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THE MINIMAL FREE RESOLUTION OF FAT ALMOST COMPLETE
INTERSECTIONS IN P! x P!

GIUSEPPE FAVACCHIO AND ELENA GUARDO

ABSTRACT. A current research theme is to compare symbolic powers of an ideal I with
the regular powers of I. In this paper, we focus on the case that I = Ix is an ideal
defining an almost complete intersection (ACI) set of points X in P! x P!, In particular,
we describe a minimal free bigraded resolution of a non arithmetically Cohen-Macaulay
(also non homogeneus) set Z of fat points whose support is an ACI generalizing Corollary
4.6 given in [5] for homogeneous sets of triple points. We call Z a fat ACI. We also show

that its symbolic and ordinary powers are equal, i.e, I(Zm) = I7 for any m > 1.

1. INTRODUCTION

A research problem of interest regarding which symbolic powers of ideals are contained
in a given ordinary power of the ideal have recently been studied in [1, 2, 3, 12|, with a
focus on ideals defining 0-dimensional subschemes of projective space.

Inspired by recent papers of [5, 7, 8, 9], we focus on the case that I is an ideal defining
a set of points in P! x P! since, in particular, I can be considered as a set of particular
lines in P3.

Throughout this paper, the polynomial ring R := k[xg, 21, o, x3] with the bigrading
given by degzy = degz; = (1,0) and degzy = degzsz = (0, 1) is the coordinate ring of
P! x P'. A point is denoted by P = [ag : a1] X [b : b1] in P! x P! and it is defined by the
bihomogeneous ideal Ip = (a129 — apxy, byxe — boxs). A set of points X = {P,..., P;} C
P! x P! is then associated to the bihomogeneous ideal Ix = pex Ip. If we only consider
the standard grading of this ideal, then Iy defines a union X of lines in P3. Given a
set of distinct points X = {Py,..., P} and positive integers my,...,mgs, we call Z =
mi Py + - +mgPs a set of fat points supported at X.

Given a homogeneous ideal I C R, the m-th symbolic power of I is the ideal 1™ =
RN (Npeass(ry(I™Rp)). Following [3], an ideal of the form I = M;(I3" ) where Py, ..., P,
are distinct points of P* x P!, Ip is the ideal generated by all forms vanishing at P,
and each m; is a non-negative integer, 1™ turns out to be M;(I5™). If I™ is the usual
power, then there is clearly a containment I™ C 1™ and a much more difficult problem
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is to determine when there are containments of the form 1™ C I". Furthermore, the
m-th symbolic power of Ix has the form 1" (m) — 1. The scheme defined by Iy (m
sometimes referred to as a homogeneous set of fat pomt and denoted by mP; +-- -+ mP

We say that a set of points X in P! x P! is arithmetically Cohen-Macaulay (ACM) if
its coordinate ring R/Ix is Cohen-Macaulay. A set of points X is a complete intersection
if Iy is a complete intersection. We write that X = CI(a,b) if Ix is generated by a form
of degree (a,0) and a form of degree (0,b). The set X is an almost complete intersection
(ACI) if the number of minimal generators is one more than the codimension of X, i.e.,
X has three minimal generators.

Let X be an almost complete intersection in P! x P! and let Z = mP, + - -+ + m P,
be a set of fat points supported at X. We call Z a fat almost complete intersection.

A classification of reduced and fat ACM sets of points of P! x P! can be found in [10]
Theorem 4.11 and Theorem 6.21, respectively.

In this paper, we focus on the study of special sets of fat points Z whose support is
either ACM or non ACM. In particular, we give a minimal free bigraded resolution of Z
in both cases (see Theorem 3.4 and Theorem 3.5).

In [8], Theorem 1.1 the authors proved the following

Theorem 1.1 (Theorem 1.1, [8]). Let X C P! x P! be an ACM set of points. Then
IX—] forallm>1zfandonly@f]x—]()

In [5], the authors proposed a classification of the sets of points X C P! x P! satisfying

Iy = ]g?). We require the following notation. Let m; : P! x P! — P! denote the natural
projection
P=AxBw— A

If X C P! xP!is a finite set of reduced points, let m(X) = {H,,..., H,} be the set of
distinct first coordinates that appear in X. Fori = 1,...,h, set &; = | X N7, ' (H;)], i.e.,
the number of points in X whose first coordinate is H;. After relabeling the H;’s so that
a; > @ fori=1,...,r =1, we set ax = (@y,...,). In particular, they proved the
following two results:

Corollary 1.2 (Corollary 4.4, [5]). Let X C P! x P! be any ACM set of points. Then

(a) I3 =19
(b) The following are equivalent:

(i) I% defines an ACM scheme;

(i) I¥ = Ig?) is the saturated ideal of an ACM scheme;
(iii) X is a complete intersection;
(iv) ax = (a,a,...,a) for some integer a > 1.

