some possible questions for further research on this topic.
Alsmeyer, Kabluchko, and Marynych [1, Corollary 1.5] proved that, for fixed « € [0, 1]
and for a random set A in B(n, «), an appropriate normalization of the random variable
loglem(A) converges in distribution to a standard normal random variable, as n — +o0.
In light of Theorems 1.2 and 1.3, it is then natural to ask whether the random variable

deglem([Al,) — = - alib(l-a) .2

nz J
Vv(a)nd

converges in distribution to a normal random variable, or to some other random variable.

Another problem could be considering polynomial values, similarly to the results done
in the context of integers, and studying lcm([f(l)]q, e [f(n)]q) for f € Z[x] or, more
generally, lcm([f(k)]q :k e A) with A a random set in B(#, «).

2 Notation

We employ the Landau—Bachmann “Big Oh” and “little oh” notations O and o, as well
as the associated Vinogradov symbol <, with their usual meanings. Any dependence of
the implied constants is explicitly stated or indicated with subscripts. For real random
variables X and Y, depending on some parameters, we say that “X ~ Y with probability
1 — 0o(1)”, as the parameters tend to some limit, if for every ¢ > 0 we have IP’[ X -Y| >
8|Y|] = 0¢(1), as the parameters tend to the limit. We let (a, ) and [a, b] denote the
greatest common divisor and the least common multiple, respectively, of two integers a
and b. As usual, we write ¢(n), u(n), t(n), and o (n), for the Euler totient function, the
Mobius function, the number of divisors, and the sum of divisors, of a positive integer #,
respectively.

3 Preliminaries
In this section we collect some preliminary results needed in later arguments.
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Lemma 3.1 We have

Z 7(m) < xlogx,

m<x

forevery x > 2.
Proof See, e.g., [20, Part I, Theorem 3.2]. O
Lemma 3.2 We have

1 log x
> <=

erex[ey, eo]
lep e2] > x

foreveryx > 2.

Proof From Lemma 3.1 and partial summation, it follows that

+o0 00
ZTZZ)Z[ZM}M)] s + ngtgr(m)dt

+2 1o t logt +17" log x
<</ g [ g ] <<%,
X

=X

Let e := (e, e) and e} := e;/e for i = 1, 2. Then we have

Z eje [61; 62] Z 63 Z (6/ 6/ )2 Z 63 Z mZ

lep e2] >x 2 m>x/e
Z 1 log x/e Z 1 logx 1 log x
23 _3 3 ’
c<nr e’ «x/e P X X
as desired. O
Let us define
P(x) := Z ¢n) and D(ay, az;x) = Z ¢(ayn) p(azn),
n<x n<x
for every x > 1 and for all positive integers ay, as.
Lemma 3.3 We have
3 o
®(x) = — x” + O(xlogx),
b4
forevery x > 2.
Proof See, e.g., [20, Part I, Theorem 3.4]. O
Lemma 3.4 We have
®(ay, az;x) = Ci(ay, a2) x* + O(0 (a1) o (a2) ¥* (log x)?), (5)

for every x > 2, where

_am pdr)u(da)
Cilay az) := 3 dL%;  do[di/(ay, dr), do/(ar, d)] X

and the series is absolutely convergent.
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Proof From the identity p(n)/n =73, \n 1(d)/d, it follows that

p(ayn) so(azn) u(d) wids)
Z an - Z Z d Z dy

n=x n=x \dy|an 1 dy | axn
d d
= Z wdn) il 2)#{n§x:d1 | aimand dy | 6121’1}
dy dy
d <a1x
dy < arx

p(d1) p(da) x
— O 1 .
2 di  dy ([dl/(ﬂb di), da/(az, da)] ol ))

a4 dy ]
[(al, a)’ Gapdy) | =%

Let ¢; := (a;, d;) and e; := d‘/ci, for i = 1, 2. On the one hand, we have

Eq = Z d1d2 Z Z Z Z 62 s (logx)~.

[ a4 () }< c1lar 62|ﬂ2 2a=xoza
(ay,dy)’ (ag, do)

a1

On the other hand, thanks to Lemma 3.2, we have

1
Ey =
’ Zz dids[dr /(ar, d), da (a2, d)]

[dil di]w
(ay dy)’ (ag,dy)

Z Z Z < o(a1)o(az) logx
ejexfey, eo] ara x

Cllﬂl Cz\ﬂz 6],62]>x

which, in particular, implies that the series

u(dy)u(ds)

Colar, az) == . dZ:>1 didy[d1 (a1, dy), da/ (a2, do)]

is absolutely convergent. Therefore, we obtain

ain 61 l’l
3 "’alln PO — (Colar, az) + O(E) x + O(E1)
n=<x

(7)

= Co(ar, a2) x + O<M (log x)2> .

ayaz

Now (5) follows from (7) by partial summation and since Cj (a1, a2) = algﬂ Colar, ar). 00

Remark 3.1 The obvious bound ¢(m) < m yields Ci(ay, az) < adr (which is not so
Y 3

obvious from (6)).
We end this section with an easy observation that will be useful later.

