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ABSTRACT The present work aims at quantifying how, and howmuch, the uncertainties on the components
and material parameters of a wireless power transfer (WPT) system for the static charge of electric vehicles
affect the overall efficiency and functionality of the final produced device. With the aim of considering
the perspective of a possible industrial developer, the parameters selected for the uncertainty quantification
are chosen to be the capacitance values of the compensation capacitors and the electromagnetic material
parameters used for the construction of the magnetic structure of a WPT system, i.e. the parameters of the
elements to be purchased. The analysis is based on a standard system among the ones provided by the current
SAE J2954 recommended practice.

INDEX TERMS Wireless power transmission, inductive power transmission, uncertainty quantification,
parametric model order reduction, compensation capacitors.

I. INTRODUCTION
After about two decades of growing research interest in wire-
less charging systems for electric vehicles (EVs), the tech-
nology of recharging bymeans of resonant coupled inductors,
commonly referred to as wireless power transmission (WPT),
is capturing the interest of the automotive industry [1]–[10].
Indeed, various companies are developing their own products
for the static charging, i.e. the charging taking place when the
vehicle is not moving and the misalignment is constrained
within a defined limit.

Various authors have proposed different structures
for power electronics on ground and on board the
vehicle [11]–[16]. Also the working frequency of the con-
verters has been widely debated, as well as the control
techniques. For example, [14] presents a 1 kW system for
static charge based on a variable frequency control around a
rated frequency of 20 kHz. Authors of [15], instead, indicate
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a 7 kW system working with a fixed frequency control at
the rated frequency of 79 kHz. At the same time, various
researchers have proposed different structures and shapes for
the coils and each of these solutions has distinctive features,
such as robustness to misalignment, reduction of the stray
magnetic field, cost effectiveness, etc. [17]–[20]. However,
in recent years, standardization processes have led to the
definition of precise characteristics for static WPT systems
applied to the charging of light-duty electric vehicles. Among
these, the SAE J2954 Recommended Practice (RP) [21]
provides a precise classification of WPT systems based on
rated power level and distance between the coils, indicating
also a precise working frequency range. At the same time,
the SAE J2954 RP also provides some examples of coil
structures and reference structures to be used as test stands
for characterization and interoperability analysis.

The existence of this RP makes precise indications for the
implementation of WPT systems available, thus expanding
the pool of possible developers. However, the production of
such kind of systems aimed at marketing, calls for attention
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on several aspects which are related to manufacturing tol-
erances. In fact, as with all electrical machines, the perfor-
mances of WPT systems can be subject to uncertainty linked
to the manufacturing tolerances of materials and components.
From the perspective of an industrial developer, it is impor-
tant to quantify how the choice on the components to be
purchased, and thus their uncertainties, will affect the perfor-
mances of the WPT system from a statistical point of view.
Recent work [22] addressed this issue by considering a small
WPT device for extremely low power mounted on a Printed
Circuit Board (PCB). However, despite its great importance
in the industrial sector, to the best of the authors’ knowledge,
uncertainty quantification aspects have been poorly treated in
the literature concerning EVs charging applications.

For this reason, the present work aims at addressing and
quantifying the effects of tolerances by evaluating their
effects on the system performances. The study is conducted
around test bench and reference coil assemblies described in
the SAE J2954 RP and focuses on the tolerances related to
the electromagnetic characteristics of materials and the value
of compensation capacitors. The economical consequences of
such tolerances are indeed not negligible since the cost of fer-
rite and capacitors constitutes a significant part of the overall
cost of WPT systems. Geometrical tolerances are instead not
considered since the typical manufacturing processes related
to the construction of the magnetic structure assembly make
their effects on the uncertainty negligible [23]–[25].

The main contribution of the work consists in the presen-
tation of an accurate uncertainty quantification analysis to
determine how the performance of realistic WPT systems
(based on the SAE J2954 RP) can be affected by the toler-
ances of the main components. This type of analysis is of
great interest especially in relation to a real system implemen-
tation and on an industrial scale. In this case, cost reduction
is crucial and our work indicates precisely which components
can, or cannot, be exceeded in terms of tolerance and to what
extent.Moreover, it is worth noting that the numerical method
developed to perform the uncertainty quantification allows
for taking into account simultaneously electromagnetic fields
and lumped circuit parameters. In addition, the adoption of
Model Order Reduction allows for performing the uncertainty
quantification in a very accurate way and with a computa-
tional cost significantly reduced with respect to conventional
simulation techniques. Thus, in the presented uncertainty
quantification analyses the whole electromagnetic problem
coupled with circuit parameters has been considered, there-
fore without introducing approximation. In the best of the
authors’ knowledge, such accurate analysis based on realistic
WPT systems with realistic material and components param-
eters and tolerances has not been presented in the literature
yet.

