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Abstract: New weak notions of positive dependence between the components X and Y of a random
pair (X,Y) have been considered in recent papers that deal with the effects of dependence on
conditional residual lifetimes and conditional inactivity times. The purpose of this paper is to provide
a structured framework for the definition and description of these notions, and other new ones,
and to describe their mutual relationships. An exhaustive review of some well-know notions of
dependence, with a complete description of the equivalent definitions and reciprocal relationships,
some of them expressed in terms of the properties of the copula or survival copula of (X, Y), is also
provided.

Keywords: dependence notions; stochastic orders; copulas; total positivity

1. Introduction

In the past few decades, a number of different concepts and notions of dependence
between the components X and Y of a random pair (X, Y) have been defined and applied
in a variety of fields like reliability theory or actuarial sciences. Since the main motivation
for these notions is in the understanding of the effects of the dependence between X and
Y on the reliability of one of them given the behavior of the other, most of these notions
have been described and defined by using classical stochastic comparisons, comparing
in some stochastic sense the distribution of one variable under different conditions for
the other. For example, a well-known notion is the stochastically increasing property:
given (X,Y), the variable X is said to be stochastically increasing in Y if, and only if,
Pr(X > x|Y = y) increases in y for all fixed x (respectively in the corresponding supports
of Y and X), or equivalently, if, and only if, (X|Y = y1) <sr (X|Y = yp) forall y; < y»,
where <gr denotes the usual stochastic order (whose definition is recalled next). Similarly,
other notions have been defined (and studied in detail) by replacing the usual stochastic
order with other common stochastic comparisons and considering other conditional events,
such as, for example, {Y > y}.

The purpose of this paper is twofold: on the one hand, it is our intention to provide
a complete review of the main notions introduced so far, clearly describing equivalent
definitions and reciprocal relationships; on the other hand, it is to enlarge the set of
dependence notions with two properties recently considered in [1,2] and with other new
ones, all defined as above, but considering stochastic orders for which the corresponding
notions have not been characterized in the previous literature. The first point is motivated
by the fact that characterizations of the previously defined notions can be found in many
different articles and books, where the equivalent definitions and mutual connections are
separately and partially analyzed, so that it is difficult to find them in a few exhaustive
statements. For the second point, the aim is also to describe in an systematic manner some
notions introduced in recent literature and to define a unified framework for dependence
notions and their mutual relationships.
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The paper also contains a result of general interest in the context of total positivity
theory, for which we have not found the statement in the literature. This result, stated and
proven in Section 2, deals with the preservation properties of total positivity and is used to
provide sufficient conditions for the new notions of dependence.

The paper is structured as follows. The definitions of the stochastic orders used
to describe the old and new dependence properties are recalled in Section 2, together
with other useful properties and characterizations. Section 3 contains the survey on the
notions introduced so far in the literature; all of them imply the Positively Quadrant
Dependent (PQD) property, defined later, which is a necessary condition for a property
of a vector (X,Y) to be considered a dependence property according to the classical
definition described in [3]. The new dependence notions, which are called here “weak
dependence notions” since they imply the non-negativity of the linear correlation index,
but not the PQD property, are described in Sections 4 and 5. Finally, Section 6 contains
counterexamples showing that equivalences among some of these notions are not satisfied.

Throughout the paper, we will consider bivariate vectors (X, Y) having an absolutely
continuous joint distribution, unless otherwise stated, and the supports of X and Y will
be denoted as Sx and Sy. For any random variable or random vector X and an event A,
the notation (X|A) describes the random variable whose distribution is the conditional
distribution of X given A (tacitly assuming that it exists). The terms “increasing” and
“decreasing” are used in place of “nondecreasing” and “nonincreasing”, respectively. Fur-
thermore, for a function (x,y) : R? — R, the notations d1h(x,y) and d,h(x, y) are used for
the partial derivatives with respect to the first or the second component, respectively, while
0%,k (x,y) is used for the mixed second partial derivative.

2. Preliminaries

First, we briefly recall the definitions of the stochastic orders that will be used through-
out this paper. Most of them are mainly used to compare random lifetimes or inactivity
times. To this aim, let X and Y be two absolutely continuous random variables having
supports Sx and Sy, distribution functions Fx and Fy, reliability (survival) functions
Fx =1— Fx and [y = 1 — Fy, and density functions fx and fy, respectively. Furthermore,
fort e R, let X; = (X —t/X >t)and Y; = (Y —t|Y > t) be the corresponding residual life-
times (RL), and let ;X = (t — X|X < t) and ;Y = (t — Y|Y < t) denote the corresponding
inactivity times (IT). Then, we say that X is smaller than Y:

in the stochastic order (denoted by X <g7 Y) if Fx < Fy in R;
in the likelihood ratio order (denoted by X < Y) if the ratio fy/ fx is increasing in
Sx U Sy;
in the hazard rate order (denoted by X <y Y) if the ratio Fy/Fx is increasing in R;
in the reversed hazard rate order (denoted by X <gryr Y) if the ratio Fy/Fx is
increasing in R;

e in the mean residual life order (denoted by X <pry Y) if E(X;) < E(Y}) for all ¢ for
which the expectations exist;

e in the mean inactivity time order (denoted by X <7 Y) if E(;X) > E(;Y) for all ¢t
for which the expectations exist;

e  in the increasing convex order (denoted by X <;cx Y)if E(¢(X)) < E(¢(Y)) for all
increasing and convex functions ¢ for which the expectations exist;

e in the increasing concave order (denoted by X <;cy Y)if E(¢(X)) < E(¢(Y)) for all
increasing and concave functions ¢ for which the expectations exist.

We address the reader to [4] for a detailed description of these stochastic orders
(except for the MIT order, for which we address the reader to [5]) and to [6] or [7] for a list
of examples of applications in reliability theory and in actuarial sciences. Among these
stochastic orders, there exist the well-known relationships shown in Table 1. The proof of
all these relationships may be found in [4], except for those involving the MIT order, which
can be found in [5].
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Table 1. Relationships among the main stochastic orders.

X<RY = X<HrY = X<MmrLY
N3 (8 I

X <RHRY = X<stY = X <icx Y
N3 (3 A

X<mrY = X<ievY = E(X) < E(Y)

We recall here some immediate properties and equivalent conditions of these stochastic
orders. The proofs of the following statements, unless stated, can be found in [4] or are
straightforward.

Proposition 1. The following conditions are equivalent:
(i) X<irY;

(ii) Xt <tr Yeforall t;

(ii) Xt <RHR thOT’ all t;

(i) (X|s< X <t)<gr(Y|s<Y<t)foralls <t.

Note that the third and the fourth conditions in the proposition above can be used to
define the order also for variables that are not absolutely continuous.

Proposition 2. The following conditions are equivalent:
(i) X<urY;

(Zl) Xt gHR Yt fOl’ all i’,‘

(iii) Xy <sr thOT all t.

Proposition 3. The following conditions are equivalent:
(i) X<mrLY;

(i) Xi <mrL thOT all t;

(iii) X SICX thO?' all t.

The proofs of the propositions above may be found in [4] or easily follow from
statements there. For example, to prove the last one, we note that if mx(t) = E(X;) =
E(X — t|X > t) is the MRL of X, then the MRL of X; is mx,(x) = mx(x + t). Therefore,
we get (i) = (ii). Furthermore, (ii) = (iii) holds because the MRL order implies the ICX
order. Finally, (iii) = (i) holds because the ICX order implies the order in expectations.

Similar results can be stated for inactivity times. The proofs of the following results,
again, can be found in [4] or are straightforward.

Proposition 4. The following conditions are equivalent:
(i) X <grHrRY;

(ii) tX > HR tYfOT all t;

(le) tX ZST tYfOT all t.

Proposition 5. The following conditions are equivalent:
(i) X<RY;

(ii) +X >R ¢Y forallt;

(iii) tX >RHR tYfOT’ all t;

Finally, we include the equivalences for the MIT order.
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Proposition 6. The following conditions are equivalent:
(i) X<mrY;

(ii) X >pmrp Y forallt;

(iii) X ZICX tYfOI’ all t.

The proof of the equivalence between Conditions (i) and (iii) in the previous propo-
sition may be found in [8], while the equivalence with (ii) can be proven in a similar
manner.

For the proof of some of the results stated in the next sections, we will use a few
preliminary results whose proofs are given here. These results, for which we have not
found the statements in the literature, are of general interest in the context of total positivity
theory, regardless of their applications in the following sections.

