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Sawtooth relaxation oscillations, nonlinear helical flows and steady-state m/n=1 1 

magnetic islands in low-viscosity tokamak plasma simulations. 2 
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1Institute for Fusion Theory and Simulation, Department of Physics, Zhejiang 4 

University, Hangzhou 310027, China 5 

2Department of Applied Science and Technology, Polytechnic University of Turin, 6 

Turin, Italy 7 

 8 

Abstract 9 

A numerical study on the influence of plasma viscosity and of the plasma   10 

(=kinetic pressure/magnetic pressure) parameter on the nonlinear evolution of 11 

resistive internal kink modes in tokamak plasmas is presented. A new regime with 12 

relatively low viscosity is found, such that sawtooth oscillations spontaneously evolve 13 

towards states with stationary m/n=1 magnetic islands. It is suggested that the 14 

mechanism at work in the limit of small viscosity is related to magnetic flux pumping, 15 

which, allied with the nonlinear resistive internal kink dynamics, leads to a stationary 16 

helical flow, only weakly dissipated by viscosity and entirely self-consistent with the 17 

presence of saturated m/n=1 stationary magnetic islands. It is also found that the 18 

threshold viscosity value for the onset of the steady state regime increases with 19 

increasing   values. The newly found regime for a steady-state m/n=1 magnetic 20 

island may be relevant for the understanding of tokamak experiments, where saturated 21 

helical structures such as the density snake and steady-state magnetic islands are 22 

sometimes observed in the core plasma region where the safety factor is close to or 23 

below unity.  24 

a) Corresponding Author: zwma@zju.edu.cn25 
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I. Introduction 

Sawtooth relaxation oscillations, or simply sawteeth, are commonly observed in 

Tokamak fusion devices. A sawtooth consist of a slow ramp, during which the plasma 

temperature, density and current density profiles peak in the core region, and a rapid 

relaxation, also called the sawtooth crash, during which the temperature, density and 

current density profiles are rapidly flattened. Sawteeth occur whenever the central 

safety factor, q, approaches or falls below unity in the plasma core [1-9]. 

There are different kinds of sawtooth oscillations; among them, normal sawteeth, 

[1, 7] small sawteeth, [8] and compound sawteeth [9]. Normal sawteeth are dangerous 

for Tokamak operations, since not only they flatten the plasma temperature, but they 

can also trigger neo-classical tearing modes in nearby resonant surfaces [10-12],  

leading to significant energy confinement degradation. On the other hand, small 

sawteeth are less likely to trigger neo-classical tearing modes [13], therefore the 

confinement degradation they cause is tolerable for the performance of a fusion 

reactor [14]. Furthermore, small sawteeth may help preventing impurity and fusion 

ash accumulation in the core plasma region. Consequently, small sawteeth are the 

preferred scenario for future fusion reactor experiments such as ITER [15]. 

  Auxiliary heating systems, such as ion cyclotron resonance heating (ICRH), 

neutral beam injection (NBI), electron cyclotron resonance heating (ECRH), and 

lower hybrid current drive (LHCD) [6, 16-25] can be used to control the sawtooth 

dynamics and achieve the small sawtooth regime. However, the question arises as to 

whether the plasma may “spontaneously” evolve towards self-organized states, where 

sawtooth activity is totally absent [26, 27], or, alternatively, where a remnant magnetic 

island with toroidal and dominant poloidal mode numbers n=m=1 caused by the 

sawtooth dynamics itself reaches a stationary state [28]. 

From a theoretical point of view, it is widely accepted that sawtooth oscillations 

are triggered by the instability of a resistive internal kink mode with mode numbers 

n=m=1 and that the trigger conditions for the onset of this mode may be strongly 

affected by two-fluid effects such as electron and ion diamagnetism [29-35]. Weakly 

collisional or collisionless effects may also be important (see, e.g., Ref. [34, 35] and 
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other references cited therein).  