The rest of the paper is organized as follows. Section II
provides a general description of WPT systems for EVs and
proposes a circuit representation of the problem. Section III
presents the classifications proposed by the SAE J2954 RP
and describes the WPT device adopted as reference for the

FIGURE 1. Scheme of the power components of WPT systems described
by SAE J2954 RP. The green dashed lines encircles the objects of the
analysis. Adapted from [21].

present study. In Section IV, an overview of the effects of tol-
erances on the compensation capacitors on the WPT system
performance is discussed. In Section V, the considered uncer-
tainties and their characteristics are described. Section VI
shortly describes the numerical method adopted for the uncer-
tainty quantification of the coupled circuit–electromagnetic
problem. Finally, in Section VII, the results of the analysis are
presented and discussed, whereas, in Section VIII, the main
outcomes of the work are summarized.

II. GENERAL DESCRIPTION OF A WPT SYSTEM
A general scheme of a WPT system is proposed by the SAE
RP. Its main power components are shown in Fig. 1. On the
ground (i.e. transmitter) side, the system includes an AC/DC
converter for the interface with the electric grid, having also
the role of power factor corrector (PFC), a DC/AC converter,
typically an H-bridge, that supplies the transmitter coil and
its compensation components. On the vehicle (i.e. receiver)
side, the receiver coil and its compensation components are
connected to a diode rectifier and the vehicle battery. The
interface with the battery can be handled by an optional
DC/DC converter [21] whose presence is not considered in
this study. The magnetic part directly responsible for the
wireless power transmission comprises the two coils and
other auxiliary electromagnetic and mechanical components
whose ensembles are indicated as ground assembly (GA)
and vehicle assembly (VA), respectively. The blocks that
contain the compensation elements are generally indicated as
impedance matching network (IMN), as they can contain one
single capacitor as well as a more complex circuit consisting
of several reactive components [26]–[28]. In the present case,
each IMN block is considered as being constituted by a single
compensation capacitor connected in series to the respec-
tive coil. This assumption simplifies the analysis and, at the
same time, represents a widely adopted topology [11]–[13],
[29]. Finally, it is worth mentioning that complex connection
topologies between IMN and coil can in any case be repre-
sented at their terminals as the series of a capacitance and an
inductance [26]. The system is doubly tuned to work under
resonance condition. Moreover, the presence of the diode
rectifier at the receiver side forces its input current and voltage
to be in phase. Therefore, the system can be effectively rep-
resented by means of the circuit shown in Fig. 2 based on the
first harmonic approximation (FHA) [29], [30]. The output
of the DC/AC converter is then represented by a sinusoidal
voltage source V 1 while all the components connected to the
receiver coil are represented by an equivalent load resistance
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FIGURE 2. FHA model of the series-series compensated WPT system.

RL whose value depends on the rated battery power Pbatt and
voltage Vbatt according to the following relationship:

RL =
8
π2

V 2
batt

Pbatt
(1)

The factor 8/π2 is valid for series compensation of the
receiver but can slightly vary for different compensation
topologies [31], [32]. Transmitter and receiver coils (i.e.
GA and VA coil in Fig. 1) are represented by means of the
inductances L1 and L2, respectively, and their electromagnetic
interaction is modelled through the mutual inductance M
[33]. Transmitter and receiver compensation capacitors are
(i.e. left and right IMN filters in Fig. 1) represented through
the capacitances C1 and C2, respectively. R1 and R2 represent
the equivalent series resistances of the compensated coils.
The two sides of the system can be then described by the
following set of equations:

V 1 =

[
R1 + j

(
ωL1 −

1
ωC1

)]
I1 − jωMI2 (2)

0 =
[
(R2 + RL)+ j

(
ωL2 −

1
ωC2

)]
I2 − jωMI1 (3)

In the series-series compensation topology, the capacitors
are chosen on the base of the values of the self-inductances
according to the relationship:

ω2
0 =

1
L1C1

=
1

L2C2
(4)

where ω0 is the resonance angular frequency of the system.
For generic values of the angular frequency ω, the entire

system is seen from the source terminals as a total impedance
ẐT, i.e.:

ẐT=R1+j
(
ωL1−

1
ωC1

)
+

ω2M2

(R2+RL)+j
(
ωL2 −

1
ωC2

)
(5)

Hence, the complex power provided by the source S1 can be
expressed as:

S1 = ẐTI21 (6)

whereas the active power P1 linearly depends on real the part
of the impedance ẐT, i.e.:

P1 = <
{
ẐT
}
I21 (7)

while the transmitted power to the load is given by:

PL = RLI22 (8)

Hence, the efficiency of the power transmission can be
expressed as:

η =
PL
P1

=
ω2M2RL

R1

(
ωL2−

1
ωC2

)2

+R1 (R2+RL)2+ω2M2 (R2+RL)

(9)

When working at the resonance frequency, the terms inside
the round brackets of equation (5) become equal to zero and
ẐT becomes purely real. In this condition, S1 and P1 are
equal, meaning that the power factor (PF) of the WPT system
becomes equal to one and the source has to provide uniquely
active power. From the point of view of the real system of
Fig. 1, when the condition (4) is respected by design, the VA
rating of the DC/AC converter can be designed to correspond
to the rated active power of the system. This implies that
size and cost of the DC/AC switches can be greatly reduced
and, at the same time, the switches can be operated in order
to achieve soft-switching, i.e. by reducing the commutation
losses practically to zero [34], [35].