Remark 3.2 Ttholds 1 — (1 — x)* < kx, for all x € [0, 1] and for all integers k > 0.

4 Proofs
Henceforth, let A be a random set in B(n, o), let [A]; be its g-analog, and put L :=
lem([A],) and X := deg L. For every positive integer d, let us define

1 ifd | k for some k € A;

14(d) :==
0 otherwise.

16
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The following lemma gives a formula for X in terms of / 4 and the Euler function.

Lemma 4.1 We have

X = Z o(d) 14(d). (8)

l<d<n

Proof For every positive integer &, it holds

k _
Ko =12 = T] ®ala)
1~ dlk

d>1

where ®,(g) is the dth cyclotomic polynomials. Since, as it is well known, every cyclotomic
polynomial is irreducible over Q, it follows that L is the product of the polynomials ®;(g)
such that d > 1 and d | k for some k € A. Finally, the equality deg(CDd(q)) = ¢(d) and
the definition of I 4 yield (8). O

Let 8 := 1 — a. The next lemma provides two expected values involving 1 4.

Lemma 4.2 For all positive integers d, di, da, we have
E[L4(@)] =1 - gL/ 9)

and
E[IA(dl)IA(dZ)] -1 IBLn/dlj _ lgLn/dzJ + ﬂLﬂ/d1J+Ln/d2J—LV1/[dLdzU_
Proof On the one hand, by the definition of / 4, we have

E(Iad)] =P[3ke A:d |k]=1-P| N (dm¢A)|=1-p"4,
m= |n/d]

which is (9). On the other hand, by linearity of the expectation and by (9), we have

E[La(d1)La(d2)] = E[La(d1) + La(d2) = 1+ (1~ La(d)) (1 ~ La(d2))]
= E[Za(@)] + E[La(d2)] — 1+ E[(1 — La(d)) (1 — La(c2))]
=1— pU/A) — U/ 4+ B[(1 — La(d) (1~ La(d) ]

where the last expected value can be computed as

E[(1 = 14(d1))(1 — La(da))] =P[Vk € A:d1 tkand dy 1 k|

P /\ k ¢ A) :13L”/le‘FL”/dﬂ*Ln/[dbd2]J,

k<n

dy | kordy|k
and second claim follows. O

We are ready to compute the expected value of X.
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Proof of Theorem 1.2 From Lemmas 4.1 and 4.2, it follows that

EX]= Y ¢dE[ad)]= Y o@d1-p") (10)

l<d<n l<d<n

Moreover, since |n/d| =jifand onlyif n/(j + 1) < d < n/j, we get that

Yoe@a-pr)y =3 1-p) Y e@d

d<n j<n n/(j+1) <d <n/j
n
— 1—p8
- Xa-2(e(5) - +(735))
j<n
Ere(s)
j<n
3 g1 n n
=;.(X};l ] Vl +O al;lleg(;)
3 Lip(1 —
=_2.—a (1 — @) -n2+O(an(logn)2), (11)
b l—«o

where we used Lemma 3.3. Putting together (10) and (11), and noting that, by Remark 3.2,
the addend of (11) corresponding tod = 1is 1 — 8” = O(an), we get (2). The proof is
complete. |

Now we consider the variance of X.

Proof of Theorem 1.3 From Lemmas 4.1 and 4.2, it follows that

V[X] = E[X?] — E[X]?
= Z @(d1) ‘/’(d2)<E[IA(d1)IA(d2)] —E[La(dy)] E[IA(dz)])

l<dydy<n

— Z o(dr) p(da) 13L”/dIJ‘H_”/dZJ*U‘/[dl:dZU (1 _ ﬂL”/[dl:dZM)‘ (12)

l<dydy<n
Let us define
1 _
V(o) == = Z o(d1) o(ds) ﬁ[n/dljﬂn/dzJ Ln/[d1,d>]] (1 —B Ln/[dbdﬂj)_
dy d2 <n
Clearly, we have

Vi)~ T < LS g pr (- gy < LS d

d<n d<n
Hence, in order to prove (3), it suffices to show that V,, (@) = v(a) + o(1).
For all vectors a := (a1, az) and j := (jy, j2, j3) with components in the set of positive
integers, define the quantities