For them, we recall the notion of total positivity of order two (see, e.g., [9]).

Definition 1. A bivariate function | : R? — R is said to be totally positive of order two (TP,) if:
1(x1,y1)1(x2,y2) = 1(x1,¥2)1(x2, 1), for all x1 < x2, y1 < 2.

We also recall the following useful property, the proof of which is given in Lemma
7.1(a) in Chapter 4 of [6] (see also the remark after the lemma).

Lemma 1. Let W be a Lebesgue—Stieltjes measure, not necessarily positive, defined on the interval
(a,b), and let ¢ be a non- negativefunction defined on (a,b). Ifftb dW(x) > 0forall t € (a,b)
and ¢ is increasing, then ft x)dW(x) > 0forall t € (a,b).

We can now state and prove the first one of the preliminary results.

Theorem 1. Let f : R? s RY. Ifh(x,y) = fff(s,y)ds is TP, in (x,y), with x € (a,b) C
R, then:

b
H(xy) = [ fs)0(6)ds

is also TP, in (x,y) for all increasing and non-negative real functions ¢.

Proof. We assume that (x,y) is TP, in (¥, y), which means that:
decreases in x, for y; < y;. 1)

Now observe that (1) holds if, and only if:

LS
ff

From (1) and (2), we can rewrite the TP, property of h(x,y) as

fOI' yl S yz. (2)

ft (s,y1)d
ft (s,y2) ds

Now, given y; < 1, this is the same as:

fora<x§t<b,y1§y2.

b
/ AW, (s) > 0, foralla < x < t < b, @)
t
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where:
AW (s) = [F(s,y2) F(x,y1) — £(s,y1) £ (x,y2)]ds. @
Now, consider the function:

b
D(u) = /u It ooy (5)dWi(s), u € (a,b),

where:
1, s>t
I[t,oo)(s) = { 0, s<t t e ({Il, b)

Then, by noting that:
[P AWL(s), u>t

O (u) =
ftb dWy(s), u<t,

we see that (3) is equivalent to:
b
/ I100) (8)dWi(s) > 0, forall u, foralla < x <t <b.
u

Since ¢ is increasing and non-negative, by using Lemma 1, we have:

b
/ I100) (8)@(s)dWx(s) > O, forallu, foralla <x <t <b.
u

By repeating the argument in the opposite direction, we see that the last inequality is
the same as:

b
/ $(s)dWx(s) >0, foralla < x < t < b.
t
Therefore, we have proven that (1) implies:

[ 1020 £ ) — Fo ) £ 1) () > 0, 1y <y a < x < E <.

Rewriting this inequality as:

floy) o S f(sy)g(s)ds
fCoy2) = f} (s, 2)9(s)ds

,forx <t, y1 <o
and taking x = t, we see that:

b
f,zf(S, yP(s)ds decreases in x, for y1 < y.
S f(s,y2)¢(s)ds

This means that [~ f(s,y)¢(s)ds is TP, in (x,y). O

The following is an immediate consequence of Theorem 1.

Corollary 1. Let f : R? — R*. Ifh(x,y) = f: f(s,y)dsis TP, in (x,y), with x € (a,b), then:

“1(b)
ey = [ fe) s

X

is also TPy in (x,y), with x € (Y~1(a),p~1(b)), for all strictly increasing and concave real
functions .
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Proof. Since h(x,y)is TP, in (x,y) and ¢ is increasing, it follows from Theorem 1.1 of [9],
p- 99, that h(¢(x),y) is TP, in (x,y). This is equivalent to stating that:

flﬁ(x) f(s,y1)ds
flﬁ(x)f(er/Z)ds

decreases in x, for y; < yp,

which is the same as:

JI7® F(p(s), yr)y! (s)ds
IO F(p(s), yo) g (s)ds

Equivalently, we can say that:

decreases in x, for y; < y».

)
/ P f (), (s)ds 5)

is TP, in (x,y). Since ¥ is strictly increasing and concave, the result follows from (5) by
applying Theorem 1 with ¢(s) = ﬁ O

Using the same procedure as above, but applying Lemma 7.1(b) in Chapter 4 of [6]
instead of Lemma 7.1(a), one can also prove the following statements.

Theorem 2. Let f : R? — R Ifh(x,y) = [ f(s,y)ds is TP, in (x,y), with x € (a,b) C
R, then:

Hexy) = [ fs)pis

is also TP, in (x,y) for all non-negative and decreasing real functions ¢.

Corollary 2. Let f : R? — RT.Ifh(x,y) = [ f(s,y)ds is TP, in (x,y), with x € (a,b) C
R, then:

X

Hixy) = [ fg(s)y)ds
y=1(a)

is also TP, in (x,y), with x € (p~(a),p=1(b)), for all strictly increasing and convex real

functions 1.

3. Strong Dependence Notions

Starting from the seminal paper by Kimeldorf and Sampson [3], where a unified
framework to deal with dependence concepts was proposed, many alternative notions
of dependence (either positive or negative) have been investigated and applied in the
literature with the intent of mathematically describing the different properties and aspects
of this intuitive concept. According to [3], a bivariate property can be considered as a
positive dependence notion if it satisfies a number of conditions, the first of which is the
PQD property, whose definition and relevance in this context is recalled later.

Since all the monotone dependence properties based on the level of concordance
between the components of a random vector are entirely described by its copula, whenever
it is unique, one can rewrite the conditions described in [3] in terms of families of copulas,
without taking care of the marginal distributions. See, e.g., [10] or [11] for the relationships
between copulas and positive dependence notions or indexes. For this reason, we briefly
recall here the definition of the copula and the survival copula of a random vector (X, Y).

Given a random vector (X, Y) with joint distribution function F and marginal distri-
butions Fx and Fy, the function C : [0,1]?> — [0, 1] is called copula of the vector (X, Y) if it
is such that, for all (x,y) € R?,

F(x,y) = C(Fx(x), Fy(y))-
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In this case, it also holds, if Fx and Fy are continuous, that:
C(u,v) = F(F);1 (u), F;l(v)),

for all u,v € [0,1], where Fy I denotes the quasi-inverse of Fx (and similarly for F, 1).
Actually, the copula of a vector (X, Y), which is unique whenever Fx and Fy are continuous,
is the joint distribution function of a vector having uniformly distributed margins on
[0,1] C R, which entirely describes the dependence between the components of the vector.
Moreover, since in some applicative fields, like reliability theory, the dependence among
components of a vector is analyzed through the survival copula instead of through the
copula, then we recall its definition as well: given (X, Y), and denoting F, Fx, and Fy as its
joint survival function and the two marginal survival functions, the survival copula Cis
defined as:
C(u,v) = F(F'(u), Fy Y (v) =u+0—-1+C(1—u,1-0)

forall u,v € [0,1]. If C exists, then one also has:

F(x,y) = C(Fx(x), Fy(y))

for all x and y. For the basic properties of copulas and survival copulas, we refer the reader
to [11,12].

The definitions of the dependence properties considered throughout the paper, and pre-
viously defined in the literature, are recalled here.

Definition 2. Given a vector (X,Y), it is said to be:

*  PQD (Positively Quadrant Dependent) iff X <gr (X|Y > t) for all t (see, e.g., [11], p. 187).

e NQD (Negatively Quadrant Dependent) iff X >sr (X|Y > t) forall t (see, e.g., [11], p. 187).

e RTI(X|Y) (Right Tail Increasing) iff (X|Y > t) is ST-increasing in t (see, e.g., [11], p. 191).

*  RTD(X]|Y) (Right Tail Decreasing) iff (X|Y > t) is ST-decreasing in t (see, e.g., [10], p. 22).

e LTD(X]|Y) (Left Tail Decreasing) iff (X|Y < t) is ST-increasing in t (see, e.g., [11], p. 191).

e LTI(X|Y) (Left Tail Increasing) iff (X|Y < t) is ST-decreasing in t (see, e.g., [10], p. 22).

e SI(X]Y) (Stochastically Increasing) iff (X|Y = t) is ST-increasing in t € Sy (see, e.g., [11],
p. 196).

e SD(X|Y) (Stochastically Decreasing) iff (X|Y = t) is ST-decreasing in t € Sy (see, e.g., [11],
p. 196).