III. SAE INDICATIONS, CLASSIFICATION AND ADOPTED
REFERENCE SYSTEM
The development of standards concerning WPT for EVs has
contributed to the definition of the requirements for such kind
of devices, providing at the same time a classification system
and guidelines for the construction of reference magnetic
structures.

Since the first publication of the J2954 standard draft, this
document fixed a precise range for the resonance frequency
f0 = ω0/2π corresponding to the working frequency of
the DC/AC converter at the transmitter side. In the current
version, the RP reads: ‘‘for systems using frequency tuning to
compensate for various operating variations, the operating
frequency must remain in the range of 79 to 90 kHz’’ [21].
This range is centered on the rated value of 85 kHz. Hence,
as clearly stated, these definitions cover both cases of fixed
and variable frequency regulations.

As far as the WPT systems classification is concerned,
the SAE RP considers two distinctions. A first classifica-
tion is based on the power classes, for which the RP pro-
poses four WPT-classes that are defined in terms of the
maximum input apparent power absorbed by the on-ground
power electronics. The different WPT classes are detailed in
Table 1. In the current version, the main requirements for
WPT systems are completely defined for WPT1, WPT2 and
WPT3 classes while several aspects (e.g. the requirements
in terms of interoperability) are indicated as to-be-defined
for the WPT4 class. A second classification is based on the
Z-classes. Having Fig. 3 as reference, the Z classification
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TABLE 1. WPT-class classification according to SAE J2954 [21].

FIGURE 3. Sketch of the SAE J2954 RP test-bench. Adapted from [21].

TABLE 2. Z-class classification according to SAE J2954 RP [21].

FIGURE 4. View of the Ground Assembly (GA) and Vehicle Assembly (VA)
Test Stand WPT2 proposed by SAE J2954. The GA is equal for all Z-classes
while the depicted VA refers to the Z3 class. Adapted from [21].

refers to the ground clearance of the whole vehicle assembly
(VA). In this case, this classification considers three Z classes
whose ranges are detailed in Table 2. Finally, the RP proposes
a series of reference magnetic structures (test-stands) for
each WPT-class (not yet defined for WPT3 and WPT4) and
Z-class. These structures are proposed for the testing and
assessment of commercial systems within a dedicated test-
bench setup here described by means of the sketches of Fig. 3
and Fig. 4. Both figures refer to a WPT2/Z3 system that is
used as reference for the present work.

The test-stand develops around the transmitter and receiver
coils, both rectangular in shape and consisting of 8 turns of
litz wire. The coils are placed on a ferrite pad which, in turn,
rests on a 1 mm thick aluminum plate. When placed in the
test-bench, the receiver structure (i.e. the VA) is surrounded
by a 6061 aluminum shield and an ASTM A1008 steel plate
whose role is to emulate the presence of the vehicle chas-
sis [36].

Eventually, the SAE RP proposes a range for the battery
voltage Vbatt to be considered when performing the com-
pliance tests of the whole system. This range goes from
Vbatt,max = 420 V to Vbatt,min = 280 V.

TABLE 3. Model derived values of self and mutual inductances of the Test
Stand WPT2 GA and VA proposed by SAE J2954 for different Z-heights [21].

TABLE 4. Comparison of the model derived values of self and mutual
inductances and the values provided by SAE J2954 for the Test Stand
WPT2 GA and VA [21].

A preliminary evaluation through the electromagnetic sim-
ulation of the adopted WPT2/Z3 system by means of the
Partial Element Equivalent Circuit (PEEC) method [37] (see
Section VI for more details) is used to compute the values of
the self and mutual inductances of transmitter and receiver
for different coil distances within the allowed range of the
Z3 class. The analyzed heights and the resulting values are
reported in Table 3. The rated conductivity values σAl =
26.3 MS/m for the 6061 aluminum and σSteel = 6.85 MS/m
for the ASTM A1008 steel have been derived from available
databases [38], [39]. In the case of the ferrite, the SAE RP
does not provide any indication about the material neither the
expected values of magnetic permeability. In this case, the
relative permeability value µr = 2,000 has been assumed,
which represents a value often found in literature [23], [40],
[41]. The results of the model have been assessed by com-
paring them with the reference values provided by the SAE
RP and summarized in Table 4. The self resistances of the
coils are evaluated considering the coils made of litz wire
according to the method presented in [42] and result to be
R1 = 38.5 m� and R2 = 61.0 m�.