(¢) The following are equivalent:

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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i) I3 = ]g) is the saturated ideal of a non-ACM scheme;
(ii) Ix is an almost complete intersection;
(ii) ax = (a,...,a,b,...,b) for integers a > b > 1.

and

Corollary 1.3 (Corollary 4.6, [5]). Let Z C P! x P! be a homogeneous set of triple points

(i.e., where every point has multiplicity three) and let X be the support of Z. If Ix is

an almost complete intersection with ax = (a,...,a,b,...,b), then Iy has a bigraded
—— ——

c d
minimal free resolution of the form

0—>F —>F > F—>1;—0

where

Fy = R(—3c¢—3d,0)® R(—3c—2d,—b) ® R(—2c — 2d,—a) ® R(—3c —d,—2b) ® R(—2c —d,—b—a) @
R(—c—d,—2a) ® R(—3c,—3b) ® R(—2¢,—2b — a) ® R(—c,—b — 2a) ® R(0, —3a)

Fi = R(—c¢, —3a)® R(—2¢,—2a —b) & R(—3¢,—a — 2b) ® R(—c —d,—2a — b) ® R(—2c — d, —a — 2b) ®
R(-3c¢—d,—-3b) ® R(—2c — d, —2a) ® R(—-3c—d,—a —b) ® R(—2¢ — 2d,—a —b) ®
R(—3c —2d,—2b) ® R(—3c — 2d, —a) ® R(—3c — 3d, —b)

F» = R(—3c—2d,—b—a)®R(~3c—d,—a—2b)® R(~2c —d,—2a — b).

Here, we generalize Corollary 1.3 for a special set Z of fat points whose support is an
almost complete intersection (ACI), i.e. for a special fat almost complete intersection.

We note that we don’t require that Z is homogeneous. To shorten the notation we will
say Z is a fat ACI.

Let X be an ACI set of distinct points in P! x P! such that ax = (a,...,a,b,...,b)

a1 a2

for two integers a > b > 1. Set a := (1 + [, b := [ and r = a3 + a3, so that
aX:(\61+ﬁ27"'761+62ja§17"'76£)'

~~
a1 a2

Let H; be horizontal lines of type (1,0) and V; vertical lines of type (0, 1), then a point
in P! x P! can be denoted by P;; := H; x V;. If m(X) = {Hi,...,H,} and m(X) =
{Vi,...,Vo}, then X Cc W ={P; |i=1,...,rand j = 1,...,a}. Note that W is a
complete intersection of reduced points.

Define Z := > w;; P;; a fat ACI of P* x P! where
my if (4, 5) < (a1, Br)
mo1 lf (Oél =+ 1, 1) S (Z,j)
myg if (1,61 4+ 1) < (4,7)
0 otherwise

(a1 + az, £r)

-1 Y (a1, B1+ B2)

<
<

for some non negative integers mq,mi2, mo1. Renumbering the lines H; or V;, we can
always assume that mg; < mys.

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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The following picture shows how Z looks like.

B B2
o1 miy mi2
Z =
&%) ma1

We denote by Z; := Y w;;Pi; a set of fat points of P! x P! where

(mu — 1)y if (4,7) < (ou, Br)
__Jma =1y if (an+1,1) < (4, )) < (a1 + ag, f1)
Wi = . ..

mi2 if (1,604+1) <(4,7) < (ou, 1+ B2)

0 otherwise

for my1, my2, moy as in Z and (n)y := maz{n,0}.
The main result of this paper is:

Theorem 1.4 (Theorem 3.5). Let 0 — Lo — L1 — Lo — R — R/Iz, — 0 be a minimal
free resolution of Iz,. Then a minimal free resolution of a fat ACI of type (1.1) Iz is

0— @ R(—a,—b) ® L2(0, —p1) —
(a,b—ﬁl)E.Al(Z)

- @B R-a-b) P R(-a-b)dL(0,—p)—

(avb_ﬁl)eAO(Z) (a7b)6A1 (Z)

- P R(-a,—b) @ Lo(0,~p1) = Iz =0
(a,b)€A0(2)

Wh@’/’@ Ao(Z) == {(Oél(mn +Z) +a2m21, ((m12 —m11)+ —Z>Bg) | 1= 0, ceey (m12 —m11)+}
and Al(Z) = {(al(mn—i—i—I—l)—I—agmgl, ((mlg—m11)+—i)52) | 1= 07 ey (mlg—m11)+—1}.

That is, if we set u = min(mi, ma;) recursively, we find a minimal bigraded free
resolution of non homogeneous sets of fat points Z; C Z whose support is an almost
complete intersection for all ¢ = 0, ..., p but Z,. In particular, Z, = Z and the base case
Z, can be of two types

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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M1 — Mo mi2 0 mi2

1) or 2)

0 Ma1 — M1

1) if my; > mo; then Z, is an ACM set fat points supported on a complete intersec-
tion C1(ay, ). From [10], Theorem 6.21 we can recover its minimal bigraded free
resolution;

2) if my; < moy then Z, is not ACM. In this case Lemma 3.4 gives a minimal
free bigraded resolution of Z,. In particular, in this second case, the support X
of Z, is the disjoint union of two complete intersections X; = CI(oy,f2) and
X2 = CI(OZQ, ﬁ1>

3) The case my; = mg; is shown in Corollary 3.7. In this case, the support of Z, is

a 01(011,62).

We also note that Theorem 3.5 in the case mi; = miy = mo; = 3 gives Corollary 1.3
proved in [5].

In Section 4, Theorem 4.2, we prove that [ (Zm) = [7 for any positive integer m where
Z is a fat ACI of type (1.1). This result gives a new class of non ACM set of fat points
in P! x P! whose symbolic and regular powers are equals.