) ( 1 1 1 )
o1(a, j) := max -
/ ai(jp + 1) az(jo + 1) araz(jz + 1)

and

i . 1 1 1
102(“’]) =ming ——, —/—, O

aijj1 aj2 ai1azj3

Page 7 of 10

16
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Let d := (dy, d») and a; := d;/d for i = 1, 2. Then the equalities

| .| | _n
”_LZJ’ ’Z{ZJ’ ’“L@@J’

are equivalent to

n n n
L= ard )1 J2 asd J2 J3 asd /3
which in turn are equivalent to
L [ S S
ai(jr + 1) aijji as(p +1) azjy  aaz(jz +1) ayasjs

that is,
p1aj)n <d < praj)n
Therefore, letting

Sp={@j) eN°:(ayaz) =1, 3d e Nst.pi(a,j)n < d < pa(a,j)n}

and
) 1
S(@jsm) = — > ¢(a1d) p(ard),
pr(@j)n<d<pyaj)n
we have
V(o) = Z pirtizis (1 — /3}‘3)5(%]'; n).
(a,j) € Sn

Now let us define

V@)=Y P pP)Daj), (13)
(@))€ S
where
Swi= | Sn={@)) eN:(a,a) =1, pi(a)) < po(a))
m>1
and

D(a,j) == Ci(ay, a2)(p2(a, j)* — p1(a, j)?),

recalling that Ci(ay, a2) is defined by (6). The convergence of series (13) follows easily
from Remark 3.1, pa(a, j) < 1/(a1ayj3), and the fact that min(jy, jo) > j3 forall (4, j) € So-
Thanks to Lemma 3.4, for each (a, j) € S, we have

log 1)?
S(a, j;n) = D(a,j) + O(o(al) o (a2) pa(a,j)? - %) '
Consequently, we get that
1 2
V(@) = via) — 21 + O<22 - @) (14)

where

¥ = Z ﬂjl+iz—j3(1 _ ﬂj3)D(a,j)

(4, ) € Soo\Sn
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and
Y BB BB o(ar) o(as) paa, ).
(a,j) € Sn
Now we have to bound both X; and X5.
If (&, j) € Soo \ Sy, then (pg(a,j) - p1 (a,j))n < 1 and consequently, also by Remark 3.1,

2
. aazp
D(a,j) < a1a2(p3 — p}) = araz(pi + p1o2 + 03) (P2 — p1) € —2

1
=05
ﬂ1a2]31’l

where, for brevity, we wrote p; := p;(a,j) fori = 1, 2.

(15)

If (a,j) € Sxo then, as we already noticed, min(jj, j2) > j3 and, moreover,

, D1 . C
,]2 <a1<]2t|— and ‘]1 <a2<]1?i_ .
js+1 J3 jz+1 J3

Hence, we have

y P 1P iy L

4 aia — . . ) . ayap
(@) € So 142]3 jaz=1 ]3 Jij2=j3 j2/(3+1) <a1 < (2+1)/j3

j1/(G3+1) <az < (1+1)/j3

— g3 o Y
<Y Y gk o S B

=1 3 iz j=1 7
1 log(1/a) +1
—Z‘ _23«&, (16)
] o
]<1/a j>1/a

where we used the inequality 1 — g/ < «j, which follows from Remark 3.2.
On the one hand, from (15) and (16) it follows that

log(l/i) +1 — o), 17)

as an/((log n)?(loglog n)*) — ~+oo (actually, an/log n — +o0 is sufficient).
On the other hand, from p2(a, j) < 1/(a1a3j3), (16), and the bound o (m) < mloglog m
(see, e.g., [20, Part I, Theorem 5.7]) it follows that

gpe 3 BB olayote)  (ogllje) + 1oglogn®

¥ K

(@))€ Su “1“2]3 a1a2 o

n
~ (o) 1

as an/((log n)*(log log n)?) — +o0.

At this point, putting together (14), (17), and (18), we obtain Vj,(«) = v(e) + o(1), as
desired. The proof of (3) is complete.

It remains only to prove the upper bound (4). From (12) it follows that

V[X] < Z o(dr) p(da) ﬂU”/le"‘L”/dﬂ_U’l/[dldeU (1 _ ﬂ[n/[dlrdZ]J)

[dyda]<n
on
< didy - ————— =an (dl, dz) < uan d 1
T e ¥ Y4 ¥
vda]<n [dyda]<n d<n aaz<n/d

=an Z d Z < an? Z log( ) nz(n log n — log(n!)) < an’,

d<n m<n/d d<n

16
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where we used Remark 3.2, Lemma 3.1, and the bound n! > (n/e)”. Thus (4) is proved. O

Proof of Theorem 1.4 By Chebyshev’s inequality, Theorems 1.2 and 1.3, we have

VX an® 1
P[1X —E[X]| > ¢E[X]] < LX) 5 < 5 = 53— = 0¢(1),
(¢E[X]) (ean) e%an
as an — +o00. Hence, using again Theorem 1.2, we get
X~ i ' aLir(1 —a) 2
2 l1-a
with probability 1 — o(1), as an — +o00. O
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