Less well-understood are the nonlinear consequences of the internal kink 

instability. According to the standard “complete reconnection model” proposed by 

Kadomtsev in 1975 [29], a m/n=1 magnetic island starts growing at the top of the 

sawtooth ramp and rapidly fills the entire core plasma region where the safety factor 

is below unity, up to the so-called mixing radius (which can be evaluated theoretically 

using conservation of helical flux). As a consequence, the safety factor goes back to 

above unity in the plasma core and poloidal symmetry of the magnetic structure is 

restored rapidly after the sawtooth crash. In other words, according to Kadomtsev’s 

model, the presence of the m/n=1 magnetic island is limited to short time periods 

immediately before and after the sawtooth crash, while the much longer sawtooth 

ramps are basically island-free. 

While Kadomstev theory is sometimes corroborated by experimental 

observations [1], there are several examples from tokamak experiments where the 

plasma is observed to behave in a different way. For instance, in the experiments 

discussed in Refs. [5, 8], the m/n=1 magnetic island is observed to persist for long 

periods of time during sawtooth ramps, e.g. in the form of successor m/n=1 

oscillations, and the central safety factor is observed to stay below unity after the 

sawtooth crash. This situation has prompted the formulation of a semi-heuristic 

“incomplete reconnection model”, a discussion of which can be found, for instance, in 

Ref. [30]. Even more challenging is the interpretation of the so-called snake 

phenomenon observed in tokamak plasmas [36-38]. A snake is basically a relatively 

high plasma density helical structure, likely associated with a nearly-stationary m=n 

=1 magnetic island, co-existing with sawtooth relaxation oscillations. 

In view of the importance of sawtooth control in tokamak fusion experiments, the 

mechanism for the onset of stationary m/n=1 magnetic island scenario is worth further 

investigations and it is the objective of this article. As is well known, two-fluid 

diamagnetic effects in specific plasma regimes do affect importantly the nonlinear 

dynamics of sawtooth oscillations.[31, 39-41] However, in this manuscript and as a 
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research strategy, we would like to draw attention to the existence of a new, low 

viscosity regime, and therefore we select regimes where diamagnetic effects are 

shown in our simulations to play a negligible role of the existence of a saturated 

m/n=1 island state at low viscosity. More central to our analysis is the nonlinear 

evolution of the helical plasma flow induced by the internal kink magnetic 

reconnection process. In a recent article by Shen and Porcelli [28], it was shown that 

in the limit of very high viscosity the nonlinear sawtooth dynamics indeed tends to 

evolve towards a stationary state. This regime, however, requires unrealistically large 

values of viscosity, i.e., values of the relevant magnetic Prandtl number /V  =  

approaching 103. The main objective of this article is therefore to investigate the 

behavior of m/n=1 magnetic island for more realistic viscosity values. 

The main result of our analysis is that sawtooth oscillations may spontaneously 

evolve into states with stationary m/n=1 magnetic island also in the limit of very small 

viscosity. Somehow, the analysis of Ref. [28] totally missed this result. Clearly, the 

mechanism at work for the self-sustainment of the m/n=1 magnetic island in the 

presence of nonlinear helical flows is different from the one conjectured in Ref. [28]. 

Most likely, the mechanism at work in the limit of small viscosity is more akin to the 

magnetic flux pumping concept first discussed in Refs. [42, 43]. However, while in 

recent works[27, 44] the flux pumping mechanism maintains the q profile close to and 

above unity, thus preventing the onset of resistive internal kink modes leading to 

magnetic reconnection and the formation of m/n=1 magnetic islands, in our case flux 

pumping allied with the nonlinear resistive internal kink dynamics leads to a 

stationary helical flow, only weakly dissipated by viscosity, which is entirely 

self-consistent with the presence of the stationary magnetic island. 