*  RCSI (Right Corner Set Increasing) iff Pr(X > x,Y > y|X >'s,Y > t) is increasing in s
and t for all (x,y) € R? (see [11], p. 198) or, equivalently, iff (X|Y > t) is HR-increasing in
t (see [13], p. 166).

*  RCSD (Right Corner Set Decreasing) iff Pr(X > x,Y > y|X >s,Y > t) is decreasing in s
and t for all (x,y) € R? (see [11], p. 198) or, equivalently, iff (X|Y > t) is HR-decreasing in
t (see [13], p. 166).

e LCSD (Left Corner Set Decreasing) iff Pr(X < x,Y < y|X <'s,Y < t) is decreasing in s and
t for all (x,y) € R (see [11], p. 198) or, equivalently, iff (X|Y < t) is RHR-increasing in t.

®  LCSI (Left Corner Set Increasing) iff Pr(X < x,Y < y|X <'s,Y <'t) is increasing in s and
t forall (x,y) € R? (see [11], p. 198) or, equivalently, iff (X|Y < t) is RHR-decreasing in t.

e SIRL(X|Y) (Stochastically Increasing in Residual Life), defined in [14], iff (X|Y = t) is
HR-increasing in t € Sy.

*  SDRL(X|Y) (Stochastically Decreasing in Residual Life), defined in [14], iff (X|Y = t) is
HR-decreasing in t € Sy.

e PRLD (Positive Likelihood Ratio Dependent) iff its joint density function is TP, (see [11], p.
200, where it is denoted as PLR(X,Y)) or, equivalently, iff (X|Y = t) is LR-increasing in
t € Sy (see [14]).

e NRLD (Negative Likelihood Ratio Dependent) iff its joint density function is RRy (see [11],
p. 200, and [9] for RR, notion) or, equivalently, iff (X|Y = t) is LR-decreasing in t € Sy.
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Note that some of these notions, like the PQD, are “symmetric”, in the sense that they
describe both the properties of X given Y and the properties of Y given X, while other
notions, like RTI(X|Y'), describe only the properties of X given Y, while the opposite no-
tions (e.g., RTI(Y|X)) describe the properties of Y given X. For these cases, the symmetric
notions can be defined similarly and will be denoted as P(Y|X), where P is the specific
property.

As pointed out before, for all the above-mentioned notions, there exist equivalent
definitions given in terms of the survival copula C (or connecting copula C) of the vector
(X,Y). These alternative definitions, proven in [11], [13], or [14], will be pointed out in
the following statements, which also describe more interesting equivalences. Here, and
throughout the rest of the paper, the notations X; s and Y} are used to describe double
conditioning, i.e., Xis = (X —t{X >+, Y >s)and Yis = (Y —s|X > £, Y > s).

Proposition 7. For continuous Fx and Fy, the following conditions are equivalent:

(i) X <yr (X|Y >s) forall s € Rand all Fx, Fy;
(i) Xp <gr Xis forall (t,s) € R? and all Fx, Fy;
(iii) X¢ <s1 Xis forall (t,s) € R? and all Fx, Fy;
(iv) C(u,v)/u is decreasing in u for all v € [0,1];
(v) RTI(Y|X).

The equivalences between the first three conditions can be obtained from the equiv-
alences given in the preceding section. The equivalences between (i) and (iv) can be
obtained both from Proposition 3.1 in [2] or from Proposition 3.3 (iii) in [13]. The equiva-
lence between (iv) and (v) can be found in [11] (Theorem 5.2.5). It is interesting to observe
that, even if RTI(Y|X) refers to a property describing the behavior of the law of Y given X,
Conditions (i), (ii), and (iii) refer to the behavior of X given Y. A discussion of and the
formal motivation for this fact were clearly provided in [14].

Note that a similar proposition could be stated just for a fixed s. Note that if (i) holds
for a fixed s > 0 and all Fx, Fy, then (iv) holds for all u = Fx(t) > 0 and v = Fy(s) > 0;
by changing Fy, we cover the interval (0,1). However, if we fix Fx and Fy, then the
equivalence is not true when we also fix s (the RTI(Y|X) property is no longer satisfied).
In this case, (v) does not hold, but one could write (iv) for a fixed value v = Fy(s).

The following statement deals with the SI notion.

Proposition 8. The following conditions are equivalent:

(i) X <pr (X|Y >s) foralls € Rand all Fx, Fy;

(i) X <tr Xis forall (t,s) € R? and all Fy, Fy;

(iii) X; <RHR Xis forall (t,s) € R? and all Fx, Fy;

(iv) C(u,v) is concave in u (or d,C(u,v) is decreasing in u) for all v € [0,1];
(@) SI(Y|X).

The equivalences between the first three conditions can be obtained from the equiv-
alences given in the preceding section. The equivalences with (iv) can be obtained both
from Proposition 3.2 in [2] or from Proposition 3.3 (v), in [13]. Again, it is interesting to
observe that SI(Y|X) refers to a property describing the behavior of the law of Y given X,
while Conditions (i), (ii), and (iii) refer to the behavior of X given Y (see [14]).

The following statement describes equivalent definitions for the RCSI notion.

Proposition 9. The following conditions are equivalent:

(i) (XY >s1) <ggr (X|Y > sp) forall sy < sy and all Fx, Fy;
(i1) (Y|X > t1) <HR (Y|X > tz)fOV all 1 < ty and all Fx, Fy;
(iii)  Xts, <HR Xis, forall t,all sy < sp and all Fx, Fy;
(iv) Xis, <sT Xis, forallt,all sy < sy and all Fx, Fy;
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() Yi,,s <HR Yi,s foralls, all t; < tp and all Fx, Fy;
(i) Yy, <st Yi,sforalls, all ty < tp and all Fx, Fy;
(vii) C(u,v)is TPy in (u,0) € [0,1]%

(viii) (X, Y) is RCSI.

The proofs of the equivalences in the above proposition can be found in [1,14] or [13].

The preceding propositions can be completed with the following result (extracted
from Proposition 3.3 in [13]) that does not have an equivalent result based on residual
lifetimes. For the equivalence between Conditions (iv) and (v), see [15].

Proposition 10. The following conditions are equivalent:

(i) X <st (X|Y > s) forall s and all Fx, Fy;

(it) Y <s1 (Y|X > t) forall t and all Fx, Fy;

(iii) C(u,v) > uv forall u,v € [0,1);

(iv) Cov(t(X),¢(Y)) > 0 for all increasing real functions T and ¢ for which the covariance exists;
() (X,Y)is PQD.

The following two propositions hold as well.

Proposition 11. The following conditions are equivalent:

(i) (X]Y >s1) <pr (X|Y > sp) forall sy < sp and all Fx, Fy;

(i) (X¢]Y > s1) <pr (X¢|Y > sp) forall t, sq < sp, s1,50 and all Fx, Fy;
(iii) (X¢|Y > s1) <rur (X¢|Y > s1) forall t, sy < sp and all Fx, Fy;

(iv) 91C(u,v)is TPy in (u,v) € [0,1)?;

(v) SIRL(Y|X).

The proof of equivalence among (i), (iv), and (v) can be found in [13] or [14].
The proof of equivalence among (ii), (iii), and (v) can be found in [1]. Once more, it
is interesting to observe that SIRL(Y|X) refers to a property describing the behavior of the
law of Y given X, while Conditions (i), (ii), and (iii) refer to the behavior of X given Y
(see [14]).

Proposition 12. The following conditions are equivalent:

(1) (Y|X =t1) <ir (Y|X = tz)fOI’ allty < ty,ty,ty € Sx and all Fx, Fy;

(i) (XY =s1) <tr (X|Y =sp) forall sy < sp,51,92 € Sy and all Fx, Fy;

(ii)) (X¢]Y =s1) <pr (X¢|Y = sp) forall t, s1 < s3,81,82 € Sy and all Fx, Fy;
(iv) (X¢|Y =s1) <rur (Xt|Y = sp) forall t, s1 < sp,81,82 € Sy and all Fx, Fy;
(v) (Ys|X=1t)<ir (Ys|X=t)foralls, t; < ty, t1,tr € Sx and all Fx, Fy;
(vi) (YS|X = tl) <RHR (YS|X = tz)for all s, t; < ty,t1,tr € Sx and all Fx, Fy;
(vii) 83 ,C(u,v) is TPy in (u,0) € [0,1)%

(viii) 87 ,C(u, v) is TPy in (u,v) € [0,1]%

(ix) (X,Y)is PLRD.