Acknowledgments. We gratefully acknowledge the computer algebra systems CoCoA
[4] and Macaulay [6] that inspired many of the results of this paper. We also thank the
referee for his/her useful comments.

2. BACKGROUND AND NOTATION

In this section, we recall some well-known facts about ACM sets of fat points in P! x P*.
Then we start the study of a set W of three non collinear fat points of P! x P1. We observe
that Supp(W) of W is ACI but W can be either ACM or not ACM. Proposition 2.5 extends
a property of the ACM set of points to our case of interest.

Lemma 2.1. Let P € P! x P! be a point. Then the bigraded minimal free resolution of

I(P)™ is
0= Rt —m—1,-t) > @ R(t—m,—t) - I(P)" =0
t=1 t=0
Proof. This follows, for instance, from Theorem 6.27, [10]. O

From [11], Theorem 5.4 and Theorem 4.11, the following two results hold:

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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Lemma 2.2. In P! x P! let Z be
Z = Z mnPij + Z lePij
(1,1)<(4,5) <(e,81) (1,814+1)<(4,5) <(a,B14B2)

a set of fat points whose support is X = Cl(a, ) where § = 1 + Ss.
Set M := max{mi1, mia}, then a minimal free resolution of Iz is

M M
0— @R(*Qt, 7ﬂ1(m117t+1)+7ﬂg(m127t+1)+) — @R(*O&t, 7ﬂ1(m117t)+752(m127t)+) — IZ —0
t=1 t=0

Proof. Z is ACM and the tuple associated is

Az = (Y0y-+ 370 y Y1y < Vls «-vs VMy ---YM)-
—_— e N——— —————
(0% (6% (0%
where ~; := (my1 — 1)1 811 + (Mg — )4 Pra.
O

Corollary 2.3. With the notation as above, if my; = mqs, i.e., Z is a homogeneous set
of fat points whose support is X = Cl(«a, ), then a minimal free resolution is

0— E_BR(—(i +Da,—(m—1i)p) - @R(—m, —(m—1)8) = Iz =0

To describe a minimal free bigraded resolution of a fat ACI Z of type (1.1), we need to
describe the minimal free bigraded resolution of a particular case of a fat ACI.

We set our notation.

Notation 2.4. Let W be a fat ACI consisting only of three non collinear fat points
P,; := H,; x V; with H; horizontal lines of type (1,0) and V; vertical lines of type (0, 1)
fore,7 =1,2.

We will assume mo; < myp and (a)y := max{a,0}. Then W := my1 P11 + ma1 Py +
miaPia, and Wy := (mq1 — 1)1 Py + (mag — 1)+ Po; + myaPio is the set of points obtained
from W by decreasing by 1 the multiplicity of each point on V;.

i Va i Va
mii, mjp2 (m33-1)1mjpo
H,y Hy
W = maoq W1 = (mgy—1)4
Hy Hy

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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If mg; = 0 then W is an ACM set of collinear points and everything is known ([11],
Corollary 4.9 and Theorem 4.11).

In order to describe the homological invariants of VW we start by proving a proposition
that holds for ACM finite sets of points in P! x P!, see for instance [10] Theorem 7.12.

Proposition 2.5. With the notation as above, let W = mq1 P11 + ma1 Po1 + miaPio be a
set of three non collinear fat points in P x P, then Ly is minimally generated by a set
of forms such that each of them is a product of powers of lines.

Proof. We claim that I,y is generated by the set of bihomogeneous forms

gWw) = {HleSQWblvzm | a1 4 by > maa, as + by > may, a1 + by > may}.
It is easy to check that H{*H2V'VY* € G(W) iff H* H$*V'V* € I)y. On the other
hand, we distinguish the following cases:

(1) If either mys = 0 or mg; = 0, then W is ACM and so the statement is true.

(2) Suppose mis > 0 and my; > 0 and let F' € Iy be a bihomogeneous form of
bidegree (a,b). Since F' € (Hy,Va)™2 we get F = >, Q;HiVy"*™" where either
Qi = 0 or deg(Q;) = (a—1i,b—myy+1). Moreover F' € (Hy, Vi)™ but HiV,"2> ™" ¢
(Ho, Vi)™ and, since Iy is bihomogeneous, @); have to belong to (Ha, V)™ for
each i, that means Q; = >, T, Hy" 277y Therefore

P Y YT -
i

= Z Tinivle;nm—ijmlzfi_i_ Z EjHi'V'legnm—jVZmlgfi'

i+j<mi1 o Hjzmn |
i F*
Note that F* € (G(W)), so the claim follows if we also prove that I’ € (G(W)).

Then
i) if my; = 0 we get F/ = 0 and we are done;
ii) if my; > 0, we proceed by induction on s := mys+ma;. If s < my;+1 then W is
ACM, by Theorem 4.8 in [11], and the statement is true. Suppose s > mq;+1.
Denoted by w; = min{mya,my; — 1}, and by wy = min{ms;, my; — 1} then

! __ pym21—w2/miz—wi 1Y /J pgw2—Jy wi—i
F —H2 VQ ) E Tinllez V2 .

i+j<mii

J/

-~

e
From F’ € (Hy, Vp)™* we have F” € (Hy, Vi)™ If myg > mqq — 1, then wy +
Wy < S and F” € I(W”) where W” = mHPH -+ U)1P12 -+ U}2P21. By inductive
hypothesis, the forms in G(W") generate Iy and, for some bihomogeneus
polynomial C;, F = 3" C;H! HS2V' V2. Then

o a1 praz+ma1—wzy b1y /b2+miz—w
F = E CiHy" H,y ViV,

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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with the exponents satisfying the systems below

ap+ by > mp ap + by > mp

a; + by > wy and then < ay + by + My — wy > Mo

as + by > wo az + by + Mo — wy > Moy
as we need.