In order to focus on the nonlinear flow dynamics associated with the resistive 

internal kink mode, we have used the code CLT, whose features are discussed in more 

details in the next section. The CLT code was used in the past to study two-fluid and 

extended-MHD effects on the nonlinear magnetic reconnection dynamics [33, 45]. In 
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this article, where two-fluid and extended-MHD effects are beyond the scope of the 

present study, we shall perform viscosity scans at fixed electrical resistivity, with the 

viscosity coefficient varied by three orders of magnitude. In addition, we shall discuss 

the results of simulations at different values of the dimensionless 𝛽-parameter (𝛽 = 

plasma kinetic pressure/magnetic pressure). Since the drive for the internal kink 

instability is stronger at larger 𝛽, it is perhaps not surprising that the kinetic energy of 

the nonlinear helical flow turns out to be larger at larger 𝛽 values at fixed values of 

resistivity and viscosity. Consequently, 𝛽 affects the ability to achieve nonlinear 

stationary states with magnetic islands.  

 

II. Model description 

CLT is a three-dimensional toroidal Hall-MHD code. In dimensionless units, the 

equations used in CLT [46] are given as follows: 

( ) [ ( )],D
t


 


= − + 


v             (1)

0 ||[ ( )] [ ],
p

p p p p p
t

 ⊥


= −  −  +  − + 


v v          (2) 

( ) / [ ( )],p
t

 


= −  +  − + 


v
v v J B v            (3) 

,
t


= −



B
E                   (4) 

0( ) ( ),i
e

d
p


= −  + − +  −E v B J J J B             (5) 

,=J B                    (6) 

where 
0p  and 

0
J are the initial plasma pressure and current density, respectively,  , 

ep ， p , v ,  , E , and J  are the plasma density, the electron pressure, the plasma 

pressure, the fluid velocity, the magnetic field, the electric field, and the current 

density, respectively. ( 5 / 3) =  is the ratio of specific heats.  , D, ⊥
,  , and   

are the resistivity, the diffusion coefficient, the perpendicular and parallel thermal 

conductivity, and the viscosity, respectively. /i pid c =
 
is the ion inertial length, 
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with pi  the ion plasma frequency. It should be noted that the last term on the right 

side of Eq. (5) is the Hall term, which is associated with two-fluids effects. In Hall 

MHD, the ion temperature is assumed to be zero, i.e., 
ep p= . As shown in our 

previous studies, the two-fluids effect is self-consistently included in the Hall-MHD 

equations, i. e. the ion-sound Larmor radius 2

0 0/s id p B = and the electron 

diamagnetic frequency 
*

i e
e

d m dp

rB dr



= − .  

All the variables are normalized as follows: 00/ B →B B , / a →x x , 00/  → ,

/ Av →v v , / At t t→ ,
2

00 0/ ( / )p B p → , 00 0/ ( / )B a →J J , 00/ ( )Av B →E E ,

2

0/ ( / )Aa t  → , 2/ ( / )AD a t D→ , 2/ ( / )Aa t ⊥ ⊥→ , 
2/ ( / )Aa t → , 

2/ ( / )Aa t → , and /i id a d→ , respectively. Here, 00B  and 00  are the initial 

magnetic field and plasma density at the magnetic axis, respectively, a is the minor 

radius, 00 0 00/Av B  =  is the Alfvén speed, and /A At a v=  is the Alfvén time.  

Particular attention should be given to the term h(J-J
0
) in Eq. (5). The −𝜂𝐉𝟎 

part of this term is a source, which acts as magnetic pump [26] and serves the purpose 

of recovering the magnetic flux after each sawtooth crash. In other words, it is thanks 

to this term that the q profile is allowed to evolve after each sawtooth crash, 

eventually returning below unity and causing the next sawtooth crash to be triggered. 

We may also think of this source term as providing a sort of the magnetic pump. 