IV. IMPACT OF TOLERANCES
Several past works, including [43]–[45], have shown how the
effect ofmanufacturing tolerances on components can cause a
substantial change in the behaviour and performance of WPT
systems.

These effects have been mainly related to tolerances on
capacitance values, but can also result from variations of
self and mutual inductance values [45] due to tolerances on
the electromagnetic parameters of the materials used in the
construction of the system.

Mainly, the presence of tolerances causes strong variations
in the amplitude and phase of the total impedance that can be
see as deformations in the curve of the amplitude with respect
to the frequency and an horizontal and vertical shift of the
phase [43].

In particular, it has been highlighted how the presence
of tolerances causes a shift of the resonance frequency that
no longer occurs at the nominal frequency of 85 kHz. As a
consequence, in case the power electronics that supplies the
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system works with a variable frequency control that fol-
lows the resonance point, the working point can be reached
outside the frequency range allowed by the SAE RP. Con-
versely, in case of fixed frequency control that maintains
the working point at 85 kHz, the power electronics may
be forced to handle a not negligible reactive power, with
consequent increase of switching losses and size of the power
electronic switches. Naturally, this reflects back on varia-
tions in the transmitted power as well as in the efficiency
of the power transmission. In some cases, these effects can
translate into a strong deviation from the expected perfor-
mance downstream of the system design phase and even
non-compliance with the limits proposed by the SAE RP.
Moreover, in the case that the resonance frequency shift leads
to equivalent capacitive behaviour of the total impedance, it is
mandatory to adopt more complex architectures of the power
electronics or silicon–carbide based technologies, which are
still more expensive with respect to standard silicon based
technologies [11].

It is worth mentioning that the amplitude of the aforemen-
tioned variations in the behaviour of ẐT is strongly dependent
also on variations of the voltage of the vehicle battery, here
represented by means of the equivalent load RL.
The rest of the work aims at evaluating the effects of

tolerances on the performance of the WPT system in statis-
tical terms by considering the uncertainty in the electromag-
netic parameters of the materials of the magnetic structure
(e.g. the relative permeability of the ferrite plates) which are
taken into account in the following analysis together with
the manufacturing tolerances that affect the values of the
compensation capacitors. Clearly, these effects need to be
properly addressed by a simulation method which allows for
coupling circuit and electromagnetic problems.

V. ANALYZED PARAMETERS AND THEIR UNCERTAINTY
The uncertainties on the performance of the analyzed system
may depend on geometric parameters (such as arrangement of
the conductors, thickness and shape of the different elements)
and the electromagnetic characteristics of the materials and
components. In the analyzed case, the geometric uncertainties
are definitely negligible. A proof of this assumption can be
found in the dissertation [25] in which the measurements
on 46 different manually constructed transmitter coils are
presented. The measurements showed a maximum variation
of the self-inductance equal to 4.1 µH over an average value
of self inductance equal to 281.4 µH (i.e. a variation range of
1.46%). Therefore, in addition to the values of the compen-
sation capacitors, the analysis of the uncertainty focuses on
the electromagnetic parameters of the materials composing
the system elements described in Fig. 3 and Fig. 4. These
parameters are summarized in Table 5 along with their con-
sidered tolerance ranges. As widely known in practice, the
tolerances on the values of the capacitors most widely com-
mercially available are equal to 20%, but more precise and
more expensive realizations can offer uncertainties of 10% or
5%. In [46], data-sheets of several capacitors produced by an

TABLE 5. Parameters affected by uncertainty considered in the present
work.

important supplier of electronic components can be found.
As stated, such data-sheets show that the typical value of
tolerances on the value of the capacitance are, indeed, 20%
10% and 5%. Another example can be found in [47], where
the data-sheet of a high voltage film capacitor similar to the
one used in [48] and [49] for WPT applications is reported.
The tolerances on the conductivity of aluminum and steel
have been derived from the values shown in data sheets [38],
[39], while the tolerance on the relative permeability value
of the ferrite has been deduced from [50]. It is worth not-
ing that, among all the components of which the resonating
magnetic structure of WPT devices consists, the main parts
that influence the overall cost are the ferrite cores and the
compensation capacitors. In particular, the cost of the latter is
directly related to their manufacturing tolerances. For com-
mercial reasons, vendors usually do not provide such kind
of economical information in the data–sheets and catalogues,
but they provide such kind of information when contacted
by potential buyers. For instance, the capacitor described
in [51] has a 10% tolerance. However, by contacting the
supplier it was possible to purchase a 5% tolerance capacitor
with an increase in the cost of the capacitor of about 20%.
Such capacitor was the one actually adopted in the WPT
system presented in [52] by the authors. Thus, although it is
difficult to give exact figures concerning the price of such
components, in the authors experience, capacitors with 5%
tolerance have a cost that can be up to 30% higher that of
capacitors with 20% tolerance. This leads to total component
cost differences of around 8% between these two options.
Therefore, from the perspective of an industrial developer,
an analysis to correlate manufacturing tolerance with the
overall system performance is of great interest.