In order to conclude theAproof, we I}ave to consider mis < my; < s— 1. In this
case, note that F' € I(W), where W = mq1 P11 +mqaPio+may Py + (s —mq; —
1) Py, that is an ACM set of points, by [11] Theorem 4.8. So F' € (G(I)).

O

Notation 2.6. From now on we will denote by G(Iy) a minimal set of generators of Iy
as in Proposition 2.5.

The next results are immediate consequences of Proposition 2.5. Since Iy, is still in
the hypothesis of Proposition 2.5, it suffices to prove them just for the product of powers
of Hy, Hy,V; and V5.

Proposition 2.7. With the notation as above,
]W _ VYIIV\/l + H{nHH;nm . (Hla ‘/2)(m21—ml1)7L
Proposition 2.8. With the notation as abowve,
Vily, N H™ HI . (Hy, ‘/2)(m12—m11)+ = ViH™ HI"™ . (H], %)(m12—m11)+

The following proposition will give us a way to construct a free resolution of Iyy.
Proposition 2.9. The following sequence is exact:
0 — Vi H  HY™' - (Hy, Vo) (™M2=mi)s 5 VL @ HP" Hy'' - (Hy, Vo) (™2=ma)+ o [, 50
Proof. This follows from the exact sequence
O—=INJ—=I®J—=1+J—=0
(where I, J are R-modules), Proposition 2.7 and Proposition 2.8. O

Remark 2.10. As a consequence of Proposition 2.9 and the mapping cone construction,
it 0 - Ly — L1 — Lo is a minimal free resolution of [y, then, it is easy to compute a
free resolution for Iy is

0= €P R(-a,-b) & Ly(0,-1) —

(a,b)eA2(W)
— @ R(—a,—b)* ® R(—m11 — ma1, —(miz — mi1)4 — 1) @ L1(0, —1) —
(a,b)e A1 (W)
(2.1) - P R(—a,-b) @ Le(0,~1) = Iy 0
(a,b)eAo(W)

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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where
Ao(W) = {(a,b) | a+b=my1+mo + (m12 — m11)+ and 0<b< (mlg — m11)+}
Al(W) = {(a,b) | a -+ b = 1 —+ mi1 + ma1 —+ (m12 — m11)+ and 1 S b S (m12 — m11)+}
AQ(W) = {(a,b) | a+b=2+ mi1 + mo1 + (mu — m11)+ and 2 < b < (m12 — m11)+ + 1}

We will show in Theorem 2.12 that the resolution will be minimal.

From Remark 2.10 we can describe the bigraded Betti numbers of Iy, when mq; = 0,
i.,e. W is a non ACM set of two non collinear fat points. We note that in this case the
support of W is not an ACI.

Lemma 2.11. Let W = mq3 P2 + ma1 Po1 be a set of two non collinear fat points, then
the minimal free resolution of Iy is:

0— ¢t R(—a, —b)»®» & R(—a, b)) —

a+b=mi2+mo1+2 a+b=mi2+mo1+1
a,b>2 a,b>1

— S R(—a, —b)@ — 1, 0

a+b=mi2+ma1
a,b>0

where By(a,b) ;== min{a, b, ma }+1, f1(a,b) := min{a,b—1,mo } + min{a—1,b, ma } +1,
and Ba(a,b) := min{a, b, my; }.

Proof. If my; = 0 then W consists of only one fat point and the statement is true by
Lemma 2.1. Let us suppose msy; > 0 and the statement true for W;. From Remark
2.10 we get that no cancellation is numerically allowed in the resolution arising from the
mapping cone construction, then by inductive hypothesis
min{mg; —14+m2—(b—1),b—1,me; — 1} +2 ifa+b—1=mgo —14+mia, b <mis
Bola,b) = ¢ min{mao; —1+miz — (b—1),0—1,mo1 —1}+1 ifa+b—1=mao; —1+mia, b>m
0 otherwise

min{a,b,ma1} +1 if a+b=ma; +mi2

0 otherwise

min{b7m21}+1 if a4+ b=mo1 +mi2, b <mqs
=<a+1 if a4+ b=mo; +miz, b>mo :{

0 otherwise
as required.
Analogously we can compute (31 (a,b) and (5y(a, b). O

Theorem 2.12. Let 0 — Fy, — F} — Fy be the free resolution of Iy as in Remark 2.10,
then no cancellation is allowed.