 Different from the original Hall-MHD equations, E is used as an intermediate 

variable in CLT, which could help to keep 0 =B during the simulations. When 

solving Eq. (1)-(6), the 4th order finite difference method is applied to derive the 

spatial derivatives, and the 4th order Runge–Kutta scheme is used to calculate the 

time integration. Since the physical boundary is not located at the grids, the cut-cell 

method is used to handle the boundary problems [47]. In the present manuscript, the 

fix boundary condition is used for all the variables. The convergence of the code has 

been ensured by varying space and time resolutions. In the present paper, the grids are 
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256 32 256  ( , , )R Z , and the spatial resolution is 1/128  in R and Z. 

 

III. Simulation results 

A. Sawtooth oscillations with High   

The strategy for our simulations is as follows. The initial equilibrium is obtained 

from the NOVA code [48]. Mimicking a toroidal Tokamak configuration, the aspect 

ratio is chosen to be 
0 / 4 /1R a = . The initial q and pressure profiles are shown in 

Figure 1. With q on axis below unity, the most unstable mode is the m/n=1/1 resistive 

kink mode. In this subsection, the value of beta is fixed to be relatively high, 

~ 3.8% . In order to investigate how viscosity plays a role in sawtooth dynamics at 

relatively high plasma beta, we carry out simulations at different values of the 

viscosity coefficient: -3=1.0 10  , -4=1.0 10  , -5=2.0 10  , and -6=6.0 10  . The 

electrical resistivity is fixed at the value 62.5 10 −=  . We agree that a constant 

resistivity model in our manuscript would be a limitation in regimes where 

diamagnetic as well as thermal conductivity effects are important, but, as we have 

already indicated in the introduction, as a research strategy we select parameter 

regimes where these effects are not affecting importantly the dynamics of the 

sawtooth dynamics at low viscosity. Other parameters are chosen to be 
41.0 10D −=  ,

52.0 10 −

⊥ =  , 
2

|| 5 10 −=  . We also switch off Hall/diamagnetic effects by 

choosing 0id = . 
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Figure 1  Initial safety factor q and pressure profiles. 

 

 

Figure 2 Evolution of the kinetic energy with
 

-4=1.0 10  . The period of the normal 

sawtooth oscillation is 
A~4970tT . 

  

The evolution of the kinetic energy with -4=1.0 10   is shown in Figure 2. As 

we can see, the oscillation exhibits the normal sawtooth behavior with period 

A~4970tT . The evolution of the plasma pressure profile along Z=0 and 0 =  is 
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shown in Figure 3. The pressure profile also exhibits periodic oscillations with the 

period 
A~4970tT . Since the normal sawtooth has been intensively investigated in 

past decades [40, 49], we will not discuss the normal sawtooth in more details in the 

present paper. 

 

Figure 3 Evolution of the plasma pressure profile along Z=0 with -4=1.0 10  . The 

pressure profile exhibits periodic oscillations with the period 
A~4970tT .  

 

More interestingly, when viscosity is reduced to -5=2.0 10  , the amplitude of 

the sawtooth oscillation becomes smaller and we enter what we refer to as the small 

sawtooth scenario. The evolution of the kinetic energy and of the pressure profile for 

this case is shown in Figures 4 and 5, respectively, where it can be seen that the period 

of the small sawtooth oscillations is reduced to 
A~1300tT . The value of the peak 

pressure is lower in this case as compared with that of a normal sawtooth, which 

suggests that, after the first massive pressure crash, the system never fully recovers 

during the small sawtooth (Figure 5), while it is almost fully recovered during the 

normal sawtooth (Figure 3). Such kind of behavior could also be seen from the 

Poincare plots of magnetic field lines (Figure 6a and b).  
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Also, for this small sawtooth scenario, the m/n=1 magnetic island never evolves 

so as to occupy the entire region with q initially below unity, while it does so for the 

normal sawtooth. In other words, Kadomtsev’s full reconnection is not observed in 

our simulations in the small sawtooth regime, while it is confirmed by our simulations 

at larger viscosity exhibiting normal sawtooth behavior. For the small sawtooth 

scenario, the magnetic island pulsates between a smaller and a larger amplitude. 