The proof of equivalence between (vii) and (viii) can be found in [11]. The proof of
equivalence among (i), (ii), and (viii) can be found in [13] or [14]. The proof of equivalence
among (iii), (iv), (v), and (vi) follows from Proposition 2.1.

In order to synthesize all these properties with a uniform notation and to introduce
similarly defined new properties, the definitions that follow were proposed in [13,14]. The
first one of them deals with the SI notion.
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Definition 3. We say that (X,Y) is stochastically increasing (decreasing) in the order ORD,
denoted SIORD(X|Y) (SDORD(X|Y)), lf

(XY =s1) <orp (X|Y =s2) (>o0rD)
holds for all s1 < sy, with 51,5y € Sy, for a given stochastic order ORD.

The classes for (Y|X) are defined in a similar manner. With this definition, the class
SI(X|Y) can also be written as SIs7(X|Y); the class SIRL(X|Y) can also be written as
SIgr(X]Y); and the condition (i) in Proposition 12 as SI; g (Y|X). Note that in this last case,
SI;r(Y|X) is equivalent to SI; g (X|Y), and so, we can just write SIj g.

One can do the same with the RTI and LTD classes by proposing the following
definitions (see [14]).

Definition 4. We say that (X,Y) is right tail increasing (decreasing) in the order ORD, denoted
RTIorp(X|Y) (RTDorp (X[Y)), if:

(X]Y >s1) <orp (X[Y >s2) (Z0rD)
holds for all s1 < sy for a given stochastic order ORD.

Definition 5. We say that (X,Y) is left tail decreasing (increasing) in the order ORD, denoted
LTDorp(X[|Y) (LTIorp (X[|Y)), if:

(X]Y <'s1) <orp (X]Y <s2) (>0rD)
holds for all s; < sy for a given stochastic order ORD.

The classes for (Y|X) are defined in a similar manner. With this definition, the class
RTI(X]Y) can also be written as RTIst(X|Y); the conditions (i) and (ii) in Proposition 9
can also be written as RT Iy (X|Y) and RTIgg (Y |X); and the condition (i) in Proposition 11
as RTILR(X‘Y).

We can add more notions by considering the following definitions.

Definition 6. We say that (X,Y) is right tail increasing (decreasing) at zero in the order ORD,
denoted RTIQp(X|Y) (RTDQ xpy (X|Y)), if:

X <orp (X|Y >s) (>orD)

holds for all s for a given stochastic order ORD.

Definition 7. We say that (X,Y) is left tail decreasing (increasing) at infinity in the order ORD,
denoted LTDEp (X|Y) (LTISkp (X[Y)), if:

X Zorp (X[Y <s)  (<orp)
holds for all s for a given stochastic order ORD.

With these definitions, PQD can also be written as RTI2(Y|X) or RTI2.(X]Y),
but also as LTDZ(Y|X) or LTDE(X|Y). Analogously, RTI(Y|X) and LTD(Y|X) can
be written as RTIY, (X|Y) and LTD%; (X|Y), respectively. Furthermore, SI(Y|X) can be
written as RTID (X|Y) or as LTD$% (X|Y). The proofs of these equivalences can be found
in [2,13]. Note also that some of these notions are actually equivalent, like, e.g., RTI% R (Y|X)
and SIsr(X[|Y) or RTIY (Y|X) and RTIs7(X|Y) (see [14] for details).

The preceding propositions can be connected by using the relationships among the
stochastic orders shown in Table 1. They are summarized in Table 2. For example, to
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prove SIRL(X|Y) = RCSI(X,Y), we just note that RCSI(X,Y) = RTIyxr(X]Y), that
SIRL(X|Y) = RTI r(X|Y), and that the LR order implies the HR order. These relationships
prove that they are positive dependence properties, since all of them imply the PQD
property. Analogously, the corresponding negative dependence properties imply the NQD
property. Some of these relationships were given in [13], p. 166, and in [14]. Connections
with the ordering properties of coherent systems and extremes values were given in [16,17].

Table 2. Relationships among positive dependence properties.

PQD(X,Y) < RTI(Y|X) < SI(Y|X)
1) i) f
RTI(X|Y) = RCSI(X,Y) < SIRL(Y|X)
() ) f
SI(X|Y) < SIRL(X|Y) < PLRD(X,Y)

The relationships for the reversed properties (i.e., based on cumulative distributions
rather than survival functions) are given in Table 3. For them, observe, e.g., that SIryr (Y|X)
iff 01C(u,v) is TP, and that SIryr (X|Y) iff 9,C(u, v) is TP, (see [13], where more equiva-
lences were also provided). More equivalences can be seen in [13]. Note that two of the
notions described in this table (SIgryr (Y|X) and SIrgr(X|Y)) were previously considered
in [13].

Table 3. Relationships among reversed positive dependence properties.

SI(Y|X) = LTD(Y|X) = PQD(X,Y)
() i) f
SIgpr(Y|X) = LCSD(X,Y) = LTD(X|Y)
1) 1) f
PLRD(X,Y) = SIgur(X]Y) = SI(X|Y)

Negative dependence properties can be considered as well. For them, one has to
consider the RTD and LTI properties, obtaining relationships similar to those described in
Tables 2 and 3.

4. Weak Dependence Notions

In this section, new dependence notions are introduced and discussed. These notions,
which are defined as those satisfying RTIogrp (X|Y) and RTI3 (X |Y) where ORD is one of
the orders ICX, or MRL, or simply in Expectation (E), are “weak” in the sense that they do
not imply the PQD property, which is a necessary condition for a property to be considered
a “dependence notion” according to the classical definition given in [3]. However, they
imply the non-negativity of the linear correlation coefficient rxy, as mentioned after
Proposition 15, and this is the reason to consider them as “weak dependence notions”. Note
that some of these notions have been already considered and applied in the literature; this
is the case, for example, of RT1%, (X|Y), which was named positive stop-loss dependence
in [7].

For RTI0-(X|Y), we have the following properties.

Proposition 13. Let (X, Y') be a random vector with a continuous marginal distribution functions
Fx and Fy. Then, the following conditions are equivalent:

(i) X <jex (X|Y >y)forally € R (ie., RTI-(X|Y));
(ii)  The survival copula C satisfies:

/Oz[é(u, v) —uv] dF5 (1) <0, Yz € [0,1], Vo € [0,1]. ©)
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Proof. Itis clear that X <;cx (X|Y > y) forall y, if, and only if,
/ Pr(X > x)dx < / Pr(X > x|Y > y)dx, Vt,y € R.
t t

This is equivalent to:

/too[é(FX(x)rFY(}/)) — Fx(x)Fy(y)]dx >0, Vt,y €R
o Fx(t) _
[ G o) — el dEMw) < 0, Vi e Rv € 0,1)

Since Fx is continuous, this is the same as:
Z —~ —_
/ (€ (u,0) — uv] dFg ' (u) < 0,vz € [0,1],0 € [0,1]. @)
0
O

Corollary 3. Under the above assumptions, if Fx is convex and:
z —~
/ [C(u,v) — uv] du >0, ¥z € [0,1], Vo € [0,1], @®)
0

then X <jcx (X|Y > y) forally € R and all Fy.

Proof. Since Fx is decreasing and convex, then Fy L(u) is decreasing and convex and
—Fx!(u) is increasing and concave. Then, by applying Lemma 7.1(b), of [6], to equation (8)
above, we obtain:

/Oz[é(u,v) ~ue)d(~Fy' () 2 0¥z € 0,1], Vo € [0,1], )

which is the same as (7). O

In particular, we have that the PQD property implies both RT 1% (X|Y) for all Fy and
all convex Fx and RTI9-y(Y|X) for all Fx and all convex Fy. Note also that if RTI{-(X|Y)
holds for a continuous survival function Fy, then it holds for all continuous survival
functions Fy (since (6) holds for any v = Fy(y) and all y).

For RTI9,z; (X|Y), we have the following properties.