Copyright (c¢) 2016 Canadian Mathematical Society. All rights reserved.
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Proof. Let be 0 — F, — Fy; — F, be a minimal free resolution of I),. Then we first
observe that dimy, (Fp) @p = Ame(Fo)@y, e G(w) = Vi G (Iw) U H™ H™"
g ((Hl, %)(m12_m11)+) and it is a minimal set of generators for I,y. From Proposition 2.5,
it is easy to check that G (Iy) C Vi -G (Iw,) U H" HY'™ - G ((Hy, Vo) (™27m™10)+) . On the
other hand take W € Iy, and G € ((Hy, Vo)™2=™1)+) such that ViW + H{"™' H}"*'G = 0
then G € (V1). Hencelet G =3, ; T,;HiVy , for some Tj; # 0, and let P := (H, x Vi) ¢ W
be such that T}; ¢ (H,). We set HiVJ(P) = ay; # 0 so we get . Tjaq; € (Vi) and, be-
cause the bihomogenity of Iy, this implies that all 7;; € (V4). Then G = V4G’ and
W = —H" H)"G". Thus, if a cancellation is allowed it has to involve Fy and Fj. If
Mo — Mg+ 1 > mey then W is aCM and we are done. We will show that no cancellation
is numerically allowed also in the not aCM case. We proceed by induction on mq;. If
mqy; = 0 then the statement is true from Lemma 2.11. Now we suppose my; > 0. If for
some (a’,b") we have dimy(F1)@ ) 7# 0 and dimg(F2) e p) # 0 then two cases can be
distinguished

(1) dimk(Ll)(a/’blil) 7é 0 and dimk(L2>(a/7b/71) =0
(2) dimk(Ll)(a/’b/_l) =0 and dimk([@)(a/’b/_l) # 0

where 0 — Ly — L; — Ly is a minimal free resolution of /y,. By Remark 2.10 and using
the same notation, the first case happens if (a’,b") € Ay(W) # () so it must be mis > my;
and a' + 0 = 2+ mg; +mqe. If my; = 1 then we get a contradiction since in this case, by
Lemma 2.11, we get dimy (L) p—1y) # 0 if and only if @’ +0" — 1 = myy + (mg; — 1) + 1.
We can assume my; > 1 and we set Wy 1= (my; — 2) P11 + (ma1 — 2) 1 Po1 + miaPo.
From dimy(La)(wy—1) = 0 we have (a/,b' — 1) ¢ Ay(Wh), but (a/, V') € Ay(W), and then
the only case we need to consider is (a’,V) = (ma + may,2). Since (', — 1) ¢ A; (W)
we have dimy(Lq)w,1) # 0 and again since (a’,0) ¢ A;(W,). In the second case we can
proceed in a similar way. First note that (a’,b") € A; U {(m11 + ma1, (Mm12 — ma1)4)} ie.

a + b =1 + mq1 + Moy + (m12 — m11)+
{ 1§b,§ (mlg—m11)++1

Moreover, since dimg(Lq)p—1) = 0 then (o', — 1) ¢ Ay (W) ie. either o' + b #
ma1+maor+(mia—my+1) or b & {2,..., (miz—mi1—1),+2}. Since the second condition
always holds we get m2 < myi, and then (a’,b") = (my1+my2, 1). Then dimy (L) 0y 7# 0
that is not allowed for a finite set of points.

O

The next example shows how to compute inductively a minimal bigraded resolution of
L.

Example 2.13. Let be W = 2P11+4P12+3P21, we set Wk = (2—k)P11+4P12+(3—]€)P21,
for k = 1,2. We use Lemma 2.11 to compute the resolution of Iy, where Wy = 4P5 + Py
is a set of two non collinear fat points.

0— R(—5,-2)® R(—4,-3)® R(—3,—4) @ R(-2,-5) —
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— R(=5,—-1)>@® R(—4,-2)* ® R(-3,-3)3 ® R(-2,-4)>® — R(-1,-5)* —
(2.2) = R(=5,0)® R(—4,-1)>® R(-3,-2)*® R(-2,-3)* @ R(—l, —4)?2 @® R(0,—5) — Ly, — 0
The next step is to compute a minimal free resolution for Iy, where W) = P;; + 4P +
2P,;. First, we shift all the degrees of the modules in the resolution 2.2 by (0, —1), then we
compute all the pairs (i,7) in Ag(W;) and add R(—i, —j) among the generators’ module;
we compute all the pairs (7,7) in A;(W;) and add R(—i, —j) among the first syzygies’
module and, as last step, we compute all the pairs (i,7) in Ay(W;) and add R(—i, —j)
among the second syzygies’s module of W,. Thus, a minimal free resolution for Iy, is
0 — R(—6,-2) ® R(—5,-3)>® R(—4,—4)?> ® R(-3,-5) ® R(—-2,—6) —
— R(—6,-1)>® R(—5,-2)* ® R(—4,-3)° ® R(-3,-4)* © R(-2,-5)*® — R(-1,-6)* —
(2.3)
— R(—6,0)® R(—5,-1)*® R(—4,-2)* ® R(-3, -3)* ® R(-2,-4)*® R(—1,-5)*® R(0,—6) — Iy, — 0
Finally, repeating the same procedure as above, i.e., shifting all the modules’ degrees in
the resolution (2.3) by (0,—1) and adding R(—i, —j) with (¢, 7) all the pairs in Ay(W),
A1 (W), Ax(W) among the generators’ module, first syzygies’” module and second syzy-
gies’s module of W, respectively, we get a minimal free resolution of Iy,