 

Figure 4 Evolution of the kinetic energy with -5=2.0 10  . The sawtooth shows small 

oscillations with a shorter period 
A~1300tT . The peak time (a) 5328 At t=  and the 

end time (b) 6127 At t=  of the third cycle are labeled with vertical red dash lines. 
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Figure 5 Evolution of the pressure profile at Z=0 with -5=2.0 10  . It is clear that, 

after the first crash, the pressure of the hot core is much lower for the small sawtooth 

than for the normal sawtooth, which suggests that the system is not able to fully 

recover during the small sawtooth.  

 

 

 

Figure 6 Poincare plots of magnetic field lines at (a) 5328 At t=  and (b) 6127 At t=  

for the small sawtooth. The m/n=1 magnetic island is not fully developed as it does in 

the normal sawtooth oscillation. 

 

 As the viscosity is further reduced to -6=6.0 10  , the system evolves into a 
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steady-state. As shown in Figure 7 and Figure 8, the kinetic energy and the pressure 

profile remain almost unchanged after 6000 At t= , which means that the system does 

evolve spontaneously towards a steady-state. The Poincare plots of magnetic field 

lines in the steady-state are shown in Figure 9. Eventually, the system reaches the 

steady-state with a non-axisymmetric, helical magnetic field structure, which is 

similar to the hybrid scenario often observed in many Tokamak experiments [26, 

50-54]  

 

 

Figure 7  Evolution of the kinetic energy with -6=6.0 10  . After the first massive 

crash, the system evolves into a stationary state, and the kinetic energy almost 

remains unchanged after 6000 At t= . 
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Figure 8 Evolution of the pressure profile at Z=0 with -6=6.0 10  . After 6000 At t= , 

the pressure profile almost remains unchanged.  

 

 

Figure 9  Poincare plot in the steady-state of sawtooth oscillations at low viscosity 

( -6=6.0 10  ). 

 

 In order to investigate the steady-state scenario found in Ref. [28], we have 

Page 13 of 30 AUTHOR SUBMITTED MANUSCRIPT - NF-103740.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



 14 / 30 
 

increased viscosity to the unrealistic high value -3=1.0 10  . Indeed, it is found that 

also in this case sawtooth oscillations could also gradually evolve into a steady-state, 

as shown in Figure 10 and Figure 11. The kinetic energy and the pressure profiles 

remain almost unchanged after 25000 At t= . The Poincare plot of magnetic field lines 

at the steady-state stage is shown in Figure 12.  

 Therefore, from the simulation results presented in this subsection, we conclude 

that the system can eventually evolve toward a steady-state either at very high or at 

relatively low viscosity values. The normal sawtooth oscillation is observed to occur 

in the intermediate viscosity regime. 

 

 

Figure 10 Evolution of the kinetic energy with -3=1.0 10  . After several cycles, the 

system eventually evolves into a stationary state, and the kinetic energy almost 

remains unchanged after 25000 At t= . 
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Figure 11 Evolution of the pressure profile at Z=0 with
 

-3=1.0 10  . After 

25000 At t= , the pressure profile almost remains unchanged. 

 

Figure 12  Poincare plots in the steady-state of sawtooth oscillations with the high 

viscosity ( -3=1.0 10  ). 

 

B. Sawtooth oscillations with low   

It should be noted that Shen and Porcelli [28] only presented the sawtooth 
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behavior in the regime of relatively high viscosity, -31.0 10   , and relatively low 

plasma beta, 0.2% = . Their results indicate that the system exhibits a normal 

sawtooth oscillation at lower viscosity, while the sawtooth magnetic island eventually 

evolves toward a steady-state at higher viscosity. Therefore, we carry out simulations 

with a broader range of viscosity values and the same plasma beta, 0.2% = , to 

check whether the system could turn into a steady-state at sufficient low viscosity. 