Proposition 14. Let (X, Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, the following conditions are equivalent:

(i) X <mrr (X|Y >y) forally € R (ie, RTIz; (X|Y));
(i) Xt <mrL XtrstT all (t,S) S Rz;

(iii) Xt <i;cx XtrstT’ all (t,S) S RZ;

(iv) The survival copula C satisfies:

/()Z[zé(u, v) —uC(z,v)) dFx (1) < 0Vz,0 € [0,1]. (10)

Proof. The equivalence between the first three items follows from Proposition 3. For the
equivalence with (iv), observe that X <jry (X|Y > y) forall y € Sy if, and only if,

[ E(x,0)dx
I F(x,y)dx/F(0,y)

decreases in t Vy,
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i.e., if, and only if,
ﬁ Z i ::})Zi decreasesin t Vv € [0,1].
This is equivalent to:
~C(Ex(1),1) /t " C(Fx(x),0)dx + C(Fx(t), ) /t " C(Fx(x), 1)dx < 0
for all v € [0,1] and t. The latter can be written as:
/too[é(ﬁx(x),v)ﬁx(t) — C(Fx(t),v)Fx(x)Jdx >0, Yo [0,1], Vt,
which is the same as:
/Zo[zé(u,v) —uC(z,0)]dFx (1) > 0o,z € [0,1],
ie., (10). O
Corollary 4. Under the above assumptions, if Fx is strictly monotone and convex and:
ﬁz SEZ: ;);ZZ is decreasing in z for all v € [0,1] (11)
then X <prr (X|Y > y) forally € Sy and all Fy.
Proof. Observe that (11) is equivalent to:
le C(1L— u,1)du is decreasing in z for all v € [0, 1]. (12)

le C(1—u,1—0)du

Cl—u1), i=0
K(1—u,i) =
Cl-u1-v), i=1,

Defining:

then (11) can be restated as TP, in the (z, i) property of le K(1 — u,i)du. Thus, by applying
Corollary 1 one gets that ftoo K(1 — Fx(u),i)du is also TP, in (f,i), i.e., that:

JZ €~ Fx(u), 1 — Fy(0))du
[ C(1 = Fx(u),1 - Fy(v))du

is decreasing in t for all v € [0,1],

which means:
f Ji F(u,0)du (u,0)du

foo Flu,5)d is decreasing in t for all s > 0,
; u,s)du

ie, X <mrp (X|Y > y) for all y. Note that the strict monotonicity of Fx is required in
this proof. O

Note that the sufficient conditions for RTI),; (X|Y) described in Corollary 4 were
proven already in [2] with a different and longer proof. However, the strict monotonicity of
Fyx is not required in the proof provided there. Moreover, note that (11) is also a necessary
condition since equation (3.5) appearing in [2] is what one gets by choosing uniform
distributions. However, we think that the convexity of Fxisnota necessary condition.
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Alternative conditions for RTI3,, (X]Y) are described also in Proposition 3.3 (vi),
of [13] (obtained from [18]), and are:

E(X) <E(X|Y >y)VyeR (13)

and:
%(/Z\(u, v) is the bathtub in u for all v € [0,1]. (14)

Clearly, (13) is a necessary condition (because they are the values of the respective
MRL functions at zero).

It is useful to point out that the counterexamples provided in Section 6 show that there
exist no relationships between PQD (i.e., C (u,v) > uv for all u,v € [0,1]) and both (11)
and (14).

The Positive Quadrant Dependence in Expectation property (PQDE), defined in [19],
is considered in the following statement. According to the definition provided in [19],
and the notation used here, we say that the vector (X, Y) satisfies PQDE(X]Y) if, and only
if, E(X) < E(X|Y > y) for all y € R (and similarly for PQDE(Y|X)). Note that, actually,
a study on a negative dependence notion analog of the property PQDE(Y|X) goes back
to [20].

Proposition 15. Let (X,Y) be a vector of non-negative variables having continuous marginal
distribution functions Fx and Fy, respectively. Assuming that E(X|Y > y) and E(X|Y < y) exist
for all y, then the following conditions are equivalent:

(i) E(X) <E(X|Y >y)forally € R (ie., PQDE(X|Y));

(ii) E(X) > E(X|Y <y)forally € R;

(iii) Cov(X,¢(Y)) > 0 for all increasing real functions ¢ for which the covariance exists;

(iv) The survival copula C satisfies:

/Ol(é(u,v) —uv) dFg (1) <0, Yo € [0,1]. (15)

Proof. For the equivalence between (i) and (ii), note that, for fixed y € R, one has:
E(X) = Pr(Y > p)E(X|Y > y) + Pr(Y < y)E(X[Y <),
which implies:
[E(X) = E(X]Y > y)IP(Y >y) = P(Y < y)[E(X]Y <y) — E(X)]. (16)

Thus, E(X) — E(X|Y > y) and E(X|Y < y) — E(X) must have the same sign, and the
equivalence follows. In a similar manner, again by using Inequality (16), one can prove the
equivalence between (i) and (iii) (see [20], Theorem 3.1, for details). For the relationship
between (i) and (iv), observe that:

E(X) = —/Ooop(x)dx+/o°°f(x)dx,

and similarly for E(X|Y > y). If the marginal expectations are finite, then:
E(X|]Y > ) — E(X) = / [Pr(X > x|Y > y) — Pr(X > x)]dx.

We can thus verify that E(X) < E(X|Y > y) for all y if, and only if,

| IE (), Few) = Fx(0)Fewldx > 0, ¥y

—00
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or:
1 —~ _
/0 (C(u,v) — uv) ngl(u) <0, Vt, Vo € [0,1].

O

Note that, as an immediate consequence of the preceding proposition, we have that
the PQD property implies E(X) < E(X|Y > y) for all y and all Fx, Fy, if the expectations
exist. Moreover, it is easy to verify that rx y > 0if E(X) < E(X|Y > y) for all y, where:

leay /01 /Ol(é(u, v) — uv) dp)?l(u)dl-"gl(v)

rxy =

is the Pearson’s correlation coefficient (here, ox and oy are the standard deviations of X
and Y, respectively). For the formula of rx y, see, e.g., [21].
For RT I r1(X]Y), we have the following property.

Proposition 16. Let (X,Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, the following conditions are equivalent:

(i) (X|Y > yl) <MRL (X|Y > yz)fOT’ all Y1 < Y2, Y1,Y2 € R (ie., RTIMRL(X|Y)),‘

(i1) (Xt|Y > ]/1) <MRL (Xt|Y > yz)for allyy <ya, y1,y2 € R, and forall t € R;

(i) (Xe|Y > 1) <iex (Xe|Y > yo) forall yy < yo, y1,y2 € R and forall t € R;

(iv) The survival copula C satisfies:

Z o~ o~ o~ o~
/0 [C(z,v1)C(u,v2) — C(z,v2)C(u,v1)] dF);l(u) <0 (17)
forallz € [0,1] and 0 < vy < v, < 1.

Proof. The equivalence between the first three items follows from Proposition 3. For the
equivalence with (iv), observe that (X|Y > y1) <mrr (X|Y > yp) forall y; < y; if, and
only if,

[ F(x,y1)dx

[ E(x,y2)dx decreases in t Vi1 < 1o,

i.e, if, and only if,

* C(Fx(x),v1)d
too A( _X<x) o)dx decreasesintV0<v, <oy <1.
. C(Fx(x),v2)dx

This is equivalent to:

~ = -~ =

—C(FX(t),vl)/too é(ﬁx(x),vz)dx+(AZ(FX(t),vz)/tooC(FX(x),vl)dx <0

forall0 < vy, < vy <1andt € Sx. The latter can be written as:

/Zo[é(z, 01)C (1, v2) — C(z,02)C (1, 01)]dEy (1) > 0

forallz € [0,1] and 0 < v, < v; < 1, which is equivalent to (17). O

Note that, as an immediate consequence of the preceding proposition, we have that
the RCSI property (i.e., C is TP,) implies (X|Y > 1) <mrr (X|Y > y2) forally; < y, and
all Fx, Fy.

Corollary 5. Under the above assumptions, if Fy is strictly monotone and convex and:

/OZ C(u,v) duis TP, in (z,v) € [0,1]? (18)
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then (X|Y > y1) <mrr (X|Y > y2) forall yy < ya, y1,y2 € Rand all Fy.

Proof. From (18) and the convexity of Fx, by applying Corollary 1, one gets that |, tl C(1—
Fx(u),1—v)du is also TP, in (t,v). This implies that:

[P C(1 = Fx(u),1— Fy(v1))du
J7C(1 = Fx(u),1— Fy(vz))du

is decreasing in t forall 0 < vq < v, <1,

which means: -
Ji F(u,s1)du o
Seo=———— isdecreasingin f forall 0 < s; < sy,
Ji F(u,s7)du

ie., (X|Y > Sl) <MRL (X‘Y > Sz). O

Note that the sufficient conditions for RT gy (X|Y) described in Corollary 5 were
proven already in [1] with a different and less immediate proof. However, the strict
monotonicity of Fx is not required in the proof provided there.