In the adopted method, as well as in each problem taking
into account the uncertainty propagation, it is necessary to
assume a probability distribution for the tolerances taken
into account. In practice, however, the manufacturers neither
provide this information on the data sheets, nor indicate if
the uncertainty is provided according to a deterministic or
probabilistic method. The ISO ENV 13005 standard ‘‘Guide
to the expression of uncertainty in measurements’’ suggests
that, in the absence of the specification of the probability
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FIGURE 5. Sketch of the PEEC model used for the uncertainty
quantification electromagnetic/circuit analysis of the WPT2/Z3 system.
For the sake of clarity, the model is scaled along the z direction.

distribution, a uniform distribution has to be considered in the
provided tolerance range (Category A uncertainty) [53]. In
the event that the manufacturer makes the distribution of the
measured values on the product samples available, it is possi-
ble to assume probability distributions other than the uniform
one (Category B uncertainty) [53]. The distribution that is
most widely found in these cases is the normal (Gaussian)
distribution.

As stated in Section VI, both Gaussian and uniform distri-
bution are considered in this study as they represent, respec-
tively, the best and the worst case scenario in terms of uncer-
tainty probability distribution.

VI. NUMERICAL METHOD
The electromagnetic problem represented by the study of a
WPT system is characterized by several peculiar character-
istics. The absence of a well defined magnetic path, typical
of most of the standard electric machines, makes the prob-
lem an open boundary one. Therefore, if a finite element
method based software is used, a wide volume of air should
be considered in the simulations. Moreover, the presented
analysis requires the coupling of both electromagnetic fields
and lumped circuit components.

For these reasons, the PEEC method [37], combined with
low–rank compression techniques [54], [55], is particularly
suitable for studying the WPT magnetic structure connected
with the lumped compensation capacitors, load and voltage
excitation. Fig. 5 shows a sketch of the PEEC model of the
system (scaled along the z direction to improve the readabil-
ity) adopted for the numerical studies. PEEC is a particular
form of volume integral equation (VIE) method which allows
for a natural and useful circuit interpretation of the elec-
tromagnetic problem. Thus, connections between discretized
objects (i.e. GA and VA assemblies of the WPT device) and
lumped circuit components (i.e. the compensation capacitors,
load, and voltage excitation) can be easily considered [56].
Moreover, as for all VIE methods, materials with the charac-
teristic of vacuum (i.e. the air) are not discretized, which is a
particularly useful feature in the case of WPT devices.

PEEC has already been combined with polynomial
chaos expansion (PCE) technique for uncertainty quantifi-
cations [57]. However, in this paper, to avoid the issues
related to the high computational costs required by PCE
techniques, the numerical approach recently proposed in [58]
is used instead. Thus, following [58], a parametric model
order reduction (PMOR) technique is first applied to the
parametric–PEEC WPT problem. Then, as in [58], a Monte
Carlo approach is applied to the reduced order model with
a very low computational effort. Moreover, to further reduce
the computational effort required by the generation of dense
matrices, low–rank compression techniques are also applied
[54], [56], [59] during the construction of the reduced order
model as shown in [58].

It is worth noting that the PMOR approach adopted for
the analysis is very general and can be used to study
general electromagnetic devices with uncertain material or
circuit element parameters. Indeed, as shown in [60], the
PMOR/spectral–approximation algorithm can be also applied
to the finite element method or the finite integration tech-
nique.

VII. RESULTS AND DISCUSSION
This section presents the results derived by the application of
the method described in Section VI on the WPT2 Z3 system
adopted as reference. The analysis has been carried out for
the maximum and minimum ground clearance values related
to the Z3-class (namely Z3max and Z3min of Table 3) and
the battery voltage values Vbatt,min = 280 V and Vbatt,max =

420 V indicated by the SAE J2954 RP. Therefore, four differ-
ent WPT systems have been considered, i.e. Z3max/Vbatt,max,
Z3max/Vbatt,min, Z3min/Vbatt,max, and Z3min/Vbatt,min.
The analysis of this section aims at identifying which of

the parameters of Table 5 mostly affect the overall behaviour
of the four WPT systems defined above. Moreover, it aims
at quantifying in what way and to what extent the overall
behaviour of the four WPT systems is affected.

A. NUMERICAL MODEL AND RESULTS
For each of the four WPT systems, tolerances of 5%, 10%
and 20% on the compensation capacitors, a tolerance of
20% on the relative permeability of the ferrite plates, and a
tolerance of 15% on the aluminum and steel plates have been
considered, assuming both uniform and Gaussian probability
distributions (the Gaussian distribution has been set so that
the 99.7% of data are within three standard deviations of the
mean).