0 — R(—7,-2) ® R(—6,-3)> ® R(~5,—4)> ® R(—4,-5)? ® R(-3,—6) ® R(—2,—T7) —
— R(=7,-1)2® R(—6,—2)* ® R(—5,—3)° & R(—4,—4)° ® R(—3,-5)*® R(-2,—6)*® — R(-1,-7)? =
— R(—=7,0)®R(—6,-1)*®R(~5, —2)>®R(—4, —3)*®R(-3, —4)3®R(-2, —5)’®R(~1, —6)*®R(0, —7) —
— Iy —0

3. THE MINIMAL FREE RESOLUTION OF FAT ALMOST COMPLETE INTERSECTION IN
P! x P!

As said in the introduction, in this section we prove the main result of the paper that
generalizes Theorem 2.12 for any fat almost complete intersection Z. Recall our notation

Notation 3.1. Let ay, o, f1, 52 be positive integers, we denote by Z := Y w;; P;; a fat
ACI of P! x P! where

( ) (Oél,ﬁl)
moy if (aq +1,1) < (4,7) < (o0 + az, 1)

<
myp if (1,80 4+ 1) < (4,5) < (a1, B + B2)
0 otherwise

w,»j =

for some non negative integers myy, mia, mo; and we denote by Z; := > w;;P;; a set of
fat points of P! x P! where

(ma — 1)y if (4,5) < (o, Bi)
(mo1 — 1)y if (a1 +1,1) < (4,7) < (a1 + a9, B1)
M1z if (1,61 +1) < (4,7) < (a1, 81 + B2)

0 otherwise

@U —
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for mq1,M192, 1Mo asS in Z.
We set Ql = H1 R Hal, Qg = Ha1+1 e Ha1+a2 and U1 = Vi s V517 U2 = Vﬁﬁ_l LR V51+52.

We have the following lemma:
Lemma 3.2. Iz = (Q1,U1)™ N (Q1,Uz)™2 N (Qa, Up)™.

Proof. Iz is the intersection of three powers of homogeneous complete intersection ideals

and I™ = I™ where [ is the ideal defining a complete intersection from [13], Appendix
6, Lemma 5. We have

AR A N ey N =
(4,)<(a1,81) (a1+1,1)<(3,5)<(a1+az,B1) (1,81+1)<(4,5)<(c1,81+B2)
mi1 m21 mi2
= ( N (Hi,Vj)) ﬂ( N (Hian)) ﬂ( N (Hiij)) :
(4,5)<(1,B1) (a141,1)<(4,5) < (a1 +az,61) (1,81+1)<(4,5) < (a1,B1+B2)

O

Remark 3.3. All the results given in Section 2 can be generalized by replacing H; by @);
and V; by U;.

The following Lemma generalizes Lemma 2.11. That is, we compute a minimal free
resolution of Z whose support is the disjoint union of two fat complete intersections and
it is never ACM. As pointed out in the introduction, this is one of the starting base case
to describe a minimal free resolution of Iz by induction when mq; < mo;.

Lemma 3.4. In P! x P!, let
Z = Z mlgpij + Z m21Pij
(1,61 +1)<(4,5) < (1,61 +B2) (a14+1,1)<(4,5) (a1 +a2,81)

be a set of fat points whose support is the disjoint union of two fat complete intersections.
Then a minimal free resolution of 1z is

0— @ R(—CLOél — bag, —Cﬁl — dﬁg) — @ R(—CLOél — bOéQ, —Cﬁl — dﬁg) —

(a,b,c,d)ED2 (a,b,c,d)€Dy

— @ R(—(l(l/l — bOZQ, —661 — dﬁg) — IZ — 0
(a,b,c,d)€Dg
where:
Do :={(a,b,c,d)| 0 <a,d <mis, 0 <bc<mg;, a+d=my b+c=ma},
Dy :={(a,b,¢,d)| 0 < a,d <mjg, 0 <b,c<my, (a+d=mya+1, b+c=ma)V(a+d=
mia, b+c=mg + 1)}, and Dy := {(a,b,¢,d)| 0 < a,d < mqs, 0 < bc<my, a+d=
m12+1, b+c:m21—i—1}.

Proof. This follows by induction on ms;, using Lemma 2.3 and the mapping cone con-
struction. 0
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Theorem 3.5. With Notation 3.1, let 0 — Lo — L1 — Ly be a minimal free resolution
of Iz,. Then a minimal free resolution of a fat ACI Iz is

0> P Rl—a,—b) & Lo(0,—) —

(a,b—p1)EAL(Z)

- @  R(-a-b) P R(-a-b)oL(0,-p) —

(a,b—PB1)€AN(Z) (a,b)€AL(Z)
— @ R(—a,—b) & Lo(0,—p1) = Iz =0
(a,b)€AL(Z)

Where
Ao(Z) = {(Oél(mn + Z) + Q9Moq, ((m12 — m11)+ — Z)BQ) | 1= 07 sy (m12 — m11)+}
Ai1(Z2) = {(an(mur+i+1) +aomar), (Miz—ma1)4—i)B2) | i =0,..., (Mmig—m11)4 —1}

Proof. The proof uses Lemma 2.3, Remark 3.3 and Remark 2.10. Note that, by induction,
Lemma 3.4 and Lemma 2.2, the number of elements in a minimal set of generators for the
modules in the resolution does not depend on ay, oy, 81, B2. Moreover, using Remark 2.10,
if o =0y =p1 =P =1 we get |[A(Z)] = [AW)], [Ao(2)] + [A1(Z)] = [A1(W)] and
|A1(2)] = |A2(W)|. Therefore by induction and Theorem 2.12 no cancellation is allowed
in the resolution arising from mapping cone. This follows since the maps of the mapping
cone cannot have invertible entries otherwise by Remark 3.3, the maps of the mapping
cone used in Theorem 2.12 would also have invertible entries.