The relationships between these new dependence notions and the ones described
in the previous section are summarized in the following Table 4. Note that the fact that
PQD(X,Y) is not implied by RTIpr (X|Y), mentioned in the table, is because the MRL
order does not imply the ST order.

Table 4. Relationships among weak positive dependence properties.

rxy 20
T
PQDE(X]|Y) = RTI)- (X[|Y) = RTIOp, (X]Y)
ft
RTIjey (Y|X) = PQD(X,Y) #~ RT Iy (X[Y)
) % f
RT IR, (Y]X) = RTIyri(Y|X) = RCSI(X,Y)

To avoid false implications in Table 4, one can try to replace the PQD property with
the RTI;cx (X|Y) property, for which we have the following statements.

Proposition 17. Let (X,Y') be a random vector with continuous distribution functions Fx and Fy.
Then, the following conditions are equivalent:

(i) (X]Y >y1) <icx (§|Y > 1yo) forall yy < y2, y1,y2 € R (ie., RTIicx (X]Y));
(ii)  The survival copula C satisfies:

z ~ _
/ [02C (1, v1) — 01C(u,v7)] ngl(u) <0,Vze[0,1]andV0<wv; <0 <1. (19
0

Proof. Observe that (X|Y > y1) <jcx (X|Y > y2) for y1 < y», if, and only if,

i.e., if, and only if,

_/t'm[F(x,w)F(O,yz) — F(x,12)F(0,7)]dx < 0 Vt.

The latter is the same as:
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for v1 > vy and t € R, which can be also restated as:
F(t) - ~ 1
/ [C(u, v1)vg — C(u, vz)vl}dFX (u) >0
0
for v;1 > vy and t € R. This is the same as (19). O

Corollary 6. Under the above assumptions, if Fx is convex and:
z ~ o~
/ [02C(1,v1) —01C(u,v2)] du >0, Vz € [0,1] and V0 < vy < vy <1, (20)
0

then (X|Y > yl) <icx (X|Y > yz)fOT’ y1 <2, y1,y2 € Rand all Fy.

Proof. Since Fx is decreasing and convex, then Fy Y(u) is decreasing and convex and
—Fy L(u) is increasing and concave. Then, by applying Lemma 7.1(b) of [6] to Equation (20)
above, we obtain:

[ 028 tu,01) — n € e2)) a(~F(w)) = 0 el)

forallz € [0,1] and 0 < v; < v < 1, which is the same as (19). [

Thus, the relationships between the new dependence notions (and some of the
strong ones) are summarized in the following Table 5, where only the dependencies
of X given Y are considered (due to the fact that the RTI;cx(X]|Y) is not symmetric, i.e.,
that RTI;cx (X]Y) is different than RTI;cx (Y| X)). However, a similar table can be obtained
for (Y|X).

Table 5. Relationships among weak positive dependence properties.

rxy >0
f
PQDE(X]|Y) <= RTI0- (X[|Y) = RTIOp, (X]Y)
f f i
RTI- (X[|Y) = RTI;cx (X[|Y) = RTIyri (X|Y)
f i
PQD(X,Y) = RTIs7(X|Y) <= RCSI(X,Y)

All the properties mentioned above are not independent of the marginal distributions
of (X,Y), and the convexity of the marginal survival functions is required. However, inter-
esting properties of the survival copula of the vector are introduced. In the following, these
particular properties are studied in detail, and their mutual relationships are pointed out.

To this aim, first observe that considering the property of the copula rather than the
property of the vector, one gets a different final result in terms of dependence indexes.
In fact, letting P denote the property:

Z
/ [C(u,0) — uv] du > 0,vz € [0,1], Yo € [0,1],
0

and letting P denote the property:
X <jcx (X]Y > y) Yy € R and for fixed continuous survival functions Fy, Fy,

one immediately observes that both are positive dependence properties weaker than PQD,
but with different implications. Property P verifies:

POD = P = pxy >0,
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where: .
oxy = 12/ / C(u,v)dudv — 3
0 Jo

is the Spearman’s rho coefficient for X and Y (for the formula gf 0x,y see equation (5.1.15¢)
in [11]), and the first implication follows from (6). Property P verifies:

PQD = P = rxy >0. (22)

Because of this fact, one can define weak dependence properties as has been done

for P, by letting the margins be uniformly distributed on (0,1) in the definitions above.
Doing this, one gets the weak positive dependence properties described in the statement

that follows (easy to prove). Note that property P described above is denoted here as P,.

Proposition 18. Let (U, V) be a random vector having uniformly U|0, 1] distributed margins. Then:
(Py) E(U) < E(U|V > v) forall v (ie., PQDE(U|V)) if, and only if,

/01 [C(u,v) — uvldu > 0 forall v € [0,1]; (23)
(P) U <jcx (U|V > ) forall v (i.e., RTI% (U|V)) if, and only if,
/Oz[é(u,v) —uv]du > 0 forall v,z € [0,1]; (24)
(P3) U <mgrp (U|V > v) forall v (ie, RTI g, (U|V)) if, and only if,
/OZ [zé(u,v) — ué(z,v)]du >0forallv,z € [0,1]; (25)
(Py) (UV > v71) <jcx (U|V > vy) forall v; < vy (ie., RTIjcx (U|V)) if, and only if,
/Oz[vzé(u, v1) — vlé(u, vp)]du > 0 forall z € [0,1] and v1 < vy; (26)
(Ps) (U|V >v1) <mrr (U|V > vy) forall v; < vy (ie., RTIprp (U|V)) if, and only if,
/Oz[é(z, 02)C(u,v1) — C(z,v1)C (1, v2)]du > 0 forall z € [0,1] and v, < vy.  (27)

Remark 1. The relationships between these properties can be better understood by considering
their equivalent formulations described as follows.
For (23), observe that it is the same as:

/Ol[é(u,v)@(l,l) —C(u,1)C(1,)]du >0 forallv € [0,1],
fol C(u,v)du . fol C(u,1)du

C(L,v) — C(1,1)

In a similar manner, one has that (24) holds if, and only if,

Yo € [0,1]. (28)

5 C(u,v)du S J5 C(u,1)du

C(1,0) C(1,1)

Yo,z € [0,1]. (29)

Clearly, (29) implies (28), i.e., property P, implies P;.
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For (25), observe that it is the same as:

6(2,1)/0Z C(u,v)du — C(z,v) /OZ C(u,1)du >0 forallv,z € [0,1],

which in turn means that:

fo (u,v)du
) C

Note that (30) is the same as:

decreases inz € [0,1] forevery fixed v € [0,1].

5 C(u,v)du N 5 C(u,1)du

C(z,v) C(z,1)

Vz,v € [0,1].

Thus it follows that, if (25) holds, then:
Jo 6(” fo
Jo Clw1 fo

and (24) holds. Thus, property Ps implies P,.
For (26), just observe that we can rewrite it as:

q( Yo,z € [0,1],
- Cct

\_/\_/

z ~ -~ ~ ~
/ [C(1,v2)C(u,v1) — C(1,v1)C(u,vz)]du > 0 forall vy < vy,
0

ie.,
C(
f/\llvl fo (u, v2)d ng[o,l]andogvlﬁvzél'
C(1,v1) C(l 02)

Clearly, (31) implies (29), i.e., property Py implies P;.
Finally, (27) is the same as:

Jo

,01)d 2C(u,vp)d
(01 )du OA(M v2) que[O,l]andogvlgvzgl,

o

which means that:

o €

C(u,v1)du
k¢

decreases in z € [0, 1] for every fixed v1 < vy,
(u,vp)du

(30)

(31)

(32)

ie., fo (u,v)duis TPy in (z,0) € [0,1]2. Clearly, (32) implies (30) (i.e., Ps implies Ps). Moreover,
it implies (31) (i.e., Py), as it can be proven in a similar manner as we proved that (30) implies (29).