Other parameters and the initial profiles are the same as in Section III. A. The 

evolution of the kinetic energy with -3=1.0 10  , -4=1.0 10  , -5=1.0 10  , and 

-6=1.0 10   is shown in Figure 13. With -3=1.0 10  , the system evolves into a 

steady-state after several oscillations. In contrast, sawtoothing behavious is always 

observed at lower viscosity values, namely, -4=1.0 10  or 
-5=1.0 10  . These plots 

of kinetic energy as function of time shown here in Fig. 13 are similar to the plots of 

Figure 10 in Ref. [28]. However, we also find that with sufficient low viscosity, 

namely 
-6=1.0 10  , the system can also turn into a steady-state. As we remarked 

earlier, this low viscosity regime was not studied in Ref. [28].  

 

Figure 13 Evolutions of the kinetic energy with -3=1.0 10  , -4=1.0 10  , 

-5=1.0 10  , and -6=1.0 10  . 
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C.  scanning 

From Subsection III. A and B, the middle parameter regime for the normal 

sawtooth is broadened when the plasma beta is lower. Therefore, we systematically 

investigate the influence of   on sawtooth dynamics. The long-time behavior of the 

sawtooth oscillations at different   and viscosity values is shown in Figure 14. The 

normal sawtooth oscillations are labeled with blue diamonds. Since the small 

sawtooth oscillations reach a steady-state after several cycles, we label both small 

sawtooth oscillations and steady-states with red squares. As shown in Figure 14, the 

normal sawtooth only occurs in the intermediate viscosity regime, while the small 

sawtooth or the steady-state happens in the high or low viscosity regimes 

( -31.0 10   or -51.0 10   ). It is clear that the steady-state discussed in Ref. [28] is 

just the steady-state in the high viscosity regime.  

 

Figure 14 Long-time behaviors of sawtooth oscillations with different   and 

viscosities. 
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Figure 15 Flow patterns (the arrows) and pressure distributions (the contour plot) at (a) 

5328 At t=  just before the crash and (b) 6127 At t=  after the crash for a small 

sawtooth. The flow is not entirely damped out at the end of the small sawtooth cycle. 

All the vectors are normalized by the maximum velocity in (a). 

 

D. Physical mechanism for the steady-state in the low viscosity regime 

As shown in the previous subsections, we know that the system can evolve into (a) 

a steady-state with an extremely high viscosity, (b) a normal sawtooth with a medium 

viscosity, (c) a small sawtooth oscillation with a lower viscosity, and (d) a steady-state 

with a sufficient low viscosity. The steady-state with an extremely high viscosity is 

easy to understand, As shown by Shen and Porcelli,[28] helical plasma flows in the 

high viscosity regime are considerably damped within the time scale of a sawtooth 

ramp, to the point that the near absence of these flows prevents further growth of the 

m/n=1 magnetic island, leading to a high-viscosity saturated island state. Then, the 

question is, what mechanism leads to the system evolving into a steady-state with a 

sufficiently low viscosity? 
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Figure 16 Flow patterns of the stationary state at =0 , = /2  , =  and =3 /2  , 

respectively. All the vectors are normalized by the maximum velocity during the 

simulations of the steady-state. It is evident that there exists a strong residual flow 

with the m=n=1 helicity at the steady-state.   

 

From the evolutions of the kinetic energy, as shown in Figures 2, 4, and 7, the 

remarkable difference in these three cases is the residual flow after a sawtooth cycle. 

For the case with normal sawtooth oscillations, there is no residual flow since the 

kinetic energy is almost zero after each sawtooth crash, as shown in Figure 2. 

However, for the cases with small sawtooth oscillations and for the steady-state 

scenario, the kinetic energy does not decrease to zero. Instead, it increases on average 

after the first sawtooth cycle, as shown in Figures 4 and 7. The finite kinetic energy 

means that there is a notable residual flow, which is quite evident in Figures 15 and 16. 