For each one of the four WPT systems a PEEC model
has been constructed, leading to dense parametric systems
with nf = 17,109 unknowns (see Fig. 5). A naive Monte
Carlo simulation (with 106 samples) applied to the full PEEC
problem would have required 48,000 h (indeed, for each
Monte Carlo realization, a dense system of size nf × nf must
be solved), resulting in a prohibitive computation time.

Therefore, to reduce the computational cost, the PMOR
algorithm of [58] has been applied to these four WPT SAE
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FIGURE 6. PDF of the phase of the total impedance ẐT at 85 kHz of the SAE J2954 compliant WPT2 Z3 system. Case Z3max/Vbatt,max
(250 mm/420 V). Uncertainties on the two compensation capacitors (20%) only (a). Uncertainties on the two ferrite plates (20%) only
(b). Uncertainties on the conductive plates (15%) only (c).

J2954 compliant systems by considering the frequency and
all the parameters of Table 5 as nine independent parameters.
The frequency rangewas between 60 kHz to 110 kHzwhereas
the other variables vary in the ranges of Table 5. Thanks to
the PMOR approach [58], [61], the computational complexity
of the problem is drastically reduced. Indeed, the PMOR
algorithm applied to each of the four WPT systems always
led to a reduced order model of size nr = 11, with a tolerance
equal to η = 10−4 for the stop–criterion of the PMOR
algorithm (see [58] for more details).

Thanks to the small dimension of the reduced order model
and with the aim of extracting probability density func-
tions (PDFs) of quantities of interest for theWPT system (e.g.
ẐT ), several Monte Carlo simulations have been performed
with a very high number of samples, i.e. 106. Indeed, by using
the reduced order model, each realization of a Monte Carlo
simulation only requires the solution of a system of size
nr × nr . Thus, a Monte Carlo simulation (with 106 samples)
applied to the reduced order model requires 202 s only. Com-
putation timings are given with respect to a machine equipped
with 6-core/24-thread processors (Xeon E5645 at 2.40 GHz)
and 104 GB of RAM running Windows.

As stated above, the frequency has been considered as one
of the parameters of the reduced order model. Therefore, for
a general sample of the parameters of Table 5, the actual
resonance frequency of the WPT system can be also detected
with a simple bisection method. Therefore, by means of a
Monte Carlo simulation, it is also possible to efficiently eval-
uate the probability density function (PDF) of the resonance
frequency of the system.

Several Monte Carlo simulations have been run consider-
ing different combinations of the tolerances of the param-
eters. Thus, several PDFs of quantities which describe the
overall behaviour of the WPT system have been obtained.

B. UNCERTAINTY QUANTIFICATION OF WPT SYSTEMS
The extensive analysis (not entirely reported here for the
sake of conciseness) showed that, with respect to all the

observed quantities, all the results are between the two edge
cases Z3min/Vbatt,min and Z3max/Vbatt,max. All other results
are intermediate compared to those associated with these
two cases. Therefore, in the following, results related to
Z3min/Vbatt,min and Z3max/Vbatt,max are shown.
All the results reported in the following have been obtained

by performing 14 Monte Carlo simulations with different
simulation conditions. For the sake of clarity, the simula-
tion conditions of such uncertainty quantification analyses
are summarised in Table 6. The 7 simulations reported in
Table 6 have been computed twice, the first set by imposing
a Gaussian PDF and the second one considering a uniform
PDF.

As a first result, a preliminary study showed that the tol-
erances on the conductivities have truly negligible effects on
the system performances with respect to the impact of the fer-
rite permeability and, mostly, the value of the compensation
capacitors. In this regard, Fig. 6 shows the PDFs of the phase
of ẐT when the systemworks at the fixed frequency of 85 kHz
by considering one by one the tolerances on the capacitors
(Fig. 6(a) with a tolerance range equal to 20%), ferrite plates
(Fig. 6(b)), and conductive plates (Fig. 6(c)) while forcing the
others to zero.

A further set of outcomes is summarized through Fig. 7(a)
and Fig. 7(b) which show the PDF of the effective resonance
frequency of the WPT system. In both graphs, the central
dashed line represents the rated frequency of 85 kHz while
the other two dashed lines represent the limits of the allowed
frequency range, i.e. 79 kHz and 90 kHz, respectively.

Both results clearly show that the limit suggested by the
RP can represent a criticality of the WPT system operations.
Indeed, this limit can be met with certainty only in the
case Z3max/Vbatt,max and in the presence of a tolerance on
capacitor values lower than or equal to 10%, and this if the
knowledge on themanufacturing process can indicate a Gaus-
sian distribution of the capacitor values. In all other cases,
the mere presence of a tolerance on the capacitors makes
it impossible to respect the limits indicated by the RP with
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TABLE 6. Simulation conditions for the uncertainty quantification analyses.