These equivalent formulations of the properties of C, and their mutual implications,
are described in the following Table 6. Note that all these properties only depend on the
copula, thus being actually dependence properties. Some strong dependence properties are
included in the chain of relationships, i.e., the PQD (PQD(U, V)), the RTI (RTIsr(U|V)),

and the RCSI (RCSI(U, V)) properties.
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Table 6. Relationships among weak positive dependence properties.

puy =0
ft
PQDE(U|V) = RTI-(U|V) “= RTIY,p, (U|V)
ft
RTI- (U|V) < RTI;cx (U|V) = RTIpygr (U|V)
) ()
PQD(U,V) <= RTIsT(U|V) <= RCSI(U,V)

5. Reversed Weak Dependence Notions

By considering relationships between inactivity times rather than residual times,
one can define other dependence notions, which we call “reversed weak dependence
notions”. In particular, the notions considered here are based on comparisons in the
MIT and the ICV orders and on the LTD property. Thus, the notions considered here
are LTD{, (X|Y), LTDSyr(X|Y), LTDicy(X[|Y), LTDypir(X|Y), and the one based on
inequality E(X) > E(X|Y < y) for all y > 0 (which is actually equivalent to PQDE(X|Y),
as seen in Proposition 15).

All the proofs of the statements described in this section follow the same lines of
those described in Section 4 and are therefore omitted, except for the first one (given as an
example).

Proposition 19. Let (X, Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, X >1cv (X|Y < y) forally € R (i.e., LTD%, (X|Y)) if, and only if:

/0 “(Clu,0) — wv) dF (1) > 0, V2,0 € [0, 1), (33)

Proof. Itis clear that X >;cy (X|Y <y) forall y, if, and only if,

t t
/ Pr(X < x)dx < / Pr(X < x|Y <y)dx, Vt, Vy.

This is equivalent to:

[w[C(FX(x)/FY<y)) — Fx(x)Fy(y)]dx > 0,Vt, Wy

or:

Fx(t)
/ U (Cu,0) — uv) dFg (1) > 0,9, Vo € [0,1].
0
Since Fy is continuous, this is the same as (33). [

Corollary 7. Under the above assumptions, if Fx is convex and:
t
/ (C(u,v) —uv)du >0, Vt,v € [0,1], (34)
0

then X >icy (X|Y <y) forally € R (ie.,, LTD{, (X|Y)) for all Fy.

Proof. The result follows by applying Lemma 7.1(b) of [6] to equation (34) above. [O

From Proposition 6, we obtain the following result.

Proposition 20. Let (X,Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, the following conditions are equivalent:

(i) X >mr (X|Y <y)forally € R (ie., LTDSy,7(X|Y));

(ii) X <MIT (tX‘Y < y)fOl’ all y,t € R;
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(iii) X <jcx (1 X|Y <y)forally,teR;
(iv) [3[tC(u,v) — uC(t,v)) dF5 (1) < 0,Yt0 € [0,1].
Corollary 8. Under the above assumptions, if Fx is convex and:
t
/ [£C(1,0) — uC(t,0)) du > 0,%t,0 € [0,1], (35)
0

then X >yt (X|Y <) forally € R (i.e., LTDSy;7(X|Y)) for all Fy.

Proposition 21. Let (X,Y) be a random vector with continuous distribution functions Fx and Fy.
Then, (X|Y < yz) ZICV (X|Y < yl)fOT’ all n < Y2, Y1, Y2 cR (i.e., LTchv(X‘Y)) Zf, and
only if:

/Ot[sz(u, v1) —v1C(1,v2)] ngl(u) >0,vte[0,1], V0O<0v <wvp, <1 (36)
Corollary 9. Under the above assumptions, if Fx is convex and:
/Ot[sz(u, v1) — 01C(u,v2)] du > 0, Vt € [0,1], Yv1 < vy, (37)
then (X|Y <o) >1cv (X|Y <) forall y1 < ya,y1,y2 € R (i.e., LTDjcy (X]|Y)) for all Fy.

The following theorem can also be obtained from Proposition 6.

Proposition 22. Let (X,Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, the following conditions are equivalent:

(1) (XY <y2) >pr (X|Y <) forall yy <ya, y1,y2 € R(ie., LTDyyr(X|Y));

(i) (XY <y2) <mr XY <yy)forally; <ys, y1,y2 € Rand t € R;

(i) (1 XY <y2) <jex (¢ X|Y <yq) forally; <y, y1,y2 € Rand t € R;

(iv) fOt[C(t,vz)C(u,vl) — C(t,vl)C(u,vz)]ngl(u) >0,Vte[0,1], VO<v; <ovp <1

Corollary 10. Under the above assumptions, if Fx is convex and:
t
et 02)C,01) = Clt,00)Clu 02)]du 2 0, ¥t € [0,1), VO <o Sv2 <1, (389)
0

then (X|Y <y2) >pur (X|Y < 1) forall yy < ya, y1,y2 € R (i.e., LTDpgyr(X|Y)) for all Fy.

Proposition 23. Let (X, Y) be a random vector with continuous marginal distribution functions
Fx and Fy. Then, E(X) > E(X|Y <) forally € R, whenever the expectations exist, if, and only if:

/0 N(Clu,0) = uv) dF (1) > 0, ¥t,0 € [0,1]. (39)

Note that the following chain of implications holds.

Thus, all the notions described above are positive dependence notions, depending on
the marginal distributions of (X, Y), whose relationships are described in Table 7.

As has been done for the positive dependence notions in the previous section, one
can again define weak dependence properties that are independent of the margins by
considering only the properties of the connecting copula C, thus letting the margins be
uniformly distributed on (0,1) in the definitions above. Doing so, one gets the weak
positive dependence properties described in the statement that follows.
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Table 7. Relationships among reversed weak dependence properties.
rxy 20
i)
LTDS1(X[Y) = LTDSg, (X]Y) = PQDE(X]Y)
ft T t
LTDMIT(X|Y) = LTchv(X|Y) = LTD?&V(X‘Y)
) T
RCSI(X,Y) = LTDst(X|Y) = PQD(X,Y)

Proposition 24. Let (U, V) be a random vector having uniformly U|0, 1] distributed margins. Then:
(PR) E(U) > E(U|V < ) forall v (i.e., PQDE(U|V)) if, and only if,

/0.1 [C(u,v) —uv]du > 0 forallv € 0,1];
(PR) U >cy (U|V <o) forall v (i.e., LTDS:,(U|V)) if, and only if,
/OZ[C(u,v) —uvldu > 0forall v,z € [0,1];
(PR) U >pyr (U|V < 0) forall v (ie., LTDSy,+(U|V)) if, and only if,
/OZ[ZC(M, v) —uC(z,v)]du > 0forallv,z € [0,1];

(PR) (U|V < v) >1cv (U|V < vy) forall0 < vy < vy < 1(ie., LTDicy (U|V)) if, and only

if

V4
/ [02C(u,v1) — v1C(u, v2)]du > 0 forallz € [0,1] and 0 < v; < vy < 1;
0
(PR) (U|V < v3) >pmyr (U|V < vq) forall vy < vy (ie., LTDpyr(U|V)) if, and only if,
Z
/ [C(z,v2)C(u,v1) — C(z,v1)C(u,v2)]du > 0 forall z € [0,1] and 0 < v; < vy < 1.
0

The relationships among these notions can be proven as described for the weak
positive dependence properties and are listed in Table 8.

Table 8. Relationships among reversed weak dependence properties.

pu,y =0
fr
LTD}’GHT(LHV) = LTD?%V(LHV) = PQDE(U|V)
1) i)
LTDMIT(L”V) = LTchv(u|V) = LTD?%V(U‘V)
() i) f
RCSI(U, V) = LTDsr(U|V) = PQD(U, V)

6. Counterexamples

Comments on the relationships among the above-described properties of copulas are
given here, together with other useful counterexamples, like the first one that follows,
which shows that the convexity of Fx is not a necessary condition for RTIY,; (X|Y).

Example 1. Let us consider an FGM survival copula, that is,

~

C(u,v) = uv+ Ouv(l —u)(1—0)
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for 6 € [—1,1]. Then:
0:C(u,v) = v+ 0v(1 — v) — 20uv(1 — )

is decreasing in u when 6 > 0. Hence, from Proposition 8, we get X <pr (X|Y > s) for all s and all
Fx, Fy (ie., RTI) ¢ (X|Y)). Therefore, X <prr. (X|Y > s) for all s and all Fx, Fy. Therefore, we
do not need the condition “F is convex” for RT1r; (X|Y) to hold. A straightforward calculation
shows that (11) holds for this copula when 6 > 0.