It should be noted that the magnetic flux is approximately frozen in the plasma except 

for the reconnection region. Since the direction of the residual flow is from the core to 

the reconnection region, it continuously carries magnetic flux into the reconnection 

region due to the frozen-in condition. It should also be noted that, in our model, the 
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newly pumped magnetic flux is mainly due to the magnetic pump term in the Ohm’s 

law (Eq. 5), as discussed earlier. Since the toroidal current is significantly reduced 

from the initial value, new magnetic flux is continuously pumped in the core region. 

Therefore, the steady-state results from the balance between the newly pumped 

poloidal magnetic flux in the core region and the poloidal magnetic flux that is 

destroyed by the reconnection process. The residual flow is regarded as the ‘bridge’ 

between the pumped poloidal magnetic flux and the dissipated magnetic flux. The 

current density profiles for the initial equilibrium and the steady-states in the limits of 

low and high viscosities are shown in Figure 17, which suggests that the mechanism 

for the steady-state with a very low viscosity results from the combination of the 

magnetic pump effect in the core region, the fast reconnection due to a thin and sharp 

current sheet at the resonant surface, and the large residual flow (Figure 16).  

 

 

Figure 17 The current density profiles for the initial equilibrium and the steady-states 

in the cases with the low and high viscosities.  

 

It should also be noted that the intermediate viscosity regime for the normal 

sawtooth becomes broader with decreasing plasma beta (Figure 14). The lower 

boundary of the intermediate regime increases from -6=1.0 10   for the low   

cases to -5=2.0 10  for the high   cases. Figure 18 clearly shows that the residual 

flow decreases with decreasing  . Therefore, lower viscosity is required in order to 
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generate enough residual flow necessary for achieving steady-state. Since the final 

residual flow increases with increasing  , the saturated amplitude of the saturated 

m/n=1 magnetic island also increases with increasing  , and so does the radial 

displacement of the magnetic axis in the saturated state. 

 

Figure 18 Evolutions of the kinetic energy with -5=1.0 10  and different  . 
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Figure 19  The Poincare plots of the magnetic field at the stationary state with 

different initial plasma (a) =0.04 , (b) =0.10 ,(c) =0.24 , and (d) =0.38 . At 

the stationary state, the radial displacement of the magnetic axis and the widths of the 

m/n=1 magnetic island increases with increasing  . 

E. Influence of electron diamagnetic drifts. 

The influence of the electron diamagnetic drift on the two types of steady-state is 

investigated in this subsection by turning on the Hall term (two-fluid effect). The 

kinetic energy evolutions with 31 10 −=  0id =
 
(blue solid line), 31 10 −= 

0.03id =
 
(blue dashed line), 61 10 −=  0id = (red solid line), and 61 10 −= 

0.03id =
 
(red dashed line) are shown in Figure 20. Although the electron 

diamagnetic drift can slightly modify the energy evolution, the nature of the 

steady-state magnetic island at both high and low viscosity values is not strongly 

affected. In other words, in the limits of high or low viscosity, the system is still 

observed to evolve into a steady-state even in the presence of two-fluids effects. With 
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, the electron diamagnetic frequency 
* 0.0012e = ，and the ion-sound 

Larmor radius 
1

2 0.0037s ip d = =  on the  resonant surface (where 

0.0149p = is the normalized plasma pressure). The linear growth rate of the 

resistive-kink mode is about 0.009L =  for the low viscosity case, and the linear 

width of the restive internal kink is 0.0054 = . Note that 
s is smaller than  and 

L  is larger than 
*e . It is why the two-fluids effects play a negligible role in our 

simulations. 

 

Figure 20 The kinetic energy evolution with 31 10 −=  0id = (blue solid line), 

31 10 −=  0.03id = (blue dashed line), 61 10 −=  0id = (red solid line), and 

61 10 −=  0.03id = (red dashed line). 