O

Example 3.6. Consider the following set of fat points with a; = g1 = o = 2 and ap = 1.

2P+ 2P+ 4Pis+ 4P+
Z = —|—2P21—|— 2P22+ 4P23—|— 4P24—|—
+3P31+ 3P5

Note that A (Z) = {(7,4),(9,2), (11,0)} and A;(Z) = {(9,4), (11,2)}.
Set, for: =0,1,2
(2—=9)P1+ (2—1i)Pa+ 4P3+ 4P+

Zi = +(2 — Z)P21—|— (2 — Z)P22+ 4P23—|— 4P24+
+(3 —9)Ps+ (3—1)Ps

We start by computing the resolution of Z5. By Lemma 3.4 we get the following degrees
for a minimal set of generators, first and second syzygies
Generators : {(9,0),(8,2),(7,2),(6,4), (5,4), (4,6), (3,6),(2,8), (1,8), (0,10) }
First Syzygies:  {(9,2)%,(8,4),(7.4)% (6,6),(5,6)% (4,8),(3,8)*,(2,10), (1,10)}
Second Syzygies : {(9,4),(7,6),(5,8),(3,10)}
where (a,b)™ indicates that the set contains n elements of degree (a, b). Now, by Theorem
3.5, and mimicking the procedure used in Example 2.13, we can compute the resolution
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of Iz, where the degrees of a minimal set of generators, first and second syzygies are

respectively:
Generators : {(9,2),(8,4),(7,4),(6,6), (5,6), (4, 8), (3,8), (2,10), (1,10), (0,12) }U
U{(lo, 0),(8,2),(6,4),(4,6)}
,6)2, (6,8), (5, 8)2, (4,10), (3, 10)27 (2,12),(1,12)}U

First Syzygies : {(9,4)%,(8,6),(7,6) )
U{(10,2)2, (8,4)2, (6,6)2, (4,8)}
Second Syzygies : {(9,6),(7,8),(5,10), (3,12)} U {(10,4), (8,6), (6,8)}
Finally, applying again Theorem 3.5, we get a minimal resolution of Iz = Iz, :

0 — [R(~10, —6) ® R(-9, —8) ® R(~8, —8) & R(~7,~10) & R(~6, —10) & R(~5, ~12) & R(~3, -14)| P

PIRr(-9,-6) & R(—11, -4)] —

— [®R(-10,-4)? ® R(—9,—6)?> ® R(—8,—8) ® R(—8,—6)> ® R(—7,—-8)?> ® R(—6,—10) ® R(—6, —8)’®
®R(-5,-10)* @ R(—4,-10) ® R(—4,-12) ® R(-3,-12)* ® R(-2,-14) ® R(-1,-14)]| P
P@R(-7,-6) & R(-9,—4) & R(—11,-2)] DIR(-9, —4) & R(—11,-2)] —

— [R(=10,—2)®R(—9, —4)® R(—8, —6) ® R(—8, —4) ® R(—7, —6) ® R(—6, —8) ® R(—6, —6) ® R(—5, —8)&
®R(—4,-10) ® R(—4,-8) @ R(-3,-10) ® R(-2,-12) & R(—1,-12) & R(0, —14)| P
PIR(-7,—4) & R(—9,-2) & R(~11,0)] = Iz — 0

The next corollary better describes the resolution of Iz when my; = mo;.

Corollary 3.7. With Notation 3.1, suppose mi1 = mo; = n and miy = m.
Then a minimal free resolution of Iz is

0— @ R(—aaq — bag, —cf1 — dfs) — @ R(—aaq — bag, —cfy — dfs) —

(a,b,e,d) B3 (Z) (a,b,e,d)EB1(Z)
— @ R(—ao; —bag, —cf1 —dpfs) > Iz =0
(a,b,c,d)EBo(Z)
Bo(Z) :={(a,b,c,d)ja+d=m, b+c=mn, 0 <b<min{a,n} <a <m},
Z):={(a,b,¢,d)|(a+d = m+1, b+c=n)V(a+d =m, b+c=n+1), 0 <b < min{a,n} < a < m},
Ba(Z) :={(a,b,c,d)jJa+d=m+1, b+c=n+1, 0<b<min{a,n} <a<m}.

Proof. We proceed by induction on n. If n = 0 then Z is homogeneous and its support is
a complete intersection so, by Lemma 2.3, we are done. Assume now n > 0 and take Z;
as in Notation 3.1. Then we get

Npp— @ R(—aay — bag, —cf1 — dfs) @ R(—u,—v) = Iz —0

(a,b,c+1,d)EBo(21) (u,v)€AQ(Z)
Bo(Z21) == {(a,b,c,d)ja+d=m, b+c=n—1, 0<b<min{a,n — 1} <a <m} and
Ao(Z2) = {((aa(n +14) + agn), Bo(m —n —1)) | i =0,...,m —n} le.