FIGURE 7. PDF of the resonance frequency of the SAE J2954 compliant
WPT2 Z3 system with uncertainties on the relative magnetic permeability
of the two ferrite plates (20%) and on the two compensation capacitors
(i.e. 5%, 10%, and 20%). Uniform and normal probability distributions are
considered. Case Z3max/Vbatt,max (250 mm/420 V) (a). Case
Z3min/Vbatt,min (170 mm/280 V) (b). The central dashed line represents
the rated frequency of 85 kHz while the other two dashed lines represent
the SAE-limits of the allowed frequency range, i.e. 79 kHz and 90 kHz.

certainty. In the worst case Z3min/Vbatt,min, with a tolerance
of 20% on the capacitor values and uniform distribution,
there is a 58.70% probability that the system will present the
resonance point outside the allowed range (i.e. the portion of
area under the solid red curve in Fig. 7(b) which is outside the
allowed frequency range is the 58.70% of the total area under
the solid red curve). Even in the case of a capacitor with a 5%
tolerance, under uniform probability distribution, there is a
3.85% probability that the resonance point will be positioned
outside the allowed range. This probability reduces to 0.17%
only if a Gaussian distribution can be assumed. Moreover,
it is worth noting that, in the Z3min/Vbatt,min case scenario,
even for the most favorable value of tolerances, there is a shift
in the most probable resonance frequency with respect to the
desired nominal value of 85 kHz. In this case in fact, the most
probable resonance frequency becomes 83.9 kHz. For the
sake of an easier reading, the main probability levels related
to the different ranges and distributions of the tolerances
inferred from the graphs of Fig. 7, are summarised in Table 7.
As highlighted in the introductory part of the work, the

problem of the shift in the effective resonance frequency
becomes immediately noticeable in the presence of a variable
frequency tuning. Indeed, in this case, the control of the power
electronics (i.e. the DC/AC converter of Fig. 1) tries to set the
working frequency equal to the actual resonance frequency of
the system. This shift in the operating frequency causes the

FIGURE 8. PDF of η and PL/PLn of the SAE J2954 compliant WPT2 Z3
system Z3max/Vbatt,max (250 mm/420 V) with uncertainties on the
relative magnetic permeability of the two ferrite plates (20%) and on the
two compensation capacitors (i.e. 5%, 10%, and 20%) at fixed and
variable frequency. Uniform and normal probability distributions are
considered. Variable frequency (a) and (c). Fixed frequency (b) and (d).

modification of the amplitude of the total impedance of the
system and this leads to a variation of the transferred power,
and, consequently, of the efficiency, with respect to the ideal
case in absence of tolerances. The counterpart represented by
the fixed frequency control naturally eliminates the problem
of the shifting of the resonance frequency that remains ‘‘by-
definition’’ in the allowed range. However, this control does
not eliminate the variations in the phase and amplitude of
ẐT introduced by the presence of tolerances. Hence, also
in this case, there is an unavoidable variation in the power
transfer capability and efficiency of the energy transfer. The
occurrence of this possibility is represented by means of the
PDFs shown in Fig. 8 and Fig. 9.
By comparing the results related to the two control tech-

niques, it appears that both of them can maintain the effi-
ciency close to the one in ideal conditions represented by
the dashed grey lines in Fig. 8(a), Fig. 8(b), Fig. 9(a) and
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FIGURE 9. PDF of η and PL/PLn of the SAE J2954 compliant WPT2 Z3
system Z3min/Vbatt,min (170 mm/280 V) with uncertainties on the
relative magnetic permeability of the two ferrite plates (20%) and on the
two compensation capacitors (i.e. 5%, 10%, and 20%) at fixed and
variable frequency. Uniform and normal probability distributions are
considered. Variable frequency (a) and (c). Fixed frequency (b) and (d).

FIGURE 10. PDF of the phase of the total impedance ẐT at 85 kHz of the
SAE J2954 compliant WPT2 Z3 system with uncertainties on the relative
magnetic permeability of the two ferrite plates (20%) and on the two
compensation capacitors (i.e. 5%, 10%, and 20%). Uniform and normal
probability distributions are considered. Case Z3max/Vbatt,max
(250 mm/420 V) (a). Case Z3min/Vbatt,min (170 mm/280 V) (b).

Fig. 9(b). In particular, the efficiency under fixed frequency
control tends to be affected by a variation of few percentage
points while the counterpart under variable frequency tends
to reduce to a larger extent. However, the high probability
of maintaining high efficiency is not accompanied by an
equally high probability of transferring the rated power (i.e.
PLn). This is particularly true for those cases with higher
ground clearance, i.e. lower magnetic coupling. The worst
case is reached for the case Z3max/Vbatt,max as reported in
Fig. 8. In this case, the transfer of the rated power appears
to be practically unfeasible and the WPT system under fixed
frequency control tends to work with a dramatic reduction of
the transferred power.