    

 

IV. Conclusions 

In this article, we have carried out numerical simulations aimed at a systematic 

study on the influence of plasma viscosity and of the plasma   (=kinetic 

pressure/magnetic pressure) parameter on the nonlinear evolution of resistive internal 

0.03id =

1q =
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kink modes, which are considered to be responsible for sawtooth relaxation 

oscillations in tokamak plasmas. In Ref.[28], it was found that the plasma can evolve 

nonlinearly towards a steady state with a saturated m/n=1 magnetic island in the limit 

of very large viscosity. However, the values of the relevant magnetic Prandtl number 

(viscosity/resistivity) needed to achieve the steady state regime of Ref. [28] are 

unrealistically high when considering the parameters of present day tokamak 

experiments. By contrast, the main result of our work is that a new regime with 

relatively low viscosity exists, such that sawtooth oscillations are also found to 

spontaneously evolve towards states with stationary m/n=1 magnetic islands. Thus, 

numerical simulations indicate that the plasma can evolve into the so-called small 

sawtooth oscillation regime and eventually into a steady state with a saturated 

magnetic island in the two opposite limits of high and low viscosity. For intermediate 

viscosity values, the more standard, normal sawtooth regime is found. 

It is suggested that the mechanism at work in the limit of small viscosity is related 

to magnetic flux pumping, a concept first discussed in Refs.[42, 43] However, while 

in recent studies[27, 44] flux pumping maintains the q profile close to and above unity, 

thus preventing the onset of m/n=1 magnetic islands, in our case flux pumping allied 

with the nonlinear resistive internal kink dynamics leads to a stationary helical flow, 

only weakly dissipated by viscosity, which is entirely self-consistent with the 

presence of a saturated m/n=1 stationary magnetic island. 

 Thus, flux pumping in our simulations is associated with the possibility of a 

sufficiently large, nonlinear helical plasma flow. If viscosity is relatively high, the 

nonlinear flow is largely dissipated [28]. However, in the low viscosity regime, the 

residual flow after each sawtooth crash remains sufficiently large. Due to the 

frozen-in condition, the residual flow continuously carries magnetic flux from the 

plasma core to the reconnection region near the island X-point. This could be 

described as a kind of magnetic pump mechanism. Thus, the observed steady-state 

regime with a saturated m/n=1 magnetic island can be understood as the result of a 

balance between magnetic flux generated by the magnetic pump in the core region 

and magnetic flux dissipated in the reconnection region. 
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It is also found that the threshold viscosity value for the onset of the steady state 

regime depends on   . More specifically, the low-viscosity steady state regime can 

occur for values of the viscosity parameter below a critical threshold, whose value 

increases with increasing   . This can be easily understood: the drive for the 

resistive internal kink mode is stronger at higher beta, which results in a stronger 

nonlinear helical flow. The persistence on the nonlinear helical flow is necessary for 

the flux pumping mechanism to be effective. Since viscosity tends to damp the 

nonlinear flow, the low-viscosity steady state regime can extend to higher values of 

the viscosity parameter at higher   values.  

In conclusion, the newly found regime for steady-state m/n=1 magnetic islands 

may be relevant for the understanding of tokamak experiments, where indeed 

saturated helical structures such as the density snake [36-38] and steady-state 

magnetic islands are sometimes observed in the core plasma region where the safety 

factor is close to or below unity [26, 50-55].  

The limitation of the present analysis, similarly to the case of most numerical 

simulations of tokamak plasmas published in the literature, is that values of resistivity 

and viscosity in the range of 10-6 or higher are used in this article. It remains to be 

established where the results of this work can be extrapolated to the even lower values 

of resistivity and viscosity realized in present-day tokamak plasmas. Nevertheless, in 

terms of the relevant magnetic Prandtl number defined as the ratio between viscosity 

and resistivity, the low viscosity steady state regime found in this article requires 

values of the magnetic Prandtl number that are realistic for present-day tokamak 

experiments. 
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