= @ R(—aa1 — bCVQ, —Cﬁl — dﬁg) @ R(—ala — O[Qb, —/310 — 52(1) —Iz—=0
(a,b,c+1,d)€Bo(Z1) (a,b,c,d)€AL(Z)
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where AH(Z) := {(a,b,c,d) | b=n, c=0, a+d=m, n <a<m}.
Then By(Z) = By(21) U Ay(Z). Analogously we get B,(Z) and By(Z).
0

Consequently, if Z is a homogeneous set of fat points, then a minimal free resolution
is easy to describe.

Corollary 3.8. With Notation 3.1, suppose mi; = mis = Moy = m, i.e. the support of
Z 15 an almost complete intersection with associated tuple

Oz = (@1+627"'7/81+6%7617"'7/83)

Vv Vv
atasg aq

for some m € N.

Then a minimal free resolution of 1z s
0— @ R(-CLO&l — bOéQ, —Cﬁl — dﬁg) — @ R(—CLOél — bOéQ, —Cﬂl — dﬁg) —

(a’b’c’d)eBQ(Z) (a,b,c,d)EBl(Z)
— @ R(—aa1 — bO./Q, —Cﬁl — dﬁg) — IZ —0
(a,b,c,d)eBL(2)
By(Z):={(a,b,c,d)ja+d=m, b+c=m, 0<b<a<m}
Bi(2) :={(a,b,c,d)|(a+d=m+1, b+c=m)V(a+d=m, b+c=m+1), 0 <

By(2) :={(a,b,c,d)ja+d=m+1, b+c=m+1, 0<b<a<m}
Proof. Just use Corollary 3.7. O

Remark 3.9. Recently, using Theorem 1.1 and Corollary 1.2, it was proved in [5], that
if Z is a homogeneous set of fat points whose support is an almost complete intersection
then,

Iz = (Q1,U1)" N (Q1,Uz)" N (Qe, Uy)™ = J™
where we set J := (Q1,U1) N (Q1,U2) N (Q2,U;). That is, the symbolic powers of J and
the regular powers are the same. Therefore a proof of Corollary 3.8 could be given by
induction on m since J™ = J - J™1,

In the next section we look at the symbolic powers of Iz in the non homogeneous case.

4. SYMBOLIC VS REGULAR POWERS OF A PARTICULAR ALMOST COMPLETE
INTERSECTION

As said in the introduction, given a homogeneous ideal I, the m-th symbolic power
of I is the ideal 1™ = RN (Npeass(n(I™Rp)). Following [3], for an ideal of the form
Ix = ﬂPL-jeX(IZZj ) where X C P! x P! is a finite set of points, Ip,; is the ideal generated
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)

by all forms vanishing at F;; and each m;; is a non-negative integer, I;m turns out to be

Np,e X(I}T;Zn”). If I is the usual power, then we have the containment Iy C Ig(m) and it

is a difficult problem to determine when there are containments of the form / )((m) C Iy.
Furthermore, the m-th symbolic power of Iy has the form [)((m) = ﬂijl}!jj.

In this section we prove that if Z is a fat ACI of type (1.1), then I(Zm) = I7. We start
with the three non collinear points case by comparing the ideal I}, with ]1(/\77 ), where we
denote by ]1(/7\7) = ](m . m11P11 +m- m12P12 +m - mgngl).

Theorem 4.1. Let W = mq1 Pi1 + mioPia + ma1 Po1 be a fat ACI of three non collinear
points in P x PL. Then I}, = L(/Cl).

Proof. First note that I)(/(,n ), by Proposition 2.5 is generated by a set, G ([)(/Cl )), of forms
which are product of lines. Thus, take such a form F := H® H2V'V* in g([ﬁ@”‘)), we
have to show that F' € I}},. We will show that we can decompose the form F' as F; - F}
with | € Iy and F, € 11(/(,” 71), therefore the theorem will follows by induction. Let us
consider the Euclidean division in N of a;, b; with m, say a; = ¢;m +71;, bj = djm + s;, for
i,j € {1,2}. We get, for (i,75) € {(1,1),(1,2),(2,1)} esm~+r;+dym+s; = a;+b; > m-my;,
ie. ¢ +dj+ (ri+s;)/m > m;; then

¢ +d;+ [(ri + s5)/m| > my;.

Let 6; = L ?fsi?é()andset
0 ifs;=0

.__ Iyc1 pyc2/d1+01 7,/ d2+02 .__ gyai—ci gyaz—cay b1 —d1—081 1 ba—d2—0d2

For (i,7) € {(1,1),(1,2),(2,1)} we have ¢;+d;+0; > ¢;+d;+ | (r; + s;)/m| > m;;. This
guarantees that Fy € Iyy. Analogously a;—c;+b;—d;—6; = ¢;(m—1)+r;+d;j(m—1)+(s;—
1)+ = (m=1)(c1+di+(ri+(s;—1)4)/(m—1)). Since (r;+(s;—1)+)/(m—1) > [(r; + s;)/m]
we are done. O

We are ready to prove the main result of this section. Set I(Zm) = (Q,U;)™ ™ N
(Q1, Ux)™2m N (Q2, Uy)™™, ie. ZM) is

mimy| M2

mo1mm
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Theorem 4.2. Let Z be a fat ACI of type (1.1). Then I} = Ifzm).

Proof. Since Lemma 3.2 and Remark 3.3, we can repeat the same argument as in Theorem
4.1. O
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