FIGURE 11. PDF of the ratio between actual reactive power Q and
transmitted power to the load PL of the SAE J2954 compliant WPT2 Z3
systems Z3max/Vbatt,max (250 mm/420 V) and Z3min/Vbatt,min
(170 mm/280 V) with uncertainties on the relative magnetic permeability
of the two ferrite plates (20%) and on the two compensation capacitors
(i.e. 5%, 10%, and 20%) at fixed frequency. Uniform and normal
probability distributions are considered. Case Z3max/Vbatt,max
(250 mm/420 V) (a). Z3min/Vbatt,min (170 mm/280 V) (b).

TABLE 7. Probability of exceeding SAE frequency limits.

TABLE 8. Probability of working with |Q/PL| > 0.5.

The results drawn so far are limited only to the part of
the WPT system consisting of the magnetic structure plus the
relative compensation capacitors. However, all the variations
on the equivalent behavior of the system also have important
effects on the power electronics that powers the system. These
effects occur only in the case of a fixed frequency control
for which the working frequency remains stable at 85 kHz.
Referring to the PDFs shown in figure Fig. 10, it is clear how
the probability that the phase of ẐT remains close to zero is
maximum in a few cases only. In the worst case scenario,
the probability peak moves towards the extremes. This means
that the system becomes with high probability highly induc-
tive or highly capacitive. In both cases this means that the
power electronics on the transmitter side has to be designed to
manage a significant amount of reactive power, with the PDF
shown in Fig. 11, therefore working without the possibility of
adopting soft-switching techniques. In particular, the case of
capacitive equivalent behavior of the system can become par-
ticularly dangerous and requires the adoption of more robust,
and more expensive technologies for the switches, such as
silicon-carbide switches, in order to be able to operate without
risks of damaging the components. In the worst case scenario
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(i.e., in this case, case Z3max/Vbatt,max) there is a probability
of 95.37% that the power electronics is forced to manage a
ratio between the reactive power and the actual active power
transferred to the load greater or equal to 0.5. This implies
that the electronic switches are forced, with extremely high
probability, to work under hard-switching conditions. There-
fore, they have to be selected with a considerably larger safe
operating area with respect to the ones that can be selected if
the power electronics is designed to be operated under vari-
able frequency control. Table 8 summarizes the probabilities
that the reactive power exceeds the 50% of the amount of
transferred active power for the two identified edge cases.

VIII. CONCLUSION
This work has highlighted how the choice of components,
especially the compensation capacitors, is fundamental for
the realization of a wireless power transfer (WPT) system that
is compliant with the SAE J2954 RP.

Indeed, this choice is not critical for the aluminium and
steel elements composing theWPT system. In fact, the results
of Section VII-B, have proved that the considered tolerances
on the electrical conductivity of the conductivematerials have
negligible effect on the considered system performances.
From the perspective of interoperability of the WPT systems
among different vehicles, this aspect represents an important
positive outcome because the vehicle floor, that can change
from vehicle to vehicle, has a negligible influence on the
system behavior. On the contrary, the tolerances on the per-
meability of the ferrite and on the values of the compensation
capacitors have a much more significant impact.

At present, ferrites with tolerances on relative permeability
lower than 20% do not seem to be available on the market,
therefore the possibility of choosing the tolerances of the
components falls exclusively on the capacitors. In this case,
the analysis has shown that the construction of a system com-
pliant with the specifications of the SAE J2954 RP requires
the use of components with very low production tolerances
(roughly lower than 5%) and therefore more expensive. As
discussed in Section V, this affects the overall cost in a
non–negligible way andmay lead to different engineering and
market choices.

If components with larger tolerances (that are cheaper and
more widely available on the market) are used, the effective
resonance frequency of the system drifts to values that are
not allowed by the RP, thus making the application non-
compliant. This problem can be directly noted if the power
electronics supplying the system operates with a variable fre-
quency control. However, even if the fixed frequency control
naturally allows respecting the constraint on the frequency set
by the RP, this control forces to design the source converter in
order to be able to manage reactive power levels comparable
with those of the transferred active power. This involves a
considerable increase in the cost and size of the electronics.

A possible solution to such problem consists in the use
of elements for the tuning of the overall impedance of the
system, such as adjustable capacitors or inductors or more

complex structures for the electronic tuning [62]. However,
these solutions add considerable complexity to the system
and, in the case of the tunable passive components, they are
not always available at the frequency and power levels of
the WPT applications for electric vehicles. A second more
easily achievable option consists in the creation of capacitors
banks arranged in such a way that the overall tolerance of
the assembly is lower. However, this option also increases the
cost and complexity of the system.

Finally, from a numerical perspective, it is worth noting
that the computational cost of the uncertainty quantification
analysis has been drastically reduced thanks to the approach
proposed in [58] based on parametric model order reduction.

Future extension of the present work will aim to consider
also the presence of tolerances in the geometrical arrange-
ment of the different objects composing the system.
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