In the next example, we discuss the relationships between C(u,v) > uv (PQD prop-
erty) and the conditions on C for RTI9x; (X]Y) to hold, i.e., (11) (which is the same as
RTIY%; (U|V)) and (14). In particular, it proves that the PQD property does not imply (11)
or (14). Moreover, it also proves that RTI% (X|Y) does not imply RTI3,; (X]Y).

Example 2. Let us consider a random vector (X, Y') with the following Fredricks—Nelsen survival
copula (see, e.g., p. 32 in [12]):

2, .2
@(u, v) = min (u, v, uJer)

Clearly, é(u, v) > uv since u> + v > 2uv for all u,v € [0,1]. Hence, (X,Y) is PQD, and so,
X <gr (X|Y > s) forall s and all Fx, Fy (i.e., RTI3;(X|Y) holds). Therefore, RTI% (X|Y) and
RTI% (U|V) hold as well. A straightforward calculation shows that C(u,v)/u is not decreasing
inu forallv € [0,1], that is (X, Y) is not RTI(Y|X). Therefore, X <yr (X|Y > s) does not hold
forall s and all Fx, Fy.

Let us see now that (X,Y) (or C) does not satisfy (11). Hence, X <prr, (X|Y > s) does not
hold for all s and all Fx, Fy (e.g., for uniform distributions). For a fixed v € (0,1), let us consider
an r.v. Z, having density defined as:

u/ky  for0<u<ay(v);

(1) = C(u,v) _ ”2277(“:2 for a1 (v) < u < ay(v);
8 ko v/ky forap(v) <u<1;

0 foru¢g|0,1];
with ky = fol C(u,v)du > 0,0 < a1(v) < az(v) < 1,

a1(v) :=1—+1— 102

and:
az(v) := V20— 02

They are plotted in Figure 1, left. Note that (11) is equivalent to Z1 >ryr Zo for all
0 < v < 1. The associated distribution and reversed hazard rate functions are:

z P 1 rz p 2
Gv(z)—/ogv(u) M_E/O ud = o

and:

_ [ _ag(v) | r w4 ag(o) 22 -af(v)  z—w(o) ,
G”(Z)_/og”(”)d”_ 2k, +/w) e T o T ek, T 2k
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and:

}_ly(Z) = gv(z) = ZZ +Uz
Go(2)  af(v) + (22 — a}(0))/3+ 02 (z — a1(v))
for a1 (v) < z < ap(v). By plotting hy, we see that hy(z) and hy(z) = 2/z are not ordered for
a1(v) < z < ay(v). For example, if v = 0.3, then a1 (v) = 0.0460608 and ay(v) = 0.7141428,
and we obtain the reversed hazard rate functions hy(z) plotted in Figure 1, right, for
0.0460608 < z < 0.7141428. Therefore, Z, and Zq are not RHR-ordered, and (11) does not
hold.
Finally, we prove that (14) does not hold. For 0 < u < a1(v),

Bo(u) i= %é(u,v) —1

and for aq (v) < u < ay(v):

1~ u v?
= —C(u,v)= =+ —.
Bolu) = ~C(u,0) = 5 +
Then:
1 v? u? — 2

/ _Lt_ v _w—-uv
Pol) =35 =55 = 2

for aq(v) < u < ay(v). Hence, By(u) is decreasing for a1(v) < u < v and increasing for
v < u < ay(v). Thus, for ap(v) < u < 1, we get:

Bolu) = Clu,0) =

u

is decreasing in u for ay(v) < u < 1. Therefore, (14) does not hold.

o |
= o |
<
o _|
o
o |
© _| [}
e ~
g
T o
2 T R
o
o 9 -
o |
o
T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 01 02 03 04 05 06 07
\' z

Figure 1. Functions (left) x; (down) and a; (top) for the copula in Example 2. Reversed hazard rate
functions (right) for Z, (black) and Z; (red) when v = 0.3 for the copula in Example 2.

The following is a copula that satisfies both (11) (i.e., RTI{,z, (U|V)) and (14), but not
the PQD property.

Example 3. Let us consider a random vector (X,Y') with the following survival copula:

~

C(u,v) = uv+0vy(u)g(v),

where 6 € [0,1], y(u) = sin(27tu) /(27), and g(v) = v(1 — v). It can be verified that 7y satisfy
all the conditions for C to be a copula (see [22], for details). It is easy to see that it is not PQD (the
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difference C(u,v) — uv is positive for 0 < u < 1/2 and negative for 1/2 < u < 1). To study (11),
we consider the function:

ZC(u,v)d z o) 1—
foz A(u v)du _ lz/ E(u, v)du = v, fo(1 20) 1 cosz(27tz)'
Jo Clu,)du 2% Jo 2 (27) z
It is easy to see that (1 — cos(2mz))/z? is decreasing for z € (0,1), so (11) holds. Moreover,
by plotting C(u,v)/u, we see that it is a bathtub in u for all v € (0,1). Hence, (14) also holds.

7. Conclusions

In the paper, we analyzed the dependence properties related to orderings of condi-
tional distributions. The main novelties are new weak dependence notions related to mean
residual life, increasing concave, mean inactivity time, and increasing convex orders. All
these new classes imply positive or negative correlation coefficients and can be related
to the classical dependence properties defined in a similar way as the stochastic, hazard
rate, reversed hazard rate, and likelihood ratio orders. The relationships for all the positive
dependence notions (summarized in Table 9) are described in Figure 2. The relationships
for the negative dependence notions are similar.

rxy =0

Figure 2. Relationships among the positive dependence notions in Table 9.

The main disadvantage of the new dependence notions proposed here is that they
depend on the marginal distributions (as the Pearson’s correlation coefficient). This problem
can be solved by replacing them with the respective copula properties obtained by assuming
uniform marginals. In this case, they imply a positive Spearman’s rho coefficient. Moreover,
we must say that there are other weak dependence notions that come through in papers
devoted to more specific areas, which are not studied here for the sake of brevity. This is
the case, for example, of the Gini correlation introduced in economics in [23] and further
studied in [24,25]. Given two random variables X and Y, the Gini correlation is a non-
symmetric measure given by:

_ Cov(X,F(Y))
PXY = Cov(X, Fx(X))

whose properties are a mixture of Pearson’s and Spearman’s correlations. It follows from
Proposition 15(iii) that PQDE(X|Y) implies pxoy > 0. Furthermore, for simplicity, we have
just studied the bivariate case. The study of other notions and the extensions of these
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dependence properties to n-dimensional random vectors are not straightforward and will
be studied in future research projects.

Table 9. Positive dependence notions.

N Name

0 PQDE E(E)gflgf)fs) E(EX(fl(/)SZs)

1 PQD RTIO(Y|X)  RTIZH(X|Y) LTDZ(Y|X) LTDZ(X|Y)
2 RTI(Y|X) RTIsr(Y|X)  RTIYR(X]Y)
2 RTI(X|Y) RTIsr(X]Y)  RTIYR(Y|X)
3 SI(Y|X) SIst(Y|X) RTIV.(X]Y)  LTDR(X|Y)
3 SI(X]Y) SIst(X[Y) RTIV.(Y|X)  LTDR(Y|X)
4 LTD(Y|X)  LTDsr(Y|X) LTDRux(X|Y)
& LTD(X|Y)  LTDsr(X|Y) LTD%yR(Y[X)
5 RCSI RTIgr(Y|X)  RTIgr(X]Y)
6 LCSD LTDgrur(Y|X) LTDryr(X|Y)
7 SIRL(Y|X) SIyr(Y|X)  RTIr(X|Y)
7 SIRL(X|Y) SIgr(X|Y)  RTIr(Y|X)
8 SIgur(Y|X)  LTDiR(X]Y)
8’ SIrpr(X|Y)  LTDpg(Y|X)
9 PLRD SILr(Y|X) SILr(X]Y)
10 RT IR (Y]X)

10’ RTIpgrp(X]Y)

11 RTIO,x; (Y|X)

11’ RTI, (X[Y)

12 RTIrcx(Y|X)

12/ RTI;cx (X]Y)

13 RTI%y (Y[X)

13 RTI%(X]Y)

14 LTDp7(Y|X)

14/ LTD 7 (X]Y)

15 LTDSG,7(Y|X)

15’ LTDS7(X]Y)

16 LTD;cy (Y|X)

16’ LTDycy (X[Y)

17 LTDS%, (Y| X)

17’ LTDS, (X]Y)
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